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Lecture 1

Experimental Design

Lesson 1: Design and Analysis of Experiment

Definition 1.1

Planning an experiment to obtain appropriate data and drawing inference out of the data with
respect to any problem under investigation is known as design and analysis of experiment.

Terminologies
Definition 1.2

EXPERIMENT: An experiment deliberately imposes a treatment on a group of objects
or subjects in the interest of observing the response.

Definition 1.3

EXPERIMENTAL UNIT: The experimental unit is the basic entity or unit on which the
experiment is performed. It is an object to which the treatment is applied and in which the
variable under investigation is measured and analyzed. For example, experimental unit may
be: a single person, animal, plant, manufactured item, or country that belongs to a larger
collection of such entities being studied.

.-|"}|"|I:.
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Identify the Experimental Units

¢ A teacher practices the different teaching methods on different groups in her class to
see which yields the best results.

¢ A doctor treats a patient with a skin condition with different creams to see which is
most effective.

Definition 1.4

TREATMENTS: In experiments, a treatment is something that researchers administer to
experimental units. For example, a corn field is divided into four, each part is 'treated’ with
a different fertilizer to see which produces the most corn.

Definition 1.5

FACTOR: A factor of an experiment is a controlled independent variable; a variable whose
levels are set by the experimenter. A factor is a general type or category of treatments.
Different treatments constitute different levels of a factor.

Definition 1.6

EXPERIMENTAL ERROR: It describes the variation among identically and indepen-
dently treated experimental units. The various origins of experimental error include:

¢ The natural variation among the experimental units.

¢ Inability to reproduce the treatment conditions exactly from one unit to another.
¢ Interaction of treatments and experimental units.

¢ Any other extraneous factors that influence the measured characteristics.

There are two types of error:

¢ Systematic Errors
¢ Random Errors

Definition 1.7

EXPERIMENTAL DESIGN: An experimental design is a plan to collect the data rel-
evant to the problem under investigation. In such a way as to provide a basis for valid and
objective inferences about the stated problem. The plan usually consists of the selection of
the treatments , specifications of the experimental layouts, allocation of the treatments and
collection of observation for analysis.

Lesson 2: Purpose of Experimental Design

Get maximum information for minimum expenditure in the minimum possible time
Helps to reduce the experimental error

To ignore spurious effects, if any.

To evaluate and examine the outcomes critically and logically.

L R 2B 2B 2
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Lesson 3: Steps in Designing an Experiment

A statistically designed experiment may consist of the following steps:

Statement of the problem

Formulation of the hypothesis

Choice of response or dependent variable.

Selection of the factors to be varied.

Choice of levels of these factors i.e., qualitative or quantitative and fixed or random.

How factors are to be combined.

Number of observations to be taken.

Methods of randomization to be used.

Mathematical model to describe the experiment.

Data collection and processing.

Application of statistical techniques to the experiment results.

Drawing conclusions with measures of reliability of the estimates of any quantities that are
evaluated.

Evaluation of whole investigations particularly with other investigations on the same or
similar problems.

L 4 L 2 & 2B 2 & 2 2 2B B B 4

Lesson 4: Basic Principles of Experimental Design

The basic principles of experimental designs are: (i) Randomization, (ii) Replication, and (iii)
Local of Control. These principles make a valid test of significance possible.

¢ Randomization
It is a random process of assigning treatments to the experimental units. Randomization is
usually done by using tables of random numbers, by drawing numbered cards from a well
shuffled pack of cards, or by drawing numbered balls from a well-shaken container.
Purpose of Randomization

% To remove bias and other sources of extraneous variation, which are not controllable.
% To form the basis of any valid statistical test.
¢ Replication
Replication is basically a repetition of the basic experiment.
In other words, it is a complete run for all the treatments to be tested in the experiment.
In all experiments, some variation is introduced because of the fact that the experimental
units such as individuals or plots of land in agriculture experiments, cannot be physically
identical. This type of variation can be removed by using a number of experimental units.
We therefore perform the experiment more than once, i.e., we repeat the basic experiment.
An individual repetition is called a replicate.
Replication is Used?

% To secure more accurate estimate of the experimental error.
% To decrease the experimental error and thereby to increase precision.
% To obtain more precise estimate of the mean effect of a treatment.

¢ Local Control
A term referring to the amount of balancing, blocking and grouping of the experimental
units.
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Balancing means that treatments should be assigned to the experimental units in such a
way that the result is a balanced arrangements of the treatments.

Blocking means that like experimental units should be collected together to form a rela-
tively homogeneous group. A block is also a replicate.

The main purpose of the principle of local control is to increase the efficiency of an experi-
mental design by decreasing the experimental error.

Lesson 5: Types of Design

The types of Design are:

¢

Systematic Designs

In systematic designs treatments are applied to the experimental units by some systematic
pattern, i.e., by the choice of the experimenter. For example, The experimenter wishes
to test three treatments and he decides to have four repetitions of each treatment. The
arrangements of three treatments over the experimental area could be: See Example.
Randomized Designs

In randomized designs, as the treatments are applied randomly, therefore, the conclusions
drawn are supported by statistical tests.

In this way, inferences are applicable in wider range and the random process minimizes
the systematic error. The analysis of variance techniques are also suitable to randomized
designs only.

Lesson 6: Classifications of Randomized Designs

¢
¢
¢

Completely Randomized Design (CRD)
Randomized Complete Block Design (RCBD)
Latin Square Design

Example: A market gardener wants to test three types of peas, A, B, and C, on his land. He
has a square plot which he divides into nine equal squares, three to be planted with each type of
pea. The problem which he then faces is which square to plant with which type.

¢

One method is Completely Randomized Design which might,

ClA|C
B|AJA
B|B|C

This would be all right if all the plots were equally desirable. If however, there were prevailing
north wind so that the northernmost plots were exposed, he might decide to use, Randomize
Complete Block Design.

Randomized Complete Block Design, where each of the types A, B and C'is planted once
in each west-east block.

If the gardener also felt that the soil to the east was rather better than that to the west, he
would use, Latin Square Design.

A Latin Square design, where each type of pea is planted once in each row (west-east), and
once in each column (north-south).
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Lecture 2

Basic Concepts of ANOVA

Lesson 7: An Overview

Analysis of variance can be used to test for the equality of three or more population means. Data
obtained from observational or experimental studies can be used for the analysis.

We want to use the sample results to test the hypothesis:

H,: py=py=---=px vs Hp:Not all population means are equal

If H, is rejected, we cannot conclude that all population means are different. Rejecting H, means
that at least two population means have different values.

Lesson 8: Assumptions of ANOVA

¢ For each population, the response (dependent) variable is normally distributed.
¢ The variance of the response variable, denoted by o2, is the same for all of the populations.
¢ The observations must be independent.

Note that

¢ When H, is true, the sample means are close together because there is only one sampling
distribution of X.

¢ When H, is false, the sample means come from different sampling distributions and are not
as close together.

Between Treatments Estimate of Population Variance o2
The estimate of 062 based on the variation of the sample means is called the mean square due to
treatments and may be denoted by M STR.

k
Zlnj(fj—f)Q
MSTR = 2=
STR P

The numerator in M STR is the sum of squares due to treatment (SSTR) and in denominator is
the degrees of freedom associated with SSTR.
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Within-Treatments Estimate of Population Variance o2
The estimate of 0 based on the variation of the sample observations within each sample is called
the mean square due to error and may be denoted by MSE.

k
Z}l(nj —1)s7
MSE ==
nr — k
The numerator in M SE is the sum of squares due to error (SSE) and in denominator is the
degrees of freedom associated with SSFE.

Lesson 9: F-test

If the null hypothesis is true and the ANOVA assumptions are valid, the sampling distribution of

%Sgé% is an F-distribution with M STR df equal to k — 1 and M SE df equal to ny — k.

MSTR

NS will be inflated because

If the means of the k& populations are not equal, the values of
MSTR overestimates 2.

We will reject Hy if the resulting value of %ngR

random from the appropriate F-distribution.

ANOVA Table
The ANOVA table decomposes the variance into two components:

appears to be too large to have been selected at

¢ A between-group component (treatments), and
¢ a within-group component (error)

The F-ratio is the ratio of the between-group estimate to the withinOin group estimate.

Lesson 10: Completely Randomized Design (CRD)

Some Definitions

¢ Factor
A factor is a variable that the experimenter has selected for investigation (the independent
variable).

¢ Treatment
A treatment is a level of a factor

¢ Experimental Units
An experimental units are the objects of interest in the experiment.

¢ Completely Randomized Design
A completely randomized design is an experimental design in which the treatments are
randomly assigned to the experimental units.

