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About the Handouts

The following books have been mainly followed to prepare the slides and handouts:

1.
2.
3.
4.

5.

Spiegel, M.R., Theory and Problems of Vector Analysis: And an Introduction to Tensor
Analysis. 1959: McGraw-Hill.

Spiegel, M.S., Theory and problems of theoretical mechanics. 1967: Schaum.

Taylor, J.R., Classical Mechanics. 2005: University Science Books.

DiBenedetto, E., Classical Mechanics: Theory and Mathematical Modeling. 2010:
Birkh&user Boston.

Fowles, G.R. and G.L. Cassiday, Analytical Mechanics. 2005: Thomson Brooks/Cole.

The first two books were considered as main text books. Therefore the students are advised to
read the first two books in addition to these handouts. In addition to the above mentioned books,
some other reference book and material was used to get these handouts prepared.
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Module No. 1

Introduction to the Course and Mathematics

Introduction to Mathematics

“Mathematics is the branch of science which deals with the study of relations and patterns, and

means to represent and communicate them.”

Introduction to the Course

There are two main portions of this course:
» Vectors

» Classical Mechanics



Module No. 2

Scalar and Vector Fields

Scalar Point Function

If to each point (x, y, z) of a region R in space there corresponds a scalar ¢(x,y, z), then ¢ is

called a scalar point function in R.

Scalar Field

Scalar field is a function define on space whose value at each point is a scalar quantity

The set of all values of scalar point function ¢ in R together forms a Scalar field.

Examples of Scalar Fields
1. The temperature T'(x, y, z) within a body A is a scalar point function because there exist
only one temperature at each point of A.

2. The pressure and potential due to gravity of the air in the earth’s atmosphere define scalar
field.

Vector Point Function

If to each point (x, y, z) of a region R in space there exist a unique vector A (x, y, z), then Ais

called a vector point function in R.

Vector Field

A function of a space whose value at each point is a vector quantity is called vector field.

Mathematically, we can write it as
A)z/_l) (x’y; Z) =Al (x:y; Z)+ AZ (x:y; Z) +A3 (.X', Y, Z)

The set of all values of 4 in R constitute a vector field.

Examples of Vector Field



. A=A (x,y,2) = xyi — 2yz3] + y2zk defines a vector point function and hence is a
vector field.

The motion of a moving fluid at any time define vector field.

The set of tangent vector of a curve C and the set of normal vectors of a surface S are
examples of vector field.
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The Operator Del and Gradient of Function
The Del Operator

The vector differential operator del, symbolize as V, is defined by

V= ii + 9 j+ il?
dx Jdy 0z
The symbol V called del or nabla is used to symbolize del operator. It is only applied as defined
derivative on one-dimensional function, and for more dimensions it may be applied as partial
derivative on the function. The del operator is not a particular operator but when we applied it on
a scalar point function or a vector point function; this may be known as the gradient, the

divergence, and the curl.

Gradient: grad (f) = Vg

Curl:curl 4= Vx4

Divergence: div (4) = V.4

We will discuss here the first application of del operator as gradient.

Gradient Function

Let ¢(x,y,z) be a scalar point function defined on a specific region on R and also differentiable
on the same domain. The we can apply del operator on ¢ in order to obtain gradient of scalar

function ¢ of grad( ) written as Ve is defined by



dy
do,. Odp,  0¢ -
—ali‘@]i‘g

it is to be noted that V¢ defined a vector field. Also Vo = 0 if and only if ¢ is constant.
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Properties of the Gradient

If ¢ and 1 are Scalar point functions as well as differentiable on a specific domain and C is a
constant then we can show that the gradient holds the following properties.
i. V(Cp)=CVop
i. Vip+yY)=Vo+W
iii. V(py) = oV +yYVe

iv. v(%)z‘w‘ﬁp;f“”,zpio

Proof:
i. V(Cp)=CVe

LHS = (e = 200 2 g

ap | 20 | do ~
—Cal-l—C@]-FCEk

do. Odp . 0¢ -
—C(EL-FE] +Ek>
=CVp =R.H.S

i. V(p+ ¢YP)=Veo+Vy

d(e + ll))i+6(<ﬂ+ llf)j+0(90+ w)E

LHS = V(p+ ) =—— 5 ~—

=Vo+Vy=R.H.S

ii. V(epy)= @V +yVe

a(wlP)Ha(q)l/J) +6(<pl/))l€

LHS =V(py) = % 3y ) e




(0P o9\ oY 2P\ . oY 6(p) ~
- (‘pax+‘pax)l+("’ay+‘pay)]+("’ az T¥a;)"
oy oY oY . do Odp Jdop

=@ (ali‘@]‘Fa]{)-}'lp(al-}'@] +Ek>

= VY +yYVp =R.H.S
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Directional Derivative

The procedure to determine the derivative in a specific direction, other than the coordinate axes

(x,y,z) is called directional derivative.

Let ¢ (x, v, z) be a scalar point function defined on a specific region on R and also differentiable
on the same domain. The first partial derivatives of ¢ (x, y, z) are the rate of change of ¢ in the
direction of coordinate axes (x, y, z). It is a restricted way to calculate the rate change is given
function. Maybe one ought to need the derivative in a specific direction. Therefore the idea of

directional derivative introduced.

To define the directional derivative we choose a point A(x, y, z) in space and a direction at P,
given by a unit vector a. Let C be the ray drawn from P in the direction of @, and let A(x +
Ax,y + Ay, z + Az) denoted by B be a neighboring point on C, whose distance from P is As as

shown in figure,

A

The value of given scalar point function is ¢(x,y,z) and ¢ (+Ax,y + Ay, z + Az) at P and P’
respectively.
Then the limit

A (P —@(P)
111’1’1 —_—= 111’1’1 R EE—
As—0 AS  As—0 As

if it exists, is called the directional derivative of ¢ at P in the direction of @ and is denoted by Z—f.

Obviously,



dp Opdx

+6(p dy OJdedz
ds 0Oxds

dyds ' dzds

= V(p.z—: =Vep.a

1)
Since @ is a unit vector, directional derivative of ¢ (i.e. aa—f) is the component of V¢ in the
direction of this unit vector.

From equation (1), we have the operator equivalence,

d _va
55— V-4

This means that the operator V. @ applied to the scalar function ¢ differentiates it w.r.t the
distance s in the direction of a.

Deductions

In particular, if we assume a has the direction of the positive x-axis, the @ = 1 then equation (1)
will become V. i

Similarly,



10
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Theorem related Directional Derivative
Statement

Show that the maximum value of the directional derivative of ¢ (x, y, z) is equal to the magnitude

of ¢ (x, y, z)is equal to the magnitude of Vo (i.e |V |) and it takes place in the direction of V.
Proof

We know that

dg

— =Vgp.a

ds g-a
= |Vel|a| cos b

where 6 is the angle between Vg and a. Since —1 < cos 8 < 1, therefore Z—‘: IS maximum when

cos@ = 1 or & = 0° i.e. when the direction of @ is the direction of V¢ and max (g—f) = Vop.

Thus the maximum value of directional derivative takes place in the direction of V¢ and has the

magnitude |Ve|.

It is important to be note that directional derivative ?3—‘:’ is zero, when 6 = 90° i.e when Vg and @

are orthogonal to each other.
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Example of the Directional Derivative
Problem Statement:

Find the directional derivative of ¢ = x%yz + 4xz? at (1,—2,—1) in the direction

2{ — j — 2k.

Solution:
As we studied the equation

Directional derivative = V¢. a
Vo = V(x%yz + 4xz?)

= (2xyz + 4z%)i + (x%2) j + x?y + 8x2)k
Vpat(1,-2,—1) = 8i — j — 10k
The unit vector in the given direction can be calculated as
5 NN
ﬁ:m ]3 2k.:§ﬁ_%f_§lz
then the required directional unit vector is

a=

Vp.a = (81— j 1012)(2A L 212)
p.a=(81— ] — . 31 3] 3
16 1 20 37

3 * 3 3 3
Since this is positive, ¢ is increasing in this direction.
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Related Problem 1 of the Directional
Derivative

Problem Statement:
Find the directional derivative of ¢ = 4xz3 — 3x%y?z at (2,—1,2) in the direction 2 — 3j +
6k.
Solution:
As we studied the equation
Directional derivative = V¢. a
Vo = V(4xz3® — 3x2%y%z)
= (4z° — 6xy%2)i + (—6x%yz) j + (12x2% — 6x%y?)k
Vo at (2,—1,2) = 81+ 24] + 84k
The unit vector in the given direction can be calculated as

.7 21—3j+6k. 2 3 6

i A 2 A
then the required directional unit vector is

Vo.d = (81 + 48] + 841?).(%?—%j+§]})

16 144 504 376

A AR 7
Since this is positive, ¢ is increasing in this direction.
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Related problem 2 of Directional Derivative

Problem Statement
a) In what direction from the point (2,1, —1) is the directional derivative of ¢ = x%yz3a
maximum?

b) What is the magnitude of this maximum?

Solution

First of all, we calculate gradient of ¢ = x%yz3
Vo = V(x%yz®) = Qxyz3)i + (x223)j + 3x%yz»)k
Vo at (2,1, —1) is —4i — 4f + 12k
using the result that directional derivative is maximum in the direction of V¢ and its maximum
magnitude is | Ve |
The directional derivative is a maximum in the direction Vop = — 41 — 47 + 12k

the magnitude of this maximum is | V| = |(—4)% + (—4)? + (12)?| = V176 = 4V11
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Related Problem 3 of the Directional
Derivative

Problem Statement:

Find the values of the constants a, b, ¢ so that the directional derivative of ¢ = axy? + byz +
cz%x3 at

(1,2, —1) has a maximum of magnitude 64 in a direction parallel to the z-axis.

Solution:
Since ¢ = axy? + byz + cz?x3, therefore
Vo = V(axy? + byz + cz*x3)
= (ay? + 3cz?x?)i + (Qaxy + bz)j + (by + 2czx®)k
At the point (1,2, —1), the value of this gradient is
= (4a + 3c)i + (4a — b)j + (2b — 2c)k
We know that the maximum directional derivative takes place in the direction of V¢ and has the

magnitude of Ve. The maximum directional derivative will be parallel to the z-axis if

4a+3c=0 (1)
4a—b=0 2
Therefore

Vo = (2b — 2c)k
since the magnitude of this maximum directional derivative is 64, there fore
2b —2c = 64
©)
Solving equation (1), (2) and (3), we find



which is the required solution.

15
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Geometrical Interpretation of Gradient

Geometrically, gradient of a scalar function represents a normal vector to the surface.
V| (x,y, represents the normal vector of the surface at (x, y, z).
Example
If o = x2yz
Vo = 2xyzi + x%zj + x*yk
At (1,1,1)
Volaay =20+]+k

which is normal to the surface ¢ = x%yz
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Theorem Related to Gradient

Theorem
Prove that Ve is a vector perpendicular to the surface ¢(x,y, z) = C, where C is a constant.
Proof

Let the parametric equation of the curve K be x = x(s), y = y(s), z = z(s).
let # = xi + yj + zk be the position vector of the point P(x,y, z), then T = % IS unit tangent

vector to the curve K at P as shown in figure.

J_.?

(x,y.2)

=

X

Since the curve K lies on the level surface, together, the condition of any point on the curve must
satisfy equation (1), and so [x(s), y(s),z(s)] = C.

Differentiating above equation w.r.t‘s’ using the chain rule,

or

dop, Odp_  dp ~\ (dx  dy  dz_
(2004225 00 g) (20, 25 d2g)
<axl+6y]+62 dsl+ds +ds

or

dr -
V(p.%z OQorVeo.T =0
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Which implies that V¢ is a vector perpendicular to the unit tangent vector Tand therefore on the

surface ¢(x,y,z) = C.
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Related Problem 1:; Gradient

Problem Statement
If A = 2x%i — 3yzj + xz%k and ¢ = 2z — x3y
Find
i. A Vo
ii. AxVe
Solution

Since ¢ = 2z — x3y then

0, Op . O0p
Ve =oxtt o) Tk
02z — x3 02z — x3 02z — x3y)
_0Q@z=x"y), 0@z y)j+(z Y)p
0x dy 0z

Vo = —3x%yi — x3j + 2k
Ve at(1,—-1,1)
Vo =3i—j+ 2k
Given vector A = 2x%i — 3yzj + xz2%k at (1,—1,1)
A=2i+3j+k
i. AVe=Qi+3j+k).3i—j+2k)
2B -G+ M)(2)=5
ii. AxVe=(Qi+3j+k)x(3i—j+2k)

i j ok
=2 3 1
3 -1 2

=(6-(-1)i—-(4-3)j+(-2-9k
=7i—j—11k
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Related Problem 2: Gradient

Statement
Show that

Proof
We know that

d d d —~
Vi) = f(i +—f(r)f +5 Nk
6 d af o af 0
of or o f o 9 for .
axax dy dy 9z 0z
_dfor, Ao, dforp
T dx 0x l dy ayj dz 0z

since r = \/x? + y? + z2, it follows that

ar _Xx ar _y ar z

1)

Bx T ay r' 0z r
putting these values in (1), we get

= O+ 0] + )R
SO

(xt+yj+ zk)
_fI@F

r

Hence Proved
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Related Problem 3: Gradient

Statement

It Vo = 2xyz*1 + x22°] + 3xyz’k,
Find

p(x,y,2) ifp(1,-2,2) =4
Solution

Given equation is

Vo = 2xyz°i + x*2%) + 3x%yz*k
We know that

Vo =221+ + 2k

therefore by comparing equation(1) and (2), we get

6(p 3
— = 2xyz
dox y

dg 2.3
— =Xz

ay

d¢ 2.2
— = 3x%yz
0z y

Integrating Equation (3) w.r.t x, keeping y and z constants

¢ =x?yz° + f(y,2)
Similarly, from equation (4) and (5), we get
o =x%yz3 + g(x,2)
¢ =x*yz°> + h(x,y)

(8)

1)

()

©)
(4)
()

(6)

(7)

Comparison of equation (6), (7) and (8) shows that there will be a common value of ¢ if we

choose
f(v,z) =g(x,z) = h(x,y) =C
where C is an arbitrary constant.
Thus
o =x*yz*+C

9)

21



using ¢(1,—2,2) = 4 in equation (9) we get
Cc =20
hence from equation (9), we obtained
@ =x%yz3+ 20
Which is the required solution of ¢.

22
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Module No. 16

Divergence of a Vector Point Function

Definition

Divergence is a vector operator, when we applied this operator to the quantity of a vector field, it
produces a scalar field.

