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Lecture NO. 60 

Fourier Transform of Unit Step Function: 

Find the Fourier series of 𝑓 𝑥 =  1       𝑥 < 𝑎
0       𝑥 > 𝑎  

Solution: Fourier Transform of 𝑓(𝑥) 𝐹 𝛼 =  𝑓 𝑢 𝑒−𝑖𝛼𝑢∞
−∞  𝑑𝑢 

For given problem, 𝐹 𝛼 =  1. 𝑒−𝑖𝛼𝑢𝑎
−𝑎  𝑑𝑢   … (1) 

𝐹 𝛼 =  𝑒−𝑖𝛼𝑢−𝑖𝛼  −𝑎
𝑎

 ⇒    
𝑒−𝑖𝛼𝑎 − 𝑒−𝑖𝛼 −𝑎 −𝑖𝛼  ⇒  

𝑒𝑖𝛼  𝑎 − 𝑒−𝑖𝛼  𝑎𝑖𝛼  

Divide and multiply by 2, 

2𝛼  𝑒𝑖𝛼  𝑎 − 𝑒−𝑖𝛼  𝑎
2𝑖   

Using relation “𝑠𝑖𝑛 𝑥 =
𝑒 𝑖 𝑥 −𝑒−𝑖 𝑥 

2𝑖  ” we have 

 𝐹 𝛼 =  
2𝛼  𝑠𝑖𝑛𝛼𝑎 

It is the required function when 𝛼 ≠ 0. 

If we put 𝛼 = 0 in equation (1), we get 𝐹 𝛼 =  1

𝑎
−𝑎  𝑑𝑢 ⇒  2𝑎 

Lecture NO. 61 

Fourier Transform of Exponential Functions: 

Fourier function of 𝑒−𝑝𝑥2
 , 𝑝 > 0 

Solution: As we know from previous lecture, 𝐹 𝛼 =  𝑓 𝑢 𝑒−𝑖𝛼𝑢∞
−∞  𝑑𝑢 

For given problem, 𝐹 𝛼 =  𝑒−𝑝𝑢2
.  𝑒−𝑖𝛼𝑢∞

−∞  𝑑𝑢 

𝐹 𝛼 =  𝑒−𝑝 𝑢2−𝑖𝛼𝑝 𝑢 
 𝑑𝑢 ⇒ 

∞
−∞  𝑒−𝑝 𝑢2−𝑖𝛼𝑝 𝑢+ 𝑖𝛼

2𝑝 2− 𝑖𝛼
2𝑝 2 

 𝑑𝑢∞
−∞  

𝐹 𝛼 =  𝑒−𝑝  𝑢−𝑖𝛼
2𝑝 2

+
𝛼2

4𝑝2 
 𝑑𝑢∞

−∞  ⇒ 𝑒 𝛼2

4𝑝2  𝑒−𝑝 𝑢−𝑖𝛼
2𝑝 2

 𝑑𝑢∞
−∞  

Let  𝑝  𝑢 − 𝑖𝛼
2𝑝 = 𝑦 𝑑𝑦 =  𝑝 𝑑𝑢 ⇒ 𝑑𝑢 =

1 𝑝  𝑑𝑦 

By putting in above relation, we have 
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𝐹 𝛼 =
𝑒 𝛼2

4𝑝2 𝑝  𝑒−𝑦2
 𝑑𝑦 ⇒ 

∞
−∞

𝑒 𝛼2

4𝑝2 𝑝  𝜋  ⇒   𝜋𝑝 𝑒 𝛼2

4𝑝2  

This is our required result. 

Lecture NO. 62 

Conjugate of a Fourier Series: 

Theorem: For a real valued function 𝑓(𝑥)on (−∞, ∞), show that  𝐹 𝛼        = 𝐹(−𝛼) 

Proof: As we know 𝐹 𝛼 =  𝑓 𝑢 𝑒−𝑖𝛼𝑢∞
−∞  𝑑𝑢 

Taking conjugate, we have 𝐹 𝛼        =  𝑓 𝑢 𝑒−𝑖𝛼𝑢∞
−∞  𝑑𝑢                      

 ⇒   𝑓 𝑢        (𝑒−𝑖𝛼𝑢       )

∞
−∞ 𝑑𝑢 ⇒   𝑓 𝑢 𝑒𝑖𝛼𝑢∞

−∞  𝑑𝑢  

𝐹 𝛼        =  𝑓 𝑢 𝑒−(−𝑖𝛼𝑢 )𝑑𝑢 ⇒ 

∞
−∞  𝑓 𝑢 𝑒−𝑖(−𝛼)𝑢  𝑑𝑢 ⇒ 

∞
−∞ 𝐹(−𝛼) 

Hence proved that 𝐹 𝛼        = 𝐹(−𝛼) 

Lecture NO. 63 

Fourier Transforms of Even and Odd Functions: 

Let 𝑓(𝑥) be an odd function 𝐹 𝑓 𝑥  =  𝑓 𝑢 𝑒−𝑖𝛼𝑢∞
−∞  𝑑𝑢 = 𝐹(𝛼) 

Here put  𝑢 = −𝑡 ⇒ 𝑑𝑢 = −𝑑𝑡 

As  𝑢 → ∞   ,   𝑡 → ∞   𝑎𝑛𝑑   𝑢 → −∞  ⇒  𝑡 → ∞ 𝐹 𝛼 = −  𝑓 −𝑡 𝑒−𝑖𝛼(−𝑡)

∞
−∞  𝑑𝑡 ⇒  −  𝑓 𝑡 𝑒−𝑖𝛼 −𝑡 ∞

−∞  𝑑𝑡 = −   𝑓 𝑡 𝑒−𝑖 −𝛼 𝑡∞
−∞  𝑑𝑡 

Hence proved that 𝐹 𝛼 = −𝐹 −𝛼 = −𝐹(𝛼)        

Lecture NO. 64 

Attenuation Property of Fourier Transforms: 

Theorem: 𝐹 𝑓 𝑥 𝑒−𝑝𝑥  = 𝐹 𝛼 − 𝑝𝑖      𝑤𝑕𝑒𝑟𝑒      𝐹 𝛼 = 𝐹{𝑓(𝑥)} 

Proof: Aswe know 𝐹 𝑓 𝑥  = 𝐹 𝛼 =  𝑓 𝑢 𝑒−𝑖𝛼𝑢∞
−∞  𝑑𝑢 

For given function, 𝐹 𝑓 𝑥 𝑒−𝑝𝑥  =  𝑓 𝑢 𝑒−𝑝𝑢 𝑒−𝑖𝛼𝑢∞
−∞  𝑑𝑢 

=  𝑓 𝑢 𝑒𝑖2𝑝𝑢 𝑒−𝑖𝛼𝑢∞
−∞  𝑑𝑢 ⇒   𝑓 𝑢 𝑒𝑖2𝑝𝑢−𝑖𝛼𝑢∞

−∞  𝑑𝑢 
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𝐹 𝑓 𝑥 𝑒−𝑝𝑥  =  𝑓 𝑢 𝑒−𝑖 𝛼−𝑖𝑝 𝑢∞
−∞  𝑑𝑢 = 𝐹 𝛼 − 𝑖𝑝  

Hence proved that 𝐹 𝑓 𝑥 𝑒−𝑝𝑥  = 𝐹 𝛼 − 𝑝𝑖  

Lecture NO. 65 

Shifting Property of Fourier Transform: 

Theorem: 𝐼𝑓   𝐹 𝑓 𝑥  = 𝐹 𝛼      𝑡𝑕𝑒𝑛     𝐹 𝑓 𝑥 − 𝑝  = 𝑒−𝑖𝛼𝑝  𝐹 𝛼  

Proof: As we know 𝐹 𝛼 = 𝐹 𝑓 𝑥  =  𝑓 𝑢 𝑒−𝑖𝛼𝑢∞
−∞  𝑑𝑢 

For given function, 𝐹 𝑓 𝑥 − 𝑝  =  𝑓 𝑢 − 𝑝 𝑒−𝑖𝛼𝑢∞
−∞  𝑑𝑢 

Put  𝑢 − 𝑝 = 𝑡 ⇒  𝑢 = 𝑝 + 𝑡  𝑎𝑛𝑑  𝑑𝑡 = 𝑑𝑢 𝐹 𝑓 𝑥 − 𝑝  =  𝑓 𝑡 𝑒−𝑖𝛼(𝑝+𝑡)

∞
−∞ 𝑑𝑡 ⇒   𝑓 𝑡 𝑒−𝑖𝛼𝑝 𝑒−𝑖𝛼𝑡∞

−∞  𝑑𝑢 

= 𝑒−𝑖𝛼𝑝  𝑓 𝑡 𝑒−𝑖𝛼𝑡∞
−∞  𝑑𝑢 ⇒  𝑒−𝑖𝛼𝑝  𝐹 𝑓 𝑥  = 𝑒−𝑖𝛼𝑝  𝐹 𝛼  

This is our required result. 

Lecture NO. 66 

Fourier Transform of Derivatives: 

Theorem: For a function 𝑓(𝑥)on  −∞, ∞ , show that if 𝑓(𝑥) is n-times differentiable and 𝑓𝑛−1 𝑥 → 0 

as 𝑥 → ±∞, then 𝐹 𝑓 𝑛  𝑥  =  𝑖𝛼 𝑛  𝐹 𝑢  

Proof: 𝐹  𝑑𝑛𝑦𝑑𝑢𝑛 =  𝑑𝑛𝑦𝑑𝑢𝑛
∞

−∞ 𝑒−𝑖𝛼𝑢  𝑑𝑢 

By integrating, 

= 𝑒−𝑖𝛼𝑢  𝑑𝑛−1𝑦𝑑𝑢𝑛−1
 −∞
∞

+ 𝑖𝛼  𝑑𝑛−1𝑦𝑑𝑢𝑛−1

∞
−∞ 𝑒−𝑖𝛼𝑢  𝑑𝑢 

= 0 +  𝑖𝛼 1   𝑒−𝑖𝛼𝑢 𝑑𝑛−2𝑦𝑑𝑢𝑛−2
 −∞

∞
+ 𝑖𝛼  𝑑𝑛−2𝑦𝑑𝑢𝑛−2

∞
−∞ 𝑒−𝑖𝛼𝑢  𝑑𝑢  

=  𝑖𝛼 1  0 +  𝑖𝛼 𝐹  𝑑𝑛−2𝑦𝑑𝑢𝑛−2
   ⇒   𝑖𝛼 2 𝐹  𝑑𝑛−2𝑦𝑑𝑢𝑛−2

  

Now by induction, 𝐹  𝑑𝑛𝑦𝑑𝑢𝑛 =  𝑖𝛼 𝑛𝐹 𝑓 𝑥  =  𝑖𝛼 𝑛  𝐹 𝑢  

Hence proved that 𝐹 𝑓 𝑛  𝑥  =  𝑖𝛼 𝑛  𝐹 𝑢  

“Dedicated To My Unknown Students Which Are Our Future Heroes.” 

Regards: Virtual Alerts 
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Lecture NO. 67 

Parseval’s Theorems: 
Theorem: If 𝑓(𝑥) and 𝑔(𝑥) are real valued on (−∞, ∞), then show 𝐼)    𝐹 𝛼  𝐺 −𝛼 𝑑𝛼 =

∞
−∞  𝑓 𝑢 𝑔 𝑢 𝑑𝑢∞

−∞  

𝐼𝐼)     𝑓 𝑢  2 𝑑𝑢 =   𝐹 𝛼  2 𝑑𝛼∞
−∞

∞
−∞  

Proof: I)  𝐹 𝛼  𝐺 −𝛼 𝑑𝛼 =

∞
−∞  𝐹 𝛼   𝑔 𝑢 𝑒−𝑖(−𝛼)𝑢∞

−∞  𝑑𝑢 ∞
−∞  

=    𝐹 𝛼 𝑒𝑖𝛼𝑢∞
−∞  ∞

−∞ 𝑔 𝑢  𝑑𝑢 =  𝑓 𝑢  𝑔 𝑢  𝑑𝑢∞
−∞  

II): Putting 𝑓 = 𝑔  𝐹 𝛼 𝐺 −𝛼 𝑑𝛼 =

∞
−∞  𝐹 𝛼 𝐺 𝛼        𝑑𝛼 =  𝐹 𝛼 𝐺 𝛼 𝑑𝛼 =

∞
−∞

∞
−∞  𝑓 𝑢  𝑔 𝑢  𝑑𝑢∞

−∞  

⇒    𝐺 𝛼  2𝑑𝛼 =   𝑔 𝑢  2 𝑑𝑢∞
−∞

∞
−∞ 𝑂𝑟   𝑓 𝑢  2 𝑑𝑢 =   𝐹 𝛼  2 𝑑𝛼∞

−∞
∞

−∞  

Required result proved.  

Lecture NO. 68 

Convolution (Definition and Related Theorem): 𝐹 𝑓 = 𝐹 𝛼    ,   𝐺 𝑔 = 𝐺 𝛼 𝐹 𝑓 .  𝑔 ≠ 𝐹 𝛼 𝐺 𝛼 𝐹 𝑓 ∗ 𝑔 = 𝐹 𝛼  𝐺 𝛼  

Convolution: of function 𝑓 𝑥  𝑎𝑛𝑑 𝑔(𝑥) is defined and given, 𝑓 ∗ 𝑔 =  𝑓 𝑢 𝑔 𝑥 − 𝑢 𝑑𝑢∞
−∞  

Now we have to prove some theorems. 

1) Commutative  𝑓 ∗ 𝑔 = 𝑔 ∗ 𝑓 : By definition 𝑓 ∗ 𝑔 =  𝑓 𝑢 𝑔 𝑥 − 𝑢 𝑑𝑢∞
−∞  

Put  𝑥 − 𝑢 = 𝑡 , 𝑢 = 𝑥 − 𝑡 ⇒ 𝑑𝑢 = −𝑑𝑡     𝑎𝑛𝑑 𝑎𝑠   𝑢 → ∞  ⇒  𝑡 → ±∞𝑢 → −∞  ⇒  𝑡 → ∞  
So, we get 𝑓 ∗ 𝑔 =  𝑓 𝑥 − 𝑡 𝑔 𝑡  −𝑑𝑡 −∞

+∞  ⇒   𝑔 𝑡 𝑓 𝑥 − 𝑡  𝑑𝑡 ∞
−∞ = 𝑔 ∗ 𝑓 

Hence proved 𝑓 ∗ 𝑔 = 𝑔 ∗ 𝑓 

2) 𝐹 𝑓 ∗ 𝑔 = 𝐹 𝛼  𝐺 𝛼    𝑂𝑟   𝐹−1 𝐹 𝛼  𝐺 𝛼  = 𝑓 ∗ 𝑔 

By definition, 𝐹−1 𝐹 𝛼  𝐺 𝛼  =
1

2𝜋  𝐹 𝛼  𝐺 𝛼 ∞
−∞ 𝑒𝑖𝛼𝑥  𝑑𝑥 ⇒  

1

2𝜋  𝐹 𝛼  

∞
−∞ 𝑒𝑖𝛼𝑥  𝑑𝑥 . 𝐺 𝛼  
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As we know (from previous lectures) 𝐺 𝛼 =  𝑔 𝑡 𝑒−𝑖𝛼𝑡∞
−∞  𝑑𝑡 

By putting, we have 𝐹−1 𝐹 𝛼  𝐺 𝛼  =
1

2𝜋  𝐹 𝛼  

∞
−∞ 𝑒𝑖𝛼𝑥  𝑑𝑥  𝑔 𝑡 𝑒−𝑖𝛼𝑡∞

−∞  𝑑𝑡 

𝐹−1 𝐹 𝛼  𝐺 𝛼  =
1

2𝜋  𝑔 𝑡 ∞
−∞  𝑑𝑡  𝐹 𝛼  

∞
−∞ 𝑒𝑖𝛼𝑥 𝑒−𝑖𝛼𝑡  𝑑𝑡 

𝐹−1 𝐹 𝛼  𝐺 𝛼  =
1

2𝜋  𝑔 𝑡 ∞
−∞  𝑑𝑡  𝐹 𝛼  

∞
−∞ 𝑒𝑖𝛼  𝑥−𝑡  𝑑𝑡 

By using inverse Fourier transformation, 𝐹−1 𝐹 𝛼  𝐺 𝛼  =
1

2𝜋  𝑔 𝑡 ∞
−∞  𝑓 𝑥 − 𝑡 𝑑𝑡 ⇒ 𝑔 ∗ 𝑓 

As    "𝑔 ∗ 𝑓 = 𝑓 ∗ 𝑔"     so 𝐹−1 𝐹 𝛼  𝐺 𝛼  = 𝑓 ∗ 𝑔 

Applying "𝐹" on both sides, we get 𝐹 𝑓 ∗ 𝑔 = 𝐹 𝛼  𝐺 𝛼  

Examples: 𝑖):      𝑓 𝑥 = 𝑒−𝑥2
   ;     𝑔 𝑥 =  1       𝑥 ≤ 𝑝

0       𝑥 ≥ 𝑝  𝑖𝑖)      𝑓 𝑥 = 𝑒−𝛼𝑥 2
   ;     𝑔 𝑥 = 𝑒−𝛽𝑥 2

   ;    𝛼, 𝛽 > 0 

Do Your Self. 