A completely randomized design, which is the simplest type of the basic designs, may be defined
as a design in which the treatments are assigned to experimental units completely at random, that
is, the randomization is done without any restrictions. The design is completely flexible, that is,
any number of treatments and any number of units per treatment may be used. Moreover, the
number of units per treatment need not be equal.

A completely randomized design is considered to be most useful in situations where
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¢ The experimental units are homogeneous,
¢ The experiments are small such as laboratory experiments, and
¢ Some experimental units are likely to be destroyed or to fail to respond.

The CRD is used to compare the treatment means:

H,: py=ps=---=pu, vs Hy: At least two of the treatment means differ

10.1 Steps for performing ANOVA for CRD

Assure randomness of design, and independence, randomness of samples
Check normality, equal variance assumptions

Create ANOVA summary table

Conduct multiple comparisons for pairs of means as necessary

—_
~—

W=

10.2 Assumptions of CRD

¢ Normality

Normality can be checked using Normal probability plots and Kolmogrove test.
¢ Constant Variance

The homogeneity of variances can be checked using histogram and Levene’s test.

ANOVA Table for CRD

Source df SS MS F
Treatments &k — 1 SST MST = 25T 5T
Error n—=k SS MSE:%

Total n—1 SS(Total)

10.3 Advantages of a CRD

¢ CRD is very flexible design. That is, the number of treatments and replicates is only limited
by the available number of experimental units.

¢ Statistical analysis is simple compared to other designs.

¢ Loss of information due to missing data is small compared to other designs due to the larger
number of degrees of freedom for the error source of variation.

10.4 Disadvantages

¢ If experimental units are not homogeneous and you fail to minimize this variation using
blocking, there may be a loss of precision.

¢ Usually the least efficient design unless experimental units are homogeneous.

¢ Not suited for a large number of treatments.

10.5 Experimental Layout

The layout of an experiment is the actual placement of the treatment to the experimental units.
For example, if the number of treatment = 4, number of replication = 3, then experimental units
=4x3=12.
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A(Yy)|D(Ya)|B(Ya)
C(Ya ) | B(Ya) | A (Yio)
A (Yiz) | D (Ya) | C(Ya)
C (Y3 ) | B (Yas) | D (Ya3)

Example: An experiment was conducted to compare the yields of three varieties of potatoes.
Each variety was assigned at random to equal-size plots, four times. The yields were as follows:
Test the hypothesis that the three varieties of potatoes are not different in the yield in capabilities.

Variety
A B (C
23 18 16
26 28 25
20 17 12
17 21 14

Question 1: Three fertilizer treatments A, B, and C each applied to seven plots of strawberry
plants, resulted in the following weights of crops (Ib/plot): Perform the ANOVA to test the

Al24 18 18 29 22 17 15
B 146 39 37 50 44 45 30
C |32 30 26 41 36 28 27

hypothesis of no difference in the treatment effects. Use a 0.01 level of significance.

1) Formulation of hypothesis:

H,:py=py=p3 vs Hyp:at least two means are not equal
2) Level of significance: o = 0.05
3) Test Statistics: ' = Mtreatment

MS@T‘TOT'
Required calculations: Here T} = 143,7T, = 291,13 = 220, T.. = 654.
T.
CF = N where N =nk =7(3) =21
654)*
CF = ( 21) = 20367.43

Total SS = ZZZ‘?J —CF
=242 + 182 + 182 + - - - + 282 — 20367.43
= 22520 — 20367.43 = 2152.57

k
> 17
Treat SS = =1 —CF
n

1
= 5[(143)2 +(291)% + (220)?] — 20367.43 = 1564.43

Error SS = Total SS — Treat SS
= 2152.57 — 1564.43 = 587.14

4) Critical Region: Reject H, if F.yy > Fiy—1,0-1) = 24.00 > Fy05(2,18) = 24 > 3.55
We reject H,
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A 24 18 18 29 22 17 15| 143
B 46 39 37 50 44 45 30| 291
C 32 30 26 41 36 28 27 | 220

Total | | 654
Source SS df MS F
Treatment | 1565.43 k—1=2 205 =78272 F =522 =24.00
Error 587.14 N —k=18 2 =32.62
Total 2152.57 N —1 =20

5) Conclusion: Since the 24 > 3.55 fall in the critical region, so we reject H,. So, we conclude
that there is a difference between the treatment effects.

g
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Lecture 3

Randomized Complete Block Design

Testing the effects of two independent variables (or factors) on one dependent variable.

Lesson 11: Main Points

Experimental material is divided into groups or blocks

Each block contains a complete set of treatments

Treatments are assigned randomly (Randomization is restricted within block)
A new randomization is done for each block/ group

It has different layouts: 2 x 3, 3 x 5, etc.

The RCBD is perhaps the most frequently used experimental design

LR 2 2 2 2 4

Figure 3.1: RCBD Design may Look Like

11.1 Experimental Layout
An experimental layout for such a design using four treatments in three blocks be as follows.

Treatments are randomly allocated to blocks.
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Figure 3.2: Agricultural Research Field

11.2 Statistical Model
The linear model for RCBD is

Block 1 | Block 2 | Block 3

OlQ = =
W@ = O Q

> O Qw

Yij = p+ Bi + T + ey,

where 1 = True mean effect, T' = effects of treatment, B = Effect of block/ groups, and e = effect

of random errors.

Data Computations Table

Blocks Treatments Block
1 2 -+ g7 -+ k| Total | Mean
1 Yii Yo Bi. Y.
2
7
r
Total | B4
Means | Y4
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11.3 Partitioning of Variations

[Total Variation| = [Variation due to Treatment| 4 [Variation due to Blocking]
+ [Variation due to Unknown factors|
Total SS = Treatment SS 4 Block SS + Error SS
DOV =Y =y (V) + kD (Vi =YV + 33 (Y =Y, - Vi =Y.
j i i

iog

SOV df SS MS F

Treatment E—1 SSTreat =T, (Z] _X“)Z MSpron — SiT_Tfat F, — Mj\gj‘;gat
Blocks r—1 SSBiock = kYi(Yi. = Y.)>  MSpoer = 527 Fiock = i1ap
Error (k—1)(r—1) SSE = by subtraction MMSg,ror = (rsfgﬁ

Total rk—1 SSrreat = 3 32 (Vij — Y..)?

Example 1: Four varieties of wheat are tested in randomized complete block design in four
replications/ blocks. Yield in kg/plot is shown in the table below. Test the hypothesis that there
is no difference in the means of four varieties.

Varieties of Wheat

Blocks AR 7ATA v,
1 2 5 4 1

11 2 3 3 1
II1 4 6 6 2
vV 1 4 2 3

Solution:

Step 1: State the Hypothesis
H,:T; =0 (There is no difference in the means of four varieties of wheat)
Hy:T;#0 (At least two treatment means are different from each other)
Hy: B; =0 (There is no difference in the means of four varieties of wheat)
H,:B; #0 (At least two varieties are different from each other)

Step 2: Level of Significance
a = 0.05(5%)

Step 3: Test-statistics to be used
MSTreat

F=—"
MSET‘T‘OT

Required Computations

(24+5+---+3)°
16

= 40.94

Y.
SSTotal:ZZY2—;:(22+52+42—|-...+32)_

20T, 924182+ 152472  (49)2

SSTTeat == Z_Z == 4 — (16) = 19.69
°J
20T, 1224924182 +10%2  (49)2

SSBiock = Z—? = 1 - (16) =12.19

SSError = SSTotat — SSTreat — SSBiock = 40.96 — 19.69 — 12.19 = 9.06
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Treatments
Blocks 5
Vi Vo Vi Vi|Block Total (Beck) Ss

I 2 5 4 1 12 122 =144 22 +52+4*+12 =46
IT 2 3 3 1 9 81 23
111 4 6 6 2 18 324 92
Y% 1 4 2 3 10 100 30
Varieties Total 9 18 15 7
(Varieties Total)? | 81 324 225 49
SS 25 8 65 15

SOV df SS MS F

Treatment 4-1=3 19.69 ¥ =6.56 Frreq = 2or = 6.50

Block 4-1=3 1219 29 =406 Fpipp = 200 = 4.02

Error 15-6=9 9.06 % =1.01

Total 16-1  40.96

Step 4: Critical Region
Critical Value for Fryeq: = 3.86 (as Fuf, df,.a—0.05 = F39 = 3.96)
Critical Value for Fpioer = 3.86 (as Fuf, dfy.a—0.05 = F39 = 3.96)

Step 5: Conclusion
The computer value of Frp... is greater than the Critical value of Frpeqr, SO Frpeqs falls
in the critical region. Therefore, we will reject the null hypothesis and conclude that the
means of four varieties of wheat are statistically different.
The computer value of Fpgj, is greater than the Critical value of Fpgjoer, SO Fgioer falls
in the critical region. Therefore, we will reject the null hypothesis and conclude that the
Blocking is effective.

g

Question 1: The following is the plan of a field layout testing four varieties, A, B, C, and D of
wheat in each of 5 blocks. The plot yields in Kg are also indicated. O

Block I Block II Block II1 Block IV Block V
29.3 B 33.0 D 298 B 36.8 D 288
33.3 A 34.0 A 343 A 35.00 D 288
30.8 C 34.3 B 36.3 D 28.0 B 345
32.3 D 26.0 C 353 C 323 A 36.5

> QW

11.4 Advantage and Disadvantages of RBCD
Advantages

¢ The source of extraneous variation is controlled by grouping the experimental material and
hence the estimate of the experimental error is decreased.