Let I7(x, y,z) = Vit + V,j + Vsk be defined and differentiable at each point (x,y,z) ina
certain region of space (i.e. V defines a differentiable vector field). Then the divergence of V,
written V.V or div V, is defined by

- ad. . d ., 0 - . . ~
V.V—(al+@]+£k).(Vll + V,j +V3k)

vy av, aV.
1+ 2+ 3
dx Jdy o0z

Some Deductions

It is important to be noted that V. V is a scalar quantity. Also V. V£V.V

If V is a constant vector, then V.V = 0.

ifv.V =0 everywhere in some region of R, Then V is called solenoid vector point function in

the region.
We can consider an example of solenoid to understand the concept.

Example

Determine the constant a so that the vector V = (x +3y)i + (y — 22)] + (x +az)kis
solenoidal.

Solution

0 0 d ~ . ) -
V.V —(al+@]+£k>.((x+3y)l + (y— 22)] + (x+az)k)

d(x+3y) 0d(y— 2z) d(x+az)
= + +
0x dy 0z




=14+14+a=2+a
a=-2

Hence if we substitute a = —2 in given vector field then given V will become solenoidal.

24
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Module No. 17

Properties of the Divergence

Statement
If 4 and B are differentiable vector point functions, and ¢ is differentiable scalar point function,
then prove that

i. V.(A+B)=V.A+V.B

. V. ((p/_l)) = ¢(V.E+ﬁ. (Vo)

Proof
Let

A = At + Ay +A4sk and B = Byl + B,j + B3k , then

B =
i. V.(A+B)=V.A+V.B
hence

L. 9 9 9 .
V.(A+B) =$(A1 +Bl)i+@(A2 +B1)j+£(A3 + B3)k

044 N 04, N 04A; N 0B, N 0B, N 0B;
dx dy 0z ( dx dy 0z )

=V.A+V.B=R.H.S
i. V.(pA)=e(V.4)+4 (Vo)
L.H.S =V.(pA)
We have <p/T = @Al + @ Ayj + @Ask

Hence
V. (pA) = —(<pA1)l +5- (<pAz)1 + —(<pA3)k

04, ago 04, ago 04, do
TP Thige T OG Thag TG TGy



0A, 0A, O0A; do do do
- <6x Tyt az)+(Ala+A2ﬁ+A3ﬁ)

— o(V.A) + a(p“+a(p“+(wl? Ai + A7 + Ak
_(p( . ) (axl ay] aZ )( 1l 2] 3 )

V. (gofi)) == go(V.A—)) + (Vo). A = (p(V.A—>) + 4. (Vo)

V. (@A) = p(V.A) if ¢ is constant.

26
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Module No. 18

Laplacian

The Laplacian or Laplace operator is a second-order differential operator given by the
divergence of the gradient of a given function defined over a space R. It is usually denoted by
V.V, or V? or A.
Thus if U is a twice differentiable function, then the Laplacian of U is defined by

AU = V3 =V.Vu
In cartesian coordinate system, the Laplacian is given by the sum of second order partial
derivatives of the function w.r.t each independent variable. Laplace is a Second order differential
operator which is obtained by taking the divergence of gradient of any scalar point function.

It is denoted as

vv—vz—(a“+a“+ai?)(a“+a“+al€)
VEVE x! ay] 9z ) \ox* ay] 0z
02 02 02

V2= + +
0x? dy? 0z?

It is a scalar operator.
In one and two dimension, the Laplace operator reduces to
62
~ox2
02 02
Vi= —+—
dx?  0dy?

If (x,y,z) is a scalar point function, then the divergence of gradient of ¢ written as V.V =

VZ

V2 is called the Laplacian of ¢ and the equation V2¢ = 0 is called Laplace’s equation.
If a scalar function ¢ satisfies the Laplace equation V2¢ = 0 in a Cartesian region R, then ¢ is
said to be a harmonic function in the region R.

Mathematically, we can write it as

02 02 02
_0% 0% 0%
0x? dy?* 0z2

We can also express the Laplace operator in polar coordinate (r, 8) notation.

Vip =0
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Two dimensional Laplace operators can be expressed as

10/ of 1 (9%
2pp = —— (L) + —(—E£
Ve = r6r<r ar) + r? <692>
0? 10 1 92
_0% 10 10%
002 ror r?2062
The Laplacian occurs in differential equation that describes many physical phenomena, such as

Diffusion equation for heat and fluid flow, gravitational potentials and quantum mechanics.



29

Module No. 19

Example of Divergence

Statement
If A = x2zi — 2y32%] + xy?zk, find V.4 (or div A) at the point (1, —1,1).

Solution

As we know del operator V is

Since given vector point function Ais

A =x%zi — 2y32%] + xy?zk

5 0 0 0 ~ ~
=7+ —7+ — 2,4 _ 93,27 2
V.A (6xl+6y]+62 )(x zl — 2y°z°] + xy zk)
_0(x*2) N 0(—2y3z?) N 0(xy?z)

- ox dy 0z

= 2xz — 6y%z% + xy?
As we calculated the expression V. A, we can easily determine its value at (1, —1,1).
V.Aat (1,-1,1) = 2(1)(1) — 6(—1D2(1)? + (1)(—1)?
=2-6+1=-3
V.Aat (1,-1,1) = -3

which is the required Result.



Module No. 20

Related Problem 1: Divergence

Statement

IfA = 3xyz21 + 2xy3) — x2yzkand ¢ = 3x2 — yz,

find
i. V.A
ii. AV
iii.  V.(pA)
iv. V.(Vep)

at the point (1, —1,1).
Solution
Since A = 3xyz21 + 2xy3j — x2yzk

also

then

V.A= <ixi +—j+ —ZI?) .(Bxyz?1 + 2xy®j — x%yzk)
= 3yz? + 6xy?%] — x%y
V.Aat point (1,—1,1)is
=3-DM*+6(D)(-1)* - D*(-1
=-34+6-1=2
ii. AVg

Since ¢ = 3x? —yz
then

30



do  Odop do ~

V(p=al+wj+gk
0(3x* —yz 0(3x* —yz 0(3x% —yz)
_o( yz). y)j+( Y7) -
0x dy 0z
= 6xi — zj — yk

Now,
AV = (3xyz21 + 2xy*j — x%yzk ). (6xi — zf — yk )

= (18x2yz? — 2xy3z + x%y?z)

A. Vg at point (1, —1,1)is

= [18(D*(-D(D)* - 2(D(-1*(1) + (D*(-D*(D]
=—-18+2+1=-15

iii. ~ V.(pA)
then
@A = (3x% — yz)(3xyz?1 + 2xy°j — x2yzk )
= (9x3yz% — 3xy?z3)1 + (6x3y® — 2xy*2)j + (3x*yz — x2y22z?)k
Now
V. ((px) = V. ((9x3yz? — 3xy?z3)1 + (6x3y® — 2xy*2)j + (3x*yz — x%y?2z?)k)
_ 0(9x%yz® — 3xy®z®)  0(6x%y® —2xy*z) 0(3x*yz — x?y?z?)
B 0x + dy + 0z
= 27x%yz% — 3y?z3 + 18x3y? — 8xy3z + 3x*y — 2x*yz
V. (@A) at point (1, —1,1)is
V.(pA) = —27-3+18+8-3+2=-5

iv. V.(Vo)

_(6 - 0 - 6E> <6[A+6<pA+6<pE>
~ \ox' ay] 9z ) \ax oy’ 0z

d, 0 0 -\ 0Bx*—yz) 0Bx*-—yz), 9(3Bx*-yz)_
_(al-}_@] azk>'( dx L dy S 0z )

31



£).(6xi— 2~ yE) = 6

32



Module No. 21

Related Problem 2: Divergence

Problem Statement

Given
@ = 2x3y?z*.
To find
I. V.V (ordiv grade).
i _ y2 2_ 0% 0° | 0% i
ii.  ShowthatV.Vep = V@ , where V= ozt 377 t o3 denotes the Laplacian operator.
Solution

i. V.Ve
As we know the grad of ¢
dg

do . O ~
Vop=—i+—j+—k
¢ 6xl+6y]+ z

0(x3y2z*)  0Qx3y?z*)  0Qx3y?*z*)
= i+ j+ k
0x dy 0z
= 6x%y%z*i + 4x3yz*j + 8x3y223k
Then the divergence of the grad of ¢

0 0 d ~ ~
S - % _ 2,,2,4% 3 44 3.,2,.,3
V.Vgo—(axl+ay]+azk>.(6x vz i+ 4x°yz*] + 8x°y“z k)

0 <6<p> N d (6<p> N d (E)(p)
~ Ox \ox dy\ody/ 0z\oz
0(6x%y%z*) 0(4x3yz*) 0(8x3y?z3)
= + +
0x dy 0z
= 12xy%z* + 4x3yz* + 24x3y?7?

i. V.Vp =V

o, 0, 0\ Odp,_ 0dp,  0¢ -
—<—l+—]+£k).(al+a_]+£k)



B d <6<p> N d (6<p> N d (6(/))
~0x\dx/) dy\dy/ 0z\oz
_0%p 0% 0%
~ 0x?  dy? 0z

02 9 92
- <ax2 ot az2> ¢

= Vz(p

Hence proved.
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Module No. 22

Related Problem 3: Laplacian

Problem Statement
Show that
. V.(r37)
i V|| =2
27

i. v[vO]=-%

where 7 is position vector.

Solution

First of all we will derive a general relation for V. [#f ()] then we will substitute our given

values to evaluate our required result.

V.[Ff(M] = f()(V.7) + 7. (Vf(r)

We have
= 3F(r) 4 PR = 3F(r) 4 7.1 ’(:)7

f'(r)

r

=3f(r)+ 7.7
V.[FfM] =3f() +rf'(r)

Now setting f(r) = r™ in above relation, we obtain
V.(7r™) = 3r* + r(nr™ 1)
V.(7r™) = 3r™* + (nr™)
V.(r"#) = 3+ n)r"

We have V. (r37) to evaluate, it is of the form V. [7#f (r)], where [1(r) = r3

35

V.7 =3
.

7

P = =
r

7 =1r?

Rl
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Put n = 3 in above relation, we will obtain the required result
V.r3H) =B +3)r3=6r3
Is the required solution.

i, LHS=V[vG)

We can also write it as
=V.[r(Vr™®)] = V.[r(=3r~>7)]
where we used the result

f'r

r

Vf(r) =

We have V. [r(—3r~5#)] to evaluate, it is of the form V. [#f ()], where f(r) = r™*7

thus,
1 ) 3

V. rV(—3)] =-3V.(r"*) = -3(-4+3)r*=—=RH.S
| T

is the required solution.

ii. LHS=V.[v.0]

frist we evaluate V. é) using formula V. [#f ()], where f(r) = r~1#
V.(r™#) = 3+ n)r"
putn = 1, we have
2
Ve ) =Q@B-Drt= -

therefore
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Module No. 23

Curl of a vector Point Function

Introduction

The infinitesimal rotation of a vector field is described by the curl. The curl of a specific point is
shows by a vector at every point of the vector field. The attributes of this vector (length and
direction) characterize the rotation at that point.

The direction of the curl is the axis of rotation, as determined by the right-hand rule, and the
magnitude of the curl is the magnitude of rotation.

Definition

If l7(x, v, z) is a differentiable vector field in a certain region of space, then the curl or rotation of

V, written V x V, curl V or rot V, is defined by
VxV = (ii+ij+ii?) x (Vai + Vo] + V3k).
dx 0dy 0z
Where V;, V,, V5 are the components of vector field along X, y and z-axis.

We can write this expression in matrix from

I N
VX7 = aa_x af’_y ai
i V2 V3
9 9l |9 91 |99
= [0y oz|i—|ox az|]J+ |[0x Oy|k
V, V3 Vi Vs Vi 1,
Vs  aVy\ . (0Vz aVy\ . OV, OVp\ -~
- (ay N az>l_<6x - az)] (W_E)k
A vector field whose curl is zero is called irrotational.
Identities of Curl
Some identities of curl are stated below
A gradient has zero curl:
Vx Ve = 0.

A curl has zero divergence:



V-(VxV) =0
Note: V- (V x V)= (V¥ x 7).V = 0 because ¥ x V = 0.

38
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Module No. 24

Properties of the Curl

If 4 and B are differentiable vector functions, and ¢ is differentiable scalar functions of position
(x,y,2), then
. VX (A) + §) = Vx4 + VxB or curl (/T +B) = curl A+curl B
ii. U (pA) = ¢ (VxA) +(V) xA
.  Vx(Vp)=0 The curl of the gradient of ¢ is zero.

Iv. V.(Vx;f) =0 The divergence of the curl of A is zero.

Proof
Let A = A, 4 A,j + Askand B = B,{ + B,j + B3k , then
i. curl (A+B)=curl 4 +curl B
L.H. S= curl (4 +B)
A+B = (4, +B)i+ (4, + B))j + (43 + Bk

Hence by using the definition of curl

i j k

Vx(A +B)=| 2 2 9

ax ay 0z
i7 k i ]k
e o9 0 + d ad 0
dx 0dy 0z dx 0y 0z

Ay A, A3l 1By B, B
= Vx4 + VxB
Hence proved
ii.  Vx (pA) = @ (VXA) + (Vo) xA
L.H.S=Vx (@A)

Then by using the definition of curl



i j k

2 ] ] ]

Vx (pA) = PP P P
PA; @Ay @A;3

40

(o o \. /0 o . [0 o\
= |5, 049 — 5, (042 | 1= (57 (04) — 5 (00 )] + | 5 (042) = 3 (o)

| 9(43) (@)  0(4,) d(e)]. 0(43)
—l(p dy 43 dy -9 0z _AZWll_IQD 0x +
d(4,) (@)  0(Ay) ()] »
+lfp 0x + 42 ox dy —h aylk

~

=o|(5 -5+ (G -5+ 52 =SR] + |

dp I NN
(4,52 = A 3D)E|
I
6_(p

x Jy 0z
Az

= ¢ (VxA) + = ¢ (VxA) +(Vo) x4

Hence Proved
iii. Vx (V) =0

0p . 0@ .

— _ 0P~ 09~ 0P Y _
L.H.S—VX(V<p)—V><( L+ay]+azk)—

ax

_(0%¢ 0%p\, (0%p 0% -
~\oyaz  9zay)'  \azox ~ 9xaz)’

I ~

d
oy

0%¢

%¢ 7
dxdy 0dyox

(@)  d(4y)
-9

a(p)]|.
3 ox 0z J

Y

10 0P~ e ap\ A
_AZZ)I“-I_ (A3E_A1¥)] +

| =

0z
dp
0z

(1)

We assume that ¢ has continuous second order partial derivative so the order of

differentiation can be neglected.

i.e.