Lecture NO. 69 

Solving Integral Equation by Convolution: 

Solve the integral equation, 𝑦 𝑥 = 𝑔 𝑥 +  𝑦 𝑢 𝑟 𝑥 − 𝑢 𝑑𝑢∞
−∞  

Solution: For the given integral equation, taking fourier transformation on both sides, 𝐹 𝑦 𝑥  = 𝐹 𝑔 𝑥  + 𝐹   𝑦 𝑢 𝑟 𝑥 − 𝑢 𝑑𝑢∞
−∞   

Convolution of last function,  𝑦 𝑢 𝑟 𝑥 − 𝑢 𝑑𝑢∞
−∞ = 𝑦(𝑥) ∗ 𝑟 𝑥  

So, above relation can be writtena as 𝐹 𝑦 𝑥  = 𝐹 𝑔 𝑥  + 𝐹 𝑦 𝑥 ∗ 𝑟(𝑥)   … (1) 

Let   𝐹 𝑦 𝑥  = 𝑌(𝛼)𝐹 𝑔 𝑥  = 𝐺 𝛼 𝐹 𝑟 𝑥  = 𝑅 𝛼    By putting equation (1) becomes 𝑌 𝛼 = 𝐺 𝛼 + 𝐹 𝑦 𝑥 ∗ 𝑟(𝑥)  ⇒  𝐺 𝛼 + 𝑌(𝛼)𝑅 𝛼  

By solving we have 𝑌 𝛼 =
𝐺 𝛼 

1 − 𝑅 𝛼  

Taking inverse fourier transformation, 
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𝐹−1 𝑌 𝛼  = 𝐹−1  𝐺 𝛼 
1 − 𝑅 𝛼   ⇒    𝐺 𝛼 

1 − 𝑅 𝛼  𝑒𝑖𝛼𝑥  𝑑𝑥∞
−∞  

𝑆𝑖𝑛𝑐𝑒   𝐹 → 1  𝑡𝑕𝑒𝑛   𝐹−1 → 1

2𝜋     𝑎𝑛𝑑 𝑕𝑒𝑟𝑒   𝐹−1 𝑌 𝛼  = 𝑦 𝑥  

So the above equation becomes, 

 𝑦 𝑥 =
1

2𝜋   𝐺 𝛼 
1 − 𝑅 𝛼  𝑒𝑖𝛼𝑥  𝑑𝑥∞

−∞  

This is our required result. 

Lecture NO. 70 

Fourier Sine and Cosing Tranforms: 𝑰): If 𝑓(𝑥) is an odd function, then Fourier 𝑠𝑖𝑛𝑒 transform is defined and given by 𝐹𝑠 𝛼 =  𝑓 𝑢  𝑠𝑖𝑛𝛼𝑢 𝑑𝑢∞
0

 

And its inverse Fourier 𝑠𝑖𝑛𝑒 transfrom is given by 𝑓 𝑥 =
2𝜋  𝐹𝑠 𝛼 ∞

0

 𝑠𝑖𝑛𝛼𝑢 𝑑𝛼 𝑰𝑰): If 𝑓(𝑥) is an even function, then fourier 𝑐𝑜𝑠𝑖𝑛𝑒 transform of 𝑓(𝑥) is defined and given by 𝐹𝑐 𝛼 =  𝑓 𝑢  𝑐𝑜𝑠𝛼𝑢 𝑑𝑢∞
0

 

And its inverse Fourier 𝑐𝑜𝑠𝑖𝑛𝑒  transfrom is given by 𝑓 𝑥 =
2𝜋  𝐹𝑐 𝛼 ∞

0

 𝑐𝑜𝑠𝛼𝑢 𝑑𝛼 

Example:  𝐼𝑓;       𝑓 𝑥 = 𝑒−𝑚𝑥    ,   𝑚 > 0       𝑡𝑕𝑒𝑛      𝐹𝑐 𝛼 =? 

As we know 𝐹𝑐 𝛼 =  𝑓 𝑢  𝑐𝑜𝑠𝛼𝑢 𝑑𝑢∞
0

 

For given function, it can be written as 𝐹𝑐 𝛼 =  𝑒−𝑚𝑢  𝑐𝑜𝑠𝛼𝑢 𝑑𝑢∞
0

   … (1) 

Using integral formula, which is given as   𝑒𝑝𝑥  𝑐𝑜𝑠𝑞𝑥 𝑑𝑥 =
𝑒𝑝𝑥𝑝2 + 𝑞2

 𝑝 𝑐𝑜𝑠𝑞𝑥 + 𝑞 𝑠𝑖𝑛𝑞𝑥   

Here  𝑝 → −𝑚  ,   𝑞 → 𝛼  𝑎𝑛𝑑   𝑥 → 𝑢 

So, by applying integral formula, equation (1) becomes 𝐹𝑐 𝛼 =  𝑒−𝑚𝑢𝑚2 + 𝛼2
 −𝑚 𝑐𝑜𝑠𝛼𝑢 + 𝛼 𝑠𝑖𝑛𝛼𝑢  

0

∞
 

By applying limits, we get 𝐹𝑐 𝛼 =
𝑚𝑚2 + 𝛼2

= 𝐹𝑐 𝑒−𝑚𝑥   

Now its inverse, 𝑐𝑜𝑠𝑖𝑛𝑒 transform; 𝑓 𝑥 =
2𝜋  𝐹𝑐 𝛼 ∞

0

 𝑐𝑜𝑠𝛼𝑢 𝑑𝛼 
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For given function, it can be written as (Putting 𝐹𝑐 𝛼  calculated value) 𝑓 𝑥 =
2𝜋  𝑚𝑚2 + 𝛼2

∞
0

 𝑐𝑜𝑠𝛼𝑢 𝑑𝛼 

As 𝑓 𝑥 = 𝑒−𝑚𝑥  , 𝑒−𝑚𝑥 =
2𝑚𝜋  𝑐𝑜𝑠𝛼𝑢𝑚2 + 𝛼2

∞
0

 𝑑𝛼 

𝜋𝑒−𝑚𝑥
2𝑚 =  𝑐𝑜𝑠𝛼𝑢𝑚2 + 𝛼2

∞
0

 𝑑𝛼 

This is our required result. 

Lecture NO. 71 

Integral Equations Solution by Fourier Sine Transform: 

Solve the integral equation  𝑓 𝑥  𝑠𝑖𝑛𝛼𝑥 𝑑𝑥 =  1 − 𝛼     0 ≤ 𝛼 ≤ 1

0                    𝛼 > 1
 ∞

0

 

Solution: The given function can be writen as 𝐹𝑠 𝑓 𝛼  = 𝐹𝑠 𝛼 =  𝑓 𝑥  𝑠𝑖𝑛𝛼𝑥 𝑑𝑥 =  1 − 𝛼      0 ≤ 𝛼 ≤ 1

0              𝛼 > 1
 ∞

0

 

Its 𝐹−1 for given function, 𝐹𝑠−1 𝑓 𝑥  = 𝑓 𝑥 =
2𝜋  𝐹𝑠 𝛼  𝑠𝑖𝑛𝛼𝑥 𝑑𝛼∞

0

 

𝑓 𝑥 =
2𝜋   1 − 𝛼  𝑠𝑖𝑛𝛼𝑥 𝑑𝛼1

0

 

Integrating and applying limits, we have 

=
2𝜋    1 − 𝛼  − 𝑐𝑜𝑠𝛼𝑥𝑥   

0

1

+  𝑐𝑜𝑠𝛼𝑥𝑥  −1  𝑑𝛼1

0

  

=
2𝜋  0 −  1  − 1𝑥 − 1𝑥  𝑠𝑖𝑛𝛼𝑥𝑥  

0

1  ⇒  
2𝜋  1𝑥 − 𝑠𝑖𝑛𝑥𝑥2

  𝑓 𝑥 =
2𝜋  𝑥 − 𝑠𝑖𝑛𝑥𝑥2

  

This is our required result. 

Lecture NO. 72 

Laplace Transforms: 

Objectives/Aim/Steps: 
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Usefulness:  

Deals with discontinuos functions (like electrical signals, eechanical forces etc) and sine, cosines forms (like 

Fourier analysis). 

It is Direct method to solve differential equations. 

Applications:  

Physics, Engineering Problems → Transform into → Differential Equations (Like ODEs, PDEs, BVPs , etc.) 

Lecture NO. 73 

Integral Transform: 

For given function 𝑓(𝑡) defined on  0, ∞  𝑜𝑟 𝑡 ≥ 0, if improper function  𝐾 𝑠, 𝑡  𝑓 𝑡  𝑑𝑡∞
0

 

Is convergent, then it is called an integral transformation of 𝑓 𝑡  where 𝑠 ∈ 𝐶. And if choosen 𝐾 𝑠, 𝑡 = 𝑒−𝑠𝑡       𝑡𝑕𝑒𝑛      𝐹 𝑠 = 𝐿 𝑓 𝑡  =  𝑒−𝑠𝑡  𝑓 𝑡  𝑑𝑡∞
0

  ,   𝑠 ∈ 𝐶. 

Is said to be Laplace transform of 𝑓 𝑡  provided that it is convergent. Here 𝐾 𝑠, 𝑡 = 𝑒−𝑠𝑡  is known as 

Kernal. 

Q: Why 𝐾 𝑠, 𝑡 = 𝑒−𝑠𝑡  ? Why we choose/use Kernal? 

Ans: 1) Kernal smooth out the given functions (Like sharp egdges, corners etc.) 

2) Easy to integrate or differetinate. 

3) By kernal, differntial equation transform into algebric equation. So that it can be easily solved. 

Lecture NO. 74 

Geometical Interpretition of Laplace Transform: 

Since we know 𝐿 𝑓 𝑡  = 𝐹 𝑠 =  𝑒−𝑠𝑡  𝑓 𝑡  𝑑𝑡∞
0

  , 𝑡 ≥ 0 ,   𝑠 ∈ 𝐶, 𝑅. 

Trnasformation of 𝑓 𝑡  𝑖𝑛𝑡𝑜 𝑓(𝑠): 

 

      Transform Throug Laplace 

 

 𝐹(𝑠) gives us information about the different frequency components that makes the 𝑓(𝑡). 

Laplace relations: 𝐿 𝑓 𝑡  = 𝐹 𝑠  𝑓 𝑡 = 𝐿−1 𝐹 𝑠   𝐿−1 𝐿 𝑓 𝑡   = 𝑓 𝑡  𝐿 𝐿−1 𝑓 𝑡   = 𝐹(𝑠) 

Lecture NO. 75 

Laplace Transform of “1”: 
Since we know 𝐿 𝑓 𝑡  = 𝐹 𝑠 =  𝑒−𝑠𝑡  𝑓 𝑡  𝑑𝑡∞

0

 

For given function, 

𝒇 𝒕  

Time 

Domain 

 

𝑭 𝒔  

Frequency 

Domain 
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𝐿 1 =  1. 𝑒−𝑠𝑡   𝑑𝑡∞
0

 ⇒  lim𝑇→∞  𝑒−𝑠𝑡𝑇
0

𝑑𝑡 

Integrating and applying limits, we have 𝐿 1 =  lim𝑇→∞ 𝑒−𝑠𝑡−𝑠  
0

𝑇 ⇒   − 1𝑠  lim𝑇→∞ 𝑒−𝑠𝑡  
0

𝑇 ⇒  − 1𝑠  lim⁡𝑇→∞  
1𝑒𝑠𝑡   

0

𝑇
  … 1  

𝐿 1 = − 1𝑠  lim  𝑇→∞  
1𝑒𝑠𝑇 − 1𝑒𝑠 0  ⇒  − 1𝑠  1𝑒∞ − 1

1
  𝐿 1 =

1𝑠 

This is our required result for 𝑠 > 0. What if 𝑠 < 0? 𝐼𝑓;        𝑠 < 0 ⇒  −𝑠 > 0 ⇒  −𝑠 = 𝑚 (𝑠𝑎𝑦) ∈ 𝑅+ 

If so, then equation (1) becomes 

lim⁡𝑇→∞  
1𝑒𝑠𝑡 = lim𝑇→∞ 𝑒−𝑠𝑡 = lim𝑇→∞ 𝑒𝑚𝑡 ⇒  𝑒∞ = ∞ 

So, whenever 𝑠 < 0, we cannot calculate the transform of “1”. Hence, we can take only 𝑠 > 0. 

Lecture NO. 76 

Laplace Transform of Exponential Function: 

Let 𝑓 𝑡 = 𝑒𝑎𝑡 . Here “a” is a constant, then evaluate 𝐿 𝑒𝑎𝑡   

Solution: Laplace transform for given function, 𝐿 𝑒𝑎𝑡  =  𝑒−𝑠𝑡  𝑒𝑎𝑡  𝑑𝑡∞
0

⇒   𝑒−(𝑠−𝑎)𝑡  𝑑𝑡∞
0

 

Integrating and applying limits, we have 𝐿 𝑒𝑎𝑡  =  𝑒− 𝑠−𝑎 𝑡− 𝑠 − 𝑎  
0

∞ ⇒  
−1 𝑠 − 𝑎  𝑒− 𝑠−𝑎 𝑡 

0

∞
 

𝐿 𝑒𝑎𝑡  =
−1 𝑠 − 𝑎  1𝑒 𝑠−𝑎 𝑡 

0

∞
=

−1 𝑠 − 𝑎  1𝑒∞ − 1𝑒0
  𝐿 𝑒𝑎𝑡  =

1 𝑠 − 𝑎  

This is our required result. (𝐹𝑜𝑟 𝑠 − 𝑎 > 0 ⇒ 𝑠 > 𝑎) 

Lecture NO. 77 

Linearity of Laplace Transform: 

Theorem: If 𝐿 𝑓 𝑡   and 𝐿 𝑔 𝑡   exist, then for any constants "𝛼" and "𝛽", transform of 𝛼 𝐿 𝑓 𝑡  + 𝛽 𝐿 𝑔 𝑡    

Also exist and further 𝐿 𝛼  𝑓 𝑡  + 𝛽  𝑔 𝑡   = 𝛼 𝐿 𝑓 𝑡  + 𝛽 𝐿 𝑔 𝑡   

Also holds. 

Proof: Applying Laplace transform on L.H.S. 

= 𝐿 𝛼  𝑓 𝑡  + 𝛽  𝑔 𝑡    
=  𝑒−𝑠𝑡   𝛼  𝑓 𝑡  + 𝛽  𝑔 𝑡   𝑑𝑡∞

0

⇒     𝛼 𝑒−𝑠𝑡𝑓 𝑡  + +𝛽  𝑒−𝑠𝑡𝑔 𝑡   𝑑𝑡∞
0

 ∴ Integration is a linear transformation on 𝑅. 

=  𝛼 𝑒−𝑠𝑡𝑓 𝑡 𝑑𝑡 +  𝛽 𝑒−𝑠𝑡𝑔 𝑡 𝑑𝑡∞
0

∞
0

 ⇒  𝛼  𝑒−𝑠𝑡𝑓 𝑡 𝑑𝑡 + 𝛽  𝑒−𝑠𝑡𝑔 𝑡 𝑑𝑡∞
0

∞
0
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= 𝛼 𝐿 𝑓 𝑡  + 𝛽 𝐿 𝑔 𝑡  = 𝑅. 𝐻. 𝑆 

Required result proved. ∴     𝐿 𝑓 𝑡     𝑎𝑛𝑑   𝐿 𝑔 𝑡      𝑒𝑥𝑖𝑠𝑡. ⇒    𝛼 𝐿 𝑓 𝑡  + 𝛽 𝐿 𝑔 𝑡  < ∞      𝑎𝑙𝑠𝑜 𝑒𝑥𝑖𝑠𝑡. (𝐼𝑚𝑝𝑟𝑜𝑝𝑒𝑟 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙) 

Lecture NO. 78 

Corollary: 𝐿 𝛼  𝑓 𝑡  + 𝛽  𝑔 𝑡   = 𝛼 𝐿 𝑓 𝑡  + 𝛽 𝐿{𝑔 𝑡 } 

If 𝛽 = 0; 𝐿 𝛼  𝑓 𝑡   = 𝛼 𝐿 𝑓 𝑡   

Here we use “Scalar Composition” property. 
This property also used in calculus. For example: 

   
  𝐿𝑖𝑛𝑒𝑎𝑟 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛:   𝑇 𝛼𝑣 = 𝛼 𝑇𝑣 𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒:    

𝑑𝑑𝑥  𝛼 𝑠𝑖𝑛𝑥 = 𝛼 𝑑𝑑𝑥 𝑠𝑖𝑛𝑠𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛:      𝑐 𝑓 𝑥 𝑑𝑥 = 𝑐  𝑓(𝑐)𝑑𝑥   
Lecture NO. 79 

Laplace Transform of Hyperbolic Function: 

As we know 𝑐𝑜𝑠𝑕 𝑥 =
𝑒𝑥 + 𝑒−𝑥

2
 

Calculate: 𝐿(𝑐𝑜𝑠𝑕 𝑎𝑡), where “a” is a constant 

Solution: As given 𝐿 𝑐𝑜𝑠𝑕 𝑎𝑡 = 𝐿  1

2
 𝑒𝑎𝑡 + 𝑒−𝑎𝑡   ⇒ 1

2
 𝐿 𝑒𝑎𝑡 + 𝑒−𝑎𝑡    𝐿 𝑐𝑜𝑠𝑕 𝑎𝑡 =

1

2
 𝐿 𝑒𝑎𝑡 ) + 𝐿(𝑒−𝑎𝑡   ⇒ 1

2
 1𝑠 − 𝑎 +

1𝑠 + 𝑎  ∴ 𝐿 𝑒𝑎𝑡  =
1𝑠−𝑎    𝑎𝑛𝑑   𝐿 𝑒−𝑎𝑡  =

1𝑠+𝑎 , so 𝐿 𝑐𝑜𝑠𝑕 𝑎𝑡 =
1

2
 𝑠 + 𝑎 + 𝑠 − 𝑎𝑠2 − 𝑎2

 ⇒ 𝑠𝑠2 − 𝑎2
 

This is our required result. 

