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LECTURE NO. 60
Fourier Transform of Unit Step Function:

Find the Fourier series of
1 |x|<a

f(x)={0 x| > a

Solution: Fourier Transform of f(x)

F(a) = ff(u)e_i““ du

For given problem,
a

F(a) = fl.e‘i"‘” du ..(1)

—a

a i —ig(—
e laa _ o ia(—a)

—iau

—ia a

F(a) =‘

; = ;
—ia | —ia
Divide and multiply by 2,
2 eia a __ e—ia a
E[ 2i ]
. . “« - el _g—i(x) »
Using relation “sin(x) = ————— ” we have

2i )
F(a) = o sinaa
It is the required function when a # 0.

If we put @ = 0 in equation (1), we get
a

F(a) = fl du= 2a

—a

LECTURE NO. 61
Fourier Transform of Exponential Functions:
Fourier function of
e Px? ,p>0
Solution: As we know from previous lecture,

F(a) = ff(u)e‘i““ du

For given problem,

(o)

F(a) = fe_puz. el dy

Let

dy=\/5du =>du=\/—1_dy

p
By putting in above relation, we have
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ew? [ ewn? "
F(a) = fe—yz dy = T = |—ew?
A Jp p

This is our required result.

Conjugate of a Fourier Series:
Theorem: For a real valued function f(x)on (—, ©), show that F(a) = F(—a)
Proof: As we know

F(a) = ff(u)e‘i““ du

Taking conjugate, we have

m: jf(u)e_i“u du = j]‘Tu)(FW) du = jf(u)eiau du

F(a) = jf(u)e_(‘i““)du = jf(u)e‘i(_“)” du = F(—a)

Hence proved that

Fourier Transforms of Even and Odd Functions:
Let f(x) be an odd function

FIFGO) = f Fae= ™ du = F(a)

Here put u=—t =>du=-dt
As Uu—->o , t—>o and u—> —0 = t—> o0

F(a) = — ff(—t)e‘i“(_t) dt = — ff(t)e‘i“(_t) dt = — ff(t)e‘i(_“)t dt

Hence proved that
F(a) = =F(—a) = —=F(a)

Attenuation Property of Fourier Transforms:

Theorem:

F{f(x)e ™™} =F(a—pi) where F(a)=F{f(x)}
Proof: Aswe know

FU) = F(@ = [ fle du
For given function, -

F{f(x)e™P*} = ff(u)e"’”e‘i“” du

— ff(u)eizpue—iau du = ff(u)eizpu—iau du
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F{f (e} = f Fwei@ gy = F(a - ip)

Hence proved that
F{f(x)e ™} = F(a — pi)

LECTURE NO. 65
Shifting Property of Fourier Transform:
Theorem:

If F{f(x)}=F(a) then F{f(x—p)}=e" F(a)

Proof: As we know .

F@ = FiF) = [ fae au
For given function, 3 -

FUG-p) = [ fl=-pee du

Put u—p=t=u=p+tand dt =du

F{f(x—p)}= ff(t)e“'“(“t) dt = ff(t)e—itxpe—iat du

= i f F()e® du = e F{F(x)} = e F(a)
This is our required result.

LECTURE NO. 66
Fourier Transform of Derivatives:

Theorem: For a function f(x)on (—o0, ), show that if f(x) is n-times differentiable and f*~1(x) - 0
as x — too, then

F{f™ )} = (i)™ F(u)

Proof:

dryy [ d'y
F — —lau

{dun} du® € du
By integrating,

oo

dr1 .
+ia j ye_l““ du

n—1,,]%

dun—l

— p—lau
=e dun—1

—00

‘ dn—Z o dn—Z _
=0+ (ia)? [{e‘“"” —du"‘}zl} +ia f dun—}zl et du‘

n—2 - n—2
= (ia)! [0 + (iaQ)F {Zu”}z}}] = (ia)’F {Zun—jzl}

dTl
F{ Y } = ()" F{f (1)} = (ia)" F(w)

dum

—0Q0

Now by induction,

Hence proved that

F{f™ @)} = (ia)" F(u)

“Dedicated To My Unknown Students Which Are Our Future Heroes.”
Regards: Virtual Alerts
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LECTURE NO. 67
Parseval’s Theorems:
Theorem: If f(x) and g(x) are real valued on (—o0, ), then show

[o9]

1) fF(a) G(—a)da = ff(u)g(u)du

—00
(0]

) f F@I? du = f IF(@)[? da

—00

Proof: 1) . . .
JF(a) G(—a)da = JF(a){fg(u)e‘i(_“)“ du}
= f{fF(a)ei“”}g(u) du = ff(u)g(u) du

l): Putting f =g

[0¢] [0¢]

fF(a)G(—a)da= fF(a)mda: fF(a)G(a)da= ff(u)g(u) du

—00 —00 —0Q0

> [I6@rda= [1g@P awor [IfePau= [IF@I* da
Required result proved.

LECTURE NO. 68
Convolution (Definition and Related Theorem):
F(f) =F(a) , G(g) =G(a)
F(f. g) # F(a)G(a)
F(fxg) =F(a) G(a)

Convolution: of function f(x) and g(x) is defined and given,

frxg= jf(u)g(x—u)du

Now we have to prove some theorems.
1) Commutative (f * g = g * f): By definition

f*xg= ff(u)g(x —uw)du

uUu—>oo = t-—->too

Put x—u=t,u=x—t 2du=-—dt andas{
U—>—0 = t—>o00

So, we get ~
fxg= f fx—t)gt)(=dt) = Jg(t)f(x—t)(dt) =g*f
40 —0o0

Hence proved
frg=9g*f

2) F{f *g} =F(a) G(a) Or F'[F(a)G(@)]=fxg
By definition,

[ee]

F7YF(a) G(a)] =% fF(a) G(a) e ™ dx = % fF(a) e dx .G(a)

—00
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As we know (from previous lectures)

[oe]

G(a) = fg(t)e_i‘” dt

—00

By putting, we have

oo

FYF(a) G(a)] =% ]F(a) el™ dx jg(t)e‘i“t dt

—00
[oe]

FU[F (@) 6(@)] =% f 9(6) dt f F(a) el e-iat g

—00
[0¢]

1

F7F(a) G(a)] =5 fg(t) dt fF(a) ela(=t) gt

By using inverse Fourier transformation,
1
FUF@ 6@ = [ (0 fGx—0dt = g+ f

As "gxf=fxg" so
FF@)G@]=fx*g
Applying "F" on both sides, we get
F{f » g} = F(a) G(a)

Examples:
, _ 1 Ix|<p
. — x% . —
D f=e™ ; gk {0 x| > p
i) f)=e " ; gw)=e?" ; a,B>0
Do Your Self.

LECTURE NO. 69
Solving Integral Equation by Convolution:
Solve the integral equation,

[0¢]

ﬂ@=guy+fywy@—uMu

—0Co

Solution: For the given integral equation, taking fourier transformation on both sides,

[o¢]

F(y(x) = F{g(x)} + F{ f y(r(x - u)du}

—00

Convolution of last function,

f yr(x —wdu = y(x) *r(x)

So, above relation can be writtena as
F(y()) = Flg@)} + Fiy(x) «r(x)} ...(1)
F(y()) = Y(a)
Let F{g(x)} = G(a) By putting equation (1) becomes
F{r(x)} = R(a)
Y(a) =G(a) + Fiy(x) *r(x)} = G(a) +Y(@)R(a)
By solving we have
. G(a)
Y@ =1"7%w

Taking inverse fourier transformation,
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- _ ] 6@ (6@ \ ..