0%p 0% 0%

%@ 0%

0%¢p

0ydz  0zdy’0z0x  0xdz’ 0xdy _ dydx

=equation (1) must be equal to zero
Hence the expression.

iv. V.(Vx4)=0
L.H.S=V.(VxA)
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Since
I
vxd=|2 2 2
dx dy 0z
A A Az
0A; 0A 0A; O0A 04, 04, .
:< 3 2>i—< 3 1>A+(_2__1k
dy 0z 0x 0z dx  dy
D)= (L5424 D), (M _ 04y (943 2Av); | 04y 3yyp
HenceV.(VXA)—(al+$]+£k).(—y 6z)l (6x az) Gox 6y)k
0 <6A3 aAz) d <6A3 aAl) 9] (E)Az E)Al)
T ox\dy 0z dy \ 0x 0z dz\ dx 0dy
B 0245 024, 0%24; 0%A, N 024, 024,
~ \oxdy 0xoz dydx 0yodz 0z0x 0zdy
B 0245 024, N 0245  0%A, N 024, 024, B
"~ 0xdy 0x0z 0ydx O0ydz 0zdx 0zdy

Assuming that A has continuous second order derivative.

Hence the theorem.
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Module No. 25
Example of Curl

Statement
IfA = xz3i — 2x%yzj + 2yz*k,

Find
Vx4 (or curl /T) at the point (1,—1,1).

Solution
Vxﬁ—(a“+a“+al?)x 31 — 2x%yzj + 2yz*k
= axl ay] Fp (xz° 1 X“yzj vz*k)

glew
gl ~

7
d
VXA= %

xz3 —2x%*yz 20z*

0x dy

0(—2x? 0(xz3)_ ~
)20 )H(( Xyn) 06,

3 (6(23/24) _ 0(—2x%yz)

. (0Qyz")  0(xz®)
dy 9z )”r( B

Vx A = (2z* + 2x%yz)i + 3x2%] — 4xyzk

Now we calculate the value of V x 4 at (1,-1,1)

VxA=(2-2)+3]+4k

VxA=3j+4k

is the required solution.



Module No. 26

Related Problem 1: Curl

Problem Statement

IfA = 2yzi —x*yj + xz* kand ¢ = 2x%yz3,
Find

. (AxV)p

.  Ax V)

Also show whether they are identical or not.

Solution

Since A = 2yzi —x%yj + xz*kand ¢ = 2x?yz3

. AxXV)e
AxVe=|Q2yzi —x? '+x2k)x<ai+a“+al?)]
(p_ yZ y] Z ax ay] aZ (p
i j k
_2yz —x*y «xz*
(AxX V) = 5 5 5
0x dy 0z

([t - (g )+ (e v
B x yaz Xz dy ' yzaz Xz 0x J yzay x yax ¢
Now substituting ¢
do do do do do dp\ ~
— a2, T 2_T Yy _r _ 2_T )% _r 2,.,_1T
_[( Vo, 6y>l <2yzaz Xz ax)”(zyzay” yax)k]

Since ¢ = 2x?yz3, substituting value

0z 0x

0(2x?yz®)  , 9(Q2x*yz°)) -
—ay + x Y ox k

0z dy

+ (Zyz

d(2x%yz3) 0(2x%yz3)\ | d(2x%yz3) 0(2x%yz3)\ .
=[xy ——F —xz?————— |1 - (2yz———— —xz?———— |

43
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= [{—x%y(6x2yz?) — xz2(2x%2°}1 — {2yz(6x%yz?) — xz%(4xyz3}j
+ {2yz(2x%2%) + x2y(4xyz3}k|
(AX V) = —(6x*y?z% + 2x32°)1 — (12x%y?z% — 4x?yz%)] + (4x%yz* + 4x3y?z3)k
2 y
1)

. Ax(Ve)
Here A = 2yzi —x%yj + xz® kand ¢ = 2x2%yz3

_O0p_  0p 0.

Vo= xtta T ek
0(2x%yz3)  0(2x*yz®) . 0(2x*yz?) .
=~ x vty JtT 0, K

Vo = 4xyz3i + 2x%2%] + 6x2yz%k
Now

i j k
Ax (Vo) =| 2yz —x%y  xz?
axyz3 2x%z3 6x2%yz?

= [(—x2y)(6x2yz?) — (xz2) (2x22%)]i - [(2y2) (6x7yz?) — (x22) (4xyz*)]]
+ (yz)(2x22%) — (=x2y) (4xyz®))k

A X (Vo) = —(6x*y?z% + 2x325)1 — (12x2y223 — 4x?yz5)j + (4x%yz* + 4x3y2z3)k
(2)
From equation (1) and (2), we conclude that

AX (Vo) =(AxV)p
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Module No. 27

Related Problem 2: Curl

Problem Statement

A vector V is called irrotational if curlv = 0.
I.  Find constants a, b, ¢ so that
A= (x+2y+az)i+ (bx — 3y —2)j + (4x + cy + 22)i
is irrotational.

ii.  Show that 4 can be expressed as the gradient of a scalar function.

Solution
Since give vector field is
A= (x+2y+az)i+ (bx — 3y —2)j + (4x + cy + 22)i

I.  Also for a vector to be irrotational, we have expression

curlA=VxA=0

{ j k
VxA= 9 9 9
0x dy 0z

x+2y+az bx—3y—z 4x+cy+2z

0 0 . 0 0 .
= (a—y(4x+cy+22)—g(bx—By—Z)>L—(a(4x+cy+22)—g(x+2y+az)>]

d d -
+(a(bx—3y—z)—@(x+2y+az))k

=(c-Di—-(@A-a)j+ -2k
or

=(—-Di+(a—4j+ -2k
According to the given condition

(c=1Di+(@a-dj+b-2Dk=0



=c—-1=0=c=1

=a—-4=0=>a=4

=b—-2=0=>b=2
and thus
A= (x+2y+42)1+ Q2x -3y —2)j + (4x + y + 22)i
is irrotational vector field.
ii.  Assume that
A=V =3—‘£i+g—§j+g—‘51€
By comparing equation (1) and (2), we obtain

o9

$=x+2y+4z
dp . .
5—2x 3y —z
dp

5—4x+y+22

Integrating equation (3) w.r.t x, keeping y and z constants,

2
1 =x7+2xy+4xz+f(y,z)

2
Q= 2xy—%—yz+g(x,z)
@ =4xz —vyz+z? +h(x,y)

(1)

()

©)
(4)
()

(6)

(7)
(8)

46

Comparison of equation (6), (7) and (8) shows that there will be a common value of ¢ if we

choose
3 2
f(y,2) = ==+ 2
2
X
g(x,z) = —+z*2
2
x?  3y?
h(x,y) = —— —
(x,y) > "5
so that

x2

2
p=- 3% + 22 + 2xy + 4xz — yz +constant
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Note that we can also add any constant to ¢. In general if V x A = 0, then we can find ¢ so that

A = Vo.A vector field 4 which can be derived from a scalar field ¢ so that 4 = Vg is called a

conservative vector field and ¢ is called the scalar potential.

Note that conversely if A= Vo, then V x A=0
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Module No. 28

Related Problem 3: Curl

Problem Statement

Ifv=wXr, prove w = r curl v where w is a constant vector.

Solution
curlv = VXv = VX (w X71)
i 7k ~
=VX|w;, w, ws3]=VX[(wz—w3y)l— (02— w3x)] + (WY — wx)k]
X y z

i j k
_ d d 0
0x dy 0z

WZ — W3y W3X — WZ WY — WX

0 0 R 0 0 R
= (@ (w1y — wyx) — &(0’39‘ - wﬂ)) L= (a (w1y — wyx) — &(0’22 - w33’))]

0 0 -
+ (a (w3x — w12) — a_y (wyz — w3y)) k

= (w1 + )i — (—w; — w)f + (w3 — (—w3))k
= Z(wli + (Uzj + (1)3’})
= VX (wX1r)=20

=VXv=2w

> w==-VXv
2

1
=>8=Ecurlv
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This problem indicates that the curl of a vector field is linked with rotational properties of the

field. We might say that if curl A = 0, then there would be no rotation and the field is called

irrotational field. A field which is not irrotational is sometimes called a vortex field.



Module No. 29

Vector ldentities

Problem Statement
Evaluate V. (/T X1r)if Vx A =o.

Solution

Let A = A0 + A,j + Ask and 7 = x{ + yj + zk , then

~

R i j k
Axr=[A; A, A
X y z

= (Ayz — A3y)t — (412 — Asx)] + (A1y — Azx)E
And

S a, d ., 0. . ) -
V. (A X r) = <al +@] +£k) . ((Azz —A3y)i — (A1z — Asx)j + (Ay — Azx)k)

0 i} 0
e (Azz — Azy) — @ (A1z — A3x) + 37 (Ary — Ayx)

0A, 0As 04, 04, 04, 04,
ax Yax ‘ay Yoy Ve *%
04 04, 0A, 04, 04, 04,
:x<6y_az)+ (62_6x> <_ )

=Z

_( N l?) <6A3 aAz)A+(6A3 6A1>A+(6A2 6A1>E
RSO oy 0z ! ox 09z )’ ox  dy

If VXA = 0 this reduces to zero.

50



Statement

Prove that

Vx (VxA4)=V.(V.4) - V4

Proof

Let4 = A;i + A,j + Azk be a vector point function

Then
L.H.S=V x(VxA)

Since

|Q) ~>
|Q)\n>

VxA =
dx dy

Ar A

| =

0A; O0A
(-

dy 0z

Hence Vx(VxA4) =

943

ay

04, 94,

[ay ( dy

gl m

04y, -

dy

o1

d0A, aAl) d (6A3 6A2>]A
iy Gy I

<___

dx  dy dy

0z

302

924, 024, 8%A, 024,

B 924,
~ \dyox

[ 0%A, 94
~\ 9y?  0z2

 9x? +axay_}_azay_ 07?2

2 +ayaz

axay azay J

62A2>E
. 0%A; 0%A, - 82A2_+
J dx?  0y? dyodx
62A
ayaz

0z

024,
0z0x

)



x2  9y?  0z2 C9x? dy? 922 x2  9y? 022
0°A, | 0%, 074 0%4, | 0%Ay  0%Ag
+ P+ + j
0x? ayax 0z0x dy? axay 0z0y

024, 024, 074, -
+ +
0z> 0xdz 0yoz

(OZA1 024, 62A1>A <62A2 024, 62A2>A <62A3 0245 0%43) .
=|- i+ + k

= az+az az ) (A0 + Af + A k)+a<aA1+aA2+aA3)
~ " \0x2 T 9y? b+ 4] ox | ay | oz

d (0A, 0A, 04, 0 (0A; 0A, 0A;
+ —( +—+ ) +— ( +—+ )
dy\ox dy 0z dz\dx dy 0z

_ iy (A 04 04
B '(ax dy az)

= —V2A+V.(V.4) = V.(V.4) - V24
Hence the result.
Problem Statement
Find curl (7f (r)) where f(r) is differentiable.
Solution
Let 7 = xi + yj + zk be the given vector
then
curl (Ff(r)) =V x (Ff(1))
=V X (xf(Mi+yf@)j+zf (k)

Q =~
Q
| » =

ax @ 0z
xf(r) yf(r) zf(r)

d d r 0 0 9 3 A
- [@zf(r) —£Yf(r)] i+ Exf(r) —azf(r)]j + [ayf(r) —@xf(r) i
_ [Z af(r) af(r)l l af(r) af(r)l

ay

N [y of@) _ of™|, )

d0x dy

As we know r = /x? + y? + z2, therefore



o0 _ITWI I feryri s = W - [0x
Similarly,
of(r) _ £y
ady r
And

af(r) f'(r)z
0z  r
By substituting these values in equation (1), we obtain

N @y ez [ )z x|, | ff)x f()y] -
= |z —yr l+xr_Zr ]+yr—x k

r r

=0

Hence the result.
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Module No. 30

Line Integral

An integral where the function is evaluated along a curve is called line integral. It is also named
as path integral, curve integral, and curvilinear integral; contour integral as well. The function to
be integrated may be a scalar field or a vector field. The value of the line integral is the sum of
values of the field at all points on the curve, weighted by some scalar function on the curve. A
line integral is a natural generalization of definite integral. Line integral can be transformed into
double integral and surface integrals and vice versa.

f A.d7
C

Where d7 = dxi + dyj + dzk is called the differential displacement vector. The integrals that

The symbolic form of line integral is

involves differential displacement vector d7 care called line integrals.

Line integral can also be expressed as

j A.df = f (Ast + Ay + AsR). (dxt + dyj + dzk)
C C

S f (Aldx + Azdy + A3dZ)
Cc

The line integral fc A. d7 is sometimes called a scalar line integral of a vector field A.

If C is a closed curve which we shall assume a simple closed curve (a curve which does not

intersect itself anywhere), the line integral around C is denoted by
3§ A.ar = ff (Aydx + Aydy + Azdz)
Cc C

Applications
Some applications of line integrals are:

i.  If the vector field to be integrated Ais the force F on a particle move along C, then this

line integral show the work done by the force.
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In fluid mechanics, if the vector field to be integrated A represents the velocity of some
fluid then the line integral is called the circulation of A about C.
In general, we can say that any integral which is to be calculated along a curve is called a

line integral.
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Module No. 31

Other forms and General Properties of line
Integrals

Other forms of Line integrals

Generally, we define line integral by the vector function A by

f A.d7
C

As we studied previously, that the function to be integrated can be either scalar point function or
vector point function.

Here, we will define line integral using scalar function,

.[ pdr =f o(dxt + dyj + dzk)
c c

= .[ (godxi + @odyj + (del?)
c

f(p.di":if <pdx+jf <pdy+Ef pdz
c c c c

Also the general line integral indicates the dot product (“.”) between the given vector field and
the differential displacement vector. However we can also express it as a cross product (x) of

both the vector according to our requirement.

f/fxszif (Azdz—A3dy)+jf (A3dx—A1dz)+Ef (A, dy — A,dx)
C C Cc C

Thus any integral that involves differential displacement vector d7 are called line integrals.