Lecture NO. 80 

Laplace Transform of Cosine and Sine: 

Show that 𝐿 𝑐𝑜𝑠 𝑎𝑡 =
𝑠𝑠2 + 𝑎2

       𝑎𝑛𝑑        𝐿 𝑠𝑖𝑛 𝑎𝑡 =
𝑎𝑠2 + 𝑎2

 

Proof: Suppose that 𝐿 𝑐𝑜𝑠 𝑎𝑡 = 𝐹𝑐        𝑎𝑛𝑑       𝐿 𝑠𝑖𝑛 𝑎𝑡 = 𝐹𝑠  𝑳 𝒄𝒐𝒔 𝒂𝒕 : Applying Laplace Transform 𝐹𝑐 =  𝑒−𝑠𝑡  (𝑐𝑜𝑠 𝑎𝑡) 𝑑𝑡∞
0

 

Integrating and applying limits, we have 𝐹𝑐 =  𝑐𝑜𝑠 𝑎𝑡  𝑒−𝑠𝑡−𝑠   
0

∞ −   𝑒−𝑠𝑡−𝑠   −𝑎𝑠𝑖𝑛 𝑎𝑡 𝑑𝑡∞
0

 

𝐹𝑐 = − 1𝑠  𝑐𝑜𝑠 𝑎𝑡𝑒𝑠𝑡  
0

∞ − 𝑎𝑠  𝑒−𝑠𝑡∞
0

 𝑠𝑖𝑛 𝑎𝑡 𝑑𝑡 
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𝐹𝑐 = − 1𝑠  𝑐𝑜𝑠 ∞𝑒∞ − 𝑐𝑜𝑠(0)𝑒0
 − 𝑎𝑠  𝐿 𝑠𝑖𝑛 𝑎𝑡   𝐹𝑐 = − 1𝑠  0 − 1 − 𝑎𝑠  𝐹𝑠  𝐹𝑐 =

1𝑠 − 𝑎𝑠  𝐹𝑠    …  1  𝑳 𝒔𝒊𝒏 𝒂𝒕 : 𝐹𝑠 =  𝑒−𝑠𝑡  (𝑠𝑖𝑛 𝑎𝑡) 𝑑𝑡∞
0

⇒   𝑠𝑖𝑛 𝑎𝑡  𝑒−𝑠𝑡−𝑠   
0

∞ −   𝑒−𝑠𝑡−𝑠   𝑎𝑐𝑜𝑠 𝑎𝑡 𝑑𝑡∞
0

 

𝐹𝑠 = − 1𝑠  𝑠𝑖𝑛 𝑎𝑡𝑒𝑠𝑡  
0

∞
+

𝑎𝑠  𝑒−𝑠𝑡∞
0

 𝑐𝑜𝑠 𝑎𝑡 𝑑𝑡 

𝐹𝑠 = − 1𝑠  𝑠𝑖𝑛 ∞𝑒∞ − 𝑠𝑖𝑛(0)𝑒0
 +

𝑎𝑠  𝐿 𝑐𝑜𝑠 𝑎𝑡   𝐹𝑠 = − 1𝑠  0 − 0 +
𝑎𝑠  𝐹𝑐  𝐹𝑠 =

𝑎𝑠  𝐹𝑐    … (2) 

By putting Fs value in equation (1), we get 𝐹𝑐 =
1𝑠 − 𝑎𝑠  

𝑎𝑠  𝐹𝑐    ⇒     
1𝑠 − 𝑎2𝑠2

 𝐹𝑐  𝐹𝑐 +
𝑎2𝑠2

 𝐹𝑐 =
1𝑠    ⇒   𝐹𝑐  𝑠2 + 𝑎2𝑠2

 =
1𝑠 

𝐹𝑐 =
1𝑠   𝑠2𝑠2 + 𝑎2

 ⇒  
𝑠𝑠2 + 𝑎2

 

As 𝐿 𝑐𝑜𝑠 𝑎𝑡 = 𝐹𝑐 , so 𝐿 𝑐𝑜𝑠 𝑎𝑡 =
𝑠𝑠2 + 𝑎2

 

This is our required result. 

Now, from equation (2) 𝐹𝑐 =
𝑠𝑎  𝐹𝑠  

By putting in equation (1) we get 𝑠𝑎  𝐹𝑠 =
1𝑠 − 𝑎𝑠  𝐹𝑠    ⇒     𝑠𝑎 +

𝑎𝑠 𝑠𝑎  𝐹𝑠 =
1𝑠  𝑠2 + 𝑎2𝑎𝑠  𝐹𝑠 =

1𝑠   ⇒    𝐹𝑠 =  𝑎𝑠2 + 𝑎2
  

As 𝐿 𝑠𝑖𝑛 𝑎𝑡 = 𝐹𝑠 , so 𝐿 𝑠𝑖𝑛 𝑎𝑡 =
𝑎𝑠2 + 𝑎2

 

This is our required result. 

Lecture NO. 81 

Laplace Transform of 𝒕𝒏 (𝒏 ∈ 𝑵): 

Theorem: Prove that 𝐿 𝑡𝑛 =
𝑛!𝑠𝑛+1

   ;     𝑛 ∈ 𝑁      … 1  

Proof: We’ll prove it by mathematical induction. 
For 𝑛 = 0; 𝐿 𝑡0 =

0!𝑠0+1
 ⇒   𝐿 1 =

1𝑠 
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Suppose equation (1) is true for fixed "𝑛" and we will prove it for "𝑛 + 1". 

For 𝑛 + 1; 𝐿 𝑡𝑛+1 =
(𝑛 + 1)!𝑠𝑛+2

 

Applying Laplace Transform, 𝐿 𝑡𝑛+1 =  𝑒−𝑠𝑡  𝑡𝑛+1 𝑑𝑡∞
0

 

Integrating and applying limits, we have 𝐿 𝑡𝑛+1 =  𝑡𝑛+1  𝑒−𝑠𝑡−𝑠   
0

∞ −   𝑒−𝑠𝑡−𝑠   𝑛 + 1 𝑡𝑛  𝑑𝑡∞
0

 

𝐿 𝑡𝑛+1 = − 1𝑠  𝑡𝑛+1𝑒𝑠𝑡  
0

∞
+

𝑛 + 1𝑠  𝑒−𝑠𝑡∞
0

𝑡𝑛  𝑑𝑡 

𝐿 𝑡𝑛+1 = − 1𝑠  lim𝑡→∞ 
𝑡𝑛+1𝑒𝑠𝑡 − 0 +

𝑛 + 1𝑠  𝐿 𝑡𝑛  

As given   𝐿 𝑡𝑛 =
𝑛 !𝑠𝑛 +1

,   so 𝐿 𝑡𝑛+1 = − 1𝑠  0 − 0 +
𝑛 + 1𝑠  𝑛!𝑠𝑛+1

  𝐿 𝑡𝑛+1 =
(𝑛 + 1)!𝑠𝑛+2

 

i.e. it is true for "𝑛 + 1". Hence, proved our required result. 

Lecture NO. 82 

Laplace Transform of 𝒕𝜶 (𝜶 > −1): 

Aaplying Laplace Transorm, 𝐿  𝑡𝛼 =  𝑒−𝑠𝑡   𝑡𝛼  𝑑𝑡∞
0

 

Put   𝑣 = 𝑠𝑡 ⇒  𝑑𝑣 = 𝑠𝑑𝑡 ⇒ 𝑑𝑡 =
1𝑠 𝑑𝑣  𝑎𝑛𝑑  𝑡 =

𝑠𝑣𝐴𝑠 𝑡 → 0 ⇒ 𝑣 → 0  𝑎𝑛𝑑 𝑎𝑠  𝑡 → ∞ ⇒ 𝑣 → ∞  
𝐿  𝑡𝛼 =  𝑒−𝑣    𝑣𝑠 𝛼 1𝑠  𝑑𝑣∞

0

 ⇒   𝑒−𝑣   𝑣𝛼𝑠𝛼+1
 𝑑𝑣∞

0

 

𝐿  𝑡𝛼 =
1𝑠𝛼+1

 𝑒−𝑣  𝑣𝛼  𝑑𝑣∞
0

 

Here  𝑒−𝑣  𝑣𝛼  𝑑𝑣∞
0

= 𝐺𝑎𝑚𝑚𝑎 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛 = 𝛾 𝛼 + 1  

So, 𝐿  𝑡𝛼 =
𝛾 𝛼 + 1 𝑠𝛼+1

 

This is our required result. 

Lecture NO. 83 

S-Shifting Theorem: 

If 𝑓 𝑡  has the transform 𝐹 𝑠  where 𝑠 > 𝑘, then "𝑒𝛼𝑡𝑓 𝑡 " has the transform 𝐹 𝑠 − 𝛼  where  𝑠 − 𝛼 > 𝑘 

i.e. 𝐿 𝑒𝛼𝑡𝑓 𝑡  = 𝐹 𝑠 − 𝛼  
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In term of inverse Laplace transform, 𝐿−1 𝐹 𝑠 − 𝛼  = 𝑒𝛼𝑡𝑓 𝑡  

Proof: As we know Laplace Transform, 𝐿 𝑓 𝑡  = 𝐹 𝑠 =  𝑒−𝑠𝑡  𝑓 𝑡  𝑑𝑡∞
0

 

For given function, 𝐹 𝑠 − 𝛼 =  𝑒−(𝑠−𝛼)𝑡  𝑓 𝑡  𝑑𝑡∞
0

 ⇒   𝑒−𝑠𝑡  𝑒𝛼𝑡  𝑓 𝑡  𝑑𝑡 ⇒   𝑒−𝑠𝑡   𝑒𝛼𝑡  𝑓 𝑡   𝑑𝑡∞
0

∞
0

 𝐹 𝑠 − 𝛼 = 𝐿 𝑒𝛼𝑡  𝑓 𝑡   

It can also be written as, 𝐿−1 𝐹 𝑠 − 𝛼  = 𝑒𝛼𝑡𝑓 𝑡  

This is our required result. 

Lecture NO. 84 

Application of S-Shifting Theorem: 

Evaluate  𝑖):  𝐿 𝑒𝛼𝑡  𝑐𝑜𝑠𝜔𝑡         𝑖𝑖):   𝐿 𝑒𝛼𝑡  𝑠𝑖𝑛𝜔𝑡          𝑖𝑖𝑖)   𝐿−1  2𝑠 − 27𝑠2 + 2𝑠 + 401
  

Solution: (Here we are going to use previous results) 𝒊):  𝑳 𝒆𝜶𝒕 𝒄𝒐𝒔𝝎𝒕   𝐿 𝑐𝑜𝑠𝜔𝑡 =
𝑠𝑠2 + 𝜔2

  ⇒  
𝑠 − 𝑜 𝑠 − 𝑜 2 + 𝜔2

 𝐿 𝑒𝛼𝑡  𝑐𝑜𝑠𝜔𝑡 =
𝑠 − 𝛼 𝑠 − 𝛼 2 + 𝜔2

 𝒊𝒊):   𝑳 𝒆𝜶𝒕 𝒔𝒊𝒏𝝎𝒕   𝐿 𝑒𝛼𝑡  𝑠𝑖𝑛𝜔𝑡 =
𝜔 𝑠 − 𝛼 2 + 𝜔2

 𝒊𝒊𝒊)   𝑳−𝟏  𝟐𝒔−𝟐𝟕𝒔𝟐+𝟐𝒔+𝟒𝟎𝟏   𝐿−1  2𝑠 − 27𝑠2 + 2𝑠 + 401
 = 𝐿−1  2𝑠 + 2 − 2 − 27𝑠2 + 2𝑠 + 1 − 1 + 401

  ⇒  𝐿−1  2 𝑠 + 1 − 29 𝑠 + 1 2 + 400
  

= 𝐿−1  2 𝑠 + 1  𝑠 + 1 2 +  20 2
 − 𝐿−1  29 𝑠 + 1 2 +  20 2

  

= 𝐿−1  2 𝑠 + 1  𝑠 + 1 2 +  20 2
 − 𝐿−1  29 𝑠 + 1 2 +  20 2

×
20

20
  

= 2𝐿−1   𝑠 + 1  𝑠 + 1 2 +  20 2
 − 29𝐿−1  20

20  𝑠 + 1 2 +  20 2   

= 2𝐿−1  𝑠 −  −1   𝑠 − (−1  2
+  20 2

 − 29

20
𝐿−1  20  𝑠 − (−1  2

+  20 2
  

Using method of calculations i) and ii) 

= 2𝑒−𝑡  𝑐𝑜𝑠20𝑡 − 29

20
 𝑒−𝑡  𝑠𝑖𝑛20𝑡 

= 𝑒−𝑡   2 𝑐𝑜𝑠20𝑡 − 29

20
 𝑠𝑖𝑛20𝑡  

This is our required result. 

Lecture NO. 85 

Piecewise Continuous Function: 

Infromlly, a function is a piecwise continuous on an interval if it has finite jumps (discontinuities) on that 

interval. 
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A function 𝑓 𝑡  is a piecewise continuous on a finite interval [𝑎, 𝑏] if satisfy the following conditions. 

1) Function 𝑓 𝑡  defined on an/that interval. (i.e. [𝑎, 𝑏]) 

2) Interval can be sub-divided into finitely many sub-intervals in each of which function 𝑓 𝑡  is 

continuous. 

3) Function 𝑓 𝑡  has finite limits as "𝑡" approaches either end points of sub-intervals from interior 

of [𝑎, 𝑏].  𝑓 𝑎0 + 0 < ∞  , 𝑓 𝑎0 − 0 < ∞ ; 𝐹𝑖𝑛𝑖𝑡𝑒} 

Example: 𝑓 𝑡 =  𝑠𝑖𝑛𝑥      𝑖𝑓     0 ≤ 𝑥 ≤ 𝜋/2 𝑒𝑥         𝑖𝑓      𝜋/2 ≤ 𝑥 ≤ 𝜋−2       𝑖𝑓        𝜋 ≤ 𝑥 ≤ 2𝜋        𝑂𝑣𝑒𝑟𝑎𝑙𝑙 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [0,2𝜋] 

Lecture NO. 86 

Existence Theorem for Laplace Transform: 

Let 𝑓 𝑡  be a piecewise continuous function on every finite interval in [0, ∞) and satisfies |𝑓 𝑡 𝑒−𝑘𝑡 | ≤ 𝑚, ∀ 𝑡 ≥ 0 and for some "𝑘 𝑎𝑛𝑑 𝑚" then Laplace Transform of 𝑓(𝑡) exists for all 𝑠 > 𝑘.   

Answer: As given  𝑓 𝑡 𝑒−𝑘𝑡  ≤ 𝑚      … 1          ∀ 𝑡 ≥ 0 & 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 "𝑘 𝑎𝑛𝑑 𝑚" 

Here equation (1) is known as “Growth Restriction”. Equation (1) implies,  𝑓 𝑡  ≤ 𝑚 𝑒𝑘𝑡  𝑓 𝑡 𝑒−𝑘𝑡 → 0   𝑎𝑠   𝑡 → ∞  ⇒    lim𝑡→∞ 𝑓(𝑡)𝑒𝑘𝑡 → 0 

Proof: As given that 𝑓 𝑡  be a piecewise continuous function. 𝑓 𝑡 𝑒−𝑘𝑡  is integerable over any finite 

interval on [0, ∞). Laplace Transform,  𝐿 𝑓 𝑡   =   𝑒−𝑠𝑡  𝑓 𝑡  𝑑𝑡∞
0

 ≤   𝑓 𝑡   𝑒−𝑠𝑡  𝑑𝑡∞
0

 

For given function,  𝐿 𝑓 𝑡   ≤  𝑚 𝑒𝑘𝑡  𝑒−𝑠𝑡  𝑑𝑡∞
0

 ⇒  𝑚  𝑒−(𝑠−𝑘)𝑡  𝑑𝑡∞
0

  … (2) 

Integrating and applying limits, (without “m”) , we have  𝑒−(𝑠−𝑘)𝑡  𝑑𝑡∞
0

= − 1𝑠 − 𝑘  𝑒−(𝑠−𝑘)𝑡  
0

∞
 ⇒  − 1𝑠 − 𝑘  1𝑒 𝑠−𝑘 𝑡 

0

∞
 

= − 1𝑠 − 𝑘  1𝑒∞ − 1𝑒0
 ⇒  

1𝑠 − 𝑘    ;   𝑓𝑜𝑟 𝑠 > 𝑘 

So, equation (2) becomes,  𝐿 𝑓 𝑡   ≤ 𝑚𝑠 − 𝑘   ⇒   𝐿 𝑓  𝑒𝑥𝑖𝑠𝑡 𝑖𝑓 𝑔𝑟𝑜𝑤𝑡𝑕 𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑. 