—00

1
Since F > 1 then F !> oy and here F~YY(a)} = y(x)

So the above equation becomes,

1 [ G(a) iax
Y(x)zﬁ f{l——R((Z)}e dx

This is our required result.

LECTURE NO. 70
Fourier Sine and Cosing Tranforms:
I): If f(x) is an odd function, then Fourier sine transform is defined and given by

F(a) = f f(u) sinau du
0

And its inverse Fourier sine transfrom is given by

[0¢]

2
flx) = Ef F,(a) sinauda
0
ID): If f(x) is an even function, then fourier cosine transform of f(x) is defined and given by

F.(a) = f f(u) cosau du
0

And its inverse Fourier cosine transfrom is given by

]

flx) = %J E.(a) cosau da

0
Example:

If; fx)=e™ , m>0 then F.(a)=?
As we know

F.(a) = f f(u) cosau du
0

For given function, it can be written as

[o9]

F.(a) = f e”™ cosaudu ..(1)

0
Using integral formula, which is given as
eP*
eP* cosqx dx = ———{p cosqx + q sin x]
U q p2+q2{p qx + q singx}
Here p—>—-m, g—-oaand x—-u

So, by applying integral formula, equation (1) becomes

— e 7 ”
F.(a) = [m {—m cosau + a smau}]o

—mu

By applying limits, we get

m
F.(a) = . F{e7™*}

+«a
Now its inverse, cosine transform;

[o¢]

flx) = ;f E.(a) cosau da
0
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For given function, it can be written as (Putting F.(a) calculated value)

()_2] m d
fx =2 it a cosau da
0

As f(x) =e ™,
pmx ZmJ‘ cosau
m? + a? az
mTe ™ cosau J
= a
2m m? + a2

0
This is our required result.

LECTURE NO. 71
Integral Equations Solution by Fourier Sine Transform:
Solve the integral equation

jf(x) sinax dx = {10_ a 0 S;lfll

Solution: The given function can be writen as

Fs{f(a)}:Fs(“)fo(X)sinaxdx:{1_00‘ Oiifl
0

Its F~1 for given function,

oo

FEHf()}=fx) = f F,(a) sinax da

0
fx) = %f(l — ) sinax da
0

Integrating and applying limits, we have

1
:%{(1_‘1)( cosax +J‘cosax( D da
0

2 1 1 |sinax|* 211 sinx
2o (-] - 2
T X xl x |y Tlx X

2 (x — sinx
f(x)—;( x2 )

This is our required result.

Laplace Transforms:
Objectives/Aim/Steps:

Like
Algebric

Apply Apply
Elementry Laplace
Methods Transform

Problem

L d VAN AN

Final

Solution
Transform Knowning Sakilidn Sy /
i D Method of I> Algel:?ric> Mg
Problem Solution
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Usefulness:

Deals with discontinuos functions (like electrical signals, eechanical forces etc) and sine, cosines forms (like
Fourier analysis).

It is Direct method to solve differential equations.

Applications:

Physics, Engineering Problems — Transform into — Differential Equations (Like ODEs, PDEs, BVPs, etc.)

LECTURE NO. 73
Integral Transform:
For given function f(t) defined on [0, ) or t > 0, if improper function

[oe]

f K(s,t) f(t) dt

0
Is convergent, then it is called an integral transformation of f(t) where s € C. And if choosen

K(s,t) = et then F(s)= L(f(t)) = f et f(t)dt , seC.
0

—st js known as

Is said to be Laplace transform of f(t) provided that it is convergent. Here K(s,t) = e
Kernal.

Q: Why K(s,t) = et ? Why we choose/use Kernal?

Ans: 1) Kernal smooth out the given functions (Like sharp egdges, corners etc.)

2) Easy to integrate or differetinate.

3) By kernal, differntial equation transform into algebric equation. So that it can be easily solved.

LECTURE NO. 74
Geometical Interpretition of Laplace Transform:
Since we know

(o)

L(f(t)) =F(s) = f e St f(t)dt ,t =0, seC,R.
0
Trnasformation of f(t) into f(s):
f® Transform Throug Laplace F(s)

Time
Domain

Frequency
Domain

»
»

F (s) gives us information about the different frequency components that makes the f(¢t).
Laplace relations:
L(f(®)) = F(s)
f@®) = L(F(s))
LLF®)] = f®)
L (FO)] = F(s)

Laplace Transform of “1”:
Since we know

[ee]

L(f®®)) =F(s) = f e St f(t) dt
For given function, ’
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o) T
L(1) =f l.e st dt = Tlim e St dt
0 0
Integrating and applying limits, we have
—st|T T 1 1 T
L(1) = [l - |—— lim e~ = —=|imiE—| .1
@ = l—rnrslo—s sTl—r>§oe 0 sTIEcl;oeSf )
1 1 111 1
“”‘“[%Lm D e P
1
L(1) =-
s

This is our required result for s > 0. What if s < 0?
If; s<0=> —-s>0= —s=m(say) €R*
If so, then equation (1) becomes

limi— = lim e =St = lim e™ = e® =

T—>o es T—>oo T—oo

So, whenever s < 0, we cannot calculate the transform of “1”. Hence, we can take only s > 0.

LECTURE NO. 76
Laplace Transform of Exponential Function:
Let f(t) = e™. Here “a” is a constant, then evaluate L(e%)
Solution: Laplace transform for given function,

[o¢]

L(e®) = f e St e dt = f e~ G-t gt
0 0
Integrating and applying limits, we have
—(s-a)t |®

o -1 —(s—a)t]®
L(e )_‘—(s—a)oﬁ(s—a)[e( )]0
-1 1 *_ -1 g1 1
L(e )_(S_a) e(s—a)t]o _(S—a)l:eoo eo]
o 1
L(e )_(s—a)

This is our required result. (Fors —a > 0= s > a)

LECTURE NO. 77
Linearity of Laplace Transform:
Theorem: If L(f(t)) and L(g(t)) exist, then for any constants "a" and "B", transform of

aL(f®)+ B L(g®))
Lla (f®)+ B (g®))] =aL(f®) + B L(g®)

Also exist and further

Also holds.
Proof: Applying Laplace transform on L.H.S.

= Lla (f(t))+ﬁ(g(t))]
= f et a (F®) + B (g(©)]dt = f [a{e s F(O} + +B {e ' g(©)}dt

~ Integration is a Imear transformation on R.

[ee) o] [ee)

=fae‘“f(t)dt+fﬂe‘“g(t)dt > a f e‘“f(t)dt+ﬁf e Stg(t)dt
0 0 0

0
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=aL(f@®)+pL(g®)) =R.H.S

Required result proved.
L(f(t)) and L(g(t)) exist.
= aL(f®))+BL(g(®)) <o alsoexist. Improper Integral)

LECTURE NO. 78
Corollary:

Lla {f®} + B g} = a L{f (O} + B L{g(t)}
Lla {f(O)}] = a L{f ()}

Here we use “Scalar Composition” property.