General Properties of Line Integral
The following are the properties of the line integrals that are useful in computational subjects and

application
i. [, KA.di=K[. A.di (K isany real constant)

i. [ (A+B).di=[ AdF+ [, B.df



57
ii. [, Adi=[_Adi+[, Ad7

Where the path C is subdivided into two arcs C; and C, that has the same orientations as C. If the
sense of orientation along C is reversed, the value of the integral is multiplied by “-1°.

iv. If C is piece-wise smooth, consisting of smooth curves Cy, C,, ... ... ....., C, then the line

integral of Aover C is defined as the sum of the line integrals of A over each of the

smooth curve making up C:

f Adfzf Ad?+f Ad?+~um"mmmn“+f A.d7
c c o C

1 n

In the sum, the orientation along C must be maintained over curves C;, C,, ... ... ....., C,. That is

the initial point of C; is the terminal point of C;_;_
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Module No. 32

Example of Line Integral

Problem Statement
If o = 2xyz2 F = xyl —zj + x2k and Cisthe curve x = t%,y = 2t,z = 3 from
t =0tot = 1.
Evaluate the line integrals
i [, p.dr
i. [, Fxdr
Solution
i. [, @.dr

By substituting the given values of X, y, z, we obtain
@ = 2xyz? =2(t?)(2t)(t3)? = 4¢t°
and 7 = xi + yj + zk
= 7=t +2tj + t3k
Also d7 = dxi + dyj + dzk
= d7 = (2t1 + 2f + 3t2k)dt

As we studied the relation

f(p.di":if <pdx+jf <pdy+Ef pdz
c c c c

1
8t1odt +jj

0

1 1 1
:f Qd7 =f 4t°(2t1 + 2 + 3t%k) dt = if 8t°dt + fcj 12t11dt
C 0 0 0

Hence the required solution.

i. [, Fxdr
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Since F = xyi — zj + x2k, first of all we will calculate the value of F using parametric
equations of x,y,z
F=2t31—t3] + t*k
Also we calculated, d7 = (2ti + 2 + 3t2k)dt
Then
Fxdi = (2631 — t3] + t*k) x (2ti + 2f + 3t%k)

~

i 7k A
=23 3 ¢4 |=(=3t>—2tMi— (6t° — 2t°)j + (483 + 2tHk
2t 2 3t?

Using the expression

j/fxdfzij (Azdz—Agdy)+jf (Agdx—Aldz)HEj (A, dy — A,dx)
C C Cc C

Substituting values, we get

1 1 1
f Fxdf= if (=3t> = 2tH)dt —jj (6t> — 2t>)dt + l?j (4t3 + 2tY)dt
C 0 0 0

9/\
= ——1—-

k
10

wl N
ull 3

J+



Module No. 33

Example of Line Integral

Problem statement

Find the total work done in moving a particle in a force field given by F = 3xyl — 5zj +

10xk along the curve x = t2 + 1,y = 2t%,z=t3fromt = 1tot = 2.
Solution

Since F = 3xyi — 5zj + 10xk,
Substituting values x = t2 + 1,y = 2t%,z =1t3, inF.
F = 3(t2 + 1)(2t)i — 5(t3)j + 10(t2 + Dk
F = (6t* + 6t2)i — 5(¢3)f + (10t% + 10)k
Also, di* = dxi + dyj + dzk
= d7 = (2t1 + 4tj + 3t2k)dt

Total work done = [ F.d7 =

2
= f [(6t* + 6t2)i — 5(¢3)f + (10t2 + 10)k]. (2¢8 + 4¢f + 3t%k)dt
1
2
= j 2t(6t* + 6t%2)— 4t(5t3) + 3t2(10t% + 10)dt
1
2
= f (12t5 + 12¢3)— (20t%) + (30t* + 30t?)dt
1

2
= j (12> + 10t* + 123 + 30t2)dt
1

2 2 2 2

=f 12t5dt+f 1Ot4dt+f 12t3dt+f 30t%dt
1 1 1 1

2

5 4 3

B 12t°
| 6

2 |10t5 2 |12t4 2 |30t3
+ +
1 1 1

1

60



=2[(2)° — (D1 +2[(2)° - (1)°] + 3[()* — (D*] + 10[(2)* — (1)°]
= 303

61
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Module No. 34

Line Integral Dependent on Path

The value of line integrals fc A.d7 generally depends not only on the end points P; and P, of

the curve C but also the geometric shape of the path C i.e. if we integrate form point P; to P,

along different paths, we in general, obtain different values of the integral.

z
N

We will illustrate this concept by the following example
IfA = (3x% + 6y)i — 14yzj + 20xz%k, evaluate fc A.d7 from (0,0,0) to (1,1,1) along the

following paths C
i.  The straight lines from (0,0,0) to (1,0,0), then to (1,1,0), and then to (1,1,1).
ii.  The straight line joining (0,0,0) and (1,1,1).

Solution
i.  Along the straight line from (0,0,0)to (1,0,0)y = 0,z = 0,dy = 0,dz = 0 while x

varies from 0 to 1. Then
the integral over this part of the path is

fﬁ.cﬁ:f (Aydx + Aydy + A;dz)
C C

1

1
= f 3x% + 6(0)dx — 14y(0)dy + 20x(0)? = f 3x2dx =1
0 0
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Along the straight line from (1,0,0) to (1,1,0) x — 1,z = 0,dx = 0,dz = 0 while y varies
from 0 to 1.

Then the integral over this part of the path is
1

1
f 3(1)% + 6ydx — 14y(0)dy + 20x(0)? = f 3+6ydx=0
0 0

Along the straight line from (1,1,0) to (1,1,1) x =1,y = 1,dx = 0,dy = 0 while z varies
from O to 1.

Then the integral over this part of the path is

1 1 20
f 3(1)% + 6(1) (0) — 14(1)2(0) + 20(1)2%dz = f 2027dz = 5

0

By adding all the results, we have

fljd*—1+o+20—23
. LAdr = 3 =3

ii.  The straight line joining (0,0,0) and (1,1,1) is given in parametric formby x = t,y

t,z=t. Then
j A.ar =] (3x% + 6y)i — 14yzj + 20xz%k.d?
c c

1 1 13
=f (3t? + 6t) — 14t% + 20¢3 dt=f 6t — 11t + 20¢3 dt=?
0 0

In example, we discuss two cases here. In each case the end points of the curve were same
but we chose different path to obtain results. The results obtained by both the cases are
different. Hence we conclude that the line integral not only depends on the end points of the

curve but also on the path taken by the particle.
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Module No. 35

Independence of Path

Definition
The line integral fC V.d# is said to be independent of the path C in a given region R, if the value
of the line integral f:z V. d# is the same for all paths C joining any two points P; and P, in R.

1

Theorem

Prove that a necessary and sufficient condition for f;;z V.d7 to be independent of the path joining

any two points P, and P, (i.e. V to be conservative) in a given region is that gﬁc V.d# = 0 for all
closed path C in the region.

Proof

Let C be any simple closed curve, and let P; and P, be any two points on C as shown.

Then since by the supposition, the integral is independent of path (i.e. V to be conservative), we

)

1

have

V.d7 = j V.d?
AP, P1BP,

Reversing the direction of integration in the integral on the right, we have

f V.di = —f V.d7
P,1A Py P,BPy

or

or

Conversely, if §. V.d# =0,

then



Again changing the direction in the integral, we have

f V.d7 = j V.d7
P1AP, P1BP,

Which shows the line integral is independent of the path joining P; and P, as required.

65



66

Module No. 36

Theorems on line Integral

Scalar Potential Function
A scalar potential function ¢ is a single-valued function for which there exists a continuous

vector field V in a simply connected region R that satisfies the relation V=vi.

Theorem 1 Statement

Prove that a necessary and sufficient condition for f: 2. d7 to be independent of the path joining
1
any two points P;(x,y,z) and P,(x,y,z) (i.e. V to be conservative) is that there exist a scalar

function ¢ such that V= Vo, where ¢ is single valued and has continuous partial derivatives.

Proof

LetV = Ve, then

P2 0¢ 5% i1
—f (adx-FEdy-}'EdZ)

P,
= f dp = @(Py) — @(P1) = ¢(x2,¥2,23) — ¢ (x1,¥1,21)
Py

Thus the line integrals only depends only on points P; and P, and not on the path joining them

i.e. V is conservative.

Conversely, let [ c V.d7 be the independent of the path C joining any two points, We choose

these points as a fixed point P; = (x4, y1,2,) and a variable point P, = (x,y, z), so that the result

is a function of only of the coordinates (x, y, z) of the variable end points. Then
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(xyz) xy2) | 47
o(x,y,2) =f V.dr =f V.—ds
(

(x1,1.21) X1,¥1,21)

By taking derivative, we have

G _ g o

ds V. ds (l)
But

dp _ 09 _ gy, 47

ds  8s v “ds (2)

From (1) and (2) we have

= dr ar = ar
V.—-=Vp.—=(V-Vp).—=0

Since % IS a unit tangent vector, therefore % #0
=V -Vp=0
Or
V= Vo
Hence Proved.

Theorem 2 Statement

Prove that a necessary and sufficient condition that a vector field V be conservative is that

VXV = 0(i.e. Vis irrotational).
Proof

If V is conservative field then by the previous theorem, we have V= Vo.
Thus
UxV=VxVp=0

Conversely, if V x V =0, then

i j k

o d 0d|_
dx dy 0z
i V2 Vs

and thus
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oVs 0V, aVy  aVs aV, oV,
dy 0z 9z ox ox 0dy

we must prove that V= V¢ follows as a consequence of this,

Now,

j V.d7 = j (VL (x,y,2)dx + Vy(x,y,z)dy + V5(x,y,2)dz)
c c

Zz

4 (x.y.2)
[ ]
(xlvyivzl)
n
>y
7
>
(x*yyzl) (x,y.2,)

where C is path joining (x4, y4,2;) and (x5, ¥,, z3). Let us choose as a particular path, the
straight lone segment from (x4, y1,21) to (x,¥1,2;) to (x,y,2z) and ¢(x,y, z) the value of the

integral along this particular path. Then omitting the integrand, we have

(x'ylﬂzl) (x,y,zl) (x,y,z)
oya= [ 11+ [ L1+ [ ] &
(xlﬂylle) (x,yl,zl) (x'yle)

i.  Along the straight line (x4, y;,2;) to (x,v4,2,) , y = constant = y,,z = constant = z,
so that dy = 0,dz = 0, while x varies from x; to x.
ii.  Along the straight line (x,y;,2;) to (x,y,z;), x = constant, z = constant, so that
dx = 0,dz = 0, while y varies from [, to y.
iii.  Along the straight line (x,y,z;) to(x,y,z) , x = constant, y = constant, so that

dx = 0,dy = 0, while y varies from z; to z.

Thus we can write equation (1) as

X y z

o(x,y,2) = f Va(x, y1 20)dx + f Va(x,y,21)dy + f Va(x,y, 2)dz

X1 Y1 Z1
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it follows that

op
E - V3(xfy12)
99
o= Vi, 2) + f 2 (x,9,2)dz

=Vo(x,y,21) + j (x y,2)dz = V,(x,y,z,) + |V, (x, YJZ)|Z1 =V,(x,y,2)

Z1

de
Pl =Vi(x,y1,21) + j 2 (x,y,2))dy + j > (x,y,2)dz

Y1 Z1

= VyCoyz) + f Gy, m)dy + f ! (x,y,2)d2

V1 Z1
=V1(x,y1,21) + |V1(x,y,zl)|§:1 + Vil y, 217, = Vo(x,y,2)

=Vi(,y1,21) +Vilx,y,21) = Vi (e, y1,21) + Vi(x,y,2) = Vi(x,y,21)

do
ax_Vl(xy'Z)
Then we have,
— ) ) -~ Op. Odp,  O0¢.
V—V1L+V2]+V3k—a— +E] Ek—V(p

hence V is conservative i.e V = Vg.
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Module No. 37

Selected Example/Problem 1

Problem Statement
If A(t) = ti—t3j + (t — Dkand B(t) = 2t%1 + 6tk,

Evaluate

2 > =

i. [ A.Bdt

i. ['AxBdt
Solution
i. [ ABdt

Since A(¢) = ti— t%j+ (t — Dk and B(t) = 2t%i + 6tk

So,
A.B = (ti—t? + (t — Dk ).(2t%1 + 0] + 6tk)
=2t3+6t(t—1)
Now
2_> . 2
f A.Bdt = j [2t3 + 6t(t — D]dt
0 0
2 2 2
=j 2t3dt+j 6t2dt—f 6tdt
0 0 0
t4 2
= |—+ 2t3 — 3t2|
2 0
=84+16—-12 =12
Hence

o )
ool
QU
o~

Il
—_
[\

is required solution.



~

R A
AXB=|¢t —t2 t-1
2t 0 6t

= [(=t»)(61) = (t — D(O)]i — [(1)(61) — (t — D)(2tD)]] + [(£)(0) — (—tP)(2tH)]k
= —6t31 — (6t% + 2t% — 2t3)] + 2t*k
= —6t31— (8t — 263)j + 2t*k

Now,

2 2
f A x Bdt = f (—6t31 — (8% — 2¢3)j + 2t*k)dt
0 0

2 2 2
= —ij 6t3dt —jf (8t* — 2¢%)dt + l?f 2t*dt
0 0 0

3 8 . tY\ .2 .|
=|-i=tt—j(=t} —= )+ k=t°
| ‘2 ]<3 2>+ 5° .

__,3018) _j<8(8) ~ E) L 2262

2 3 2 5
= —124 “80+1€64
TR T TR
2, 40 . 64
fAXBdt=—24l——]+—k
o 3 5

is the required result.
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Module No. 38

Selected Example/Problem 2: Line Integrals

Problem Statement

If F = 3xyl — y?j, evaluate work done by the force on the curve C in the xy plane, y = 2x2,

from (0,0) to (1,2).

Solution

As we know total work done on a curve is
f‘ﬁdf
C

dr = dxi + dyj

Also,

By substituting

1
= j (3xyi — y?)).(dxi + dyj)
0

1
=f (3xy dx— y?dy)
0

Asy = 2x? is given, this implies dy = 4xdx, now substituting these values in above integral,

we obtain

= f1(3x(2x2)dx— (2x?)%4xdx)
0

1 1
=f 6x3dx—f 16x°>dx
0 0

3 g !
— _x4__x6

2 37 |,
3 8 -7
2 3 6

Note that if the curve were traversed in the opposite sense, i.e. from (1,2) to (0,0), the value of

the integral would have been 7/6 instead of — 7/6.
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Module No. 39

Selected Example/Problem 3: Line Integrals

Problem Statement
Find the work done in moving a particle once around a circle C in the xy plane, if the circle has

center at the origin and radius 3 and if the force field is given by

F= 2x—y+2)i+x+y—2z2)j+ Bx—2y+42)k

Solution
Inthe planez = 0, F = (2x — y)i + (x + y)j and d7 = dxi + dyj

So, that the work done on the curve is

Total work done= | F.d7#

_ j ((2x — )i+ (x + y))) - (AL + dy))
Cc

- f (2x = y)dx + (x +y)dy)
C

As radius of the circle is r = 3, we choose the parametric equations of the circle as
x =3cost = dx = —3sint dt

y = 3sint = dy = 3cost dt
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where t varies from 0 to 2. Then the line integral

2w
= f ((2(3cost) — 3sint)(—3sint)dt) + (3cost + 3sint )(3cost )dt
0
2
= f (6 cost — 3sint)(—3sint) + 9(cos t)? + 9sint cos t dt
0
2
= f —18 costsint + 9sin?t + 9 cos? t + 9sint cost dt
0
2
= j 9 — 9 costsint dt
0

21

—|9t 2 i 2t
= 25111

0
= 18w

In traversing C we have chosen the counterclockwise direction indicated in the adjoining figure.