The design is flexible, any number of replications may be run and any number of treatments
may be tested.

The experiment can be set up easily

The statistical analysis is simple and straightforward.

It is easy to adjust the missing observations.

L R 2R 2 L 4
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Disadvantages

¢ It control the variability only in one direction
¢ It is not suitable design when the number of treatments is very large or when the blocks are
not homogeneous.

Note that

¢ Extraneous Variables are undesirable variables that influence the relationship between
the variables that an experimenter is examining.
These variables influence the outcome of an experiment, though they are not the variables
that are actually of interest. These variables add error to an experiment.
A major goal in research design is to decrease or control the influence of extraneous variables
as much as possible.
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Lecture 4

VU

RCBD with Replications within Blocks

Lesson 12: Introduction

Let us assume that each treatment is replicated n times within each block, so that each block
contains nk plots. The experiment becomes analogous to two way classifications with each cell
containing n observations. This leads to new statistical model in the form

Yij = puBi + 7+ (B1)ij + e

12.1 Missing Observations in RCBD

Sometimes it so happens that some experimental units or observations are missing. For example,

¢ Unrooted plants

¢ Records lost

¢ Died animals

¢ Destroyed plants

¢ Broken Flask

¢ Uncooperative people

Suppose,
Blocks Treatments Block Total
1 2 ... Lk

1 T Yo o Yk Bl +=z
2 Ya1 Y22t Yok Bo.
r Yr1  Yr2 e Yrk Br-
Treatment Total 7!, Ty --- Ty T +x
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We get the following sums of squares, when we perform the analysis of variance,

T 2 T2 T2 T/ 2
SSTreat:M—f—i‘f‘""f‘i—M
r r r rk
_(BL)? | B3 B2 (T +ux)?
SSBlocks - ]{? + k‘ + + ]C 7"/{3
SSErmor = By subtraction
T + z)?
SSTotal = 2 4 og? - (T
Total %:yz] + € Tk
Thus the error sum of squares is obtained as
T/ 2 T/ 2 B/ 2
SSE = 2% + ( ]j ?) — (T + ) — (B, 2— 7) + terms which do not involve z
r T
0SSE 2T +z) 2T, +z) 2(By+=x)
=2 — — Eq. (1
e ; 2 a. (1)
oy AT D) ATitw) 2ABtw)
kr T k
:>+/+x T'/le,xO
€T _— _——_——_— — = — —— — — =
kr = kr r T k k
1 1 1 T T B!
sz|l+——— —— S Rt
v [ Ty lJ ok
N kr—1—k—r rBy. + kT, =T
T —
kr kr
rBl + kT, — T

(k—1)(r—1)
The formula in general may be written as

_rB+kT -G
ERCER )

where

r = number of replicates

k = number of treatments

B = sum of remaining values in the blocks with the missing observations

T = Sum of the remaining values of the treatment with missing observations

G = Grand total of all observed values

Example 1: The following data, obtained from a randomized complete block design with 3
treatments A, B, C and three blocks, contain one missing observation represented by X. Estimate

Treatments
A B C
= I |5 12 15
é’ I | 7 10 14
M JIIT| &8 16 =z

the missing observation and prepare a table for analysis of variance.
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Solution:

B rB+ kT — G
S (k—=1)(r—1)
r=3,k=3B=8+16=24T=15+14=29, G =87

_ 3(24) +3(29) — 87 _

=18
B3-1)(3-1)
Therefore, data table is,
Treatments
A B C
K I |5 12 15
é’ Imj|7 10 14
m I |8 16 18

Step 1:  Hypothesis:
Ho @ py = po = s
H, : Not all treatment means are equal
Hy:py = po = p3
H, : Not all block means are equal
Step 2:  Level of significance: a = 0.05
Step 3:  Test Statistics

2 2
S S
FZ reat — S’great FBlock - 51231051@
. Error Error
Calculatlonsz

2 2
CF = (T) = (105) = 1225
rk 9

SSrotar =YY yp; — CF =52 —12> 4+ ... 4+ 16” + 18° — 1225 = 158
T

2

T+
SSrreat = Y, —+ — CF = 1351 — 1225 = 126
J T
322 4+ 312 4 422
SSBiock = Y Bf — CF = i 3 T2 995 — a7

SSError = SSTotat — SSTreat — SSBiock = 158 — 126 —24.7 =7.3

Step 5:  Critical Region

F rea > Fi =
Reject the Null hypothesis if { = = 0:05:(2:3)=0.55

Biock = F0.05,(2,3)=9.55
For treatment means since 25.9 > 9.55 Reject H
For Block means since 5.08 < 9.55 Do not Reject Hy

Step 6:  Conclusion

As for treatments calculated F-value all in the critical region, it means that all the treat-
ments means are not equal (or at least two treatment means are not equal). Similarly, for
blocks the calculated F-value does not lie in the critical region, so so conclude that all the
block means are equal.

U
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SOV df SS MS F
MSTreat
k—1= FTreat = W
Treatments SSTreat = 126 MSrrear = 226 =63 Error
3-1=2 i SRR
243 77
F o MSBlock
r—1= Block — W
Blocks 3 1—9 SSBlock =247 MSBloclc = % =12.35 192 3%7“7’01’
Error (r—=1)(k—=1)—1=3 SSpuo =73 MSpgyo =5 =243
Total rk—1=7 SSTotar = 158
SOV df SS MS
Treatments 3 1.1986 0.3995
Blocks 9 0.4074 0.0453
Error 27 0.6247 0.0231
Total 39 2.2309

Lesson 13: Efficiency of RCBD Relative to A CRD

For experimental design, efficiency relates to the ability of a design to achieve the objective with
minimal expenditure of resource such as time and money. Its relative efficiency is usually expressed

in terms of a ration of error variances.

Estimated MSE for CRD

MSE for the RCBD
(T - ]-)MSBlock + T<k - 1)MSE'rrm'
(Tk - I)MSETTO'I’

RE(RCBD,CRD) =

Example 2: Given the following analysis of variance for RCBD: Estimate the efficiency of this
design relative to completely randomized design.

Solution:

(9)(0.0453) + (10)(3)(0.0231)
(39)(0.0231)

=1.22=122%

RE =

11007
~0.9009

Question 1: Determine the missing observation and compute the analysis of variance

Treatments
Blocks A B C D E
I 5 6 6 7 4
nm oy, 7 7 8 5
I11 T 7T 7 9 b

* Yates method
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Step 1:

Step 2:
Step 3:

Step 5:

Step 6:

Hypothesis:

Hoy:pa=pp=-=pug

H, : Not all treatment means are equal
Ho : pyn = pg = i3

H, : Not all block means are equal
Level of significance: a = 0.05

Test Statistics

82 52
Frrea = g Fpiock = g%
Calculations: BLkT — G 3(27) + 5(12 90
L TBHRT -G 3(27) +5(12) —90 _
k—1)(r-1) (G-DB-1)
variance
Treatments
Blocks A B C D E
I 5 6 6 7 4
II 63 7 7 8 5
111 7 T 7 9 5
T )2 96.375)2
op = L7 _ (96:375)7 0009

rk 15
SSrotar =YY Yy — CF =5 — 6>+ - + 9> + 5> — 619.209 = 23.432
(]

T2 18.3752 + 202 + 202 4 242 4 142
SStreat = —L —CF = i +3 P 619200 = 17.338
- T
J
282 + 33.3752 + 352
SSBlock = Y Bf — CF = * - 99 619.209 — 5.3687