If 3 = 0;

This property also used in calculus. For example:
Linear Transformation: T(av) = a(Tv)

d d
Derivative: — (a sinx) = a—sins
dx dx

Llntegration: f cfx)dx =c f f(c)dx

LECTURE NO. 79
Laplace Transform of Hyperbolic Function:
As we know
e*+e™”

cosh(x) = 3

“u_n

Calculate: L(cosh at), where “a” is a constant
Solution: As given

L(coshat) =L E (e® + e‘“t)] = %[L(e‘“ +e™9)]

1 17 1 1
Leosh at) =5 L(e") + L™ = 7| =+ =]

n L(e®) = % and L(e~®) =—,so

s+a

1fs+a+s—a S
L(cosh at) =—[ ]=>
2 52

2 — g2 — 2
This is our required result.
LECTURE NO. 80
Laplace Transform of Cosine and Sine:
Show that
s
L(cos at) = —— and L(sinat) = ——
( ) s? + a? ( ) s? + a?

Proof: Suppose that
L(cosat) =F. and L(sinat) =F,
L(cos at): Applying Laplace Transform

[o¢]

E. = f e St (cos at) dt

0
Integrating and applying limits, we have

e st @ < e st
E. = |cos at< ) — f < >(—asin at)dt
- -5
0 9
1[cos at1® a r
F = ——[ ] ——f e St (sin at)dt
sl et 1y s

0
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1[cos© cos(0)] a ]
FC__E e T 50 ]—;(L(smat))
1 a
Fc=—§[0—1]—;Fs
1 a
k=555 - (1)

L(sin at):

e st ®
E = j e St (sin at) dt = |sin at( s)

0

_j (e‘“) (acos at)dt
J —s

[e0]

1rsinat1” a
F, = ——[ = ] +—f e 5t (cos at)dt
sl e 0o S
0
1rsinoo  sin(0 a
FS=——[ —— g )]+—(L(cosat))
sl e e s

1 a
Fo=—<[0-0]+=F
S S

a
E=<F ()

By putting Fs value in equation (1), we get

1 aa 1 a?
=555k 2 sk
a? 1 s? + a? 1
et fe=3 ”E( 52 >=§
1 s? s
C:§<sz+a2> s2 + a?
As L(cos at) = F,, so
s
L(cos at) = 71 a2
This is our required result.
Now, from equation (2)
Fe=—F
By putting in equation (1) we get
s 1 a S a\Ss 1
P R A L
s? + a? 1 a
( as )FS__ =z F;_(sz+a2)
As L(sin at) = F,, so
a
L(sin at) T o2
This is our required result.
LECTURE NO. 81
Laplace Transform of t" (n € N):
Theorem: Prove that
I
L(t") = ot EN ..(1)
Proof: We'll prove it by mathematical induction.
Forn = 0;
! 1
L(t%) = o L(1) =3
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Suppose equation (1) is true for fixed "n" and we will prove it for "n + 1".

Forn + 1;
(n+ 1!

S+2

L(tn"rl) —
Applying Laplace Transform,

[o¢]

L(tn+1) — f e~ st tn+1 dt
Integrating and applying limits, we have

0
gl < > ¢ St) (n+ Dt™ dt
g

1 tn+1 +
L(tn+1) — __[ ] f —st t" dt
S 0

est
0

L(tn+1) —

1 ntl n+1
L") = ——[llm — 0] + — L(t")

S |to est
n+1/ n!
+ s (s”“)

(n+1)!
sn+2

As given L(t") =

sn+l’ SO

L) = —%[0 —0]

L(tn+1) —

i.e.itis true for "n + 1". Hence, proved our required result.

LECTURE NO. 82
Laplace Transform of t* (a > —1):
Aaplying Laplace Transorm,

L(t%) =Je—st t* dt
0
{vzst=> dv=sdt=>dt=ldv and t =2
Put s v

Ast—->0=>v—->0andas t >0 =>v > o

[oe]

v = e () Lav = f (o) v

0

[o9]

L( ta) - Sa+
0

Here
f e v v* dv = Gamma Function = y(a + 1)
0

So,

L( %) = M

This is our required result.

LECTURE NO. 83
S-Shifting Theorem:

If £(t) has the transform F(s) where s > k, then "e® f(t)" has the transform F(s — a) where (s —a) > k
i.e.

L{e*f()} =F(s — a)
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In term of inverse Laplace transform,

LYF(s —a)} = e f(t)

L(f@®)) =F(s) = f e St f(t) dt

0

Proof: As we know Laplace Transform,

For given function,

o]

Fs—a)=| e @t f(t) dt = st et £(£) dt = —st (et f(t)) dt
; [ [

F(s— a) = L(e‘” f(t))
It can also be written as,

LMF(s —a)} = e™ f(t)

This is our required result.

LECTURE NO. 84
Application of S-Shifting Theorem:
Evaluate
2s — 27

i): L(e“ coswt) ii): L(e*" sinwt) iii) L1 (m)
Solution: (Here we are going to use previous results)
i): L(e* coswt)

s—o
s2 + w? - (s —0)? + w?

s—a

L(coswt) =

L(e% coswt) =

ii): L(e" sinwt)
w

L(e“t sinwt) = m

yas _ 25s—-27
lll) L 1 (2—)
s“+2s+401

L‘1< 2s — 27 )=L‘1< 2s+2—-2-27 >:>L‘1<2(S+1)_29)

s2 4+ 2s+ 401 s2+2s+1—1+401 (s+1)2 + 400

_ 2(s+1) _ 29
=L <(s Tt (20)2> - ((s Tt (20)2>

) 2(s + 1) ) 29 20
=L ((s ey (20)2> - ((s MEVEEWCT A 20)

B (s+1) _ 20
=2l ((s T (20)2> = 2917 <20{(s T (20)2})

=2L_1( s—(-1) > 29L_1< 20 )
(Gs— (D) +20)2) 207 \((s - (-1) + (20)?

Using method of calculations i) and ii)

29
= 2e~t cos20t — 20 e~ t sin20t

t [2 20t 29 i ZOt]
coS — — Sin
20

This is our required result.

LECTURE NO. 85
Piecewise Continuous Function:
Infromlly, a function is a piecwise continuous on an interval if it has finite jumps (discontinuities) on that
interval.
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A function f(t) is a piecewise continuous on a finite interval [a, b] if satisfy the following conditions.
1) Function f(t) defined on an/that interval. (i.e. [a, b])
2) Interval can be sub-divided into finitely many sub-intervals in each of which function f(t) is
continuous.
3) Function f(t) has finite limits as "t" approaches either end points of sub-intervals from interior
of [a,b]. {f(ay + 0) < o , f(ay, — 0) < ); Finite}
Example:
sinx if 0<x<m/2
f)=4¢e" if m/2<x<m Overallinterval [0,2r]
-2 if m<x<2m

LECTURE NO. 86
Existence Theorem for Laplace Transform:
Let £(t) be a piecewise continuous function on every finite interval in [0, %) and satisfies |f(t)e *| < m,
V t = 0 and for some "k and m" then Laplace Transform of f(t) exists for all s > k.
Answer: As given
Ife ™ <m ..(1) Vt=>0&forsome"k and m"
Here equation (1) is known as “Growth Restriction”. Equation (1) implies,

If ()] < me
fe™ >0 as t> o = tli_,I?oF_)O

Proof: As given that f(t) be a piecewise continuous function. f(t)e ¢

is integerable over any finite
interval on [0, ). Laplace Transform,

[ee]

f e St f(t) dt

0

IL(F ()] =

< j F(O)] e~ dt
0
For given function,
IL(F®)| < j mekt e=St dt = mf e Gt de .. (2)
0 0

Integrating and applying limits, (without “m”) , we have

[ee]

o 1 1 @
—G=k)t g4 — _ —(s—k)t I
fe dt = s—k|e |0 = s—ke(s—k)to
0
11 1] 1 o
T s—kle® e s—k ; fors

So, equation (2) becomes,
m
IL(F@O)| < p— = L(f) exist if growth restriction is satisfied.