We call this the positive direction, or say that C has been traversed in the positive sense. If C

were traversed in the clockwise (negative) direction the value of the integral would be —18.
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Module No. 40

Selected Example/Problem 4: Line Integral

Problem Statement
Given a force vector F = (2xy + z3)i + x2] + 3xz2k .

i.  Showthat F a conservative force field
ii.  Find the scalar potential
iii.  Find the work done in moving an object in this field from (1, —2,1) to (3,1,4).

Solution

I.  We derived a necessary and sufficient condition that a force will be conservative is that

curlF = VxF = 0.

Now
) j k
5 5 0 0 0
curlF = VX F = — S
0x dy 0z
2

2xy + z3 x? 3xz?

~ (2 @art) - (2 )1 - | = (Bx22) - 2ay + 7))
=\ Xz 5, (¥7) 1= 5-(3xz 5, (2xy + 29 |

0 d ~
+ (a(xz) —a—y(ny + 23)>k

=0i— (322 -32z%)j+ 2x—2x)k =0
curlF = 0
Hence F is conservative.

ii. AsF isconservative, so F = Vo

and

this implies=
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5 dp . Odop 0@ . e - -
F=vVp=giltg g k=@ + 290+ %] + 3xz°k
By comparing, we get
99 _ 3
ax—ny + z (1)
o9 _ 2
20 _ )
% — 3x72 (3)
0z

By integrating equation (1), (2) and (3), we get
o =x%y+xz3+1(y,z)
¢ =x*y +g(x,2)
@ =xz3+h(x,y)
These equation will agree if we choose
f(y,z) = 0, g(x,z) = xz3 and h(x,y) = x2y
so that ¢ = x%y + xz3 to which may be added any constant.
iii.  From part (ii), we have
o =x*y+xz3+K
Where K is any constant,
Then work done = @(P,) — @(P;)
= (X2, ¥2,22) — (X1, Y1, 71) 4)

(X2, Y2, 22) = 9(3,1,4) = (3)2(1) + 3(4)® = 9 + 192 = 201
o(x,y1,21) = 9(1,-2,1) = (D*(-2) +1(1)* = -2+ 1= -1
Now substituting these values in equation (4)
Work done = ¢(P,) — @(Py) = @(x2,¥2,22) — ¢(x1,¥1,21) = 201 — (—1) = 202
202 is the required work done.
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Module No. 41

Surface Integral

Definition

Integrals that involves the differential surface elements ds are called surface integrals.

ff A.ds
S

Let S be a two-sided surface (open or closed), and Ax, y,z) = A;1 + A,] + Ak be be a defined

Mathematically, we can represents it as

and continuous vector function over the surface S. Let one side of S be considered arbitrarily as
the positive side (if S is a closed surface this is taken as the outer side). A unit normal 7 to any

point of the positive side of S is called a positive or outward drawn unit normal.

z

Associate with the differential of surface area dS a vector dS whose magnitude is dS and whose

direction is that of n. Then dS =7 ds.

ﬂ /T.ﬁdSsz A.ds
S S

The surface integral of a vector field A is called the flux of A through S.

The other forms of surface integrals are

ff ¢d§andﬂ AxdS
S s
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Where ¢ is a scalar point function.

If S is a closed surface, then the surface integrals may be written as

55 A.ds

jézxdsi

f (pd§

Or

Properties of Surface Integrals
Like the double integrals, surface integrals have the following properties:

il KA.dS = K [f. A.dS (K is any real constant)

-

i. ff, (A+B).dS=[[, A.dS+ [f, B.dS
i ff, A.dS= ffsl A.d5+ff52 A.dS
Where the surface S is subdivided into two smooth surfaces S; and S, having atmost a curve in
common.

iv.  If the surface S is partitioned by the smooth curves into a finite number of non-

overlapping smooth patches S;, S,, ... ... ... , S, (i.e.is S is piece-wise smooth), then the

normal surface integral of A over S is the sum of the normal surface integrals of A over

all the smooth patches, i.e.

ff z.d§=]f z.d§+jf Ads++jf A 4§
S S1 S, Sn
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Module No. 42

Evaluation of the Surface Integral

To evaluate the surface integral, it is convenient to express them as double integrals taken over
the projected area of the surface S on one of the coordinate planes.

Evaluation of surface integrals can be made by done by the following result

Theorem Statement

Let R ne the projection of the surface S on the xy-plane, then prove that
- -, _dxdy

ff A.ndS = .U An—=

s R |n. kl

Let the surface S and its projection R on the xy-plane be as shown in figure.

Proof

Divide R into a rectangles of area A4, k = 1,2, ...... ,n and erect a vertical column on each of

these sub-regions to intersects S in an element of surface area ASy.

z

: D
Choose a point (xy, vk, z;) on each surface element AS;, and draw the unit normal 7, to this
element at this point. Let y, be the acute angle between this unit normal 71, and the positive z-
axis.
If this surface element is sufficiently small, it can be regarded as a plane.
We know from geometry, that if two planes intersect at an acute angle, an area in one plane may
be projected into the other by multiplying the cosine of the included angle as shown in figure.
Since the angle between two planes is the angle between their normal, therefore

AS, cosy, = AA,
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or
AxpAyy
7. k|
Thus the sum (1) in the definition of unit normal surface integrals
n n AxyAyy

Ak.ﬁkASk = Ak'ﬁk =
k=1 k=1 |nk|

AS, = secy, A4, =

and the limit of this sum can be written as

- 5 _dxdy
([ dnas= [ anlt
S R |nk|

Similarly, we can prove that if R is the projection of the surface S on the yz-plane, then

5 5 dydz
[[ dnas= [[ 4
s R |7. 7|

And if R is the projection of S on the xz-plane, then




Module No. 43

Example to the previous topic: Surface
Integrals

Problem Statement
Evaluate
JI; A.AdS where A = 18zi — 12j + 3yk and S is that part of the plane

2x + 3y + 6z = 12 which is located in the first octant.

Solution

The surface S and its projection R on the xy plane are shown in the figure below.

[1]

5 2x+3y + 6z = 12
>y

0 4

R
2x +3y = 12

We know that



- - __dxdy
ff A.ndSsz An——=
S R |nk|

Also we know that a normal vector to the surface 2x + 3y + 6z = 12 is given by

V(2x + 3y + 62) = 21 + 3] + 6k

. N . . . 2i+3j+6k 2, 3, 61
ThenaunltnormalntoanypomtofS|sn=+=;L+;]+;k

Thus.k = (3042 +2k) k=2

and so
dxdy
k6
Also
- ~ (2 3 6 .
A7 = (1820 — 12 + 3yk).(7i+7j+7k)
36z — 36 + 18y
- 7
Now from the equation of the surface S 2x + 3y + 6z = 12,
12 — 2x — 3y
=
Therefore
ia= 6(12 — 2x —3y) — 36 + 18y _ 36 —12x
7 7
Then

- 5 _dxdy
([ dnas= [ anlt
S R |nk|

_ﬂ 36 -12x7
/A td

12—-2x

= f f (6 —2x)dydx

y=0

= f(6— 2x) (12 _ Zx) dx

82
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6
4
=](24—12x+§x2)dx
0

4
= |24x — 6x% +§x3

0
=144 — 216 + 96 = 24

If we had chosen the positive unit normal 72 opposite to that in the figure above, we would have
obtained the result — 24 .
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Further Example on Surface Integral

Problem Statement

If F = 2yi —zj + x%k and S is the surface of the parabolic cylinder y? = 8x in the first octant
bounded by the planesy = 4 and z = 6,

Evaluate
f f F.AdS
S

The surface S and its projection R on the yz-plane are shown in figure.

Solution

[1]
A vector normal to S is
V(8x —y?%) =81 —2yj
and therefore
8i—2yj  8i—-2yj = 8i-2y] @ 4i-yj 47 -yJ

= = = = = +
V824 (2y)2 64 +4y?  JA(l6+y?) J16+y? \J16+y% /16 +y2

Also,
4

16 + y?

.l =
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and
F.a= (2yt—zf + leAc).( i + e >
J16 +y2 /16 + y?
_ 8y +zy
~J16 + 2
Thus

46
jf 8y +zy ,/16+y

6+y 4

4

00
4 6
1 1
Zf f(8y + zy) dzdy = Zf 66ydy
00 0
33 1* 33
=|—y*| =—42=132
27, T2

]f F.AdS = 132
S

is the required result.
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Selected Example/Problem 1: Surface
Integrals

Problem Statement

Evaluate

ff A.7dS
S

for A = yi + 2xj — zk and S is the surface of the plane 2x +y = 6 in the first octant cut off

by the plane z = 4

Solution

The Surface S and its projection R in the yz-plane are shown in figure.

z
A‘l
R
AN \\
\ \ \ N \A4rS
AN
\
\ \ N
y=0| N 3 >y
AN
\ 2x +y =6
z=10

[1]
A vector normal to S is given by
V2x+y)=20+]
Therefore,
20+j  214]  2i+]
J2ZH(?2 VA+1 V5

n=

Also,
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and

and

= f f%(x+y)§dzdy
y=02=0

=4(18+9) =108
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Selected Example/Problem 2: Surface
Integral

Problem Statement

Evaluate
i ff, Afds
i Jf, Ads
where 4 = zi + xj — 3y?zkand ¢ = gxyz S is the surface of the cylinder x? + y? = 16

included in the first octant between z = 0and z = 5.

Solution

i.  The surface S and its projection R on the xz-plane are shown in figure.

A

/
!

3 ‘J
T
L]

g

T e e e e [ T T

: [1]



/

/ —> J
v ~

/R// \ﬁ‘

/S0 4 >Y

/

4

z=0

[1]

R ~ dxdz
ﬂ A.ﬁdSsz AA——= (1)
< R 7. ]|

A normal vector to x2 + y2 = 161is V(x% + y?) = 2xi + 2yj
Thus the unit normal 72 to S is

Then

R 2xi + 2yj 2xt + 2yj 2xt + 2yj 2xt + 2yj 2xt + 2yj
n= = = = =
V02 +(2y)? Vet +4y? AR +y?) YA +y?) 4(16)

_2xt+2yj  2(xi+y))  (xi+y))

V64 8 4
Using x2 + y? = 160nS
Now,
> ~ (XTI +y]
Af= (st + x)— 3y°2k). (~2)
= 4(Zx xy)
And

Thus putting obtained values in equation (1)

5 1 4
ff A.ﬁdSsz —(zx + xy)—dxdz
s r 4 y

4

5
X+ X
=ffz Y dxdz
y

z=0x=0

= fzszo f;z()% + x dxdz

()



Utilizing the equation of the surface of the cylinder
x2+y? =16 =>y? = 16 — x> =y =V16 — x2
Substituting the value of y in equation (2)

5 4
ff 2 4 xdxd
= e —— xaxaz

V16 — x2

z=0x=0

!

5
= f(4z + 8)dz = [2z% + 8z|5 =90

214

—2z4/16 — x2 +x7

dz

0

i Jf, pAds

Substituting values, we get
ﬂ‘ AdS j (3 )(xi+yj)4d J
@.ndS = —XyZ —dxdz
S R 8 4 y

5 4
3
=3 f f xz (xi + yj)dxdz
z=0x=0

Using the value of y = v16 — x2 in above integral,

5
3
_> 2,4 — %27
=3 j j(x zl + xz/16 x])dxdz

z=0x=0
4
dz
0

5
_f |
= Z1l 3
0
5

o4 + dz =8
f?, Z])Z
0

— x2)3/2

Z R Z R
L

0

25, 25 . .
= 8(7 7]) = 1007 + 1005

is required solution.

90
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Module No. 47

Selected Example/Problem 3: Surface
Integral

Problem Statement

Evaluate [J, A.AdS
over the entire surface of the region above the xy plane bounded by the cone S

z2 =x%+y2andtheplane z = 4,if 4 = 4xz i + xyz?j + 3zk.

Solution

The surface S and its projection R on the xy-plane are shown in figure.

N

[1]

ﬂ Z.ﬁdS:ff ff.ﬁd51+ff A.7dsS,
S S1 S2

ForS,,z=4n= kandA.k =1

Then
ff Z.ﬁdssz 12d51=12ff dxdy
S S R

1 1

Then

=12 X 1(4)% = 1921
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For S,, the normal vector is given by

V(x? + y? — z2) = 2xi + 2yj — 2zk

Therefore,
. 2xi + 2yj — 2zk _ 2(xt + yj — zk) _ (xi + yj — zk) _ (xi + yj — zk)
n_\/4x2+4y2+422_2\/x2+y2+22_ VZZ+z22 V222
. (i +yj—zk)
= 3
Also,
Ad= i(4x2 +xy?z —3z) and A. k = -1
V2 V2
Therefore
4 Ji6-x?
ff A.AdS, = j f i(4x2 + xy%z — 32).V2 dydx
s i V2

Using z2 = x? + y? in the above integral, we obtain

j
=
N

4 6—
= f f (4x2 + xy?x2 +y2 — 3/x2 + yz) dydx
—4 —V16—x2
Now we will further solve it by using polar coordinates

Letx =rcosf,y =rsinf, therefore 0 <r<4and0<6 <2rm

and
2w 4
ff A.qdS, = f f(4r2 cos? 6 + r* cos @ sin® 0 — 3r)rdrd6o
52 0 0
2w 4
= f f(4r3 cos? 8 + r° cos 0 sin?  — 3r?)drd6
0 0
integerating w.r.t r
2n 6 4

r
r*cos? 6 + Ecos@ sin?8 —r3| deo

0

46
= (256 cos? 6 + & cos 0 sin® 0 — 43> do
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21

46
= j (256 cos? 6 + Zcose sin? 89 — 43> do
0

2T

2048
= f (128(1 + cos 260) +

0

cos 6 sin? 9 — 64) do

Now integrating w.r.t 6 , we get

2T

sin® 0 — 646

2048
= |1289 + 64 sin 260 + 3

0

ff A.7dS, = 1287
S2

ff /T.ﬁdSsz /T.ﬁd51+ff A.7dS,
S S1 S

2

Thus,

ff A.7dS = 192 + 1287 = 3207
S

is the required solution.
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Volume Integral

A volume integral refers to an integral over a 3-dimensional domain, that is, it is a special case of
multiple integrals.