SSError = SS7otal — SSTreat — SSBioer = 23.432 — 17.338 — 5.3687 = 0.725

Critical Region

F rea > F =
Reject the Null hypothesis if Treat = 70.05,(4,7)=4.12

Block = F0.05,2,7)=4.7374
For treatment means since 41.84914 > 4.12 Reject Hy
For Block means since 25.9181 > 4.7374 Reject Hy
Conclusion
As for treatments calculated F-value all in the critical region, it means that all the treat-
ments means are not equal (or at least two treatment means are not equal). Similarly, for
blocks the calculated F-value lies in the critical region, so conclude that all the block means
are not equal.

g

Question 2: Given the following analysis of variance for randomized complete block design. Fill
in the mean squares. Estimate the efficiency of this design relative to completely randomized
design.
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SOV df SS MS F
MS
1 . Treat
k—1= MSTreat = 7538 FTreat MS
Treatments £ 14 SSrrear = 17.338 4 A 33]51%7?74
- = 4.33437 = = = 41.84914
0.10357
MSBlock
1= M St = 2550 Fotook = 370
Blocks 51— S SBiock = 5.3687 2 5 68‘2}"{%’7
= = 2.68437 == — 925.9181
0.10357
0.725
—1)x M rror — T 5
Error (r ) SSError = 0.725 S 7
(k—=1)—-1=7 = 0.10357
Total rk—1=14 SSTotar = 23.431
Sov df SS MS
Treatments 3 134.45 MSpreq = 13@'45 = 44.816
Blocks 4 2146 MSpea, = 2% =5.365
Error 122626 MSppo = 252° =2.188
Total 19 182.17
Estimated MSE for CRD
E BD D) =
RE(RCBD,CRD) MSE for the RCBD
o (T - 1)MSBlock + T<k7 - 1)MSE7”7"07"
(Tk - 1)MSE7"T‘07‘
RE — (5—1)(5.365) + (5)(4 — 1)(2.188)
B (5 x 4 —1)(2.188)
54.28
= =1.305=130.5
41.572 %
Results indicates that RCBD is 130% as efficient as the CR design. U
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Lecture 5

Latin Square Design-I

Lesson 14: Introduction

When the variation is found in two directions, it becomes necessary to remove these two sources
of variation simultaneously. This is done by simultaneous blocking of experimental units in two
mutually perpendicular directions called rows and columns. Since each row and each column is a
complete block, the grouping for a balanced arrangement is performed by imposing the restriction
that each treatment must appear “once and only one” in each row and in each column.

If there are K treatments then the experimental area will be divided into K rows and K columns
in K x K plots or experimental units. As the experiment is laid out in a square pattern and the
treatments are then assigned at random to plots or experimental units, such a double blocking of
experimental units and a corresponding double random assignment of treatments is called “Latin
Square Design”.

14.1 Layout

Latin Squares are always constructed by rotations, e.g. in the case of four treatments A, B, C,
and D, we get

wii@]lvelie
> O QW
W = Ol
Q|| =T

A large number of distinct Latin Squares can be derived by interchanging rows and columns
of a standard Latin Square, where a Standard Latin Square is a Latin Square in which the
treatments in the first Row and first Column are arranged in alphabetical or numerical order.

A standard Latin Square is also called a Reduced Latin Square.

There is only one standard square of a 2 x 2 Latin Square as,

A|B
Bl A

For a 3 x 3 Latin Square, we have also one Standard Latin Square,
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ow:>\
D>QUJ‘
UU;J>O‘

For a 4 x 4 Latin Square, there are four possible Standard Squares as

A|/B|C|D AIB|C|D
B|A|D|C B|A|/D|C
C|D|A|B C|D|[BJ|A
D|C|B|A D|C|A|B
A/B|C|D AIB|C|D
B|C|DJA B|D/ A|C
C|D|A|B C|A|D|B
D|A|B|C D|C|BJ|A

Each Latin Square of K x K yields K!(K — 1)! different squares by permuting the rows except
first and all the K columns. Accordingly, we may obtain from a square of design.

2x2=2(2-1)=2
3x3=3(3-1)=12
4x 4= 44— 1) =576
5x 5= 5(5— 1)l = 161280

14.2 Mathematical Model

In Latin Square Design, the observation Y;;,
Yijw = p+ Bi + Cj + 7 + €ijn),

where 7,7, h =1,2,3,--- |k

The p denote the general mean

R; = is the effect of the ith row
C; = is the effect of the jth column
7; = is the effect of the Ath treatment
€ij(n) = is the epxerimental error, assumed to be normally and independently distributed

with zero mean and common variance 02

14.3 Statistical Analysis

1. Null and Alternative Hypothesis
For Treatments (Hy : 7, = 0 vs Hy : 7, # 0)
HO;IU1:M2:...
H, : Not all treatment means are equal
For Columns (Hy : C; =0 vs Hy : C; #0)
HO:M1:M2:"'
H : Not all Column means are equal
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For Rows (Hy : R; =0vs Hy : R; #0)
Ho:pp=po=---
H, : Not all Row means are equal

Level of Significance: o = 5%
Test Statistics:
F o MSTv'eat o MSColumn F o MSRow
Treat — MSError ) Column — MSError ) Row MSError
Calculations
Col R;
Rows e Means
1 2 3 4 k Total
1 Yiia | Yieg | Yise | Y R;.. Y.
2 : : Ro.. Yo..
3 : : Rs.. Ys..
4 Yia | Yo | Yase | Yup Ry.. Y,
K Yiia | Yron | Yrsc | Ykap Rk.. Yk.
Total Cj C.l. C.Q. G =T
Means ?.1. ?.2. Y.g. Y.4. ?.5. ?-K- ?

Partitioning of Total Sum of Squares

SSTotal - SSRow + SSColumn + SSTTeat + SSET‘T‘OT
SSE’I’TO'I’ = SSTotal - SSRow - SSColumn - SSTreat

Degrees of Freedom
SSTotalzn—lszk—l

SSkow =k —1
SSC’olumn =k—-1
SSTreat =k—-1

SSEmor = k2 —1—3(k —1) = (k — 1)(k — 2)

Sum of Squares

CS =

(T..)’

_ GT?

k?

n
SSTotal = Z Z(yfj(h)) - CF
v

B2
SSRow = szR
2

SSColumn = ZJ L —
T2
SSTreat = Zh h

ANOVA Table
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SOV df SS MS F
Treatment k—1 SSTreat MS7reat = % Frreat = %:ZZ
Row kE—1 SSRow MSpow = S;j%f{w Frow = M[?%w
Column E—1 SScotumn M Scotumn = % Feotumn = %
Error (k= 1)(k=2)  SSpwor  MSgmor = G255
Total kK?—1 SSTotal

4. Critical Region

Reject the null hypothesis when

FTreat Z Fa,(dftreat>dfer7‘o7‘)
FRow Z FOL7(deow7df€rro’r)
FCOZ'U«mn Z Fa’(dfCOZumnvdeT"l’OT‘)

5. Conclusion

Example 1: The atmosphere in 4 different districts of a large town was sampled, the samples
being taken at 4 different heights. Four different tests for the presence of a certain chemical were
made on the samples. The arrangement is shown in the following table with the percentage by
weight of the chemical as determined by the tests. Letter denote the difference test. Is there any

Heights Districts
1 2 3 4
1 A8 Bb53 (C41 D5
2 D68 A49 B41 (C32
3 B63 C47 D40 A5
4 C57 D33 A40 B4.2

evidence of significant variation from district to district and between heights in the percentage of
the chemical present in the atmosphere.

Solution:

1.