Hence prove our required result.

Counter Example of Existence Theorem:
Example:

f(t)Z% As t - 0 then f(t) -

Here f(t) is not a piecewise continuous function on [0, ©). Also
If(Ol<mek If m=1k=0
Applying Laplace transform on given function,
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Sl -

L(f®) = f et — dt
0

Let +/st=x = st=x?

Put dt 2
X = \/——dt = F=Tdx
Lf(t) =f — f e dx .. (D
( \/_
0 o
Here
[e9) \/E
f e dx = > (Gaussian Integral)
0
Hence relation (1) becomes,
2 r T
L(f(®) _—x—: — 5 s>0
2 S
Hence — is not a piecewise continuous functlon but its Laplace Transform exists. This is our required result.

VE

LECTURE NO. 88
Laplace Transform of Derivatives:
Prove that
D L) =sLH-FO) i) L) =5"L() —sf(0) - f'(0)
Proof: since we know
If; fisdifferentiable = f is continuous.
1):

Laplace transform fro given function
L) =L(f®)= f e St f1(t) dt
0
Here f(t) is continuous. Integrating and applying limits, we have

L(F) = et FOIF f £(O) (s)e dt
0

(o]

L(f) = g%%—% +s] e St f'(t) dt
0
L(f) =0~ f(0) +sL(f)
L(f) =sL() = f(0) ...(1)
):
Taking derivative of equation (1),
L(f") = sL(f) — f'(0)

Putting value from equation (1),

L(f") = s[sL(f) — £(0)] = f'(0)

L(f'") = s*L(f) — sf(0) — f'(0)

Hence prove.

LECTURE NO. 89
Laplace Transform of nth Derivatives:
LG™) = s"L() = "7 (0) = "2 (0) = "7 (0)

Watch Lecture(s).
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LECTURE NO. 90
Applications of Laplace of Derivatives:
Find L(coswt) vy using derivative expression of Laplace.
Solution: since we know from previous lectures
L(f)=sL(f)—f(0) ..(1)
L(f) = sL(f) = sf(0) = f (0) ..(2)

Here
f(t) = coswt = f (t) = —wsinwt & f (t) = —w’coswt
f0=1=f(0)=0
By putting values in equation 2,
L(f'") = sL(f) = sf(0) — f'©@
L(—w?coswt) = s’L(f) —s
—w?L(coswt) = s2L(f) — s
—w?L(f) = s*L(f) —s
s = L(f){s? + w?}
WD =
LECTURE NO. 91
Evaluate:
L(t sinwt)
Solution: Here
f(t) =tsinot = f(0)=0
f () =tlwcoswt) + 1sinwt = f(0)=0
' (t) = w[t(—w sinwt) + 1 coswt] + w coswt
() = —w?(t sinwt) + 2w coswt
By putting values in equation 2,
L(f'") = s*L(f) — sf(0) — £'(0)
L{—w?(t sinwt) + 2w coswt} = s>L(f)
—w?L(t sinwt) + 2wL(coswt) = s*L(f)

~?L(f) + 20L (G—s) = $°L(P)
2ws
Tral L(f){s?* + w?}
L(F) = 2ws
)= (s2 + w?)?

This is our required result.

LECTURE NO. 92
Laplace Transform of Integral:
Theorem: let f(t) is a piecewise continuous function for t > 0, & d[f(t)] = F(s). Further |f(t)| < me*
for somem > 0 and k > 0, then

ff(r) dt = — F(s) and L1 (S) f f(@)dr

Proof: Let
t

g(0) = f o

0
f(t) is piecewise continuous = g(t) is continuous

Page | 52



MTH647 Handout

lg® =] F@dr| < | If@)]dr < | mekt dr
o= [ronss]

ke |t

m
= —(ekt —1) < —ekt

lg®)| =m 0 .

= g(t) satisfies growth restriction. Now
t
. d
§@ =3 [r@a)=ro
0

Except at point of discontinuities. This implies g(t) is continuous.

Lg®)=L(f®) and sL(g(®))—g(0) =F(s)

sL ff(r)dr =F(s) = L ff(r)dr =@
0 0

LECTURE NO. 93

Evaluate:
) ) e et
! s(s? + w?) ana - u s2(s? + w?)
1):
1 1 w 1 w
1 {—} _ {——} I Y (.
(52 + w?) W S%+ w? W (52 + a)Z)
1 w
LY(F(s)) = = sinwt ;o L1 (52 = wz) = sinwt

Now, (Going to calculate required function)

-1 <§F(s)) = ff(‘r) dt
0

t
—————( = | — sinwtdrt
s(s? + w?) )
0
Integrating and applying limits, we have

) - b
s(s2+w?))  w? cos@tlo

L—l{ ! } La £)
_— = — j— S
s(s? + w?))  w? cos®
This is our required result.

):
L {m} - ﬁ} > 17 o)

L1 {m f £(2) dr = j — (1 - coswt) dr

Sl710)T]

L_l{ 2(s2 +w2)} cj [
1 t
Mawrren (52 +w2)} el Smw]

This is our required result.
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LECTURE NO. 94
Solving ODE with Laplace:
Solve,
y —y=t ; y0)=1y(0) =1
Solution: Applying Laplace on given function,
Lly" —y) = L()
Using formula {L (t" S )} on L(t1), we get

Sn+1
) 1
Ly )-Lly) = 3

Putting L(y") from previous lectures, we have

$L() ~57(0) ~y (0) ~ L) = 5

Putting values from initial conditions,

1
(sz—l)L(y)—s—lzs—2

(s> = 1DL(y) = si2+ (1+5s)

1+s 1
L(y)=( )+
(s2—-1) s2(s?2-1)
1 1 1
L(y):s—1+[sz—1_s_2]
1 1 1
LW =7+t 1" %
—L‘l( 1 1 1)
Y= s—1 s2—1 g2

()=

Using results < L1 (521_1) = sinht, we get

)=

This is our required result.

y=e b +sinht —t

LECTURE NO. 95
Unit Step Functions:

It is defined and given as;
1 if t>a
u(t_a)_{o if t<a
Applying Laplace Transform,

L(u(t—a)) = f e St u(t —a)dt
0

[o2]

L(u(t — a)) =je‘“ (O)dt+je_“ (Ddt ; a>0
0

a

1 1
L(u(t — a)) =0 +—_s le~st|y = —;[O —e v

e—as

L(u(t — a)) =

s
This is our required result.
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LECTURE NO. 96

Plot the Following:
i) A@) =klu(t—1)—-2u(t—4)+u(t—6)] k>0
ii): B(t) = sin (% £) [u(®) = u(t = 2) +u(t - 4) — -]
Watch Lecture.