Definition

Let A bea given vector point function which is defined and continuous in a closed region R.Then

Lﬂjdv

If4 = A;i + A,J + Ak, then the above integral may be written as

LﬂﬁdeingldV+fngde+l§j;ﬂA3dv

If we have a scalar point function ¢(x, y, z) defined as continuous over the region R, then the

[f oo

In rectangular coordinate system, dV = dxdydz so the volume integral becomes

[ oav = [[] ot raxave
R R

Which is ordinary triple integral of ¢ (x, y, z) over the region R.

volume integral becomes

If o(x,y,z) = 1, the volume V of the region R is given by

Lfdxdydzzg dv

Notations for other than Cartesian system
VVolume integral can be expressed also in cylindrical and spherical coordinates as

i.  Volume integral in cylindrical coordinates:



j f f 9(p, ¢, z)pdpdpdz
R

ii.  Volume integral in cylindrical coordinates:

jﬂ. g(r,0,9)r?sin @ drdfde
R

Which are equivalent to ordinary triple integrals in cylindrical and spherical coordinates.

95
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Example on Volume Integral

Problem Statement
LetF = 2xzi — xj + y2k.

Evaluate

j;ﬂ Fav

where V is the region bounded by the surfacesx = 0,y =0,y = 6,z =x%,z = 4.

Solution

We will evaluate the given problem through following scheme.

[1]
The region V is covered (i) by keeping x and y fixed and integrating from z = x2 to z = 4 (base

to top of column PQ),

L
r

[1]
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(i1) Then by keeping y fixed and integrating fromy = Otoy = 6 (R to S in the slab),

(iii) Finally integrating from x = 0 to x = 2 (where z = x2 meets z = 4). Then the required

integral is
j f Fdv =
2

2 6 4 2 6 4
ifj jZXZ dzdydx jjj- jxdzdydx+l€fj J- y?dzdydx
00 00

0 x2 x2 x2

6 4
j j(szi — xj +y%k)dzdydx
0

x2

O\N

Solving integrals turn by turn

2 6 2 6 2 2
J-J- J-sz dzdydx =]jx(16—x4)dydx = jx(16—x4)|y|8dx=6jx(16—x4)dx
00 x2 00 0 0
2 2
—6[(16 —x5)d Y R Y L PSS
- XTXIEEESIT T TS T2 Tel T
o 0
2 6 4 2 6 2 6 2
ff fxdzdydx =ffx|z|fczdydx = ffx(él—xz)dydx =fx(4—x2)|y|8dx
0 0 x2 00 00 0
x|
=6]x(4—x2)dx=6 2x% —— —6|8——|—24
5 0
2 6 4 2 6 2 6 2. a6
J-j J- yzdzdydx=ijzlzlfczdydx=]jy2(4—x2)dydx=f . (4 — x?)dx
0 0 x2 00 00 0 0
x3|? 8
=72 | (4—x?)dx = 72 [4x - | =72(8 ) = 384
0

Hence

2 6 4 2 6 4 2 6 4
fffﬁdeifffozdzdydx—jfffxdzdydx+fcfffy2dzdydx
R 00 00 00

x2 x2 x2

M FdV = 1281 — 24j + 384k
R

is the required solution.
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Selected Example/Problem 1: Volume
Integral

Problem Statement

Find the volume of the region common to the intersecting cylindersx? + y 2 = a? and x? +

2

2= g2

zZ

Solution

Let M be the required common region then

[1]
2 x24z2=g2
£ |
" { E
I
™~
=
& +
™~
bt
>y
0 d

X [1]

98



Required volume = 8 times volume of region shown in above figure.

o N NERT
ff MdV =8 f dzdydx
14 x=0 y=0  z=0
o N o N o
= f zdydx = f Va2 — x2dydx = f(az —x?)dx
x=0 y=0 x=0 y=0 x=0
16a3

99



VU

Virtual University

Lecture Handouts

on

VECTORS AND CLASSICAL MECHANICS
(MTH-622)

Virtual University of Pakistan
Pakistan



About the Handouts

The following books have been mainly followed to prepare the slides and handouts:

1.
2.
3.
4.

5.

Spiegel, M.R., Theory and Problems of Vector Analysis: And an Introduction to Tensor
Analysis. 1959: McGraw-Hill.

Spiegel, M.S., Theory and problems of theoretical mechanics. 1967: Schaum.

Taylor, J.R., Classical Mechanics. 2005: University Science Books.

DiBenedetto, E., Classical Mechanics: Theory and Mathematical Modeling. 2010:
Birkh&user Boston.

Fowles, G.R. and G.L. Cassiday, Analytical Mechanics. 2005: Thomson Brooks/Cole.

The first two books were considered as main text books. Therefore the students are advised to
read the first two books in addition to these handouts. In addition to the above mentioned books,
some other reference book and material was used to get these handouts prepared.



Contents
MOTUIE INO. 7.ttt b et bbbt b ettt ettt s et na et en e 1
Introduction to ClassiCal MECNANICS .........cc.eouiiiiiiieeeee e 1
MOAUIE NO. BO.....eeiiieieeieeet ettt ettt b e bbb e et et s e e bt b e sa e e b et e e e e eneenen 2
Introductions to the BasiCs OF NEWEON’S LAW .........cccvueiriiiiiiininieiieieiteere ettt 2
MOGUIE INO. 8Lttt b et bbbt b bbb bbbt sa b 4
Introductions to Rectangular Components of Velocity & Acceleration ............ccceceevevevencnicneennne 4
MOAUIE NO. 82.....ce ettt ettt b e bbb ettt e bt b e nb e e b et e e e e eneeneas 6
Introduction to Tangential and Normal Components of Velocity & Acceleration..........c.cccccceeueeen. 6
MOGUIE INO. 83ttt b et bbbt b bbbttt ettt b s 8
Example of Tangential and Normal ACCEleration............ccccecvevveiieieie i 8
MOAUIE NO. B4ttt b e bbbt et et aees e bt st e b e b e s e e e s e 10
Curvature and RadiUS OF CUNVALUTE..........cccoviiririreeeteeeeeeee sttt 10
MOTUIE INO. 85ttt b ettt b et a et n et bt en s 12
Introduction to Radial and Transverse Components of Velocity & Acceleration.............c.cccuo...... 12
MOGUIE INO. 8B.....ceiiteiiitiieieet ettt b et bbb bt s bt et b e nb et en e 14
Example of Radial and Transverse Components of Velocity and Acceleration..............cccccveuenn..... 14
MOAUIE NO. 87ttt ettt b e st b et ettt s e es e ebe s b b e s e s e e e 15
Reference System or INErtial Frame .......coooveeieiiieececeeeeee ettt e 15
MOGUIE INO. 88.....eiiieteetee bbbttt b et bbbt sb et enens 16
EXample of INEILAl FIamE ......c..oouiieeeeeeceeee ettt et s a e bt e b et beeraenre e 16
MOAUIE NO. 8.ttt ettt et b e s bbbt e et e st es e e bt st et et e e e e eneene 18
Newton's First anNd SECONG LAWS........ccoviriririeieieieieeestesteseste ettt ebe st see e s se e eeneas 18
MOGUIE INO. 0.ttt ettt b et bt b s bt s be st st b st bt enens 20
The Third Law and Law of Conservation of MOMENTUM .........cccoeviiiniineineinceceneeeceeeee 20
MOAUIE NO. QL. b ettt et b e bbbt et et e st eaeebe st e bt e e e e eneene 23
Validity OF NEWEON'S LAW ....ccueiuiriiiiieieieiieiiei ettt sttt ettt sae bbb s e e e ene s 23
MOAUIE NO. 2.ttt ettt et b e s bbbt et s e st ea e e bt st e b et e e e e eneene 24
EXample of NEWLON™S LAW 1, 2...cuiieiiieiieie ettt ettt et s ae bt as e besreebasbeennense e 24
MOAUIE INO. 931ttt bbbt b et bt b et b et b et be st ettt b e s 27
Example of NEWLON'S LAW: 3 .....oiiiiirieeiestestet ettt st sttt st sa e e 27
MOTUIE INO. Q... bbbttt st 29

Introduction to Energy: KINELIC ENEIQY ......ccccoiiieiiiiciereseee ettt sttt aesre e e 29



MOAUIE NO. 95, et b et b e bbbt et besb e b s e nbe s e ene e 30
INtroduction t0 WOrK — THEOIEM .....c..ooiiiiieee et e 30
MOGUIE INO. 9B.....ceiiiiiitcieieet ettt b et bbbt st s et et enene 33
EXaMPIE OF WOTK DONE ..ottt sttt ettt s te et et e e s esbesteenaebeenneneens 33
MOAUIE NO. 7.ttt b e bbbttt be st b e b b e s e e ene e 34
CoNServative FOrCe FIEIU..........ooi it 34
MOGUIE INO. 98......iiiiiieit bbbttt sttt bbbt e ettt st en e 36
Example of CoNServative FIeld...........ooui oottt e 36
MOGUIE INO. 9.ttt ettt b e bbbt et s et en e 37
Related Topic of Conservative FOrce Fields..........ocoiiiiiiiniiiiieeeeee e 37
MOAUIE NO. L00......eeuieiietieterte ettt sttt be bt b e sb e b et e s et ese e bt eseebesee b e e e e e e ene e 39

NON-CONSEIVALIVE FOTCE FIBIT ...eeeiieeieee ettt ettt et e e e et e e s e ettt e s s et e e e saaeeessaaeeeseanees 39



Module No. 79

Introduction to Classical Mechanics

Mechanics is the science of motion. It studies the states of rest and motion and the laws
governing rest, equilibrium and motion.

A Dbroad division of mechanics is made through the terms classical mechanics and quantum
mechanics.

Classical Mechanics

The science of classical mechanics deals with the motion of objects through absolute
space and time in the Newtonian sense. Classical mechanics deals with the macroscopic object
i.e. those bodies which we encounter in everyday life. Such bodies may be those bodies in the
form of billiard balls, parts of machinery and astronomical bodies.

Classical mechanics itself has two broad divisions in the form of non-relativistic and
relativistic mechanics. Non-relativistic mechanics, based on the laws of Newton is concerned
with bodies moving at speeds and velocity negligibly small as compared to the speed of light
c = 3 x 10%per kilometer per second. Relativistic mechanics is dispensable for particles and
bodies moving with speed comparable to the speed of light.

Quantum mechanics

The quantum mechanics is the mechanics of microscopic object. Its basic concepts,

principals and laws are of entirely different from those of classical mechanics.

Division of Classical Mechanics

Three major divisions of classical mechanics are the following:

Mechanics of particles and rigid bodies: It is based on newton’s law. Basic concepts and terms
are space, time and mass; particle and body; velocity, momentum and acceleration; force and
energy.

Mechanics of fluid: it is also based on newton’s law and their extensions and deal with the
behavior of the fluid (liquid and gases) in motion. Its two well-known branches are

hydrodynamics (for fluid) and Aerodynamics (for gases).



Mechanics of elastic solids: it deals with the behavior of solids when the undergo deformation

under forces.

Module No. 80

Introductions to the Basics of Newton’s Law

Newton’s three law of motion are formulated in terms of crucial underlying concepts: the

notations of space, time, mass and force.

In this section we will review all of the factors of formulation of newton’s law.

Space and time:

We shall assume that space and time are described strictly in the Newtonian sense.

Space. This is closely related to the concepts of point, position,” direction and
displacement sense. Three- dimensional space is Euclidian, and positions of points in that
space are specified by a set of three numbers (x,y,z) relative to the origin (0,0,0) of a
rectangular Cartesian coordinate system. Measurement in space involves the concepts of
length or distance, with which we assume familiarity. Units of length are feet, meters,
miles, etc.

Time. This concept is derived from our experience of having one event taking place after,
before or simultaneous with another event. Measurement of time is achieved, for
example, by use of clocks. Units of time are seconds, hours, years, etc. the basic unit of
time in SI, began as an arbitrary fraction (1/86,400) of a mean solar day (24 y 60 x 60 =
86,400).

Mass Physical objects are composed of "small bits of matter” such as atoms and
molecules. From this we arrive at the concept of a material object called a particle which
can be considered as occupying a point in space and perhaps moving as time goes by. A
measure of the "quantity of matter” associated with a particle is called its mass. The mass
of an object is characterized by its inertia. It’s the resistance to be accelerated. Units of
mass are grams, kilograms, etc. Unless otherwise stated we shall assume that the mass of
a particle does not change with time. Length, mass and time are often called dimensions

from which other physical quantities are constructed.



e Force The informal notion of force as a push or pull. It is a vector quantity. As the unit of
force we naturally adopt the newton (abbreviated N) defined as the magnitude of any
single force that accelerates a standard kilogram mass with an acceleration of 1 m/s 2. If
we apply a given force F (and no other forces) to any object at rest, the direction of F is
defined as the direction of the resulting acceleration, that is, the direction in which the

body moves off.

Now that we know, at least in principle, what we mean by positions, times, masses, and forces,

we can proceed to discuss the cornerstone of our subject — Newton's three laws of motion.
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Introductions to Rectangular Components of
Velocity & Acceleration

Rectangular Components

The process of splitting a vector into various parts or components is called “Resolution of
vector” and these parts are called components of vector. If we split a vector in a rectangular
plane OXY, such components are called rectangular components of a vector.

Component Along x-axis is called horizontal component of vector.

Component Along y-axis is called vertical component of vector.