Null and Alternative Hypothesis

For Treatments (Hy : 1, =0 vs Hy : 1, # 0)
Hy:p=po=---

H, : Not all treatment means are equal
For Columns (Hy : C; =0 vs Hy : Cj #0)
HO:/U:,MQ:"'

H, : Not all Column means are equal

For Rows (Hy: R; =0 vs Hy : R; #0)
HOZMII,U/Z:"'

H, : Not all Row means are equal

Level of Significance: o = 5%

Test Statistics:

. MSTreat MSC’olumn MSRow

Feotumn = Frow = 75—
oumn MSE'I"I‘O’I‘ ’ o MSETT’OT’

Calculations
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Heights Districts R; R?
1 2 3 4

1 A8 B53 (C41 D5 224  501.76

2 D68 A49 B4l C32 190  361.00

3 B63 C47 D40 A5 20 400

4 C57 D33 A40 B42 172 29584

C; 26.8 182 162 174 786  1558.60

C3 7184 331.24 26244 302.76 1614.68

iU 18242 8508  65.62 77.88 411
SOV df SS MS F
Treatment 4-1=3 2.3075  MSpea = 2502 = 0.7692 Frreat = 32002 = 3.09
Row 3 3.5275  MSpow = 227 = 1.1758 Frow = tm08 = 4.72
Column 3 175475 MScoumn = *3° = 5.8492  Froumn = 500 = 23.4749
Error 6 14950  MSpgper = 2450 = 0.2490
Total 15 24.8775
GT?  (78)?
CF= = 1

SSTotal = Z Z yfj(h) - CF
(]

=411 — 386.1225 = 24.8775

2
: 1558.
5SS how = Zfl —Cf = 558.60 386.1225 = 3.5275
- (C? 1614.68
SScorumn = Ejk L _CF = — 386.1225 = 17.5475
T2 1553.72
SStreat = Zkh —CF = 59372 386.1225 = 2.3095

SSE'?"TOT = SSTota - SSRow - SColumn - SSTreat
= 24.8775 — 3.5275 — 17.5475 — 2.3075 = 1.4950

4. Critical Region: Reject Null hypothesis if

Frreat > F0.05(3,6)=4.76
Frow > Fo.05(36) = 4.76
FColumn > F0.05(3,6) =4.76

5. Conclusion
By comparing the computed values of F' with the corresponding critical F', we conclude
that the variation among the districts is significant and the variation among the heights is
insignificant. Also, there is no difference between the sensitivity of the test.

g
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Lecture 6

Latin Square Design-11

Lesson 15: Latin Square

15.1 Advantages and Disadvantages

observations

L 4 L R B 2

give a valid estimate of error.

¢ Replication in a Latin Square Design is costly

¢ In agriculture experimentation, the land requirement is rigid, the actual layout in the field

A Latin Square Design is generally more efficient than RCBD
A Latin Square Design reduces the error variance by controlling two sources of variation
The analysis of a Latin Square Design is simple and remains relatively simple with missing

A Latin Square Design is less flexible than RCBD. It is practical only for 5 to 10 treatments.
When the number of treatments exceeds 10, the design is seldom used. For a small number
of treatments, a Latin Square Design does not provide a sufficient number of replicates to

may be laborious and approach to the central most plot becomes difficult.

15.2 Missing Observations in Latin Square Design

Columns R;
Rows
1 2 3 4 Total
1 x Yiop | Yisc | Yo R+
2 Ry
3 Rs..
4 Yia | Yo | Yasc | Yuup Ry
K Yiia | Yo | Yrsc | Ykap Ri
Total Oj Oi +x CQ Cg 04 G/ +x

Performing the analysis of variance, we get the following sums of squares
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Treatments
A B C .- K
eget Total | T7 +2 1o T3 --- T
SOV Sum of Squares
(R} +x)? Z R2 ,
Rows SSRow = L = -« l:gx)
k
(Ci+a)?+) 2 L
Columns S'Scotumn = ) = (G/:;m)

(T]+z)%+ Z T?

Treatments SS7reat = - (G,;;z)z
Error SSE’I‘TOT‘ SSTotal SSRO’U} SSColumn - SSTT@at
(&' +x)

Total SSTotal - CL' + Z Z yz]

The Error sum of squares can be obtained as

SSETT‘OT‘ = SSTotal - SSRow - SSColumn - SSTreat

2
(@ +2? (Ri+2? 5% (@40

=7 +Zzyw L2 L K + L2

C? 2
(O + ) JZ=:2 ’ n (G"+2)* (T +x)° hgTh + (G + )
k k k2 k k 2
— ]1 [(Rll +2)* 4+ (C) +2)* + (T + ZL‘)Q} + Terms in which z is not involved
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Differentiate SSgyror W.r.t. x

S Serror @2x2)(G'+x) 1 ) , ,
= 2z + 12 . 2(R} + )+ 2(G' + x) + 2(1] + z)]
4G’ 2
éQx—l—M——[(R’1+x)+(C’{+x)+(T1’~|—m)] =0

A4G"  4x 2R} 2z 207 2o 217 2z
k2 + k2 k k k k k ko
9 +4ﬁ 2 %_QE_L}%_L@_QTI+4G'_
R P kR
11 9 4G"
=>233 <1+ ****** ) = %(Rll _|’/1 +T1/)_ﬁ
2 3 2 4G
)= R T) = 5

=2r +

0

LR+ O+ ) -

<k2—3k+2> 1 2G"
<k2—k—2k+2> k(R +CL+TY) —2G

2 2
(k — 1)(k:—2)> k(R +Cl+T)) — 26"

k2 k?
k(R +C{+ 1) — 2G' y k?
k2 (k—1)(k —2)
k(R +CL+TY) — 26
B (k—1)(k —2)

In general
k(R+C+T)—-2G

(k—1)(k—2) ~

where

k = is number of treatments
R = is row total

C = is column total

G = is grand total

Example 1: An agriculture experiment was conducted on the Latin Square Plan to test the
effect on yield due to change of treatment (5 kinds) and also to variation of soil in each of
two perpendicular directions. The results are set out in the Latin Square below, in which letters
correspond to treatments, while rows and columns correspond to the two perpendicular directions.

AT74 D x Eb58 | D12.0 | C14.3
C118| B65 | A87 | E76 | D7.9
D101 C179 | B9.0 | A85 | ET7.1
E88 |A101 | C15.7| D111 | B74
B11.8 | E88 | D143 | C184 | A 10.1

Estimate the missing observation and perform an analysis of variance.

Solution:
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AT4 D x E58 | D120|C14.3| R =385
C11.8 B 6.5 A 87 E 76 D79
D 10.1 Cc179 B 9.0 A 85 E71
E 88 A10.1 |C157| D111 | B74
B 11.8 E 88 D143 | C 184 | A 10.1
C=43.3 G =251.1
Treatment D: 7.9 10.1 11.1 14.3 43.4
_ k(R+C+T02G)
T Dk—2)
_5(39.5+43.3 +43.4) — 2(251.1) 631 — 502.2
B (5—-1)(5—-2) B 12
r = 10.7

Step 1: Hypotheses

Hy : All effects on yield due to variation of soil in columns are zero
H; : All effects on yield due to variation of soil in columns are not zero

H) = All effects on yield due to variation of soil in rows are zero
Hi : All effects on yield due to variation of soil in rows are not zero

H{ - All effects on yield due to change in treatments are zero
HY : All effects on yield due to change in treatments are not zero

Step 2:  Level of significance: o = 0.05
Step 3: Test Statistics
Required Calculations

Columns 9
Rows 1 9 3 4 5 R; R;
1 A74 D107 E5S8 B12.0 C14.3 50.2 2520.04
2 C11.8 B6.5 A 87 E 7.6 D79 42.5 1806.25
3 D101 C179 B9.0 A 8.5 ET71 52.6 2766.76
4 E88 A10.1 C157 DI11.1 B 7.4 53.1 2819.615
5 B11.8 E&88 D143 C184 A10.1 63.4 4019.56
C; 49.9 54 53.5 57.6 46.8 T..=261.8 13932.23
CJ2 2490.01 2916  2862.25 3317.76 2190.24  13776.26
i yfj(h) 512.69 656.6 641.31  735.78  474.08 3020.46
Treatments
A B C D E
7.4 12 14.3 10.7 5.8
8.7 6.5 11.8 7.9 7.6
8.5 9 17.9 10.1 71.
10.1 7.4 15.7 11.1 8.8
10.1 11.8 18.4 14.3 8.8

T? 2007.04 2180.89 6099.61 2926.81

1451.61 14665.96
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(T..)* (261.8)*
F = = 2741.
C e o5 741.5696

SSTotat = Y I Uiy — CF = 3020.46 — 2741.5696 = 278.8904
i

(2 13776.26
S'Scrotumn = 2 G CF=""""_2741.5696 = 13.6824
. R2 13932.22
5SS Row = sz L _(OF = — - 2741.5696 = 44.8744
k2 14665.96
S reat = 2nln CF = — - 2741.5696 = 191.6224
ANOVA Table
SOV df SS MS F
13.6824 3.4206
M column — Fcoumnzi
Columns E—1=4 SSeorumm = 13.6824 Seol 4 : 2.6101
= 3.4206 =1.3105
44.8744 11.2186
MSrow - Frow -
Rows 4 SS. . = 44.8744 4 2.6101
— 11.2186 — 4.2981
191.6224 47.9056
Msreazi Freazi
Treatments 4 S rear = 191.6224 Treat 4 freat = "9 6101
= 47.9056 = 18.3539
28.7114
E—1)(k—2)—1 —
Error ( ) ) SSpmer = 28.7114 MSperor 11
=11 — 26101
Total k2 —1=23 S S ol = 278.8904

Step 4:  Critical Region
Reject Null hypothesis if F.,; > Fiq
Fo.054,11) = 3.36

Step 5: Conclusion:

As Foopumn < Fiap, we do not reject H
The variation of soil in columns is not significant.
Frow > Fiap, we reject H|)
There are significant difference in soil in rows.
Frreat > Riap, we reject H
The effects on yield due to change in treatments are significantly different.

g

Example 2: The following data represent the yield (in tons per ha) of found cultivars of Khaya ar-

ranged in 4x4 Latin Square with one missing value. The four cultivars are A(K H4), B(K H20), C(K H29),,
and D(K H15) Estimate the missing observation and perform the analysis of variance to test for
significant differences among the cultivars.