LECTURE NO. 97

Time Shifting Theorem:

LetL(f(t)) = F(s), then the Laplace Transform of shifted function is given by;
0 if t<a
L{f(t - a)u(t - a)} - {e—as F(S) if t>a
And
L e = F(s)} = f(t — a)u(t — a)

Proof: As we know from previous lectures,

[ee]

=0 F(s) = e~ j =5t F(D)dt = f e~@H0s F(dt ... (1)
0 0
Put {a+t=r > t=1—aq, dt=dt

Ast->0>1->a,t>0>7->

[ee]

e B F(s) = f e f(r—a)dt = f e St f(t—a)dt
0

0

e F(s) = J e St f(t —a)(0)dt + j e St f(t—a)(Ddt
0 a
e ¥ F(s) = f e St f(t—a)u(t —a)dt + f e St f(t—a)u(t —a)dt
0 a
e B F(s) = f e SH{f(t — a)u(t —a)}dt + f e St f(t — a)u(t —a)dt
0 a

By combining,

o]

e B F(s) = f e SH{f(t — a)u(t — a)}dt

0
e™® F(s) = L{f(t — a)u(t — a)}
L e ™ F(s)} = f(t — a)u(t — a)
This is our required result. Example:

L{sin(t — 2)u(t — 2)} =?
1

in(t —2) =
Using results {sm( ) s+1
u(t—2)=e2
—2s
; _ —2s _
L{sin(t = 2)u(t —2)} = 3 1¢ S = 231

This is our required answer.

LECTURE NO. 98
Problem:
Express the following function in terms of Unit Step Function and find its Laplace Transform.

Function is given as;
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(2 if 0<t<1

12 ] T
F@0) = =t if 1<t<-

2 2
i
cost if t> 0

Solution: As we know about Unit Step Function from previous lecture (95), applying on the given function,

£ = 2[ult — 0) —u(t — D] + %tz [ue - 1) —u (e - %)] + cost [u(t - g)] ()

Applying Laplace Transfom on the given funciton,

L{F(O} = 2L[u(t — 0) —u(t — D] + %L [tz (u(t - -u(t- g))] +1L [cost (u (t- g))] .(B)

Finding values for the eqution (B) one by one,
Llu(t —0) —u(t — 1)] = L(u(t — 0)) — L(u(t — 1))

e—as

Using formula {L(u(t - a)) = } from previous lecture (95), we get

N

Llu(t—0)—u(t—1)] = %—%e‘s

Llu(t — 0) —u(t — 1] = %(1 —e™%) ..(D)

Now, for

L [tz (u(t -1)—-u (t - %))] =L{t?u(t -1} -1L {tzu (t - %)} . (2)

Since we know from previous lecture (97),

f(t—a)u(t —a) =L {e ™ F(s)}

L{if(t —a)u(t —a)} = e * F(s)

L{f(t — a)u(t — a)} = e™* L{f ()}
Put{t—a=1t=>t=a+r7

L{f(u —a)} =e* L{f(a+ D)}
It can also be written as,

Lif@ut—a)} =e * L{f(a + t)}
Using this expression for equation (z), becomes (. a = 1)

e L{(1+0)?) —e L (g + t)z

2
4 T
=eSL{t?+2t+1}—e2° L{tz + mt + T}
n!

Using formula {L(t”) = —1}, so we get

snt
, m\] (2 1 1 (2 1 =n°1 g
t(u(t_l)_u(t—§)>]—eS{S—3+ZS—2+; —e 2 S_3+T[S_2+TE . (i)

L [cost u (t - %)] —e L {cos (g + t)} = 7 L(—sint)

L

Now, for

L [cost u (t - g)] — e T L(sint)

L [cost u (t — g)] = o7 T -:52 .. (L)

Now, finally putting calculted values (i,ii,iii) in equation (B)
2 1 2 1 1 = (2 1 n?1 = 1
Lif®}=-10—-e*)+5 —S{—+2—+—}— =+ +——t[-e7?"
ok s( ™) AR 2 s)T¢ 3 T2 s ¢ 1ys?

This is our required result.
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LECTURE NO. 99
Problem:
Find the Inverse Laplace Transform of;
e—Zs e—3s

+
s2+n? (s+2)?

Solution: Since we know

L_1 e—ZS N e—3s B L_1 e—Zs N L_1 e—3s
s24+n? (s+2)?) s2 +n? (s +2)2

1 T 1
— _L—l —2s L—l ( —3s —) (1
T (e s2 + nz) + € (s+2)2 (1)
-1 —2s — i _ _
‘ L (e 52+n2) = sinmt(t — 2)u(t — 2) '
Using results (For better understanding, watch lecture)
Lt (9_35 (s+2)2) = (t —3)e 23 y(t - 3)

Equation (1) becomes

(e e 3s 1 N
L {52 ) + Gt 2)2} = [sinm(t — 2)Ju(t —2) + (t —3)e u(t —3)

This is our required result.

LECTURE NO. 100
Dirac’s Delta Function:

Let
1 [ 0<t<k
ﬁ@ﬁ%klf =t=
0 , Otherwise
In general,
1
0 if Otherwise
If k — 0, then
. N N _(f if t=a
T = llcl—r»% fult —a) =s(t—a) = {O , Otherwise
Such that
Integraal = f st—a)=1
0
Example:
a+k a+k
1 L ek 1
f fi(t —a)dt = j Edt = Eltla = E[a+k—a] =1
a a
Note:

o]

[ 90 st ayae = g(@
0
These types of function are known as special class of function. i.e. Distributions.

LECTURE NO. 101

Laplace Transform of Dirac’s Delta Function:
Since we know

1
0 if Otherwise
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1
fit—a) = E[u(t —a)— u(t —(a+ k))]
Applying Laplace Transform,

L~ @) = L [u - )~ u(t — @ + )]
Mﬁ@—an=%ﬂhﬁ—aﬂ—Lh@—m+knn

e—as

Using result {L[u(t —a)] =

1[e—as —(a+k)s
L{fk(t—a)}=;[es - ]

S

_ ,—ks
LAt - )} = e [1%]

~ k — 0, apply Laplace Transform of Dirac Delta Function (for above relation)

k*s? k3s3
L(s(t — a)) = }(11’)% L{f,(t —a)} = kl_l’)r(l) e [1 - {1 — ks + > T3 + }]

Cas k?s? k3s3
L(s(t—a))=]l(1_r)%e [1—1+ks— 3 + c _]
g ks k2s?
L(s(t—a)) =]l(1_r)r(1)e [ks <1—7+ c _>]

After applying limits,
L(s(t — a)) =e ¥
This is our required result.

LECTURE NO. 102
Problem:
Find the response of damped spring system given by initial value problem;

Y 43y +2y=ut-D-ut-2) ; y0)=y(@©0)=0
Solution: Applying Laplace Transform on given function,
L{y" +3y +2y} =L{u(t—1) —u(t — 2)}
Ly" +3Ly +2Ly = L{u(t — 1)} = L{u(t = 2)} ..(1)
Since we know
Ly" = s*L(y) —sy(0) —¥'(0)
Ly = sL(y) —y(0)

| L(u-a)=—

s
By using, equation (1) becomes

, e—s —2s

{s?L(y) — sy(0) —y (0)} + 3{sL(y) — y(0)} + 2Ly = S

(s> +3s+2)L(y) = %(e‘s —e~2%)

L(y) = (e —e )

= F(s)} we have

L(y) =F(s) (e —e™™) ..(4)
Now, by applying partial fraction on F(s)
1 1 A B C

= =—+——+
s(s24+3s+2) s(s+2)(s+1) s s+2 s+1

s(s2+3s+2)

. 1
PUttmg {s(sz+3s+2)

F(s) =

By solving, we get
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So,
1/2  1/2 1

s+2_s+1

) =5 () 435 (52 (559)

L(F() =3 (D) 477~ ()