Hence prove our required result. 

Lecture NO. 87 

Counter Example of Existence Theorem: 

Example: 𝑓 𝑡 =
1 𝑡        𝐴𝑠  𝑡 → 0   𝑡𝑕𝑒𝑛  𝑓 𝑡 → ∞ 

Here 𝑓(𝑡) is not a piecewise continuous function on [0, ∞). Also   𝑓 𝑡  ≤ 𝑚 𝑒𝑘𝑡         𝐼𝑓  𝑚 = 1, 𝑘 = 0 

Applying Laplace transform on given function, 
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𝐿 𝑓 𝑡  =  𝑒−𝑠𝑡  
1 𝑡  𝑑𝑡∞

0

 

Put   𝐿𝑒𝑡      𝑠𝑡 = 𝑥 ⇒   𝑠𝑡 = 𝑥2𝑥 =  𝑠 1

2 𝑡 𝑑𝑡 ⇒  
𝑑𝑡 𝑡 =

2 𝑠 𝑑𝑥  
𝐿 𝑓 𝑡  =  𝑒−𝑥2 2 𝑠 𝑑𝑥∞

0

 ⇒  
2 𝑠  𝑒−𝑥2𝑑𝑥∞

0

  … (1) 

Here  𝑒−𝑥2𝑑𝑥∞
0

=
 𝜋
2

 (𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙) 

Hence relation (1) becomes, 𝐿 𝑓 𝑡  =
2 𝑠 ×

 𝜋
2

=  𝜋𝑠   ;   𝑠 > 0 

Hence 
1 𝑡 is not a piecewise continuous function but its Laplace Transform exists. This is our required result. 

Lecture NO. 88 

Laplace Transform of Derivatives: 

Prove that 𝑖)   𝐿 𝑓 ′ = 𝑠𝐿 𝑓 − 𝑓 0             𝑖𝑖)  𝐿 𝑓′ ′ = 𝑠2𝐿 𝑓 − 𝑠𝑓 0 − 𝑓′ 0  

Proof: since we know 𝐼𝑓;    𝑓 𝑖𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 ⇒ 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 

I): 

Laplace transform fro given function 𝐿 𝑓′ = 𝐿 𝑓′ 𝑡  =  𝑒−𝑠𝑡  𝑓′ 𝑡  𝑑𝑡∞
0

 

Here 𝑓(𝑡) is continuous. Integrating and applying limits, we have 𝐿 𝑓 ′ =  𝑒−𝑠𝑡  𝑓(𝑡) 0
∞ −  𝑓 𝑡   – 𝑠 𝑒−𝑠𝑡  𝑑𝑡∞

0

 

𝐿 𝑓′  =  lim𝑡→∞ 𝑓(𝑡)𝑒𝑠𝑡 − 𝑓(0)𝑒0
 + 𝑠  𝑒−𝑠𝑡  𝑓′ 𝑡  𝑑𝑡∞

0

 𝐿 𝑓′  = 0 − 𝑓 0 + 𝑠𝐿(𝑓) 𝐿 𝑓′  = 𝑠𝐿 𝑓 − 𝑓 0    … (1) 

II): 

Taking derivative of equation (1), 𝐿 𝑓′′  = 𝑠𝐿 𝑓′ − 𝑓′ 0  

Putting value from equation (1), 𝐿 𝑓′′  = 𝑠 𝑠𝐿 𝑓 − 𝑓 0  − 𝑓′ 0  𝐿 𝑓′ ′ = 𝑠2𝐿 𝑓 − 𝑠𝑓 0 − 𝑓′ 0  

Hence prove. 

Lecture NO. 89 

Laplace Transform of nth Derivatives: 𝐿 𝑓𝑛 = 𝑠𝑛𝐿 𝑓 − 𝑠𝑛−1𝑓 0 − 𝑠𝑛−2𝑓′ 0 …− 𝑠0𝑓𝑛−1(0) 

Watch Lecture(s). 
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Lecture NO. 90 

Applications of Laplace of Derivatives: 

Find  𝐿(𝑐𝑜𝑠𝜔𝑡)  y using derivative expression of Laplace. 

Solution: since we know from previous lectures 𝐿 𝑓′ = 𝑠𝐿 𝑓 − 𝑓 0       … (1) 𝐿 𝑓 ′ ′ = 𝑠2𝐿 𝑓 − 𝑠𝑓 0 − 𝑓′ (0)     … (2) 

Here 𝑓 𝑡 = 𝑐𝑜𝑠𝜔𝑡 ⇒  𝑓′ 𝑡 = −𝜔𝑠𝑖𝑛𝜔𝑡   &   𝑓′′  𝑡 = −𝜔2𝑐𝑜𝑠𝜔𝑡 𝑓 0 = 1 ⇒ 𝑓′ 0 = 0 

By putting values in equation 2, 𝐿 𝑓′ ′ = 𝑠2𝐿 𝑓 − 𝑠𝑓 0 − 𝑓′  0  𝐿 −𝜔2𝑐𝑜𝑠𝜔𝑡 = 𝑠2𝐿 𝑓 − 𝑠 −𝜔2𝐿 𝑐𝑜𝑠𝜔𝑡 = 𝑠2𝐿 𝑓 − 𝑠 −𝜔2𝐿 𝑓 = 𝑠2𝐿 𝑓 − 𝑠 𝑠 = 𝐿 𝑓  𝑠2 + 𝜔2  𝐿 𝑓 =
𝑠𝑠2 + 𝜔2

 

Lecture NO. 91 

Evaluate: 𝐿(𝑡 𝑠𝑖𝑛𝜔𝑡) 

Solution: Here 𝑓 𝑡 = 𝑡 𝑠𝑖𝑛𝜔𝑡 ⇒   𝑓(0) = 0 𝑓′ 𝑡 = 𝑡 𝜔 𝑐𝑜𝑠𝜔𝑡 + 1 𝑠𝑖𝑛𝜔𝑡 ⇒   𝑓 ′ 0 = 0 𝑓′′  𝑡 = 𝜔 𝑡 −𝜔 𝑠𝑖𝑛𝜔𝑡 + 1 𝑐𝑜𝑠𝜔𝑡 + 𝜔 𝑐𝑜𝑠𝜔𝑡 𝑓′′  𝑡 = −𝜔2 𝑡 𝑠𝑖𝑛𝜔𝑡 + 2𝜔 𝑐𝑜𝑠𝜔𝑡 

By putting values in equation 2, 𝐿 𝑓′ ′ = 𝑠2𝐿 𝑓 − 𝑠𝑓 0 − 𝑓′ 0  𝐿 −𝜔2 𝑡 𝑠𝑖𝑛𝜔𝑡 + 2𝜔 𝑐𝑜𝑠𝜔𝑡 = 𝑠2𝐿 𝑓  −𝜔2𝐿 𝑡 𝑠𝑖𝑛𝜔𝑡 + 2𝜔𝐿 𝑐𝑜𝑠𝜔𝑡 = 𝑠2𝐿 𝑓  −𝜔2𝐿 𝑓 + 2𝜔𝐿  𝑠𝑠2 + 𝜔2
 = 𝑠2𝐿 𝑓  

2𝜔𝑠𝑠2 + 𝜔2
= 𝐿 𝑓  𝑠2 + 𝜔2  𝐿 𝑓 =

2𝜔𝑠 𝑠2 + 𝜔2 2
 

This is our required result. 

Lecture NO. 92 

Laplace Transform of Integral: 

Theorem: let 𝑓 𝑡  is a piecewise continuous function for 𝑡 ≥ 0, & 𝑑 𝑓 𝑡  = 𝐹(𝑠). Further |𝑓 𝑡 | ≤ 𝑚𝑒𝑘𝑡  

for some𝑚 > 0 𝑎𝑛𝑑 𝑘 > 0, then 𝐿   𝑓 𝜏  𝑑𝜏𝑡
0

=
1𝑠  𝐹 𝑠      𝑎𝑛𝑑     𝐿−1  𝐹(𝑠)𝑠  =  𝑓 𝜏  𝑑𝜏∞

0

  

Proof: Let 𝑔 𝑡 =  𝑓 𝜏  𝑑𝜏𝑡
0

 ∴    𝑓 𝑡  𝑖𝑠 𝑝𝑖𝑒𝑐𝑒𝑤𝑖𝑠𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 ⇒ 𝑔 𝑡  𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 
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 𝑔 𝑡  =   𝑓 𝜏  𝑑𝜏𝑡
0

 ≤   𝑓 𝜏   𝑑𝜏𝑡
0

≤  𝑚𝑒𝑘𝑡  𝑑𝜏𝑡
0

 

 𝑔 𝑡  = 𝑚  𝑒𝑘𝑡𝑘  
0

𝑡
 ⇒  

𝑚𝑘  𝑒𝑘𝑡 − 1 ≤ 𝑚𝑘 𝑒𝑘𝑡  ⇒  𝑔(𝑡) satisfies growth restriction. Now 𝑔′ 𝑡 =
𝑑𝑑𝑡   𝑓 𝜏  𝑑𝜏𝑡

0

 = 𝑓(𝑡) 

Except at point of discontinuities. This implies 𝑔 𝑡  𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 𝐿 𝑔′ 𝑡  = 𝐿 𝑓 𝑡        𝑎𝑛𝑑      𝑠𝐿 𝑔 𝑡  − 𝑔 0 = 𝐹 𝑠  𝑠𝐿   𝑓 𝜏  𝑑𝜏𝑡
0

 = 𝐹 𝑠   ⇒    𝐿   𝑓 𝜏  𝑑𝜏𝑡
0

 =
𝐹 𝑠 𝑠  

Lecture NO. 93 

Evaluate: 𝑖)   𝐿−1  1𝑠 𝑠2 + 𝜔2          𝑎𝑛𝑑    𝑖𝑖)   𝐿−1  1𝑠2 𝑠2 + 𝜔2   

I): 𝐿−1  1 𝑠2 + 𝜔2  = 𝐿−1  1𝜔 .
𝜔𝑠2 + 𝜔2

   ⇒   
1𝜔 𝐿−1  𝜔𝑠2 + 𝜔2

  𝐿−1 𝐹 𝑠  =
1𝜔  𝑠𝑖𝑛𝜔𝑡      ;       ∴  𝐿−1  𝜔𝑠2 + 𝜔2

 = 𝑠𝑖𝑛𝜔𝑡 

Now, (Going to calculate required function) 𝐿−1  1𝑠 𝐹 𝑠  =  𝑓 𝜏  𝑑𝜏𝑡
0

 

𝐿−1  1𝑠 𝑠2 + 𝜔2  =  1𝜔  𝑠𝑖𝑛𝜔𝜏 𝑑𝜏𝑡
0

 

Integrating and applying limits, we have 𝐿−1  1𝑠 𝑠2 + 𝜔2  = − 1𝜔2
 𝑐𝑜𝑠𝜔𝜏 0

𝑡  𝐿−1  1𝑠 𝑠2 + 𝜔2  =
1𝜔2

 1 − 𝑐𝑜𝑠𝜔𝑡  

This is our required result. 

II): 𝐿−1  1𝑠2 𝑠2 + 𝜔2  = 𝐿−1  1𝑠  
1𝑠 𝑠2 + 𝜔2   ⇒  𝐿−1  1𝑠  𝐹(𝑠)  

𝐿−1  1𝑠2 𝑠2 + 𝜔2  =  𝑓 𝜏  𝑑𝜏𝑡
0

⇒   1𝜔2
 1 − 𝑐𝑜𝑠𝜔𝑡 𝑡

0

𝑑𝜏 

𝐿−1  1𝑠2 𝑠2 + 𝜔2  =
1𝜔2

 𝜏 − 𝑠𝑖𝑛𝜔𝜏𝜔   𝐿−1  1𝑠2 𝑠2 + 𝜔2  =
1𝜔2

 𝑡 − 𝑠𝑖𝑛𝜔𝑡𝜔   

This is our required result. 

____________________ 
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Lecture NO. 94 

Solving ODE with Laplace: 

Solve, 𝑦′′ − 𝑦 = 𝑡    ;        𝑦 0 = 1, 𝑦′ 0 = 1 

Solution: Applying Laplace on given function, 𝐿 𝑦′′ − 𝑦 = 𝐿 𝑡  
Using formula  𝐿  𝑡𝑛 =

𝑛 !𝑠𝑛+1
   on 𝐿 𝑡1 , we get 𝐿 𝑦′′  − 𝐿 𝑦 =

1𝑠2
 

Putting 𝐿 𝑦′′   from previous lectures, we have 𝑠2𝐿 𝑦 − 𝑠 𝑦 0 − 𝑦′ 0 − 𝐿 𝑦 =
1𝑠2

 

Putting values from initial conditions,  𝑠2 − 1 𝐿 𝑦 − 𝑠 − 1 =
1𝑠2

  𝑠2 − 1 𝐿 𝑦 =
1𝑠2

+  1 + 𝑠  𝐿 𝑦 =
 1 + 𝑠  𝑠2 − 1 +

1𝑠2 𝑠2 − 1  𝐿 𝑦 =
1𝑠 − 1

+  1𝑠2 − 1
− 1𝑠2

  𝐿 𝑦 =
1𝑠 − 1

+
1𝑠2 − 1

− 1𝑠2
 𝑦 = 𝐿−1  1𝑠 − 1

+
1𝑠2 − 1

− 1𝑠2
  𝑦 = 𝐿−1  1𝑠 − 1

 + 𝐿−1  1𝑠2 − 1
 − 𝐿−1  1𝑠2

  

Using results    
  𝐿−1  1𝑠−1

 = 𝑒−𝑡𝐿−1  1𝑠2−1
 = 𝑠𝑖𝑛𝑕𝑡𝐿−1  1𝑠2
 = 𝑡  ,   we get 

𝑦 = 𝑒−𝑡 + 𝑠𝑖𝑛𝑕𝑡 − 𝑡 
This is our required result. 

Lecture NO. 95 

Unit Step Functions: 

It is defined and given as; 𝑢 𝑡 − 𝑎 =  1     𝑖𝑓     𝑡 > 𝑎
0     𝑖𝑓     𝑡 < 𝑎  

Applying Laplace Transform, 𝐿 𝑢 𝑡 − 𝑎  =  𝑒−𝑠𝑡∞
0

 𝑢 𝑡 − 𝑎 𝑑𝑡 
𝐿 𝑢 𝑡 − 𝑎  =  𝑒−𝑠𝑡𝑎

0

 0 𝑑𝑡 +  𝑒−𝑠𝑡∞
𝑎  1 𝑑𝑡  ;   𝑎 > 0 

𝐿 𝑢 𝑡 − 𝑎  = 0 +
1−𝑠   𝑒−𝑠𝑡  𝑎∞  ⇒  − 1𝑠  0 − 𝑒−𝑎𝑠   𝐿 𝑢 𝑡 − 𝑎  =

𝑒−𝑎𝑠𝑠  

This is our required result. 
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Lecture NO. 96 

Plot the Following: 𝑖):   𝐴 𝑡 = 𝑘 𝑢 𝑡 − 1 − 2𝑢 𝑡 − 4 + 𝑢 𝑡 − 6     𝑘 > 0 𝑖𝑖):   𝐵 𝑡 = 𝑠𝑖𝑛  𝜋
2
𝑡  𝑢 𝑡 − 𝑢 𝑡 − 2 + 𝑢 𝑡 − 4 − ⋯   

Watch Lecture. 