Solution:

Step 1: Hypotheses
Hy : All effects on yield due to variation of soil in columns are zero
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Rows Columns

1 2 3 4
I 6.2 (C) 51(D) 33(B) 5.7(A)
II 51 (B) 3.8(A) M(C) 3.9 (D)
I11 54 (D) 4.8 (C) 6.9 (A) 4.6 (B)
v 32(A) 29(B) 52(D) 54 (C)

H; : All effects on yield due to variation of soil in columns are not zero

H{ : All effects on yield due to variation of soil in rows are zero
H{ : All effects on yield due to variation of soil in rows are not zero

H{ . All effects on yield due to change in treatments are zero
HY : All effects on yield due to change in treatments are not zero

Step 2: Level of significance: a = 0.05
Step 3: Test Statistics
Required Calculations

Rows i 5 3 i Total
I 6.2 (C) 51(D) 33(B) 57(A)
II 51 (B) 3.8(A) M(C) 39(D) R=1238
111 54 (D) 48 (C) 6.9 (A) 4.6 (B)
1A% 32(A) 29(B) 52(D) 54(C)
Total C=154 G="T714
Treatment C: 6.2 + M + 4.8 + 5.4 = 164
B KR+C+T)-2G
(k= 1)(k-2)
(4)(12.8 4+ 154+ 16.4) — 2(71.4)
— =59
(A-D{A-2)
ANOVA Table
9 Columns Total
1 2 3 4
I 6.2 (C) 51(D) 33(B) 57(A)
IT 5.1 (B) 3.8 (A) (C) 39(D) R=1238
111 54 (D) 48 (C) 6.9 (A) 4.6 (B)
1Y 32(A) 29(B) 52(D) 54(C)
Total C=154 G=T714

Step 4:  Critical Region
Reject Null hypothesis if F.,; > Fiq
F0.05(375) == 54095
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SOv df SS MS F
Rows 3 3.4675 1.1558 0.7326
Columns 3 29325 09775 0.6023
Treatments 3  5.1825 1.7275 1.0643
Error 5 8.115 1.623

Total 15 19.6875

Step 5:  Conclusion:
As F.opumn < Fiap, we do not reject H
The variation of cultivars in columns is not significant.
Frow < Fiap, we reject H|)
There are non significant difference in cultivars in rows.
Frreat < Riap, we reject H
The effects on yield due to change in treatments are not significantly different.
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Lecture 7

Latin Square Designs-11

Lesson 16: Efficiency of Latin Square Designs

The efficiency of Latin Square design can be measured as

¢ Relative to RCBD
% When Rows are taken as blocks, that is, RE(LS, RCBD,ows)

1 |:MScolumns

k| MSgo + (k- 1)} , where k is number of rows
% When Columns are taken as blocks, that is, RE(LS, RC B D opmns)

1 [ Msrows
k MSETTOT‘

¢ Relative to CRD, that is, RE(LS, CRD)

+ (k — 1)] , where k is number of columns

1 MSrows + MScolumns + (k - 1)MSError
k (k + 1)MSE7‘7‘07"

Example 1: Consider an experiment to investigate the effect of four different diets on milk
production of cows. There are four cows in the study. During each lactation period of the cows
receive a different diet. Assume that there is a washout period between diets so that previous
diet does not affect future result.s Lactation period and cows are used as blocking variables. A
4 x 4 Latin Square Design is implemented. The mean square period, mean square cows, and mean

. Cow
Period i 5 3 q
1 A=38 B=39 C(C=45 D=41
2 B=32 C=37 D=38 A=30
3 C=35 D=36 A=37 B=32
4 D=33 A=30 B=35 (C=33

square error are 49.06, 18.2292, and 0.8125, respectively. Estimate the relative efficiency of Latin
Square Design to RCBD,

¢ By taking the cows as blocks
¢ By taking the lactation period as blocks
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Solution:

¢ By Taking the Columns as Blocks

1 [MSE, s
RE(LS, RCBDCOlumnS) = % |:m + (k - ]_):|
Error
1749.06
= — 4—-1)| =15.8454
4 [0.8125 * )] o815

¢ By taking the Rows as Blocks

1 MSECO umns
RE(LS, RCBDrowS) == % |:]\4Sl + (]{7 - 1):|
Error
1 118.2292
= — 4—-1)| =6.
4 { 0.8125 * >} 050

g

Example 2: Consider the given ANOVA table for 5-brands of air-cleaner in 5 x 5 Latin Square
and find the efficiency of this design relative to CRD.

SOV df SS MS F
Row 4 4451256 11128.14 3.85
Columns 4 2177.76 544.44  0.19
Treatments 4  58034.16 14508.54 5.02
Error 12 34647.52  2887.29

Total 24 139372.00

Solution:

M Syows + MScotumns + (K — 1) M SError
(k +1)M Sgrror
11128.14 + 544.44 + (5 — 1)(2887.29)
(5 + 1)(2887.29)
=1.34 = 134 — 100 = 34%

RE(SL,CRD) =

Results shows that approximately 34% more observations per treatment would be required in a
completely randomized design to obtain the same precision for estimating the treatment means
as with this Latin Square design. U

Lesson 17: Multiple Comparison Tests

If F-test after the analysis of variance rejects our null hypothesis, all we can conclude is that
the k population means are not all equal. The conclusion might not be sufficient to satisfy the
experimenter, rather he would like to know which means (or set of means) might differ significantly
from each other.

For this purpose, several tests based on different view points, have been developed to make
comparisons between pair of means. Such tests, used as a follow-up to F-tests are called the
multiple comparison tests.

Most Commonly Used Multiple Comparison Tests are:
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Fisher’s Least Significance Difference (or LSD) test
The Student Newman-Keul’s Multiple Range test
The Duncan’s Multiple Range test

The Scheffe’s test

The Tukey’s T-method

L B B b 2

17.1 LSD Test

When the null hypothesis of equal means is rejected by F-test after the ANOVA, we can test the
significance of differences between means of k samples (or treatments) by computing the smallest
difference that would be judge significance and to compare the absolute values of all differences
of means with it. This smallest difference is called the Least Significant Difference or LSD and is
given by
2(MSFE
LSD = to | 2AM5E)

2 T
Two means are declared to come from populations with significantly different means, when the
absolute value of their difference exceeds the LSD.

Example 3: Five fertilizers A, B, C, D, and E were tested by arranging plants in a Latin Square
design in a field. The rows and columns in the table are rows and columns in the field. The yields
in bushels per plot are shown.

Rows Columns
1 2 3 4 5
1 B49 D64 E3.3 A95 C118
2 C93 A40 BG6.2 E 5.1 D54
3 D76 C154 A65 B6.0 EA46
4 E53 B76 C132 D86 A49
5 A93 E63 D118 C159 B76

Analyze the data for evidence at the 5 percent level that the mean yields are not equal for the
five fertilizers. Also pick up the best fertilizer.

Solution:

Step 1: Hypothesis
Hy : The mean yields for all the five fertilizers are equal
H, : Not all mean yields for the fertilizers are equal
Step 2: Level of significance: a = 0.05

Step 3: Test Statistics:
_ MS for fertilizers

F—
MS for Error

Calculations
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Rows Columns R; F?
1 2 3 4 5 o 2
1 B49 D64 E33 A95 C11.8 359 128881
2 C93 A40 B62 E51 D54 30 900
3 D76 C154 A65 B60 E4.6 40.1  1608.10
4 E53 B76 (C132 D86 A49 39.6  1568.16
5 A93 E63 DI11.8 C159 B76 50.9  2590.81
C; 36.4 39.7 41.0 45.1 34.3 196.5  7955.79
C?  1324.96 1576.09 1681.00 2034.01 1176.49 7792.55

Fertilizers

A B C D E

95 49 118 64 3.3

40 6.2 9.3 54 5.1

6.5 6.0 154 76 4.6

49 76 132 86 5.3

93 76 159 11.8 6.3
Total (Tj,) 34.2 323 656 39.8 24.6
means 6.84 6.46 13.12 7.96 4.92

GT?
CF = T
SSrorat = D D Yijny — CF = 285.34
i
- R2
SSrow - ZZkRZ — CF = 46.67
o
S‘Scolumn = ijj —CF =14.02
> T

SSTTeatment - L — (CF =196.61
SSE’!‘T’OT‘ - SSTotal - SSrow - SScolumn - SSTTeatment = 28.04

ANOVA Table

SOV df SS MS F

Rows 4 46.67 11.67

Columns 4 14.02 3.51

Treatments 4 196.61 49.15 F = %'3145 = 21.00
Error 12 28.04 2.34

Total 24 285.34

Step 4: Critical Region
Reject Hy if Fiyp = 21.00 > Fj 54,12) = 3.26

Step 5: Conclusion
Since the computed value of F,,; = 21.00 falls in the critical region, we therefore, reject our
null hypothesis. We conclude that the data provide sufficient evidence to indicate at the
5% significance level that the mean yields for the fertilizers are not equal.
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Least Significant Difference (LSD)
Now, we compute the Least Significance Difference (LSD) to determine which fertilizer is
to be considered the best one.