F(s) =

Now, equation (A) implies,
Liy) =F(s)(e™ —e ™) = F(s)e™ —F(s)e™%
Applying Inverse Laplace,
y() = L' (F(s)e™) — L™' (F(s)e™°)
Since {L'(e™ F(s)) = f(t — a)u(t — a)
y(@) =f(t—Dult—1) - f(t —2)ult-2)

Note that; Unit Step Function Step corresponds to piecewise continuous function. By applying,

0 if 0<t<1
11 5. 1 .
y(t)=4§+§e— (1) _g=(t=1) if 0<t<?2
1 1 1 1
Lo -0 -1 S T —2-2)_ —(t-2) 2
k2+2e e {2+2e e },t>

This is our required result. (For better understanding, watch lecture)
LECTURE NO. 103

Hammerblow Response of Mass Spring System:
Solve the given problem;
y +3y +2y=6t—-1 ; y(0)=y(0)=0
Solution: As given that
y +3y +2y=68(1-1)
Applying Laplace Transform,
Lly" +3y +2y] =L[5(t —1)]
Ly +3Ly +2Ly=¢e"°
s2L(y) + 3sL(y) + 2L(y) = e”*
L) [s?+3s+2]=e"
e’ 1
L®) Ts2+3s+2 (s+1)(s+2)e
By applying partial fraction on function, we get
1 1 1

G+DGE+2) (+1D (s+2)

= L)

So relation (1) becomes,
1 1

1o = [
=670 G
Appplying Inverse Laplace Transform,

y@® =17 {(s i 0 e_s} -1 {(s Jlr ) e_s}

5le =11 (Fe) = £

L L)=e‘t

s+1

L(ms) = e

Using results

L YF(s)e™ = f(t — a)u(t — a)}
fH)=e "t —e?
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So, there exist two answers

(0 if 0<t<1
y©) = {e_(t_l) — e 2(t-D) t>1

LECTURE NO. 104

Convolution:
Let
f=e" , g)y=1
Then
1 1

LF®) = L) =——7 , Llg®)=LD) =~

Product;
L 9) =L D > L) = —
As
1
L =Lgf == L@LY)=L{) Ly = SGoD

So,

L(g) L(f) # L(gf)  Or  L(f) L(g) # L(fg)
Sum;

L(f) +L(g) = L(f + g)
Q: Is there any function whose Laplace gives L(f) L(g)?
Ans: Yes, it is convolution function.

f*g=fﬂﬂga—ﬂw
0
L(f*g) =1 fﬂﬂga—rwr=:LU)Mm
0

LECTURE NO. 105
Theorem:
If L(f;) = F; ,L(f,) = F, and f;(t), f>(t) satisfy the Growth Restrictions then,

ﬂ@ﬂ%®=Lfﬁ®ﬁG—ﬂm
Proof: "

RHS=L Jfl(t) fo(t —t)dt
0

[oe]

L Offl(t)fz(t—r)dr =0fe—~" =fﬂﬁ(z)fz(t—r)dr dt ..(1)

Here R.H. integral is the form of " ffD @(t, 7)dtdt " which is taken over the region bounded by t = 0,7 = t.

Changing the order of integration on R.H.S, we have

[ee)

t o)
L ff1(t) fo(t—1)dr = f {f1(‘l’) fe_” fz(t—‘r)dt}d‘[
) 0 t=t1
Put {t—rzz >t=14+z> dt=dz
t>1>2z-0, Ast >0 =2z —>
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Je_” fo(t —1)dt = f e+ £(2)dz = e‘”] e ™% fo,(2)dz = e~ F,(s)
T 0 0

So,

L{f i) (¢ — T)dT} = ffl(t) e " Fy(s) dt = j(f1(t) e~ d1) (F,(s))
0 0 0

= (F(8))(Fy(s)) = L.H.S
Hence prove our required result.

LECTURE NO. 106

Problem:
Find h(t), provided that
H(s) = G _1a)s = L7Y(H(s)) = h(t) =?
Solution: If
L(f)=F(s) & L(g)=0G(s)
Then

F(s) G(s) = L{f f(r) gt — T)d‘[}
0

Applying Inverse Laplace,

L(F(s) G(s)) = ff(r) gt —1)dt
0

Given that,

H(s) = ——— = F(s) G(s)
(s —a)s

F(s) == = f() = L(F() = L7 (=) = e® = f(1)

1
G(s) =§ = gt) = L_l(G(S)) =Lt (l) =1= g(t—-1) I

N

Using result {

t
LY (H(s)) = L7Y(F(s) G(s)) = feat. ldr
0
Integrating and applying limits,

LY(H(s)) = %[e‘“]ﬁ = %[e“t —1] = h(t)

This is our required result.

LECTURE NO. 107

Properties of Convolution:
D: frg=gxf W) fx@+g)=f*g1+f*g
ii): (fxg)xa=fx(g=a) w): fx0=0xf=0
Some Unusual Properties of Convolution:
D:f*x1=+f
Let f)=t

t

f(t)*1=ff(r).1 dT:frdT=%[rz]6=%t2¢t=f(t)
0 0

we have
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i):(f+f)) &0
Let f(t) = sint
t t
fxf= fsinr sin(t —7)dr = %J‘[cos (2t —t) — cost] dt
0 0
o 1
= E [E sint — tcost + = sint

fxf= %Bsin(Zr —t)— ‘L'COSt] >

0
1
f*f= E[sint— tcost] £0

This is our required result.

LECTURE NO. 108
Example:
Y +y=g®; y0)=y0)=0
Solution: Applying Laplace,
Ly +y)=L(g(®)) = LG +LE)=G6(s)
LGy = s’L(y) —sy(0) —y'(0); y(0) =0 = L") =s’L(y)

Using results{ L(y) =sL(y)—y(0); y(0)=0 = L(y)=sL(y)

S2L) +L(y) =G(s) = Ly) = G(s) =F(s)G(s) ...(1)

1+ s2
Where

F(s) =

= 1 (F©) = 17 (15) = sint = £©
L7(G(s)) = g(®)

L(f xg) =F(s)G(s) = LY F(s)G(s))=f=*g

1
1+ s2

So, equation (1) implies,

y(©) =LY (F(s)G(s))=f*g
y(t) = ff(r) gt —1dr = fsint gt —1)dr
0 0

This is our required result.

LECTURE NO. 109
Integral Equation:

It is type of equation that involves unknown function which appears inside and outside an integral.
Example:

y(t) — f y(t) sin(t —t)dt =t
0

4

These types of equations are known as “Volterra Integral Equations”.

Above relation can be written as,

y(t) —y(t) *sint =t
Applying Laplace Transform,

Lly(®) —y(t) = sin] = L(t)
Using formula {L (t” = S:il)} on L(t),

1 1
L(y) — L(y * sint) = =z > L(y) — L(y) L(sint) = =

1 1 s? 1
L[t -5 = = L(y>[1+sz]=s—z
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1+ s? 1
LW =—0— = L=

Applying Inverse Transform, (Using Formula {L (tn _ )})

sn+l

/11 /1y 13!
yo=1"(5+5) = 1 (5)+5t (5)

1
t)=t+-t3
y(t) c

1
5

S

This is our required result.