Lecture NO. 97 

Time Shifting Theorem: 

Let𝐿 𝑓 𝑡  = 𝐹 𝑠 , then the Laplace Transform of shifted function is given by; 𝐿 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎  =    0                    𝑖𝑓     𝑡 < 𝑎𝑒−𝑎𝑠  𝐹 𝑠      𝑖𝑓    𝑡 > 𝑎   
And 𝐿−1 𝑒−𝑎𝑠  𝐹 𝑠  = 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎  
Proof: As we know from previous lectures, 𝑒−𝑎𝑠  𝐹 𝑠 = 𝑒−𝑎𝑠  𝑒−𝑠𝑡∞

0

𝑓 𝑡 𝑑𝑡 ⇒   𝑒− 𝑎+𝑡 𝑠∞
0

𝑓 𝑡 𝑑𝑡  … 1  
Put    𝑎 + 𝑡 = 𝜏  ⇒   𝑡 = 𝜏 − 𝑎, 𝑑𝑡 = 𝑑𝜏  𝐴𝑠 𝑡 → 0 ⇒ 𝜏 → 𝑎 , 𝑡 → ∞ ⇒ 𝜏 → ∞  𝑒−𝑎𝑠  𝐹 𝑠 =  𝑒−𝑠𝜏∞

0

𝑓 𝜏 − 𝑎 𝑑𝜏 ⇒   𝑒−𝑠𝑡∞
0

𝑓 𝑡 − 𝑎 𝑑𝑡 
𝑒−𝑎𝑠  𝐹 𝑠 =  𝑒−𝑠𝑡𝑎

0

𝑓 𝑡 − 𝑎  0 𝑑𝑡 +  𝑒−𝑠𝑡∞
𝑎 𝑓 𝑡 − 𝑎 (1)𝑑𝑡 

𝑒−𝑎𝑠  𝐹 𝑠 =  𝑒−𝑠𝑡𝑎
0

𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎 𝑑𝑡 +  𝑒−𝑠𝑡∞
𝑎 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎 𝑑𝑡 

𝑒−𝑎𝑠  𝐹 𝑠 =  𝑒−𝑠𝑡𝑎
0

 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎  𝑑𝑡 +  𝑒−𝑠𝑡∞
𝑎 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎 𝑑𝑡 

By combining, 𝑒−𝑎𝑠  𝐹 𝑠 =  𝑒−𝑠𝑡∞
0

 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎  𝑑𝑡 𝑒−𝑎𝑠  𝐹 𝑠 = 𝐿 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎   𝐿−1 𝑒−𝑎𝑠  𝐹 𝑠  = 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎  
This is our required result. Example: 𝐿 𝑠𝑖𝑛 𝑡 − 2 𝑢 𝑡 − 2  =? 

Using results     𝑠𝑖𝑛 𝑡 − 2 =
1𝑠2+1𝑢 𝑡 − 2 = 𝑒−2𝑠   𝐿 𝑠𝑖𝑛 𝑡 − 2 𝑢 𝑡 − 2  =

1𝑠2 + 1
𝑒−2𝑠 =

𝑒−2𝑠𝑠2 + 1
 

This is our required answer. 

Lecture NO. 98 

Problem: 

Express the following function in terms of Unit Step Function and find its Laplace Transform. 

Function is given as; 
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𝑓 𝑡 =    
  2          𝑖𝑓     0 < 𝑡 < 1

1

2
𝑡2      𝑖𝑓     1 < 𝑡 <

𝜋
2𝑐𝑜𝑠𝑡    𝑖𝑓              𝑡 >
𝜋
2

  
Solution: As we know about Unit Step Function from previous lecture (95), applying on the given function, 𝑓 𝑡 = 2 𝑢 𝑡 − 0 − 𝑢 𝑡 − 1  +

1

2
𝑡2  𝑢 𝑡 − 1 − 𝑢  𝑡 − 𝜋

2
  + 𝑐𝑜𝑠𝑡  𝑢  𝑡 − 𝜋

2
    … (𝐴) 

Applying Laplace Transfom on the given funciton, 𝐿 𝑓 𝑡  = 2𝐿 𝑢 𝑡 − 0 − 𝑢 𝑡 − 1  +
1

2
𝐿  𝑡2  𝑢 𝑡 − 1 − 𝑢  𝑡 − 𝜋

2
   + 𝐿  𝑐𝑜𝑠𝑡  𝑢  𝑡 − 𝜋

2
     … (𝐵) 

Finding values for the eqution (B) one by one, 𝐿 𝑢 𝑡 − 0 − 𝑢 𝑡 − 1  = 𝐿 𝑢 𝑡 − 0  − 𝐿 𝑢 𝑡 − 1   

Using formula  𝐿 𝑢 𝑡 − 𝑎  =
𝑒−𝑎𝑠𝑠   from previous lecture (95), we get 𝐿 𝑢 𝑡 − 0 − 𝑢 𝑡 − 1  =

1𝑠 − 1𝑠 𝑒−𝑠  𝐿 𝑢 𝑡 − 0 − 𝑢 𝑡 − 1  =
1𝑠  1 − 𝑒−𝑠   … (𝑖) 

Now, for 𝐿  𝑡2  𝑢 𝑡 − 1 − 𝑢  𝑡 − 𝜋
2
   = 𝐿 𝑡2𝑢 𝑡 − 1  − 𝐿  𝑡2𝑢  𝑡 − 𝜋

2
    … (𝑧) 

Since we know from previous lecture (97), 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎 = 𝐿−1 𝑒−𝑎𝑠  𝐹 𝑠   𝐿 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎  = 𝑒−𝑎𝑠  𝐹 𝑠  𝐿 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎  = 𝑒−𝑎𝑠  𝐿 𝑓 𝑡   
Put  𝑡 − 𝑎 = 𝜏 ⇒  𝑡 = 𝑎 + 𝜏  𝐿 𝑓 𝜏 𝑢 𝑡 − 𝑎  = 𝑒−𝑎𝑠  𝐿 𝑓 𝑎 + 𝜏   
It can also be written as, 𝐿 𝑓 𝑡 𝑢 𝑡 − 𝑎  = 𝑒−𝑎𝑠  𝐿 𝑓 𝑎 + 𝑡   
Using this expression for equation (z), becomes (∴  𝑎 = 1) 

= 𝑒−𝑠  𝐿  1 + 𝑡 2 − 𝑒−𝜋2𝑠  𝐿  𝜋
2

+ 𝑡 2

 

= 𝑒−𝑠  𝐿 𝑡2 + 2𝑡 + 1 − 𝑒−𝜋2𝑠  𝐿  𝑡2 + 𝜋𝑡 +
𝜋2

4
  

Using formula   𝐿 𝑡𝑛 =
𝑛 !𝑠𝑛+1
 ,  so we get 𝐿  𝑡2  𝑢 𝑡 − 1 − 𝑢  𝑡 − 𝜋

2
   = 𝑒−𝑠  2𝑠3

+ 2
1𝑠2

+
1𝑠 − 𝑒−𝜋2𝑠  2𝑠3

+ 𝜋 1𝑠2
+
𝜋2

4

1𝑠   … (𝑖𝑖) 

Now, for 𝐿  𝑐𝑜𝑠𝑡 𝑢  𝑡 − 𝜋
2
  = 𝑒−𝜋2𝑠  𝐿  𝑐𝑜𝑠  𝜋

2
+ 𝑡  ⇒  𝑒−𝜋2𝑠  𝐿 −𝑠𝑖𝑛𝑡  𝐿  𝑐𝑜𝑠𝑡 𝑢  𝑡 − 𝜋

2
  = −𝑒−𝜋2𝑠  𝐿 𝑠𝑖𝑛𝑡  𝐿  𝑐𝑜𝑠𝑡 𝑢  𝑡 − 𝜋

2
  = −𝑒−𝜋2𝑠 1

1 + 𝑠2
  … (𝑖𝑖𝑖) 

Now, finally putting calculted values (i,ii,iii) in equation (B) 𝐿 𝑓 𝑡  =
2𝑠  1 − 𝑒−𝑠 +

1

2
 𝑒−𝑠  2𝑠3

+ 2
1𝑠2

+
1𝑠 − 𝑒−𝜋2𝑠  2𝑠3

+ 𝜋 1𝑠2
+
𝜋2

4

1𝑠  −𝑒−𝜋2𝑠 1

1 + 𝑠2
 

This is our required result. 
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Lecture NO. 99 

Problem: 

Find the Inverse Laplace Transform of; 𝑒−2𝑠𝑠2 + 𝑛2
+

𝑒−3𝑠 𝑠 + 2 2
 

Solution: Since we know 𝐿−1  𝑒−2𝑠𝑠2 + 𝑛2
+

𝑒−3𝑠 𝑠 + 2 2
 = 𝐿−1  𝑒−2𝑠𝑠2 + 𝑛2

 + 𝐿−1  𝑒−3𝑠 𝑠 + 2 2
  

=
1𝜋 𝐿−1  𝑒−2𝑠 𝜋𝑠2 + 𝑛2

 + 𝐿−1  𝑒−3𝑠 1 𝑠 + 2 2
   … (1) 

Using results  𝐿−1  𝑒−2𝑠 𝜋𝑠2+𝑛2
 = 𝑠𝑖𝑛𝜋 𝑡 − 2 𝑢(𝑡 − 2)𝐿−1  𝑒−3𝑠 1 𝑠+2 2

 =  𝑡 − 3 𝑒−2 𝑡−3  𝑢(𝑡 − 3)

      (For better understanding, watch lecture) 

Equation (1) becomes 𝐿−1  𝑒−2𝑠𝑠2 + 𝑛2
+

𝑒−3𝑠 𝑠 + 2 2
 =

1𝜋  𝑠𝑖𝑛𝜋 𝑡 − 2  𝑢 𝑡 − 2 +  𝑡 − 3 𝑒−2 𝑡−3  𝑢(𝑡 − 3) 

This is our required result. 

Lecture NO. 100 

Dirac’s Delta Function: 
Let 𝑓𝑘 𝑡 =  1𝑘      𝑖𝑓     0 ≤ 𝑡 ≤ 𝑘

0       ,     𝑂𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒  
In general, 𝑓𝑘 𝑡 − 𝑎 =  1𝑘      𝑖𝑓     𝑎 ≤ 𝑡 ≤ 𝑎 + 𝑘

0       𝑖𝑓           𝑂𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒  
If 𝑘 → 0, then 𝑇𝑘 = lim𝑘→0

𝑓𝑘 𝑡 − 𝑎 = 𝑠 𝑡 − 𝑎 =  ∞      𝑖𝑓     𝑡 = 𝑎
0   ,   𝑂𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒  

Such that 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑎𝑙 =  𝑠 𝑡 − 𝑎 ∞
0

= 1 

Example:  𝑓𝑘 𝑡 − 𝑎 𝑑𝑡𝑎+𝑘
𝑎 =  1𝑘 𝑑𝑡 ⇒  

1𝑘  𝑡 𝑎𝑎+𝑘𝑎+𝑘
𝑎  ⇒  

1𝑘  𝑎 + 𝑘 − 𝑎 = 1  

Note:  𝑔 𝑡  𝑠 𝑡 − 𝑎 𝑑𝑡∞
0

= 𝑔(𝑎) 

These types of function are known as special class of function. i.e. Distributions. 

Lecture NO. 101 

Laplace Transform of Dirac’s Delta Function: 
Since we know 𝑓𝑘 𝑡 − 𝑎 =  1𝑘      𝑖𝑓     𝑎 ≤ 𝑡 ≤ 𝑎 + 𝑘

0       𝑖𝑓           𝑂𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒  
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𝑓𝑘 𝑡 − 𝑎 =
1𝑘  𝑢 𝑡 − 𝑎 − 𝑢 𝑡 −  𝑎 + 𝑘    

Applying Laplace Transform, 𝐿{𝑓𝑘 𝑡 − 𝑎 } = 𝐿  1𝑘  𝑢 𝑡 − 𝑎 − 𝑢 𝑡 −  𝑎 + 𝑘     𝐿{𝑓𝑘 𝑡 − 𝑎 } =
1𝑘  𝐿 𝑢 𝑡 − 𝑎  − 𝐿 𝑢 𝑡 −  𝑎 + 𝑘     

Using result  𝐿 𝑢 𝑡 − 𝑎  =
𝑒−𝑎𝑠𝑠   𝐿{𝑓𝑘 𝑡 − 𝑎 } =

1𝑘  𝑒−𝑎𝑠𝑠 − 𝑒−(𝑎+𝑘)𝑠𝑠   
𝐿{𝑓𝑘 𝑡 − 𝑎 } =

1𝑘 𝑒−𝑎𝑠  1 − 𝑒−𝑘𝑠𝑠   ∴ 𝑘 → 0, apply Laplace Transform of Dirac Delta Function (for above relation) 𝐿 𝑠 𝑡 − 𝑎  = lim𝑘→0
 𝐿{𝑓𝑘 𝑡 − 𝑎 } = lim𝑘→0

 𝑒−𝑎𝑠  1 −  1 − 𝑘𝑠 +
𝑘2𝑠2

2
− 𝑘3𝑠3

2
+ ⋯   

𝐿 𝑠 𝑡 − 𝑎  = lim𝑘→0
 𝑒−𝑎𝑠  1 − 1 + 𝑘𝑠 − 𝑘2𝑠2

2
+
𝑘3𝑠3

6
−⋯  

𝐿 𝑠 𝑡 − 𝑎  = lim𝑘→0
 𝑒−𝑎𝑠  𝑘𝑠  1 − 𝑘𝑠

2
+
𝑘2𝑠2

6
−⋯   

After applying limits, 𝐿 𝑠 𝑡 − 𝑎  = 𝑒−𝑎𝑠  

This is our required result. 

Lecture NO. 102 

Problem: 

Find the response of damped spring system given by initial value problem; 𝑦′′ + 3𝑦′ + 2𝑦 = 𝑢 𝑡 − 1 − 𝑢 𝑡 − 2     ;       𝑦 0 = 𝑦′ 0 = 0 

Solution: Applying Laplace Transform on given function, 𝐿 𝑦′′ + 3𝑦′ + 2𝑦 = 𝐿 𝑢 𝑡 − 1 − 𝑢 𝑡 − 2   𝐿𝑦′′ + 3𝐿𝑦′ + 2𝐿𝑦 = 𝐿 𝑢 𝑡 − 1  − 𝐿 𝑢 𝑡 − 2    … (1) 

Since we know 

  
 𝐿𝑦′′ = 𝑠2𝐿 𝑦 − 𝑠𝑦 0 − 𝑦′ 0 𝐿𝑦′ = 𝑠𝐿 𝑦 − 𝑦 0 𝐿 𝑢 𝑡 − 𝑎  =

𝑒−𝑎𝑠𝑠   
By using, equation (1) becomes  𝑠2𝐿 𝑦 − 𝑠𝑦 0 − 𝑦′ 0  + 3 𝑠𝐿 𝑦 − 𝑦 0  + 2𝐿𝑦 =

𝑒−𝑠𝑠 − 𝑒−2𝑠𝑠   𝑠2 + 3𝑠 + 2  𝐿 𝑦 =
1𝑠  𝑒−𝑠 − 𝑒−2𝑠  𝐿 𝑦 =

1𝑠 𝑠2 + 3𝑠 + 2  𝑒−𝑠 − 𝑒−2𝑠  
Putting   1𝑠 𝑠2+3𝑠+2 = 𝐹 𝑠    we have 𝐿 𝑦 = 𝐹 𝑠   𝑒−𝑠 − 𝑒−2𝑠   … (𝐴) 

Now, by applying partial fraction on F(s) 𝐹 𝑠 =
1𝑠 𝑠2 + 3𝑠 + 2 ⇒ 1𝑠 𝑠 + 2  𝑠 + 1 =

𝐴𝑠 +
𝐵𝑠 + 2

+
𝐶𝑠 + 1

 

By solving, we get 
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𝐴 =
1

2
    ,     𝐵 =

1

2
     ,     𝐶 = −1 

So, 𝐹 𝑠 =
1/2𝑠 +

1/2𝑠 + 2
− 1𝑠 + 1

 𝐿−1 𝐹 𝑠  =
1

2
𝐿−1  1𝑠 +

1

2
𝐿−1  1𝑠 + 2

 − 𝐿−1  1𝑠 + 1
  𝐿−1 𝐹 𝑠  =

1

2
 1 +

1

2
 𝑒−2𝑡 − (𝑒−𝑡) 

Now, equation (A) implies, 𝐿 𝑦 = 𝐹 𝑠  𝑒−𝑠 − 𝑒−2𝑠 ⇒  𝐹 𝑠 𝑒−𝑠 − 𝐹 𝑠 𝑒−2𝑠  

Applying Inverse Laplace, 𝑦 𝑡 = 𝐿−1 𝐹 𝑠 𝑒−𝑠 − 𝐿−1 𝐹 𝑠 𝑒−2𝑠  
Since   𝐿−1 𝑒−𝑠  𝐹 𝑠  = 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎   𝑦 𝑡 = 𝑓 𝑡 − 1 𝑢 𝑡 − 1 − 𝑓 𝑡 − 2 𝑢 𝑡 − 2  
Note that; Unit Step Function Step corresponds to piecewise continuous function. By applying, 

𝑦 𝑡 =    
  0                                          𝑖𝑓                                 0 < 𝑡 < 1