A B C D B
Ya Yp Yo Yp Yg
6.84 6.46 13.12 7.96 4.92

[2MSE
LSD =te, 5
2 k
2(2.34
= t0.025 12 ( 5 ) = 218(096)
= 2.09
Pair-wise Differences
Total number of pairs (g) = (é))Q = 10 pairs
Pairs LSD-value Decision
Ya—Yp| =[6.84—6.46|=0.38 <209 Non-significant
V4—Ye| =1[6.84—13.12) =6.28 >2.09 Significant
Ya—Yp| =[6.84—7.96=112 <209 Non-significant
YA—Ygp| =06.84—-4.92/=192 <209 Non-significant
V5 —Yce| =1[6.46—13.12] =6.66 > 2.09 Significant
Yp—Yp| =[6.46—7.96=15 < 2.09 Non-significant
Yp—Yg =[646—-492|=154 <209 Non-significant
Yo—Yp| =][13.12-7.96/ =516 >2.09 Significant

Yo —Yg| =[1312-4.92| =82 >2.09 Significant
Vb -V =|7.96—492/=3.04 >2.09 Significant

g

Example 4: Perform the analysis of variance on the following data and analyze the treatment
means using the LSD test with a 0.05 level of significance.

Treatments
Blocks T——=—"71"75%
1 1 3 6 4 3 2
2 1 4 4 8 5 1
3 3 6 7 8 4 3
4 2 3 2 3 2 1

Solution:

Step 1:  Hypothesis

Ho:pp=pe=--=ps

H, : Not all six treatments means are equal
Step 2:  Level of significance (o = 0.05)
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Blocks i 5 Tr; atmezts 5 G B; BZ»2
a 1 3 6 43 2 19 361
b 1 4 4 8§ 5 1 23 529
c 36 7 8§ 4 3 31 961
d 2 3 2 3 2 1 13 169
C; 7 16 19 23 14 7 86 2020
C? 49 256 361 529 196 49 | 1440
Mean 175 4 475 575 35 1.75
22 %'Zj(h) = 412
Step 3:  Test Statistics,
F _ MSTreatments
MSET‘T‘OT
ANOVA Table
SOV df SS MS F
Treatments 5  SSpyeq = 40 — % =51.83 MSpen = 252 =1037 F =137 =561
Blocks 3 SSrveat =T — 8- =2850 MSpreq =22 —-950 F=220=6.05
Error 15 SSError = 23.50 MSgrror = % = 1.57
Total 23 SSpo = 412 — 3 = 103.83

24

Step 4: Critical Region
Reject Hy : if Fea > Fo.05(5,15)

Step 5: Conclusion
Since F.y = 6.61 > Fi,, = 2.90, we reject the null hypothesis of equal treatment means. As
the null hypothesis is rejected, using F-test, we therefore, apply the LSD test to find out
which means differ from each other.
Pair-Wise comparison using LSD Test
The Least Significant Difference (LSD) is given by the relation

2MSE
LSD =tz , S
2 r
2(1.
=2.1314 (1.57) =1.89

Number of pairs possible (g) = 15 pairs
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Pairs LSD Value Decision
Y1 =Y, =]1.75—4.0[ =225 > 1.89 Significant
Y1 —Y3| =175 — 4.75| = 3 > 1.89 Significant
Y, =Yy =175 - 5.75| =4 . 1.89 Significant
Y1 —Y5|=1]1.75-350 =175 < 1.89 Non-significant
V1 —Y¢| =]1.75—1.75| =0 < 1.89 Non-significant
Yy, — Y3 =14.0—-475=07 < 1.89 Non-significant
Yy =Yy =140-575=17 < 1.89 Non-significant
Vs— Vs =|4.0-350 =150 < 1.89  Non-significant
Yy —Ye|=14.0-1.75| =225 > 1.89 Significant
V3 —Y,| =475 -5.75| =1 < 1.89 Non-significant
Y3 —Y5|=14.75-350[ =175 < 1.89 Non-significant
Y3 —Ye|=14.75 — 1.75| = 3 > 1.89 Significant
Y, — Y5 =15.75—350] =275 > 1.89 Significant
Y4—Ye|=15.75—1.75| =4 > 1.89 Significant
Y5 —Ys|=13.50—1.75| = 1.75 < 1.89 Non-significant
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Example 5: The effects of four types of graphite coaters on light box readings are to be studied.
As these readings might differ from day to day, observations are to be taken on each of the four
types every day for three days. The results are:

Graphite Coater Type
M A K L

1 40 48 50 4.6
2 48 5.0 5.2 4.6
3

Day

40 48 56 5.0

Construct an analysis of variance table. Determine at 0.05 level whether there is significant
difference between Coater Types. Apply the LSd test to locate significant difference between the
various pairs of coater types.

Solution:

Step 1:  Hypothesis
Hy : There is no significant difference between coater types
H; : There is significant difference between coater types
Step 2: Level of significance (o = 0.05)
Step 3: Test Statistics F' = %

Error

Calculations
Graphite Coater Type
Day M A K L
a 4 4.8 ) 4.6 18.4 338.56
b 4.8 5 5.2 4.6 19.6 384.16
c 4 4.8 5.6 5! 19.4 376.36
C; 12.8 14.6 15.8 14.2 57.4  1099.08
C’f 163.84 213.16 249.64 201.64 828.28
Mean Y, =427 Y, =487 Y,=527 Y.=4.73
ANOVA Table
SOV df SS MS F
Coaters 3 SScoater = 252 — T8 — 153 MSepprers = 22 =052 F =031 = 5667
Days 2 SSpays = 198 — L4 — 0.2067 M Spays = 250 = 0.1033  F = %1838 — 1,148
Error 6 0.54 0.09
Total 11 SSrota = 276.84 — 31

Step 4: Critical Value: Fp 5,36y = 4.757
Step 5: Decision: F.,; > Fiu, H; is accepted.

LSD Test

2MSE
LSD =te, = 5
27 r

2 .
= tons g = 2446 009 _ .60
2 3
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Pair-wise Comparison using LSD test

Number of possible pairs = (3) = 6 pairs

Pairs LSD Value Decision

Y, — Y, =427—487=0.60 = 0.60 Significant
Y, — Y| =14.27—5.27 = 1.0 > 0.60 Significant
V,, =Y. =1]427—-4.73| =0.460 < 0.60 Non-significant
Y, — Y| =487 —-527 =040 < 0.60 Non-significant
Y, - Y. =487—4.73|=0.140 < 0.60 Non-significant
Yi—Y.|=1527—4.73|=0.540 < 0.60 Non-significant
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Lecture 8

Factorial Design

Lesson 18: Introduction

Experiments are often planned to investigate the effects of (say), different rates of fertilizers,
different dates of planting, different categories of educations, and different intensities of a stimulus,
etc.

The independent variable such as fertilizers, planting, education, and stimulus, etc., are called
factors, while the values such as rates, dates, categories, or intensities at which a factor is held
fixed, are known as levels.

18.1 What is a Factorial Design?

An experiment is called a factorial experiment if the treatments consist of all possible combinations
of several levels of several factors. When each treatment combination is used the same number of
times, the factorial experiment is known as a complete factorial experiment.

The experiment is described as p” factorial experiment when there are n factors and each factor
is considered at p levels.

Main Effects

A main effect of a factor is defined as a measure of the average change in effect produced by
changing the level of the factor. It is measured independently from the effect of other factors. The
main effect is the effect of the factors only. A main effect is sometimes regarded as an interaction
of zero order.