LECTURE NO. 110

Volterra Integral Equation of 2" Kind:

y(t) — J(l +t) y(t — t)dt = 1 — sinht
0

Solution: Given relation can be written as,
y() — (1 +t) xy(t) =1—sinht
Applying Laplace Transform,
L{iy(t) — (1 +¢t) *y(t)} = L{1 — sinht}
L(y) —L(1+t)L(y) =L(1) — L(sinh)
Using formula {L (t" = %)} ( L(sinht) = ﬁ)

I 1 .
=== = =
y s s2| TS 521 Y 52 s(s?—-1)
Applying Inverse Transform, ( L(cosh at) = st_a)
s
y(t) =L71 (52 — 1) = cosht

This is our required result.

LECTURE NO. 111

Differentiation of Laplace Transform:
Let L{f (t)} = F(s), where 'f(t)" is a function satisfying the growth restriction; then

dn
L f©} = (D" o [FG)] . (D)
Proof: We prove it by mathematical induction.

[o¢]

F(s) = L{F(D)} = f et £(¢) dt

0

d d [ o
&F(s)=%0fe‘“ £ dt = Of%e—“ £(0) dt

d (o] [o/e)
F(s) = f (—De= f(O) dt = (~1) j et {t F(6)} dt
0 0

(D! SR(s) = [erer@rar = ue oy

0

L 0} = (D! S F(S)
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Let equation (1) is true for "n", we prove it for "n + 1"

oSt {e" f(O) di = (-1

|

[F(s)]

dr
L f(O} = (=1)" -

_f e St f(O)} dt = [( 1)n

n+1

ds™+1

(e™O){t" f(O} dt = (-1)"

Q)|Q)

n+1

—t)e St t" f(t) dt = (—1)"

ds™ +1 [F(s)]

f (

0 dn+1

f (~Dee " f(£) dt = (~1)" [F(s)]
0

f (

0

ds™+1
n+1
_ —st ¢n+1 — (—1)\n
Vet 71 £(8) dt = (~1)" ————=[F(s)]
So, finally
< n+1
n — —st #n+1 — (—1)n+1
L £} = [ o7 e £(0) de = (<1 S F)]
0
This implies; truth of given proportion for "n" also implies its truth for"n + 1".
LECTURE NO. 112
Problem:
j te 3t sintdt ="?
0
Solution: As given
f te 3t sintdt = f e 3t (t sint) dt
0 0
Here {f(t) = sint = F(s) = 521“
r d
[ e e p@nde = -0 LF )
- 0
f =St {t sint}dt = (—1) — ( ) =(-1(-1) 29
- 1+s (1 + 2)2 (1 4+ 52)2
0
Puts = 3;
2(3) 3
—st . -
fe {t sint}dt = ar3 32)2 20
0

This is our required result.

LECTURE NO. 113

Problem:

_1 s+a
L {ln(s_l_b)}; whee a,b > 0

Solution: Here
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s+a
F(s)=In <s+—b) = F(s) =In(s + a) — Inifls + b)
. 1 1
F(s)_s+a_s+b

Applying Inverse Transform,

L(F(s)) = L (S Jlr a) - (s i b)

—at — 1 - 1 — p—at
Lee 1)_s,+a =z L1,<s+a)_e
Litf(O)}=-1F (s) = LHF ()} = (=Dtf(®)

Using result

Above relation becomes,

(=Dt f(t) = e % —e7bt
—bt _ ,—at
f(t) — i

t
So,

s+ a)} e bt _ gmat

LY (F(s)) =1L {ln (S oy

This is our required result.

LECTURE NO. 114
Integration of Transforms:

Theorem: If L{f(t)} = F(s), then L{
Proof: Let

f(t)

t

f(t)

} = f:o F(x)dx, provided that lim,_ {T} exists.

00="2 5 =g

Applying Laplace Transform,
d
L{f()} = L{t g()} = L{t" g(t)} = (=D 1G]

d d
F(s) = ——[6(9)] = == L{g(®)}

o]

| Fesdds = ~lLtg (@2 = ~limL{g©} + L(g(®)
Since )

limid{g(t)} = limi®] e™* g(t)dt =0
$—00 $—00

0
So, above relation becomes

[ee]

f F(s)ds = L{@} = L(g(t)) = f F(x)dx

L1 {f F(x)dx} = ]%t)

S
This is our required result.

LECTURE NO. 115
Problem:

[0¢]

Show that f —dt =

S
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Solution: Since we know from previous lecture,

“ [ 1
= [ rous =‘f e = [ s =

S
[ee]

1 sint
= —dt = Tan '(o0) — Tan"1(s)
0

sint T T

r 1 sint 1 _
f—tT =E—Tan 1(0) = .fl—d 2 (O)ZE
0

Hence prove.

LECTURE NO. 116

Theorem:

L~ {F(s)} jf(s)ds

g(0) = f fE)ds = g =0 & ¢'(O)=f®
0

Proof: Let

Lg(®) = LIF©)
SLE®) ~ g0 = F() > Lig) =2

{F (s )} g() = f £()ds
F(s)
I {—} - f(§)d§ d3

L {FS(:)} - f f f f(5)ds"
00 0

LECTURE NO. 117

Generalized form,

This is our required result.

Problem:
" s+b
ln( ) ;o a,b>0
s+a
Proof:
_¢—1 _1 1
s+ b\ s+ b\ s s+avs 1 /s+a
ln( ) =ln< ) =ln( ) :—ln( ) .. (1)
s+a s+a s+b S s+b
This implies,
a
F(s)zln( ) In(s+a)—In(s + b)
s+b L
F'(s) = -
(s) s+a s+b
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Applying Inverse Transform,

() ()
(_1)1 tf(t) = e~at _ e—bt
—bt _ o-at

e
fo) = ——

Hence,

L L —-bs _ ,—as
Lt {@} = Off(g)dg = Of%cﬁ

LECTURE NO. 118

This is our required result.

Heaviside’s Expansion Theorem:

Let F(s) and G(s) be two polynomials on "s" where "Degree of F(s) < Degree of G(s)".If G(s) has "n"

distinct zeroes, "a,; ¥ = 1,2,..n" i.e. G(s) = (s —a;)(s — ay) ... (s — a,), then

[FO] < Fla)
6®)| ~ L6 @)

Proof: As given that, "Degree of F(s) < Degree of G(s)" and G(s) has "n" distinct zeroes, i.e.

"o r=12,..1n

ot

F(s) F(s) l<reneN
= ; 1<r<n
Gis) (—ads—ay)..(s—a,)...(s—a,)
F(s A A A, A
( ) = 1 2 + e + + oo +
G(s) s—a s—ay s—a, s—a,
Multiplying with "s — a.,." on both sides,
F(s A A,
()(s—ar)= L s—a)+——(—a)++ (s—a)++ (s—a)
G(s) s—ay s—a, s—a, s —
Taking"logs - a, = s—a, =0"
So, above relation becomes,
F(S)
(s — ) 1 F(a,)
A, =F li =F li [ ; ]= 7
(@) im oy = Fle) im |1 = 5o

Now;

F(s) B F(ay) 1 F(ay) 1 F(a,) 1 F(a,) 1
cG) <c’(a1)) Goa) ' <G'(az)) Goa T (G'(ar)> Goap T (G’(o@) G-a)

Applying Inverse Transform and solving, we have

L_1<F(s>>_F(a1) o F@) o F@) o F@)

- ! e ’ * + 7
G(s)) G (ay) G (ay) G (a;) G (an)
We can write it as,

n
4 <F (S)) _NF@) o
) " L6
This is our required result.
LECTURE NO. 119

Problem:
Use Heaviside’s expansion theorem;
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(-1 252+ 5s—4 ,
s34s2—2s|