Position vector
It is often convenient to describe the motion of a particle in terms of its x, y or rectangular
components, relative to a fixed frame of reference. In a given reference system, the position of a
particle can be specified by a single vector, namely, the displacement of the particle relative to
the origin of the coordinate system. This vector is called the position vector of the particle. In
rectangular coordinates (see Figure), the position vector is simply
r=xi+yj

The components of the position vector of a moving particle are functions of the time, namely,

x=x(),y = y()
RECTANGULAR COMPONENTS: VELOCITY

In above Equation we gave the formal definition of the derivative of any vector with respect to
some parameter. In particular, if the vector is the position vector r of a moving particle and the
parameter is the time t, the derivative of r with respect to t is called the velocity, which we shall

denote by

—dr—"+"+k'
v=_=ittjytkz

where the dots indicate differentiation with respect to t.

where



The magnitude of the velocity is called the speed. In rectangular components the speed is just
The magnitude of the velocity vector is

v =2 +v,°%+ vzz)l/Z
The direction of v is tangent to the path of motion.
RECTANGULAR COMPONENTS: ACCELERATION
Acceleration represents the rate of change in the velocity of a particle.
If a particle’s velocity changes from v to v’ over a time increment At, the average acceleration
during that increment is: avg a = Av/At = (v-v’)/At the instantaneous accelerations the time
derivative of velocity:

dv d?r

“Tdat T ae

= ia, +ja, + ka,
In rectangular components,

a= vl + vy + v,k

a=ix+jy+ kz
a,=x,a,=y,a,=1%
Thus, acceleration is a vector quantity whose components, in rectangular coordinates, are the
second derivatives of the positional coordinates of a moving particle.

The direction of a is usually not tangent to the path of the particle.
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Introduction to Tangential and Normal
Components of Velocity & Acceleration

Introduction To Tangential And Normal Components Of Vector
In mathematics, given a vector at a point on a curve, that vector can be decomposed uniquely as
a sum of two vectors, one tangent to the curve, called the tangential component of the vector, and

another one perpendicular to the curve, called the normal component of the vector.

Introduction to tangential and normal components of velocity
The tangential velocity is the velocity measured at any point tangent to a circular path. Thus

tangential velocity, Vt is related to the angular velocity of the wheel, ®, and the radius of the

wheel, r.
Vt = wr
V't = tangential velocity
w = angular velocity
r = radius of wheel
Tangential

velocity

Formula:
VFM 0I‘| Vt = rXfD| (1)

Total velocity of a particle at a point on a curve can be write as

V=1 + vy
We can determine normal component of velocity by
Uy =V — 1V

Tangential and normal components of Acceleration



The rate of change of tangential velocity of an object traveling in a circular orbit or path is
known as Tangential acceleration. It is directed towards tangent to the path of a body.
Total acceleration of a particle at a point on a curve can be write as
a=a;+tay
where

_ dvt 2

_v
G =Tgp N =

where v is total velocity of the object and r is radius of circular path.
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Example of Tangential and Normal

Acceleration

Example

Consider the space curve C with the position vector r given to be at time t
r=>5cos3ti+ 3sin3tj+ 10tk

(a) Find a unit tangent vector T to the curve.

(b) Verify thatv =v T.

Solution:
(a) Tangent vector to the space curve C is
dr o ,
a —15sin3ti+9cos3tj + 10k

The magnitude of this vector is

dr
dt

ds
vV = | = E = \/(—15 Sin 3t)2 + (9 COoSs 3t)2 + (10)2

= \/225sin23t + 81cos23t + 100

The unit tangent vector to C is

_dr/dt  —15sin3ti+9cos3tj+ 10k
|dr/dt| [225sin23t + 81cos23t + 100

(b) From the first part, it follows that This follows directly from (a) since

v=a= —15sin3ti+9cos3tj + 10k



\225sin23t + 81cos23t + 100

\225sin23t + 81cos23t + 100
(—15sin3ti+9cos3tj+ 10k)

\/225sin23t + 81cos23t + 100

v =—15sin3ti+ 9cos3tj + 10k

v = +/225sin23t + 81cos23t + 100

=vT
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Curvature and Radius of Curvature

Curvature is the amount by which a geometric object such as a surface differs from being a flat
plane, or a curve from being straight as in the case of a line.

Statement:

If T is a unit tangent vector to a space curve C, then show that % isnormal to T.

Proof:

Since T is a unit vector, we have T. T = 1. Then differentiating with respect to s, we obtain

Which states that% is normal, i.e. perpendicular to T.

If N is a unit vector in the direction of %, we have

daT _
ds

kN

and we call N the unit principal normal to C. The scalar k = |%| is called the curvature,

while R = 1/, s called the radius of curvature.

Example:
Find the
a. Curvature,
b. Radius of curvature

c. Unit principal normal N to any point of the space curve of given unit tangent vector is
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T = 3 si 21:'+3 2t'+4k
=—gsin2ti+ccos2tj+¢

moving with 10 ms ™1,
Solution:
Since given tangential vector is

T = 3 si 21:'+3 2t'+4k
=—gsin2ti+ccos2tj+¢

Then,

dt

ar = —(6/5)c052ti—(6/5)sin2tj

ds 9 10
dt
__3 2ti 3 g 2t j
= 25cos i 25sm J

dT 3 3
isk= %= [(== 2 4 (=2 2 = 2
Thus the curvature is k |ds| \/( -5 COS 2t)% + ( -z sin 2t) ”

. 1 25
Radius of curvature = =

Y _1dT _ 25 3 . 3 . .
We have unit principal normal N P s ( >z €OS 2ti ~-sin 2tj)

= —cos2ti—sin2tj
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Introduction to Radial and Transverse
Components of Velocity & Acceleration

It is often convenient to employ polar coordinates r, 8 to express the position of a particle
moving in a plane. Vectorially, the position of the particle can be written as the product of the
radial distance r by a unit radial vector:

r=re,
As the particle moves, both r and e,. vary; thus, they are both functions of the time.

Hence, if we differentiate with respect to t, we have

V= re,.+r1e,
From fige,, = cos @i+ sinf j and eg = —sinf i+ cosfj
S0, &, = —sin@ Bi + cosHh joré, = (—sinBi + cos b j)O

This implies &, = fe,

e
v, 9 e,
j| o
05 X

v = ie, + e,

v=re, + réeﬂ
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Thus, 7 is the radial component of the velocity vector, and @ is the transverse component.

To find the acceleration vector, we take the derivative of the velocity with respect to time. This

gives
dv de : y . de
a=—=re +Ff—L+(F0+rb)e, +ro—2
e~ ( s dt
de, dey . .
The values of “7/ ;. and ““8/ ;. are given by Equations
é,= Ok xe, =0eyand ey = 0k x ey = —0e,

and yield the following equation for the acceleration vector in plane polar coordinates:

g=(i” —rél).g? +(?‘§+ 2?"5'..)@5

Thus, the radial component of the acceleration vector is
.+
a, =%-r6
and the transverse component is

=rf+27/0=——(r"0
dg =T 2 rdt(r )
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Example of Radial and Transverse
Components of Velocity and Acceleration

Statement:
On a horizontal turntable that is rotating at constant angular speed, a bug is crawling outward on
a radial line such that its distance from the center increases quadratic ally with time: r =

bt?,0 = wt, where b and w are constants. Find the acceleration of the bug.

Solution:
The equation of acceleration in plane polar coordinates is given by
a=(F—-r6%e,+ (r0 + 219)ey (1)
Aswe have r = bt? and 6 = wt, therefore 7 = 2bt, # = 2b,0 = w and 6 = 0.
By putting these values in equation (1), we have
a = (2b — bt?w?)e, + (bt?(0) + 2(2bt)w)ey
a=b(2 - t?w?)e, + 4btwe,

Which is required acceleration of bug.
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Reference System or Inertial Frame

Framework

A framework that is used for the observation and mathematical description of physical
phenomena and the formulation of physical laws, usually consisting of an observer, a coordinate
system, and a clock or clocks assigning times at positions with respect to the coordinate system.
a system of geometric axes in relation to which measurements of size, position, or motion can be

made.

Inertial frames

A frame of reference in which a body remains at rest or moves with constant linear velocity
unless acted upon by forces: any frame of reference that moves with constant velocity relative to
an inertial system is itself an inertial system. These are also called inertial frame.

Mechanics is based on Newton’s laws of motion. These laws are usually stated without explicitly
discussing the role of frames of references. It is to be emphasized that Newton’s laws are not
valid w.r.t every frame of references e.g. they are not true in a rotating frame or coordinate
system. They hold only in restricted class of frames, so called the inertial frames (Newtonian
frames). Such frames are assumed to be un-accelerated i.e. neither moving in straight line with
variable velocity nor rotating. In other words, it is supposed to be absolutely at rest (or moving
with uniform velocity w.r.t absolutely-at-rest frames). We can easily see that if S is an inertial
frame, then any other frame S’ which is in uniform motion relative to S is also an inertial frame.
To all observers in inertial frames, the force acting on a particle will be the same i.e. the law of
motion will be invariant under transformation connecting inertial frames. In fact all laws of
mechanics are same in all frames of reference. This statement is called Newtonian principal of

relativity.
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Example of inertial Frame

In order to illustrate the concept of inertia, we will consider the example of earth.

Statement:
Calculate the centripetal acceleration relative to the acceleration due to gravity g, of
a) A point on the surface of the Earth's equator (the radius of the EarthisR , = 6.4 X
108 km)
b) The Earth in its orbit about the Sun (the radius of the Earth's orbit is
a. a, = 150 x 10° km)
c) The Sun in its rotation about the center of the galaxy (the radius of the Sun's orbit about

the center of the galaxy is R; = 2.8 x 10* LY. its orbital speed is v; = 220 km/s)

Solution:
The centripetal acceleration of a point rotating in a circle of radius R is given by
5 2m\? ATTR?
ac:wR:(T) -T2

where T is period of one complete rotation (T = 3.16 x 107). Thus, relative to g (gravitational

acceleration), we have

ac _ Am*R?

g  gr?

(1)
a) By putting value from (a) in (1) , we get

a.  4(3.14)%(64 x 10°)?

g (9.8)(3.16 x 107)2

Cc

a
— =34 x1073
g

b) By putting values from (b) in (1), here
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R=a, = 150 x 10%km
a.  4(3.14)%(150 x 105)2

g (9.8)(3.16 x 107)2

c

Ge _ 6 x 10*
g
c) By putting values from (c),

R=R, = 2.8 x 10*LY
a; _ 4(3.14)%(150 x 10°)2

g (9.8)(2.8 x 10%)2

a
£ =15 x10"12
g
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Newton's First and Second Laws

Sir Issac Newton derives the Newton’s laws of motion which are the three physical laws which

together forms the foundation of classical mechanics.

Newton’s 1% law of Motion
Newton’s 1% law of motion is also called the law of inertia. This law measures the force of an
object qualitatively.
We can state it as
“In the absence of an external force, an object continues its state of rest or motion with
constant velocity.”
The symbolic form of first law of motion is

ZFzO = ma=0

as the mass of the object is non-zero, therefore the acceleration of the concerned object must be

Zero

dv
a=0:>E=0:>v=constant

As the consequence of first law of motion

e An object that is at rest will stay at rest unless a force acts upon it.

« An object continues its constant motion until an external force abrupt its state of motion.

The first law of motion says that if the net force acting on a body is zero then the velocity of
object is said to be constant. The velocity of an object is vector quantity so if we say that the

velocity of an object is constant we conclude that the speed and direction of the object is fixed.



19

Examples

Some of the examples of first law of motion are
i.  Aball kicked in a ground.
ii. A car moving with constant velocity

iii. A book lying in a book shelf.

Newton’s 2" law of Motion
Newton’s 2" law of motion describes the relationship among the force, mass and acceleration of
the given object.
We can states the 2™ law of motion as
For any particle of mass m, the net force F on the particle of mass m times the particle’s
acceleration.
The symbolic form of first law of motion is
F =ma
The second law can be rephrased in terms of the particle's momentum, defined as
p =mv
by differentiating we get
p=mv=ma
hence we can state it as
F=p
Consequently we can say the net force applied on a body is equals to the rate of change of

momentum of the particle.

Examples

I.  When we apply same force to move a truck and a bicycle, the bicycle will have more
acceleration than the truck, because the mass of bicycle is less than the truck.

ii.  An empty shopping cart is much easier to move than a full one, because the empty one
has less mass.
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The Third Law and Law of Conservation of
Momentum

Newton's first two laws concern the response of a single object to applied forces. The third law
addresses a quite different issue: Every force on an object inevitably involves a second object the
object that exerts the force. The nail is hit by the hammer; the cart is pulled by the horse, and so
on. Newton realized that if an object 1 exerts a force on another object 2, then object 2 always
exerts a force (the "reaction" force) back on object 1.
Newton's third law can be stated very compactly:

To every action there is an equal and opposite reaction.
The third law states that all forces between two objects exist in equal magnitude and opposite
direction: if one object 1 exerts a force F1, on a second object 2, then Simultaneously exerts a
force F»; on 1, and the two forces are equal in magnitude and opposite in direction: Fi, = —F»;.
This law is sometimes referred to as the action-reaction law, with F;, called the “action”
and F,; the "reaction™.
In other situations the magnitude and directions of the forces are determined jointly by both
bodies and it isn't necessary to identify one force as the "action™ and the other as the “reaction”.
The action and the reaction are simultaneous, and it does not matter which is called
the action and which is called reaction; both forces are part of a single interaction, and neither

force exists without the other.

Examples
A variety of action-reaction force pairs are evident in nature.
i.  Afish’s thrust through the water.
ii.  Abird’s fly in the air.
iii.  Arocket’s launch.
iv.  The car moving on a road.

v.  The nail hit by hammer.
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Law of Conservation of Momentum

Definition of Linear Momentum
If a body of mass m is moving with velocity, then the momentum of that body is equals to the
product of mass and velocity of the specific body.

Mathematically, we can write is as

=y
I
3
<N

it is a vector quantity.
It S.lunitis kgs~1.

Momentum of system of particles
The total momentum of a system of particles is the vector sum of the momenta of the individual
particles:
n
ﬁsysten = ﬁl + 232 + -----+ﬁn = Zﬁl
i=1
where the system consists of n particles. we can also express it as
ﬁsysten = ?:1 ﬁi = Z?:lmiﬁi

where m; is the mass of ith particle and ¥; is corresponding velocity.

Statement “Law of conservation of momentum”

Law of conservation of momentum can be stated as:

If the sum of the external forces on a system is zero, the total momentum of the system does not
change.

Mathematically, we can write is as

if

Fext :O:ﬁ:()ﬁzmivi = Mv = constant
i

Momentum is always conserved (even if forces are non-conservative).
As we stated earlier the second law of motion,

Fexe = ma
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We can deduct the law of conservation of momentum from the last expression as well.

dv
Fext=0=>ma=0=ma=0

as mass is non-zero constant, therefore

dv

E = 0 or v = constant = mv = constant.

Explanation

In simple terms, momentum is considered to be a quantity of motion. This quantity is measurable
because if an object is moving and has mass, then it has momentum. Something that has a large
mass has a large momentum or something that is moving very fast has a large momentum. The
momentum of individual component may change but the total momentum of system remains

conserved.