1

2
+

1

2
𝑒−2 𝑡−1 −𝑒− 𝑡−1                       𝑖𝑓                      0 < 𝑡 < 2

1

2
+

1

2
𝑒−2 𝑡−1 −𝑒− 𝑡−1 −  1

2
+

1

2
𝑒−2 𝑡−2 −𝑒− 𝑡−2   , 𝑡 > 2

  
This is our required result. (For better understanding, watch lecture) 

Lecture NO. 103 

Hammerblow Response of Mass Spring System: 

Solve the given problem; 𝑦′′ + 3𝑦′ + 2𝑦 = 𝛿 𝑡 − 1    ;        𝑦 0 = 𝑦′ 0 = 0 

Solution: As given that 𝑦′′ + 3𝑦′ + 2𝑦 = 𝛿 𝑡 − 1  
Applying Laplace Transform, 𝐿[𝑦′′ + 3𝑦′ + 2𝑦] = 𝐿 𝛿 𝑡 − 1   𝐿𝑦′′ + 3𝐿𝑦′ + 2𝐿𝑦 = 𝑒−𝑠 𝑠2𝐿 𝑦 + 3𝑠𝐿 𝑦 + 2𝐿 𝑦 = 𝑒−𝑠  𝐿 𝑦  𝑠2 + 3𝑠 + 2 = 𝑒−𝑠  𝐿 𝑦 =

𝑒−𝑠𝑠2 + 3𝑠 + 2
 ⇒  

1 𝑠 + 1 (𝑠 + 2)
𝑒−𝑠   … 1  

By applying partial fraction on function, we get 

1 𝑠 + 1 (𝑠 + 2)
=

1 𝑠 + 1 − 1 𝑠 + 2  
So relation (1) becomes, 𝐿 𝑦 =  1 𝑠 + 1 − 1 𝑠 + 2  𝑒−𝑠 = 𝐿−1 𝐹 𝑠  = 𝑓 𝑡  
Appplying Inverse Laplace Transform, 𝑦 𝑡 = 𝐿−1  1 𝑠 + 1 𝑒−𝑠 − 𝐿−1  1 𝑠 + 2 𝑒−𝑠  
Using results  𝐿  1𝑠+1

 = 𝑒−𝑡𝐿  1𝑠+2
 = 𝑒−2𝑡   𝐿−1 𝐹 𝑠 𝑒−𝑎𝑠 = 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎   𝑓 𝑡 = 𝑒−𝑡 − 𝑒−2𝑡  
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So, there exist two answers 𝑦 𝑡 =  0              𝑖𝑓             0 < 𝑡 < 1𝑒− 𝑡−1 − 𝑒−2 𝑡−1         𝑡 > 1
  

Lecture NO. 104 

Convolution: 

Let 𝑓 𝑡 = 𝑒𝑡      ,    𝑔 𝑡 = 1 

Then 𝐿 𝑓 𝑡  = 𝐿 𝑒𝑡 =
1𝑠 − 1

    ,    𝐿 𝑔 𝑡  = 𝐿 1 =
1𝑠 

Product; 𝐿 𝑓 𝑔 = 𝐿 𝑒𝑡  1 ⇒  𝐿 𝑒𝑡 =
1𝑠 − 1

 

As 𝐿 𝑓 𝑔 = 𝐿 𝑔 𝑓 =
1𝑠 − 1

   ,   𝐿 𝑔  𝐿 𝑓 = 𝐿 𝑓  𝐿 𝑔 =
1𝑠 𝑠 − 1  

So, 𝐿 𝑔  𝐿 𝑓 ≠ 𝐿 𝑔𝑓          𝑂𝑟         𝐿 𝑓  𝐿 𝑔 ≠ 𝐿 𝑓𝑔  
Sum; 𝐿 𝑓 + 𝐿 𝑔 = 𝐿 𝑓 + 𝑔  
Q: Is there any function whose Laplace gives 𝐿 𝑓  𝐿 𝑔 ? 

Ans: Yes, it is convolution function. 𝑓 ∗ 𝑔 =  𝑓 𝜏  𝑔 𝑡 − 𝜏 𝑑𝜏𝑡
0

 

𝐿 𝑓 ∗ 𝑔 = 𝐿   𝑓 𝜏  𝑔 𝑡 − 𝜏 𝑑𝜏𝑡
0

 ⇒  𝐿 𝑓  𝐿 𝑔  
Lecture NO. 105 

Theorem: 

If 𝐿 𝑓1 = 𝐹1 , 𝐿 𝑓2 = 𝐹2  and 𝑓1 𝑡 , 𝑓2 𝑡  satisfy the Growth Restrictions then, 𝐹1 𝑠 .𝐹2 𝑠 = 𝐿   𝑓1 𝑡  𝑓2 𝑡 − 𝜏 𝑑𝜏𝑡
0

  

Proof:  𝑅.𝐻. 𝑆 = 𝐿   𝑓1 𝑡  𝑓2 𝑡 − 𝜏 𝑑𝜏𝑡
0

  

𝐿   𝑓1 𝑡  𝑓2 𝑡 − 𝜏 𝑑𝜏𝑡
0

 =  𝑒−𝑠𝜏∞
0

  𝑓1 𝜏  𝑓2 𝑡 − 𝜏 𝑑𝜏𝜏=𝑡
𝜏=0

 𝑑𝑡  …  1  
Here R.H. integral is the form of " 𝜑 𝑡, 𝜏 𝑑𝑡𝑑𝜏 𝐷 " which is taken over the region bounded by 𝜏 = 0, 𝜏 = 𝑡. 
Changing the order of integration on R.H.S, we have 𝐿   𝑓1 𝑡  𝑓2 𝑡 − 𝜏 𝑑𝜏𝑡

𝛿  =   𝑓1 𝜏  𝑒−𝑠𝜏  𝑓2 𝑡 − 𝜏 𝑑𝑡∞
𝑡=𝜏  ∞

0

𝑑𝜏 

Put   𝑡 − 𝜏 = 𝑧 ⇒ 𝑡 = 𝜏 + 𝑧 ⇒  𝑑𝑡 = 𝑑𝑧𝑡 → 𝜏 ⇒ 𝑧 → 0, 𝐴𝑠 𝑡 → ∞ ⇒ 𝑧 → ∞  
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∴  𝑒−𝑠𝜏  𝑓2 𝑡 − 𝜏 𝑑𝑡∞
𝜏 =  𝑒−𝑠(𝜏+𝑧) 𝑓2 𝑧 𝑑𝑧∞

0

 ⇒  𝑒−𝑠𝜏  𝑒−𝑠𝑧  𝑓2 𝑧 𝑑𝑧∞
0

 ⇒  𝑒−𝑠𝜏  𝐹2 𝑠  
So, 𝐿   𝑓1 𝑡  𝑓2 𝑡 − 𝜏 𝑑𝜏𝑡

0

 =  𝑓1 𝑡  𝑒−𝑠𝜏  𝐹2 𝑠  𝑑𝜏𝑡
0

=   𝑓1 𝑡  𝑒−𝑠𝜏  𝑑𝜏   𝐹2 𝑠  𝑡
0

 ⇒   𝐹1 𝑠   𝐹2 𝑠  = 𝐿.𝐻. 𝑆 

Hence prove our required result. 

 

Lecture NO. 106 

Problem: 

Find 𝑕 𝑡 , provided that  𝐻 𝑠 =
1 𝑠 − 𝑎 𝑠     ⇒     𝐿−1 𝐻 𝑠  = 𝑕 𝑡 =? 

Solution: If 𝐿 𝑓 = 𝐹 𝑠      &     𝐿 𝑔 = 𝐺 𝑠  
Then 𝐹 𝑠  𝐺 𝑠 = 𝐿   𝑓 𝜏  𝑔 𝑡 − 𝜏 𝑑𝜏𝑡

0

  

Applying Inverse Laplace, 𝐿−1 𝐹 𝑠  𝐺 𝑠  =  𝑓 𝜏  𝑔 𝑡 − 𝜏 𝑑𝜏𝑡
0

 

Given that, 𝐻 𝑠 =
1 𝑠 − 𝑎 𝑠 = 𝐹 𝑠  𝐺 𝑠  

Using result    𝐹 𝑠 =
1𝑠−𝑎   ⇒  𝑓 𝑡 = 𝐿−1 𝐹 𝑠  = 𝐿−1  1𝑠−𝑎 = 𝑒𝑎𝑡 ⇒ 𝑓 𝜏 𝐺 𝑠 =

1𝑠   ⇒   𝑔 𝑡 = 𝐿−1 𝐺 𝑠  = 𝐿−1  1𝑠 = 1 ⇒  𝑔 𝑡 − 𝜏   ,     we have 

𝐿−1 𝐻 𝑠  = 𝐿−1 𝐹 𝑠  𝐺 𝑠  =  𝑒𝑎𝑡 . 1 𝑑𝜏𝑡
0

 

Integrating and applying limits, 𝐿−1 𝐻 𝑠  =
1𝑎  𝑒𝑎𝑡  0

𝑡  ⇒  
1𝑎  𝑒𝑎𝑡 − 1 = 𝑕 𝑡  

This is our required result. 

Lecture NO. 107 

Properties of Convolution: 𝑖):   𝑓 ∗ 𝑔 = 𝑔 ∗ 𝑓          𝑖𝑖)   𝑓 ∗  𝑔1 + 𝑔2 = 𝑓 ∗ 𝑔1 + 𝑓 ∗ 𝑔2 𝑖𝑖𝑖):     𝑓 ∗ 𝑔 ∗ 𝛼 = 𝑓 ∗  𝑔 ∗ 𝛼            𝑖𝑣):   𝑓 ∗ 0 = 0 ∗ 𝑓 = 0 

Some Unusual Properties of Convolution: 𝑖):𝑓 ∗ 1 ≠ 𝑓 𝐿𝑒𝑡         𝑓 𝑡 = 𝑡 𝑓 𝑡 ∗ 1 =  𝑓 𝜏 . 1

𝑡
0

 𝑑𝜏 =  𝜏𝑡
0

𝑑𝜏 =
1

2
 𝜏2 0

𝑡 =
1

2
𝑡2 ≠ 𝑡 = 𝑓 𝑡  
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𝑖𝑖):  𝑓 ∗ 𝑓  𝑡 ≱ 0 𝐿𝑒𝑡    𝑓 𝑡 = 𝑠𝑖𝑛𝑡 𝑓 ∗ 𝑓 =  𝑠𝑖𝑛𝜏 sin 𝑡 − 𝜏 𝑡
0

𝑑𝜏 =
1

2
  𝑐𝑜𝑠  2𝜏 − 𝑡 − 𝑐𝑜𝑠𝑡 𝑡
0

𝑑𝜏 

𝑓 ∗ 𝑓 =
1

2
 1
2
𝑠𝑖𝑛 2𝜏 − 𝑡 − 𝜏𝑐𝑜𝑠𝑡 

0

𝑡
=

1

2
 1
2
𝑠𝑖𝑛𝑡 − 𝑡𝑐𝑜𝑠𝑡 +

1

2
𝑠𝑖𝑛𝑡  𝑓 ∗ 𝑓 =

1

2
 𝑠𝑖𝑛𝑡 − 𝑡𝑐𝑜𝑠𝑡 ≱ 0 

This is our required result. 

Lecture NO. 108 

Example: 𝑦′′ + 𝑦 = 𝑔 𝑡   ;         𝑦 0 = 𝑦′ 0 = 0 

Solution: Applying Laplace, 𝐿(𝑦′′ + 𝑦) = 𝐿 𝑔 𝑡     ⇒    𝐿 𝑦′′ + 𝐿 𝑦 = 𝐺 𝑠  
Using results  𝐿 𝑦′′ = 𝑠2𝐿 𝑦 − 𝑠𝑦 0 − 𝑦′  0  ;   𝑦 0 = 0  ⇒   𝐿 𝑦′′ = 𝑠2𝐿 𝑦  𝐿 𝑦′ = 𝑠𝐿 𝑦 − 𝑦 0  ;    𝑦 0 = 0    ⇒   𝐿 𝑦′ = 𝑠𝐿 𝑦   ∴ 𝑠2𝐿 𝑦 + 𝐿 𝑦 = 𝐺 𝑠   ⇒   𝐿 𝑦 =

1

1 + 𝑠2
 𝐺 𝑠 = 𝐹 𝑠  𝐺 𝑠   …  1  

Where 𝐹 𝑠 =
1

1 + 𝑠2
 ⇒ 𝐿−1 𝐹 𝑠  = 𝐿−1  1

1 + 𝑠2
 = 𝑠𝑖𝑛𝑡 = 𝑓 𝑡  𝐿−1 𝐺 𝑠  = 𝑔 𝑡  𝐿 𝑓 ∗ 𝑔 = 𝐹 𝑠 𝐺 𝑠  ⇒  𝐿−1 𝐹 𝑠 𝐺 𝑠  = 𝑓 ∗ 𝑔 

So, equation (1) implies, 𝑦 𝑡 = 𝐿−1 𝐹 𝑠 𝐺 𝑠  = 𝑓 ∗ 𝑔 𝑦 𝑡 =  𝑓 𝜏  𝑔 𝑡 − 𝜏 𝑑𝜏 ⇒ 

𝑡
0

 𝑠𝑖𝑛𝑡 𝑔 𝑡 − 𝜏 𝑑𝜏𝑡
0

 

This is our required result. 

Lecture NO. 109 

Integral Equation: 

It is type of equation that involves unknown function which appears inside and outside an integral. 

Example: 𝑦 𝑡 −  𝑦 𝑡  𝑠𝑖𝑛 𝑡 − 𝜏 𝑑𝜏𝑡
0

= 𝑡 
These types of equations are known as “Volterra Integral Equations”.  
Above relation can be written as, 𝑦 𝑡 − 𝑦 𝑡 ∗ 𝑠𝑖𝑛𝑡 = 𝑡 
Applying Laplace Transform, 𝐿 𝑦 𝑡 − 𝑦 𝑡 ∗ 𝑠𝑖𝑛 = 𝐿 𝑡  
Using formula  𝐿  𝑡𝑛 =

𝑛 !𝑠𝑛+1
   on 𝐿 𝑡 , 𝐿 𝑦 − 𝐿 𝑦 ∗ 𝑠𝑖𝑛𝑡 =

1𝑠2
    ⇒    𝐿 𝑦 − 𝐿 𝑦  𝐿 𝑠𝑖𝑛𝑡 =

1𝑠2
 

 𝐿 𝑦  1 − 1

1 + 𝑠2
 =

1𝑠2
   ⇒    𝐿 𝑦  𝑠2

1 + 𝑠2
 =

1𝑠2
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𝐿 𝑦 =
1 + 𝑠2𝑠4

   ⇒    𝐿 𝑦 =
1𝑠2

+
1𝑠4

 

Applying Inverse Transform,  Using Formula  𝐿  𝑡𝑛 =
𝑛 !𝑠𝑛+1
    𝑦 𝑡 = 𝐿−1  1𝑠2

+
1𝑠4
    ⇒   𝐿−1  1𝑠2

 +
1

6
𝐿−1  3!𝑠4

  𝑦 𝑡 = 𝑡 +
1

6
𝑡3 

This is our required result. 

Lecture NO. 110 

Volterra Integral Equation of 2
nd

 Kind: 𝑦 𝑡 −   1 + 𝑡  𝑦 𝑡 − 𝜏 𝑑𝜏𝑡
0

= 1 − 𝑠𝑖𝑛𝑕𝑡 
Solution: Given relation can be written as, 𝑦 𝑡 −  1 + 𝑡 ∗ 𝑦 𝑡 = 1 − 𝑠𝑖𝑛𝑕𝑡 
Applying Laplace Transform, 𝐿 𝑦 𝑡 −  1 + 𝑡 ∗ 𝑦 𝑡  = 𝐿 1 − 𝑠𝑖𝑛𝑕𝑡  𝐿 𝑦 − 𝐿 1 + 𝑡  𝐿 𝑦 = 𝐿 1 − 𝐿 𝑠𝑖𝑛𝑕  
Using formula  𝐿  𝑡𝑛 =

𝑛 !𝑠𝑛+1
     ∴   𝐿 𝑠𝑖𝑛𝑕𝑡 =

1𝑠2−1
  𝐿 𝑦  1 − 1𝑠 − 1𝑠2

 =
1𝑠 − 1𝑠2 − 1

   ⇒    𝐿 𝑦  𝑠2 − 𝑠 − 1𝑠2
 =

𝑠2 − 𝑠 − 1𝑠 𝑠2 − 1  𝐿 𝑦 =
𝑠𝑠2 − 1

 

Applying Inverse Transform,  ∴   𝐿 𝑐𝑜𝑠𝑕 𝑎𝑡 =
𝑠𝑠2−𝑎  𝑦 𝑡 = 𝐿−1  𝑠𝑠2 − 1

 = 𝑐𝑜𝑠𝑕𝑡 
This is our required result. 