Solution: Since we know from previous lecture

n
P (ED) S ES s
G(s)) &6()
Here
F(s)=2s*>+5s—4 & G()=s3+s2-2s=s(s=1D(s+2)
G (s)=3s>+2s-2,

And G(s) has distinct zerosi.e. ¢ = 0,1, -2

GO)=-2, ¢G1)=3, G(-2)=6

F(0)=—-4, F(1)=3, F(-2)=-6
Equation (1) becomes for given problem,

L(FO\_NF) . FO)  FQ) ,  F(=2) _,
Ll(@) 2.6 " Te0° TT0° e

By putting values,

Lt (%) = :—:(1) + get + %66_2t
Lt (%) =2+et—e%

This is our required result.
LECTURE NO. 120

Laplace Transform of Rodriguez Formula of Laguerre’s Polynomial:
Laguerre’s Polynomial is given by;

t n

e
ln(t) = Edtn

(t"e™)

Applying Laplace Transform,

t n

e
L =L{— ety =2
{L.(®)} {n! FIT (t"e )}
Calculation;
I

L{t"} =

Sn+1
n!
(s + 1)+t

L{;; (et t”)} =s"L{e" t"} =

L{e ' t"} =

s™ n!
(s + 1)n+1

“F(s)>F(s—1)
dn — 1)
L{et Fro (et t")} = n!(SSTl)

lL{ , (e_ttn)}:ﬂ

e
n! dtn sn+l

et dn (s—1)"
Li— n ,—t —
{n!dt” (t"e )} sn+l

LECTURE NO. 121

This is our required result.

Solving ODE with Variable Coefficients (Laguerre’s Equation)
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ty +(1—-t)y +ny=0; n=0123.. & y(0)=y(0)=0
Solution: Taking Laplace Transform,
L{ty"} + L{1 = )y } + nL{y} = 0

L{ty”} + L") —L(ty") +nL{y}=0 ..(1)
Calculation;
Ly) =Y
L&) =sL(y) —y(0) = sY = F'(s)
d . d d
L(ty) = = (F'(5)) = = [sV] = =¥ —s =~
s

d , d
mo_ _ ! — _ 2 — _ i
L(ty") = I (F (s)) I [s°Y] 2sY —s s

By putting values, equation (1) becomes,

d d
(—ZSY—SZ—y)+SY—(—Y—S—y)+TlY=0
ds ds

d
(s—sz)—y+(n+1—s)Y:0
ds

d
s(l—s)—y=(s—n—1)Y
ds
Now separating the variables,
dy_(s—n—l) _[ 1 n+1
Y  s(1-5) T l1-s s(1-3%)
dy 1 1 1
T—I_Sds—(n+1)[—1_s+;]ds
dy [1-n—-1 (n+1)] n n+1)
— = ds = S ds

Y | (1—-59) s -1 s

|as

Intengrating;
Imy=nin(s—1)—-(n+Dins=In(s — 1" — Ins"*!

(s — 1)

lny = ln SnT
(s — 1)

=~ F©)

Applying Inverse Transfor, this implies
(S — 1)n et dn
— 71 —7-1 _7-1 _
YO =10 = HFE) =1 [— wde

This is our required result.

(t"e™)

System of ODEs:
x —y —2x—y=6e% ; 2x +y —3x—-3y=6e* ; x(0)=3,y(0)=0
Applying Laplace Transform,
L(x)=L(y) =2L(x) = L) = 6L(e*) ; 2L(x)+L(y) —3L(x) = 3L(y) = 6L(e*)
Let
Lx)=X , Ly =Y
Now, simplifying

1 1
sX—x(O)—sY+y(0)—2X—Y=6m ; 25X—2x(0)+sY—y(O)—3X—3Y=6:
6 6
(S—Z)X—(S+1)Y=3+: H (25—3)X+(S—3)Y=6+m
3s—3 _ 6s —12
s—=3 ' s—3

Solving Simultaneously,
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(3s—3)(s—3) (s+1(6s—-12)

([(5—3)(5—2)+(s+1)(25—3)]X= G_3) + =3

(6s—12)(s—2) (3s—3)(2s-13)

[—=2)(s=3)—(s+3)(2s—=3)]Y =

s-3)  (s-3)
Simplify and Solve by Partial Fraction,
352 —6s5—1 1 2 2
= = - +
(s=3)(s—12 s—1 (s—1)2% (s—3)

v = 3s+5 1 1 1
U G=-3)(s-12 s-1 (s—1)2 (s—23)
Applying Inverse Transform,

{x(t) =L1(X) =et + 2t et + 23
y() =L1(Y) =et —tet —e3
This is our required result.

LECTURE NO. 123

Laplace Transform of Some Partial Derivatives:
Theorem: If u(x,t) is a function of “x & t”, then show that

i): L (3—1;) = sti(x,s) —u(x,0)
0%u .
ii): L(a 2) = s*1i(x,s) — su(x,0) —u,(x,0)

0 d dii
ii): L (%) = aﬁ(x,s) = d_z
0%u\ d*i
\ w): L <ﬁ> ~ dx?
I):
je dt— e SHulx, )]y — (- s)fu(x t) e st dt
0
L (Z—?) =0—1u(xt)+ sL(u(x, t)) = sii(x, t) — u(x,0)
L (%) = sii —u(x,0)
II):
0%u ov l ou
L<F> L<0t> Here let Frin v
02 0
L (%) =sL(v) —v(x,0) = sL (a—z) —v(x,0)
2
L (%) = s[sL(u) —u(x,0)] —v(x,0) = s?L(u) — su(x,0) — u,(x,0)
2
L (%) = s%7i(x,s) — su(x,0) — u,(x,0)
1I):

[0¢]

) = f e st (g—;t) dt = %I(e‘“ w)dt = ;—xL(u(x, t))

0
ouy d _ dil
L(a) = 1lns) =
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IV):

0%u 0z ou
L <W> =1L (a) Here let a =z
0%°u d
L<W>__[ ()] = (dx ) dxz( )

62
L <a—;> D)

LECTURE NO. 124

Prove completed.

Problem:
Jdu Ju

—=2—+u ; u(x,0)=6e3* whichisbounded forx > 0,t > 0.

dx dt
Solution: Applying Laplace Transform,

)= o

iﬁ = 2[sti(x,s) —u(x,0)] + @i(x,s)
0x

Putting given value and simplify,

9
a—z — (25 + Diax,s) = —12¢3  ..(1)

Now,
I.F = e—f(25+1)dx — e—(2$+1)x

So, solution of equation (1) is given by,

(LF)xii=c+ f(I.F) « (R.H.S)dx
(@) x i =c+ f(e_(ZS“)x) X (—12e73%)dx

(e—(25+1)x) Xii=c—12 f e—(23+1)x e—3x dx = c — 12fe—(25+4)x dx
12

—(2s+1)x Xi=cC— —(2s+4)x
() xa=e gy
6
~ (2s+1)x —3x
u=ce + e . (2
(s+2) @
Given that u(x, t) bounded as x = o, t — 0.
Put ¢ = 0, in equation (2)
6
L(u —3x
(w) = ~Gi¢
ulx,t) =L 1w = L‘1< 6 e_3x>
’ (s+2)
1
, — —3x L—l( ) — —-3x ,—2t
u(x, t) = 6e p be e

u(x,t) = 6e3x72

This is our required result.

{- THEEND -}

“Dear, Good Luck For Exam,”
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