Example

i. A 3000 kg vehicle moving at 30 m/sec has a momentum of 90,000 kgm/sec as a result of
product of the mass and the velocity.

ii.  Two hockey players of equal mass are traveling towards each other, one is moving at 9
m/sec and the other at 5 m/sec. The one moving with the faster velocity has a greater
momentum and will knock the other one backwards.

iii. A bullet fired from a gun, although small in mass, has a large momentum because of an
extremely large velocity.
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Validity of Newton’s Law

» It is known that the Newton's laws are not valid universally after the quantum mechanics

and theory of relativity.
> Initially Newton’s laws were considered as fundamental.

» But now quantum laws are fundamental and Newton’s laws can be observed as derived
from the quantum world.

» S0, we can say that
Quantum Mechanics

Classical Mechanics
> In the Classical phenomena, Newton’s first two laws are always valid.

Examples
> If the speed is extremely increased, even than first law remains valid.

» Newton’s second law F = ma and its another form in terms of the particle's momentum

p = mv are no longer equivalent in relativity.
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Example of Newton’s Law 1, 2

NEWTON'S 1% LAW

Example:

24

Because of the force field, a particle of mass 4 moves along a space curve C whose position

vector is given as a function of time t by

Find
i
ii.

r=3t3 +t)i + (t* + 8t)j — 5tk

The velocity,
The acceleration

The momentum,

iv.  The force field at any time t.
Solution:
i.  Velocity=v = %
d A n -
= E((3t3 +t2)i + (t* + 8t)] — 5tk)
= (9t? + 2t)i + (4t3 + 8)j — 5k
ii.  Acceleration=a = % = %((9152 + 20)1 + (4t3 + 8)j — 5k)
= (18t + 2)i + 12t3]
iii.  Momentum=p = mv = 4((9t? + 2t)i + (4t3 + 8)j — 5k)
= (36t2 + 8t)i + (16t3 + 32)j — 20k
iv. Force= F =2 =2 ((36t% + 8t)1 + (16> + 32)] — 20k)

= (72t + 8)1 + 48t?}

Newton’s 2" Law
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Example:
A particle of mass 4 units moves in a force field given by
F = 4t%1 + (16t — 4)j — 12tk
Assume that initially, i.e at t = 0 the particle is located at r, = i + 2j — 3k and has velocity
vy =1+ 4j — 9k, find
a) The velocity
b) The position at any time t.

Solution:

i.  Since we know that

As we have m = 4, therefore

dv

F=4dqg=4
=

= 4t%1 + (16t — 4)] — 12tk

dv ~
— =t?1+ (4t — 1)j — 3tk
7l )J

Integrating the above equation gives the velocity
1., 3
v=§t l+(2t2—t)]+§t2k+C
where C is the constant of integration.
Itisgiventhatatt =0, v, =i+ 4j — 9k att = 0, therefore
i+4j—9% =C
So,

1. .3 . . )
v=§t3l+(2t2—t)]+§t2k+l+4j—9k

1 3 -
v= (§t3 + DI+ Qt2—t+4)]+ (Et2 -9k

ii.  Since we know that

_ 1t3+1A+(2t2 t+4)j+ 3t2 9k
V—dt—(3 )i Jj (2 )



There integrating w.r.to t gives the position

_)—(1t4+t)”+<2t3 1t2+4t>“+<1t3 9t>l€+c’
"= \12 T3 T2 I3
Asry=i+2j—3katt =0,wegetC' =i+2j— 3k

_)—(1t4+t)”+<2t3 1t2+4t>“+<1t3 9t>l€+'+2' 3k
"=\12 T3Y T2 JT\2 tra

*—<1t4+t+1)“+<2t3 11:2+4t+2>“+<1t3 ot 3)12
"=\12 T3Y T2 JT\2

26
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Example of Newton’s Law: 3

Example 1:
Determine the constant force needed to bring a 4000 Ib mass moving at a speed of 90 ft/sec to

rest in 3 sec?

Solution:
We know that the motion can be in any direction but for simplicity, we assume that the mass is
moving in a straight axis. We have the information that initially the mass is moving, and finally

it has to be at rest, therefore we can write as

V; = 90 ft./sec,

V, = 0ft./sec,
where
t = 4sec

Then using newton’s law F = ma

Where a = @ (by using first equation of motion)

V, =V 0-90
Now, F = m (“=2) = (4000) (=) = 120000 ft Ib/sec 2
This is important to note that there is a negative sign in the expression for F. This negative sign

is because of the fact that the force is opposite to the direction of motion.

Example

A person of mass 85 kg is standing in a lift which is accelerating downwards at 0.45 ms~2 .
Draw a diagram to show the forces acting on the person and calculate the force the person exerts
on the floor of the lift. (© mathcentre 2009)

Solution
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The weight of the person is 85 g, where g is the acceleration due to gravity.
where
W =85g =85 x 9.81N
a=0.45ms™?
The resultant force is W — R and using Newton’s second law gives:
F = ma
W —-R=F
W — R = 85 X 0.45
R =W — 85 x 045
R = 85 x 9.81 — 85 x 0.45
R= 7956 N = 800N

Therefore, using Newton’s third law the force the person exerts on the floor of the lift is equal to
the force of the floor acting on the person, i.e. R, which equals 800 N.
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Introduction to Energy: Kinetic Energy

Energy:

Energy is defined as the ability to do the work by the object. It is a measurable characteristic of a
system which may be in the form of kinetic energy or potential.

There exist many forms of energy. The energy neither can be created nor be destroyed but can be
converted from one form to another.

In mechanics, energy is the characteristic that transferred from one particle to another. The SI
unit of energy is the joule; 1 joule can be defined as the energy transferred to an object by the
work done of moving it a distance of 1 meter against a force of 1 newton.

The forms of energy include Kinetic energy, potential energy, elastic energy, chemical energy,
thermal energy and many others.

Kinetic energy is the energy stored in a body due to its motion. It can be transferred from one
objects to another and transformed into other kinds of energy.

In classical mechanics, the kinetic energy is equal to 1/2 the product of the mass and the square

of the speed. In formula form:
1
KE=T-= Emv2

The measuring unit of kinetic energy is the joule.

It is denoted by T.

The kinetic energy increases with the square of the velocity. If a car is moving with double
velocity then we can say that it has four times as much kinetic energy. As a consequence of this
quadrupling, it takes four times the work to double the velocity.

if p denotes momentum of the object and m is the mass then we can symbolize the kinetic energy

in the form of momentum as

ﬂ
I
3|
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Introduction to Work — Theorem

When some external force is applied on an object, work is done by this force in the direction of
force. Also when some work is done by the applied force, energy transferred from one place to
another.
The work done can be defined as a product of force and the displacement in the direction of
applied force. The amount of work done can be expressed as the following equation:

Work = Applied Force x Distance
The Sl unit of work is the joule (J), which is defined as the work done by a force of one newton
through a displacement of one meter.
If a force F acting on a particle gives it a displacement dr, then the work done by the force on
the particle is defined as

dW = F.dr

Since only the component of F in the direction of dr is effective in producing the motion.

N

X

The total work done by a force field (vector field) F in moving the particle from point P; to point

P, along the curve C of Fig. is given by the line integral
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P, [
W = f F.dr = f F.dr
T
Where r; and r, are the position vectors of P; and P, respectively.
Theorem Statement
A particle of constant mass m moves in space under the influence of a force field F. Assuming

that at times t, and t, the velocity is ¥; and ¥, respectively, prove that the work done is the

change in kinetic energy, i.e.,

5 1 1
Workdone=jF.dr=§mv22—§mv12
ty
Proof
ty ty
5 L dr
L.H.S = Work done = F.drsz.Edt
2
= | F.odt
ty
Sdr
”dt_v
ts
= J-ma vdt
%1
F =ma
ty ty
1_5 - -
=mjd— vdt=mfvdv
tq ty
=—mj d(v. v)——mlv |

1 1.
Work done = Emv2 - Emvl2

Hence the required equation.
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Example of Work Done

Example 1:
Find the work done in moving an object along a vector r = 8i + 2j — 5k if the applied force
iSF =2 —j — k.
Solution:
As we know the formula for the work done is
W=F.r
=(2t - j — k).(8 + 2j — 5k)
=16—-2+5 =19 joule
Work done = 19 joule

Example 2:
Find the work done by the force of a body of mass m = 10*kg with initial velocity v; = 1.5 x
103ms~1 to the final velocity v, = 3.0 X 103ms~1 at any time t.
Solution:
As we studied the result that the work done is equals to the difference of kinetic

energy of the initial and final points

1 - -
Work done = Emv% - Emvl2

= Em( 7322 - 7312)

= %(104)[(3.0 x 10%)2 — (1.5 x 10%)?]

= 3.38 x 10%gms1
= 3.38 x 10°N

Hence the required work done is 3.38 x 101°N.
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Conservative Force Field

In order to understand the concept of conservative force field, we must understand the

phenomena of path independence.

Path Independence

Independence of path is defined as that the work done by an object remains same between initial
point and the final destination of the particle, it does not matter which path is taken by the object.
The example of path independence is work done by the gravitation force. When an object freely
falls from same height, the work done remains same no matter what path chose, when the object
hits the ground due to the fixed gravitational force and the perpendicular distance between the
object and the ground. The symbolic statement of path independence is

If a particle is moving along a curve C from P;to P, is, then the total work done can be expressed

as
P; P
W = j F.d¥ = f —(VV).d#t = —|dV ;2 = =[V(P) = V(P)] = V(P) — V(P,)
Py Py

In such case we can observe that the work done by the object depend only on the end points of
the curve P; and P,.

Now we can define the conservative force field in terms of path independence of a particle
moving along a curve that:

“A force field is said to conservative if the total work done by the particle moving along a
curve is independent of the path taken by the particle and depend upon the end points of

the curve only.”

Necessary and sufficient conditions for a Conservative Force Field

Conservative force fields conserve the following properties:

i. A force field F is conservative if and only if there exists a continuously differentiable scalar field

V such that F = —VV or, equivalently, if and only if
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curl F = VxF =0
identically
ii. A continuously differentiable force field F is conservative if and only if for any closed non-

intersecting curve C (simple closed curve)

i.e. the total work done in moving a particle around any closed path is zero.

Examples of Conservative Forces

» Gravitational force is an example of a conservative force.
> Elastic spring force is example of conservative force.

» The work done of a particle moving along a closed path is zero and the force which

causes such motion is conservative.
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Example of Conservative Field

Problem:
Prove that the force field
F = (% —2xyz®)i+ (3 + 2xy — x223)j + (623 — 3x2yzD)k

is conservative.

Solution:
We know that he force field is conservative iff curl F is zero;
i VXF=0
i j k
VxF = a/ax a/6y a/az
y? —2xyz3® 3+ 2xy —x2%z3 623 — 3x2yz?

9] d 9] 9]
= i[@ (623 — 3x2%yz?%) — 5(3 + 2xy — xzz3)] -7 [a (623 — 3x%yz?) — E(y2 — 2xyz3)
+k [i B3+ 2xy — x%z3) — i(y2 - 2xyz3)]
0x dy
= (—3x22% + 3x%2z%)i — (—6xyz? + —6xy2z?)] + (2y — 2x2% — 2y + 2xz*)k
=0
As we obtain V x F = 0

We conclude that F is conservative.
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Related Topic of Conservative Force Fields

Conservation of Energy Theorem in Case of Conservative Force Field

The concept of energy is a useful alternative to the concept of force. We will derive the law of
conservation of energy using the concept of conservative force field.

If P; and P, are any two points on the trajectory of a particle, the total work done by the total

force acting on the particle is given by

P tz ty
W= ﬁd*—f drdt—f Wt
= P= | mu—s m—.v

Py ty ty

ts
1 d 1 1 1
=5m f a(vz)dt = Emlvzlii = Emv% —Emvl2 =T,—-T, (1)

(%1

Whel’e U(tl) = Ul &U(tz) = Uz
Now we suppose that the applied force F on the particle is conservative. Then we can express it

as F = —VV, and the integral for W can be written as

W = f F.d7 = f —(W).dit = —[dV[2 = =[V(P) - V(P)]I =Vi =V, (2)
Py Py

where V; and V, corresponds to P.E. at initial and final positions of the particle. By comparing
expression (1) and (2), we have

T,—T,=Vi—=V, or Ty +V, =T, +V, 3)
Expression (3) shows that the quantity T; + V; is a constant of motion. It is called total energy of

the particle. Denoting the total energy by E, we have

1
E=T+V=Emv2+V

Conservative Systems and Orbits of Particles
A single particle moving in a conservative field of forces may perform an important type of
motion. Suppose the total energy E of the system is a constant of motion i.e.
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1
Emf"z +V(@r)=E

where E is some constant denoting total energy of the system.
Suppose the particle’s motion in such that it returns to the same position, represented by the
position vector ry, at a later time. Then it must have the same K.E. and therefore the same speed.

It follows that in a conservative system it is possible for closed trajectories to occur. This fact is
very relevant in the study of Earth’s motion about the Sun.
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Non-Conservative Force Field

Forces that cannot be expressed in the term of a potential energy function are called non-
conservative forces. We can also state that forces that do not store energy are called non-
conservative or dissipative forces. If there is no scalar function V such that F = —AV [or,
equivalently, if V. x F = 0], then F is called a non-conservative force field.

Friction is a non-conservative force, and there are others. It is always opposed to the direction of
motion and is not a single valued function of position alone.

Similarly the impulse (time dependent force) is also non-conservative and cannot be derived
from a scalar point function.

An example of non-conservative force, we have F = kv, where v is the velocity of the particle,

then,
5517* d*—fﬁﬁdt
r = .dt
ty ty
=fﬁ.ﬁdt=kfv2dt>0
tq tq

which shows the integral is not equals to zero. Hence the force is non-conservative.

Work-Energy relation and Non-conservative Forces

We have already shown that for any general force F

P;

When the force F can be broken into conservative and non-conservative parts
F = FO 4 fo

we have

P P

f FO d7 + f FO d# =T, — T, (1)
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But F© = —vV and equation (1) can be written as

P,
Vv, -V, + j FO 4 =T, - T,
P
which can also be written as
P,
T, +V, + f F1O 47 = T,+V, (2)
Py

The work done in overcoming friction is always negative, because £ is opposite to the
displacement relation (2) proves that the influence of friction is dissipative and therefore
decrease the total mechanical energy of the system.

Alternatively (2) can be expressed as

P
Vo = V) + (T, —Ty) = f Fo)_d7
Py
or
P
AV +T) = f Fo g7
Py

It is interesting to remember that the process in which work is converted into internal energy

(due to friction) are irreversible.