Lecture NO. 111 

Differentiation of Laplace Transform: 

Let 𝐿 𝑓 𝑡  = 𝐹 𝑠 , where ′𝑓 𝑡 ′ is a function satisfying the growth restriction; then 𝐿 𝑡𝑛  𝑓 𝑡  =  −1 𝑛 𝑑𝑛𝑑𝑠𝑛  𝐹 𝑠    … 1  
Proof: We prove it by mathematical induction. 𝐹 𝑠 = 𝐿 𝑓 𝑡  =  𝑒−𝑠𝑡  𝑓 𝑡  𝑑𝑡∞

0

 

𝑑𝑑𝑠 𝐹 𝑠 =
𝑑𝑑𝑠 𝑒−𝑠𝑡  𝑓 𝑡  𝑑𝑡∞

0

  ⇒    𝜕𝜕𝑠 𝑒−𝑠𝑡  𝑓 𝑡  𝑑𝑡∞
0

 

𝑑𝑑𝑠 𝐹 𝑠 =   −𝑡 𝑒−𝑠𝑡  𝑓 𝑡  𝑑𝑡∞
0

  ⇒    −1  𝑒−𝑠𝑡 𝑡 𝑓 𝑡   𝑑𝑡∞
0

 

 −1 1  
𝑑𝑑𝑠 𝐹 𝑠 =  𝑒−𝑠𝑡 𝑡 𝑓 𝑡   𝑑𝑡∞

0

  ⇒   𝐿 𝑡1 𝑓 𝑡   
𝐿 𝑡1 𝑓 𝑡  =  −1 1  

𝑑𝑑𝑠 𝐹 𝑠  
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Let equation (1) is true for "𝑛", we prove it for "𝑛 + 1", 𝐿 𝑡𝑛  𝑓 𝑡  =  −1 𝑛  
𝑑𝑛𝑑𝑠𝑛 𝐹 𝑠   ⇒    𝑒−𝑠𝑡 𝑡𝑛  𝑓 𝑡   𝑑𝑡∞

0

=  −1 𝑛  
𝑑𝑛𝑑𝑠𝑛 𝐹 𝑠  𝑑𝑑𝑠 𝑒−𝑠𝑡 𝑡𝑛  𝑓 𝑡   𝑑𝑡∞

0

=
𝑑𝑑𝑠   −1 𝑛  

𝑑𝑛𝑑𝑠𝑛 𝐹 𝑠   
 𝜕𝜕𝑠 (𝑒−𝑠𝑡) 𝑡𝑛  𝑓 𝑡   𝑑𝑡∞
0

=  −1 𝑛  
𝑑𝑛+1𝑑𝑠𝑛 + 1

 𝐹 𝑠   
  −𝑡 𝑒−𝑠𝑡  𝑡𝑛  𝑓 𝑡  𝑑𝑡∞
0

=  −1 𝑛  
𝑑𝑛+1𝑑𝑠𝑛 + 1

 𝐹 𝑠   
  −1 𝑡 𝑒−𝑠𝑡  𝑡𝑛  𝑓 𝑡  𝑑𝑡∞
0

=  −1 𝑛  
𝑑𝑛+1𝑑𝑠𝑛 + 1

 𝐹 𝑠   
  −1 𝑒−𝑠𝑡  𝑡𝑛+1 𝑓 𝑡  𝑑𝑡∞
0

=  −1 𝑛  
𝑑𝑛+1𝑑𝑠𝑛 + 1

 𝐹 𝑠   
So, finally 𝐿 𝑡𝑛  𝑓 𝑡  =  𝑒−𝑠𝑡  𝑡𝑛+1 𝑓 𝑡  𝑑𝑡∞

0

=  −1 𝑛+1  
𝑑𝑛+1𝑑𝑠𝑛 + 1

 𝐹 𝑠   
This implies; truth of given proportion for "𝑛" also implies its truth for"𝑛 + 1". 

Lecture NO. 112 

Problem:  𝑡 𝑒−3𝑡  𝑠𝑖𝑛𝑡 𝑑𝑡∞
0

= ? 

Solution: As given  𝑡 𝑒−3𝑡  𝑠𝑖𝑛𝑡 𝑑𝑡∞
0

=  𝑒−3𝑡   𝑡 𝑠𝑖𝑛𝑡  𝑑𝑡∞
0

 

Here {𝑓 𝑡 = 𝑠𝑖𝑛𝑡 ⇒ 𝐹 𝑠 =
1𝑠2+1

. Using relation 

 𝑒−𝑠𝑡   𝑡 𝑓 𝑡  𝑑𝑡∞
0

=  −1 𝑑𝑑𝑠 𝐹 𝑠  
 𝑒−𝑠𝑡   𝑡 𝑠𝑖𝑛𝑡 𝑑𝑡∞
0

=  −1 𝑑𝑑𝑠  1

1 + 𝑠2
 =  −1  −1 2𝑠 1 + 𝑠2 2

=
2𝑠 1 + 𝑠2 2

 

Put 𝑠 = 3;  𝑒−𝑠𝑡   𝑡 𝑠𝑖𝑛𝑡 𝑑𝑡∞
0

=
2 3  1 + 32 2

=
3

50
 

This is our required result. 

Lecture NO. 113 

Problem: 𝐿−1  𝑙𝑛  𝑠 + 𝑎𝑠 + 𝑏    ;      𝑤𝑕𝑒𝑒 𝑎, 𝑏 > 0 

Solution: Here 
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𝐹 𝑠 = 𝑙𝑛  𝑠 + 𝑎𝑠 + 𝑏   ⇒   𝐹 𝑠 = 𝑙𝑛 𝑠 + 𝑎 − ln⁡(𝑠 + 𝑏) 𝐹′ 𝑠 =
1𝑠 + 𝑎 − 1𝑠 + 𝑏 

Applying Inverse Transform, 𝐿−1 𝐹 𝑠  = 𝐿−1  1𝑠 + 𝑎 − 𝐿−1  1𝑠 + 𝑏  

Using result   𝐿 𝑒−𝑎𝑡  1 =
1𝑠 + 𝑎     ⇒   𝐿−1  1𝑠 + 𝑎 = 𝑒−𝑎𝑡𝐿 𝑡𝑓 𝑡  = −1 𝐹′ 𝑠   ⇒  𝐿−1 𝐹′ 𝑠  =  −1 𝑡𝑓(𝑡) 

  
Above relation becomes,  −1 𝑡 𝑓 𝑡 = 𝑒−𝑎𝑡 − 𝑒−𝑏𝑡  𝑓 𝑡 =

𝑒−𝑏𝑡 − 𝑒−𝑎𝑡𝑡  

So, 𝐿−1 𝐹 𝑠  = 𝐿−1  𝑙𝑛  𝑠 + 𝑎𝑠 + 𝑏  =
𝑒−𝑏𝑡 − 𝑒−𝑎𝑡𝑡  

This is our required result. 

Lecture NO. 114 

Integration of Transforms: 

Theorem: If  𝐿 𝑓 𝑡  = 𝐹 𝑠 ,  then  𝐿  𝑓 𝑡 𝑡  =  𝐹 𝑥 𝑑𝑥∞𝑠 ,  provided that  lim𝑡→0  𝑓 𝑡 𝑡    exists. 

Proof: Let 𝑔 𝑡 =
𝑓 𝑡 𝑡   ⇒   𝑓 𝑡 = 𝑡 𝑔 𝑡  

Applying Laplace Transform, 𝐿 𝑓 𝑡  = 𝐿 𝑡 𝑔 𝑡  = 𝐿 𝑡1 𝑔 𝑡  =  −1 𝑑𝑑𝑠  𝐺 𝑠   𝐹 𝑠 = − 𝑑𝑑𝑠  𝐺 𝑠  = − 𝑑𝑑𝑠  𝐿 𝑔 𝑡   
 𝐹 𝑠 𝑑𝑠∞
𝑠 = − 𝐿 𝑔 𝑡   𝑠∞ = −lim⁡𝑠→∞ 𝐿 𝑔 𝑡  + 𝐿 𝑔 𝑡   

Since  

lim⁡𝑠→∞ 𝐿 𝑔 𝑡  = lim⁡𝑠→∞ 𝑒−𝑠𝑡  𝑔 𝑡 𝑑𝑡 = 0

∞
0

 

So, above relation becomes  𝐹 𝑠 𝑑𝑠∞
𝑠 = 𝐿  𝑓 𝑡 𝑡  = 𝐿 𝑔 𝑡  =  𝐹 𝑥 𝑑𝑥∞

𝑠  

𝐿−1   𝐹 𝑥 𝑑𝑥∞
𝑠  =

𝑓 𝑡 𝑡  

This is our required result. 

Lecture NO. 115 

Problem: 𝑆𝑕𝑜𝑤 𝑡𝑕𝑎𝑡         𝑠𝑖𝑛𝑡𝑡 𝑑𝑡 =
𝜋
2

∞
𝑠  
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Solution: Since we know from previous lecture, 𝐿  𝑓 𝑡 𝑡  =  𝐹 𝑠  𝑑𝑠 ∞
𝑠   ⇒    𝑒−𝑠𝑡  

𝑠𝑖𝑛𝑡𝑡 𝑑𝑡 =

∞
𝑠  1

1 +  𝑠  2
𝑑𝑠 ∞

𝑠 =  𝑇𝑎𝑛−1 𝑠∞  

 1𝑒𝑠𝑡∞
0

 
𝑠𝑖𝑛𝑡𝑡 𝑑𝑡 = 𝑇𝑎𝑛−1 ∞ − 𝑇𝑎𝑛−1 𝑠  

Taking   {lim⁡ 𝑠→∞ ⇒  
1𝑒𝑠𝑡 → 1   𝑎𝑛𝑑   𝑠 → 0  ⇒  𝑇𝑎𝑛−1 𝑠 → 0−   

 1𝑒𝑠𝑡∞
0

 
𝑠𝑖𝑛𝑡𝑡 𝑑𝑡 =

𝜋
2
− 𝑇𝑎𝑛−1 0   ⇒     1

∞
0

 
𝑠𝑖𝑛𝑡𝑡 𝑑𝑡 =

𝜋
2
−  0 =

𝜋
2

 

Hence prove. 

Lecture NO. 116 

Theorem:  

If 𝑓(𝑡) is a piecewise continuous function satisfying  lim⁡𝑡→0

𝑓 𝑡 𝑡 < ∞, then show that 

𝐿−1  𝐹 𝑠 𝑠  =  𝑓 𝑠  𝑑𝑠 𝑡
0

 

Proof: Let 𝑔 𝑡 =  𝑓 𝑠  𝑑𝑠 𝑡
0

  ⇒   𝑔 0 = 0    &    𝑔′ 𝑡 = 𝑓 𝑡  𝐿 𝑔 𝑡  = 𝐿 𝑓 𝑡   𝑠𝐿 𝑔 𝑡  − 𝑔 0 = 𝐹 𝑠  ⇒   𝐿 𝑔 𝑡  =
𝐹 𝑠 𝑠  

𝐿−1  𝐹 𝑠 𝑠  = 𝑔 𝑡 =  𝑓 𝑠  𝑑𝑠 𝑡
0

 

𝐿−1  𝐹 𝑠 𝑠2
 =   𝑓 𝑠  𝑑𝑠  𝑦

0

𝑡
0

𝑑𝑠  
Generalized form, 𝐿−1  𝐹 𝑠 𝑠𝑛  =   … 𝑓 𝑠  𝑑𝑠 𝑛𝑡

0

𝑡
0

𝑡
0

 

This is our required result. 

Lecture NO. 117 

Problem: 𝐿−1  𝑙𝑛  𝑠 + 𝑏𝑠 + 𝑎 −𝑠−1   ;     𝑎, 𝑏 > 0 

Proof:  𝑙𝑛  𝑠 + 𝑏𝑠 + 𝑎 −𝑠−1

= 𝑙𝑛  𝑠 + 𝑏𝑠 + 𝑎 −1𝑠
= 𝑙𝑛  𝑠 + 𝑎𝑠 + 𝑏 1𝑠

=
1𝑠 𝑙𝑛  𝑠 + 𝑎𝑠 + 𝑏   … 1  

This implies, 𝐹 𝑠 = 𝑙𝑛  𝑠 + 𝑎𝑠 + 𝑏 = 𝑙𝑛 𝑠 + 𝑎 − 𝑙𝑛 𝑠 + 𝑏  𝐹′ 𝑠 =
1𝑠 + 𝑎 − 1𝑠 + 𝑏 
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Applying Inverse Transform, 𝐿−1 𝐹′ 𝑠  = 𝐿−1  1𝑠 + 𝑎 − 𝐿−1  1𝑠 + 𝑏   −1 1 𝑡 𝑓 𝑡 = 𝑒−𝑎𝑡 − 𝑒−𝑏𝑡  𝑓 𝑡 =
𝑒−𝑏𝑡 − 𝑒−𝑎𝑡𝑡  

Hence, 𝐿−1  𝐹 𝑠 𝑠  =  𝑓 𝑠  𝑑𝑠 𝑡
0

=  𝑒−𝑏𝑠 − 𝑒−𝑎𝑠 𝑠 𝑑𝑠 𝑡
0

 

This is our required result. 

Lecture NO. 118 

Heaviside’s Expansion Theorem: 
Let 𝐹 𝑠  and 𝐺 𝑠  be two polynomials on "𝑠" where "𝐷𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝐹 𝑠 < 𝐷𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝐺(𝑠)". If 𝐺(𝑠) has "𝑛" 

distinct zeroes,  "αr;  𝑟 = 1,2,…𝑛"  i.e.  𝐺 𝑠 =  𝑠 − 𝛼1  𝑠 − 𝛼2 …   𝑠 − 𝛼𝑛 , then 𝐿−1  𝐹 𝑠 𝐺 𝑠  =  𝐹 αr 𝐺′ αr 𝑛
𝑟=1

 𝑒αrt 

Proof: As given that, "𝐷𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝐹 𝑠 < 𝐷𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝐺(𝑠)" and 𝐺(𝑠) has "𝑛" distinct zeroes, i.e.  

"αr;  𝑟 = 1,2,…𝑛" 𝐹 𝑠 𝐺 𝑠 =
𝐹 𝑠  𝑠 − 𝛼1  𝑠 − 𝛼2 …   𝑠 − 𝛼𝑟 …   𝑠 − 𝛼𝑛   ;    1 ≤ 𝑟 ≤ 𝑛 ∈ 𝑁 𝐹 𝑠 𝐺 𝑠 =

𝐴1𝑠 − 𝛼1

+
𝐴2𝑠 − 𝛼2

+ ⋯+
𝐴𝑟𝑠 − 𝛼𝑟 + ⋯+

𝐴𝑛𝑠 − 𝛼𝑛  

Multiplying with "𝑠 − 𝛼𝑟" on both sides, 𝐹 𝑠 
 𝐺 𝑠  𝑠 − 𝛼𝑟 =

𝐴1𝑠 − 𝛼1

 𝑠 − 𝛼𝑟 +
𝐴2𝑠 − 𝛼2

 𝑠 − 𝛼𝑟 + ⋯+
𝐴𝑟𝑠 − 𝛼𝑟  𝑠 − 𝛼𝑟 + ⋯+

𝐴𝑛𝑠 − 𝛼𝑛  𝑠 − 𝛼𝑟  
Taking " log 𝑠 → 𝛼𝑟  ⇒  𝑠 − 𝛼𝑟 = 0 " 

So, above relation becomes, 

lim𝑠→𝛼𝑟 𝐹 𝑠  𝐺 𝑠  𝑠 − 𝛼𝑟 =𝐴𝑟  𝐴𝑟 = 𝐹 𝛼𝑟  lim𝑠→𝛼𝑟  𝑠 − 𝛼𝑟 𝐺 𝑠 = 𝐹 𝛼𝑟  lim𝑠→𝛼𝑟  1𝐺 ′ 𝑠  =
𝐹 𝛼𝑟 𝐺 ′ 𝑠  

Now; 𝐹 𝑠 𝐺 𝑠 =  𝐹 𝛼1 𝐺 ′ 𝛼1  .
1 𝑠 − 𝛼1 +  𝐹 𝛼2 𝐺 ′ 𝛼2  .

1 𝑠 − 𝛼2 + ⋯+  𝐹 𝛼𝑟 𝐺 ′ 𝛼𝑟  .
1 𝑠 − 𝛼𝑟 + ⋯+  𝐹 𝛼𝑛 𝐺 ′ 𝛼𝑛  .

1 𝑠 − 𝛼𝑛  
Applying Inverse Transform and solving, we have 𝐿−1  𝐹 𝑠 𝐺 𝑠  =

𝐹 𝛼1 𝐺 ′ 𝛼1 𝑒𝛼1𝑡 +
𝐹 𝛼2 𝐺 ′ 𝛼2 𝑒𝛼2𝑡 + ⋯+

𝐹 𝛼𝑟 𝐺 ′ 𝛼𝑟 𝑒𝛼𝑟 𝑡 + ⋯+
𝐹 𝛼𝑛 𝐺 ′ 𝛼𝑛 𝑒𝛼𝑛 𝑡  

We can write it as, 𝐿−1  𝐹 𝑠 𝐺 𝑠  =  𝐹 αr 𝐺 αr 𝑛
𝑟=1

 𝑒αrt 

This is our required result. 

Lecture NO. 119 

Problem: 

Use Heaviside’s expansion theorem; 
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𝐿−1  2𝑠2 + 5𝑠 − 4𝑠3 + 𝑠2 − 2𝑠 =? 

Solution: Since we know from previous lecture 𝐿−1  𝐹 𝑠 𝐺 𝑠  =  𝐹 αr 𝐺 αr 𝑛
𝑟=1

 𝑒αrt    … (1) 

Here 𝐹 𝑠 = 2𝑠2 + 5𝑠 − 4         &       𝐺 𝑠 = 𝑠3 + 𝑠2 − 2𝑠 = 𝑠 𝑠 − 1  𝑠 + 2  𝐺 ′ 𝑠 = 3𝑠2 + 2𝑠 − 2  ,   

And G(s) has distinct zeros i.e. 𝛼1 = 0,1,−2 𝐺 ′ 0 = −2 ,     𝐺 ′ 1 = 3 ,     𝐺 ′ −2 = 6 𝐹 0 = −4 ,     𝐹 1 = 3 ,      𝐹 −2 = −6 

Equation (1) becomes for given problem, 𝐿−1  𝐹 𝑠 𝐺 𝑠  =  𝐹 αr 𝐺 αr 𝑛
𝑟=1

 𝑒αrt =
𝐹 0 𝐺 ′ 0 𝑒0𝑡 +

𝐹 1 𝐺 ′ 1 𝑒1𝑡 +
𝐹 −2 𝐺 ′ −2 𝑒−2𝑡  

By putting values, 𝐿−1  𝐹 𝑠 𝐺 𝑠  =
−4−2

 1 +
3

3
𝑒𝑡 +

−6

6
𝑒−2𝑡  

𝐿−1  𝐹 𝑠 𝐺 𝑠  = 2 + 𝑒𝑡 − 𝑒−2𝑡  
This is our required result. 

Lecture NO. 120 

Laplace Transform of Rodriguez Formula of Laguerre’s Polynomial: 

Laguerre’s Polynomial is given by; 𝑙𝑛 𝑡 =
𝑒𝑡𝑛!

𝑑𝑛𝑑𝑡𝑛  𝑡𝑛  𝑒−𝑡  
Applying Laplace Transform, 𝐿 𝑙𝑛 𝑡  = 𝐿  𝑒𝑡𝑛!

𝑑𝑛𝑑𝑡𝑛  𝑡𝑛  𝑒−𝑡  =? 

Calculation; 𝐿 𝑡𝑛 =
𝑛!𝑠𝑛+1

 𝐿 𝑒−𝑡  𝑡𝑛 =
𝑛! 𝑠 + 1 𝑛+1

 𝐿  𝑑𝑛𝑑𝑡𝑛 (𝑒−𝑡  𝑡𝑛) = 𝑠𝑛  𝐿 𝑒−𝑡  𝑡𝑛 =
𝑠𝑛  𝑛! 𝑠 + 1 𝑛+1

 ∴ 𝐹 𝑠 → 𝐹 𝑠 − 1  𝐿  𝑒𝑡 𝑑𝑛𝑑𝑡𝑛 (𝑒−𝑡  𝑡𝑛) = 𝑛!
 𝑠 − 1 𝑛𝑠𝑛+1

 

1𝑛!
𝐿  𝑒𝑡 𝑑𝑛𝑑𝑡𝑛 (𝑒−𝑡  𝑡𝑛) =

 𝑠 − 1 𝑛𝑠𝑛+1
 𝐿  𝑒𝑡𝑛!

𝑑𝑛𝑑𝑡𝑛   𝑡𝑛  𝑒−𝑡  =
 𝑠 − 1 𝑛𝑠𝑛+1

 

This is our required result. 

Lecture NO. 121 

Solving ODE with Variable Coefficients (Laguerre’s Equation) 
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𝑡𝑦′′ +  1 − 𝑡 𝑦′ + 𝑛𝑦 = 0 ;     𝑛 = 0,1,2,3…    &    𝑦 0 = 𝑦′ 0 = 0 

Solution: Taking Laplace Transform, 𝐿 𝑡𝑦′′  + 𝐿  1 − 𝑡 𝑦′  + 𝑛𝐿 𝑦 = 0 𝐿 𝑡𝑦′′  + 𝐿 𝑦′ − 𝐿 𝑡𝑦′ + 𝑛𝐿 𝑦 = 0  … (1) 

Calculation; 𝐿 𝑦 = 𝑌 𝐿 𝑦′ = 𝑠𝐿 𝑦 − 𝑦 0 = 𝑠𝑌 = 𝐹′ 𝑠  𝐿 𝑡𝑦′ = − 𝑑𝑑𝑠  𝐹′ 𝑠  = − 𝑑𝑑𝑠  𝑠𝑌 = −𝑌 − 𝑠 𝑑𝑦𝑑𝑠 𝐿 𝑡𝑦′′ = − 𝑑𝑑𝑠  𝐹′ ′ 𝑠  = − 𝑑𝑑𝑠  𝑠2𝑌 = −2𝑠𝑌 − 𝑠2
𝑑𝑦𝑑𝑠 

By putting values, equation (1) becomes,  −2𝑠𝑌 − 𝑠2
𝑑𝑦𝑑𝑠 + 𝑠𝑌 −  −𝑌 − 𝑠 𝑑𝑦𝑑𝑠 + 𝑛𝑌 = 0  𝑠 − 𝑠2 𝑑𝑦𝑑𝑠 +  𝑛 + 1 − 𝑠 𝑌 = 0 𝑠 1 − 𝑠 𝑑𝑦𝑑𝑠 =  𝑠 − 𝑛 − 1 𝑌 

Now separating the variables, 𝑑𝑦𝑌 =
 𝑠 − 𝑛 − 1 𝑠 1 − 𝑠 𝑑𝑠 =  1

1 − 𝑠 − 𝑛 + 1𝑠 1 − 𝑠  𝑑𝑠 𝑑𝑦𝑌 =
1

1 − 𝑠 𝑑𝑠 −  𝑛 + 1  1

1 − 𝑠 +
1𝑠 𝑑𝑠 𝑑𝑦𝑌 =  1 − 𝑛 − 1 1 − 𝑠 −  𝑛 + 1 𝑠  𝑑𝑠 =  𝑛𝑠 − 1
−  𝑛 + 1 𝑠  𝑑𝑠 

Intengrating; 𝑙𝑛 𝑦 = 𝑛 𝑙𝑛 𝑠 − 1 −  𝑛 + 1 𝑙𝑛 𝑠 = 𝑙𝑛 𝑠 − 1 𝑛 − 𝑙𝑛 𝑠𝑛+1 𝑙𝑛 𝑦 = 𝑙𝑛   𝑠 − 1 𝑛𝑠𝑛+1
  

𝑦 =
 𝑠 − 1 𝑛𝑠𝑛+1

= 𝐹 𝑠  
Applying Inverse Transfor, this implies  𝑦 𝑡 = 𝐿−1 𝑦 = 𝐿−1 𝐹 𝑠  = 𝐿−1   𝑠 − 1 𝑛𝑠𝑛+1

 =
𝑒𝑡𝑛!

𝑑𝑛𝑑𝑡𝑛  𝑡𝑛  𝑒−𝑡  
This is our required result. 

Lecture NO. 122 

System of ODEs: 𝑥′ − 𝑦′ − 2𝑥 − 𝑦 = 6𝑒3𝑡      ;     2𝑥′ + 𝑦′ − 3𝑥 − 3𝑦 = 6𝑒3𝑡     ;     𝑥 0 = 3,𝑦 0 = 0 

Applying Laplace Transform, 𝐿 𝑥′ − 𝐿 𝑦′ − 2𝐿 𝑥 − 𝐿 𝑦 = 6𝐿 𝑒3𝑡      ;     2𝐿 𝑥′ + 𝐿 𝑦′  − 3𝐿 𝑥 − 3𝐿 𝑦 = 6𝐿 𝑒3𝑡  
Let 𝐿 𝑥 = 𝑋   ,   𝐿 𝑦 = 𝑌 

Now, simplifying 𝑠𝑋 − 𝑥 0 − 𝑠𝑌 + 𝑦 0 − 2𝑋 − 𝑌 = 6
1𝑠 − 3

     ;      2𝑠𝑋 − 2𝑥 0 + 𝑠𝑌 − 𝑦 0 − 3𝑋 − 3𝑌 = 6
1𝑠 − 3

  𝑠 − 2 𝑋 −  𝑠 + 1 𝑌 = 3 +
6𝑠 − 3

      ;        2𝑠 − 3 𝑋 +  𝑠 − 3 𝑌 = 6 +
6𝑠 − 3

 

3𝑠 − 3𝑠 − 3
      ;      

6𝑠 − 12𝑠 − 3
 

Solving Simultaneously, 
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    𝑠 − 3  𝑠 − 2 +  𝑠 + 1  2𝑠 − 3  𝑋 =

 3𝑠 − 3  𝑠 − 3  𝑠 − 3 +
 𝑠 + 1  6𝑠 − 12  𝑠 − 3   𝑠 − 2  𝑠 − 3 −  𝑠 + 3  2𝑠 − 3  𝑌 =

 6𝑠 − 12  𝑠 − 2  𝑠 − 3 −  3𝑠 − 3  2𝑠 − 3  𝑠 − 3   
Simplify and Solve by Partial Fraction, 

   
  𝑋 =

3𝑠2 − 6𝑠 − 1 𝑠 − 3  𝑠 − 1 2
=

1𝑠 − 1
+

2 𝑠 − 1 2
+

2 𝑠 − 3 𝑌 = − 3𝑠 + 5 𝑠 − 3  𝑠 − 1 2
=

1𝑠 − 1
− 1 𝑠 − 1 2

− 1 𝑠 − 3   
Applying Inverse Transform,  𝑥 𝑡 = 𝐿−1 𝑋 = 𝑒𝑡 + 2𝑡 𝑒𝑡 + 2𝑒3𝑡𝑦 𝑡 = 𝐿−1 𝑌 = 𝑒𝑡 − 𝑡 𝑒𝑡 − 𝑒3𝑡   
This is our required result. 

Lecture NO. 123 

Laplace Transform of Some Partial Derivatives: 

Theorem: If  𝑢 𝑥, 𝑡   is a function of  “𝑥 & 𝑡”,  then show that 

    
  
   𝑖):   𝐿  𝜕𝑢𝜕𝑡 = 𝑠𝑢  𝑥, 𝑠 − 𝑢 𝑥, 0 𝑖𝑖):  𝐿  𝜕2𝑢𝜕𝑡2

 = 𝑠2𝑢  𝑥, 𝑠 − 𝑠𝑢 𝑥, 0 − 𝑢𝑡 𝑥, 0 𝑖𝑖):   𝐿  𝜕𝑢𝜕𝑥 =
𝑑𝑑𝑥 𝑢  𝑥, 𝑠 =

𝑑𝑢 𝑑𝑥𝑖𝑣):   𝐿  𝜕2𝑢𝜕𝑥2
 =

𝑑2𝑢 𝑑𝑥2

  
𝑰):  𝐿  𝜕𝑢𝜕𝑡 =  𝑒−𝑠𝑡  𝜕𝑢𝜕𝑡 𝑑𝑡∞

0

= 𝑒−𝑠𝑡 𝑢 𝑥, 𝑡  0
∞ −  −𝑠  𝑢 𝑥, 𝑡 ∞

0

 𝑒−𝑠𝑡  𝑑𝑡 
𝐿  𝜕𝑢𝜕𝑡 = 0 − 1.𝑢 𝑥, 𝑡 + 𝑠𝐿 𝑢 𝑥, 𝑡  = 𝑠𝑢  𝑥, 𝑡 − 𝑢 𝑥, 0  𝐿  𝜕𝑢𝜕𝑡 = 𝑠𝑢 − 𝑢 𝑥, 0  𝑰𝑰):  𝐿  𝜕2𝑢𝜕𝑡2

 = 𝐿  𝜕𝑣𝜕𝑡       𝐻𝑒𝑟𝑒 𝑙𝑒𝑡  𝜕𝑢𝜕𝑡 = 𝑣 

𝐿  𝜕2𝑢𝜕𝑡2
 = 𝑠𝐿 𝑣 − 𝑣 𝑥, 0 = 𝑠𝐿  𝜕𝑢𝜕𝑡 − 𝑣 𝑥, 0  

𝐿  𝜕2𝑢𝜕𝑡2
 = 𝑠 𝑠𝐿 𝑢 − 𝑢 𝑥, 0  − 𝑣 𝑥, 0 = 𝑠2𝐿 𝑢 − 𝑠𝑢 𝑥, 0 − 𝑢𝑡 𝑥, 0  

𝐿  𝜕2𝑢𝜕𝑡2
 = 𝑠2𝑢  𝑥, 𝑠 − 𝑠𝑢 𝑥, 0 − 𝑢𝑡 𝑥, 0  𝑰𝑰𝑰):  𝐿  𝜕𝑢𝜕𝑥 =  𝑒−𝑠𝑡  𝜕𝑢𝜕𝑥 𝑑𝑡∞

0

=
𝑑𝑑𝑥  𝑒−𝑠𝑡  𝑢 𝑑𝑡∞

0

=
𝑑𝑑𝑥 𝐿 𝑢 𝑥, 𝑡   

𝐿  𝜕𝑢𝜕𝑥 =
𝑑𝑑𝑥 𝑢  𝑥, 𝑠 =

𝑑𝑢 𝑑𝑥  
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𝑰𝑽):  𝐿  𝜕2𝑢𝜕𝑥2
 = 𝐿  𝜕𝑧𝜕𝑥       𝐻𝑒𝑟𝑒 𝑙𝑒𝑡  𝜕𝑢𝜕𝑥 = 𝑧 

𝐿  𝜕2𝑢𝜕𝑥2
 =

𝑑𝑑𝑥  𝐿 𝑧  =
𝑑𝑑𝑥  𝑑𝑑𝑥 𝑢  =

𝑑2𝑑𝑥2
 𝑢   

𝐿  𝜕2𝑢𝜕𝑥2
 =

𝑑2𝑑𝑥2
 𝑢  𝑥, 𝑠   

Prove completed. 

Lecture NO. 124 

Problem: 𝜕𝑢𝜕𝑥 = 2
𝜕𝑢𝜕𝑡 + 𝑢   ;    𝑢 𝑥, 0 = 6𝑒3𝑥     𝑤𝑕𝑖𝑐𝑕 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑓𝑜𝑟 𝑥 > 0, 𝑡 > 0. 

Solution: Applying Laplace Transform, 𝐿  𝜕𝑢𝜕𝑥 = 2𝐿  𝜕𝑢𝜕𝑡 + 𝐿 𝑢  𝜕𝜕𝑥 𝑢 = 2 𝑠𝑢  𝑥, 𝑠 − 𝑢 𝑥, 0  + 𝑢  𝑥, 𝑠  
Putting given value and simplify, 𝜕𝑢 𝜕𝑥 −  2𝑠 + 1 𝑢  𝑥, 𝑠 = −12𝑒−3𝑥    … 1  
Now, 𝐼.𝐹 = 𝑒−  2𝑠+1 𝑑𝑥 = 𝑒− 2𝑠+1 𝑥  

So, solution of equation (1) is given by,  𝐼.𝐹 × 𝑢 = 𝑐 +   𝐼.𝐹 ×  𝑅.𝐻. 𝑆 𝑑𝑥  𝑒− 2𝑠+1 𝑥 × 𝑢 = 𝑐 +   𝑒− 2𝑠+1 𝑥 ×  −12𝑒−3𝑥 𝑑𝑥  𝑒− 2𝑠+1 𝑥 × 𝑢 = 𝑐 − 12 𝑒− 2𝑠+1 𝑥  𝑒−3𝑥  𝑑𝑥 = 𝑐 − 12 𝑒− 2𝑠+4 𝑥  𝑑𝑥  𝑒− 2𝑠+1 𝑥 × 𝑢 = 𝑐 − 12− 2𝑠 + 4  𝑒− 2𝑠+4 𝑥  𝑢 = 𝑐 𝑒 2𝑠+1 𝑥 +
6 𝑠 + 2  𝑒−3𝑥    … 2  

Given that 𝑢 𝑥, 𝑡  bounded as 𝑥 → ∞, 𝑡 → ∞. 

Put 𝑐 = 0, in equation (2) 𝐿 𝑢 = 𝑢 =
6 𝑠 + 2 𝑒−3𝑥  𝑢 𝑥, 𝑡 = 𝐿−1 𝑢 = 𝐿−1  6 𝑠 + 2 𝑒−3𝑥  𝑢 𝑥, 𝑡 = 6𝑒−3𝑥  𝐿−1  1𝑠 + 2
 = 6𝑒−3𝑥  𝑒−2𝑡  𝑢 𝑥, 𝑡 = 6 𝑒−3𝑥−2𝑡  

This is our required result. 

 

{-     The end     -} 

“Dear, Good Luck For Exam.” 