Interaction Effects

Factors are said to be interact, when they are not independent. Interaction in a factorial experi-
ment is a measure of the extent to which the effect of changing the levels of one or more factors
depends on the levels of the other factors. Interactions between two factors are referred to as first
order interactions, those concerning three factors, as second order interaction and so on.

18.2 Advantage and Disadvantages of Factorial Experiment

Advantages:

¢ A factorial experiment is usually economical.
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All the experimental units are used in computing the main effects and interactions.

The use of all treatment combinations makes the experiment more efficient and comprehen-
sive.

The interaction effects are easily estimated and tested through the usual analysis of variance.
The experiment yields unbiased estimates of effects, which are of wider applicability.

L B 4 L R 2

Disadvantages:

¢ A factorial experiment requires an excessive amount of experimentation when there are
several factors at several levels. For example, for 8 factors, each factor at 2 level, there will
be 256 combinations. Similarly, for 7 factors each at 3 level, there will be 2187 combination.

¢ A large number combinations when used decrease the efficiency of the experiment. The
experiment may be reduced to a manageable size by confounding some effects considered of
little practical consequence.

¢ The experiment set up and the resulting statistical analysis are more complex.

See the following diagrams.

8 times in a month
Level of Watering <
4 times in a month
60 Kg

Amount of Seeding < 50 Kg

80 Kg

Crop in Rotation
Cultural Proactive <
Crop in Gaps

The treatment combinations are

Diet (D)
dy dy do
m f m f m f
b1 blmdl blfdl blmdg b1 fdz blmdg blfdg
bg bgmdl bgfdl bgmdg bgfdg bgmdg, bgfdg
bg bgmdl bgfdl bgmdg bgfdg bgmd3 bgfdg
b4 b4md1 b4fd1 b4md2 b4fd2 b4md5 b4fd3

Breed

Example 1: A soft drink company is studying the effect of percent carbonation (A), the speed
(C), and operating pressure (B) in the filler on the volume of the carbonated drink pack. In
each bottle, 3 levels of carbonated, 2 levels of pressure, and 2 levels of speed are selected and a
factorial experiment with 2 replicates is conducted. The order in which 24 observations are taken
is determine randomly. the coded data are given in the table.

Solution:
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Factors Levels

Bl

Gender
Females

=
S

Operating Pressure (B)
25 psi 30 psi
Line Speed (C)
200 250 200 250

= 10%| 3 -1 -1 1
= -1 0 0o 1
S 12%| 0 2 2 6
= 11 3 5
s UM% 5T 710
O 4 6 9 11
IS

Hy : Effect of main effect (A, B, C) is non-significant.
H| : Effect of first order interaction (AB, AC, BC') is non-significant.
H(’)’ : Effect of second order interaction (ABC) is non-significant

Leti—A—a, j—B—b k—C—cand [ — Number of replications (n)
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Operating Pressure (B)
25 psi |30 psi
Line Speed (C)
200 250 200 250 Y.
= 3 1 11
= 10% 4
E I
=
: 20% | | ] 5 s 20
- 5 7 7 10
3 Wr| 4 6 9 11 59
X
B xCtotal Y, | 6 15 20 34 | Y. =75
(Y.)? 752 5625
F— — 234.375
¢ aben  3x2x2x2 24
Z Y2 2 2
= (6 4 20)2 + (1534)
55¢ SSSP d abn ¢ I Xx2x2
a b c n
SSTotal =D > D Zyz?kl - CF
i=1j=1k=1 =1
= (=3 + (=1 4+ 0* + 1>+ --- + 10% + 11> — 234.375 = 336.625
Z Y2,
S84 = SSeurs = _CF
CcNn
—4)2 + (20)2 + (59)2
_ (247 + (2077 + (59) —234.375 = 252.750
2X 2% 2
b
Z YJQ 2 2
- 21 54
SSp = SSpreseure = — Cop = BUTEOYT on) ars 45375
acn IX2x%x2
2 b 9
Z: 2_: Y. Table of A x B
SSup="=L  _OF -85S, SSp ) B
502” 2 - 25psi  30psi
_ DA 3T n ars 059,750 - 45.375 — 5.250 0] 5 1
4 12| 4 16
- 14| 22 37
IDIR M

where Total SSyp = =2 —

cn

S Y. Table of A x C
S8 = ==L —CF — 884 —SS¢ 4 C
bn - , 200 250
()P 3
—234.375 — 252.750 — 22.042 = 0.583 10 5 1
4 12 6 14
o e 14| 25 34
)IDIR G

where Total SSa~ === _ COF
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b ¢
> 2 Yo
SSpe = ? j=1k=1 _ CF — SSg — S Table ofBgC
I B 200 250
62+ 152+ - + 342
= 5 —234.375 — 45.375 — 22.042 = 1.042 2 psi | 6 15
\ 30psi| 20 34
> > Yk
where Total SSpc = % —CF
a b ¢
Z; ng k; Yiji. Table of A x B x C
SSapc = -, CF —S554—5SB Operating Pressure B
— 85S¢ — SSap — SSuc — SSpe A 25 psi 30 psi

Line Speed C

—4%2 4+ 124 —12 4+ ... 4277

= —234.375 — 252.75 200 250 200 250
6 0% 4 -1 1 2
o 14% | 9 13 16 21
2220 2 Yigk:
where Total SSapc = i - CF
SSerror = SSotal — SS4 — SSp — SSc — SSap — SSac — SSpe — SSapc = 8.5 O
SOV df SS MS F
A a—1=2 252.750 126.375 178.412*
main effects B b—1=1 45.375  45.375  64.059*
C c—1= 22.042 22.042 31.118*
AB (a—1)(b—1)=2 5.250 2.625  3.706%*
1st order interaction AC (a—1)(c—1)=2 0.583 0.292 0.412
BC (b—1)(c—1) = 1.042  1.042 1471
2nd order interaction ABC (a—1)(b—1)(c—1)=2 1.083 0.542 0.765
Error abc(n —1) =12 85 0.708
Total abcn —1 =23 336.625

Question 1: The quality control department of a fabric finishing plant is studying the effect
of several factors on the dying of cotton-synthetic cloth used to manufacture men’s shirts. Two
operators, three cycle times and two temperatures were selected, and a factorial experiment with
2 replicates is conducted. The results are as follows, analyze the data and draw conclusions.

Temperature (R)
300°C  350°C
Operator (P)
1 2 1 2
40123 30 24 38
24 28 23 36
50 |36 34 37 34
35 38 39 38
60 | 28 35 26 36
24 35 29 37

Cycle Time C
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Leti: -=C —c¢c=3, j—>R—>r=2, k—-P—p=2,andl—n=2
Main Effects are: C, R, P.
First order Interactions are: CR, CP, and RP.

Second order Interaction is CRP
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Lecture 9

ok and 22 Factorial Design

Lesson 19: 2* Factorial Design

The k factors each at only two levels. These levels may be quantitative, such as two values of
temperature, pressure, or time; or they may be qualitative, such as two machines, two operators,
the “high” and “low” levels of a factor, or perhaps the presence and absence of a factor. A
complete replicate of such a design requires 2 x 2 x 2--- x 2 = 2¥ observations and is called a 2*
factorial design.

Lesson 20: 2 Factorial Design

The simplest case is one in which two factors are of interest and each factor is said at only 2 levels.
This design is called a 22 factorial design. The levels of the factors may be arbitrarily called low
and high or presence or absence.

Example 1: Consider an investigation into the effect ot the concentration of the reactant and
the amount of the catalyst on the conversion (yield) in a chemical process. The objective of the
experiment was to determine if adjustments to either of these two factors would increase the yield.
Let the reactant concentration be factor A and let the two levels of interest bet 15 and 25 percent.
The catalyst is factor B, with the high level denoting the use of 2 pounds of the catalyst and the
low level denoting the use of only 1 pound. The experiment is replicated three times, so there
are 12 runs. The order in which the runs are made is random so this is a completely randomized
experiment. The data are obtained as follows:

Replicate

Treat. Comb. 1 2 3
A low, B low (1) |28 25 27 80
A high, Blow a |36 32 32 100
A low, B high b |18 19 23 60
A high, B high ab |31 30 29 90

Total

Solution:
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b=60 ab=90
b Sign Table
* Effects
Treat. Comb. WA B AD
® (1) + - - +
a + + - -
- 2 a=100 b + - 4+ =
(1)=80 Low High ab + + + +
15% 25%
Effects
(Contrast M)?  (330)?
F = — =
C ok, 12 9075
1 1
M = %[Contrast of M] = 227@[([) +a+ b+ ab]
1
= 5[80 + 100 4+ 60 + 90] = 27.5
1
A= M[Contrast A] = m[—(l> +a— b+ Clb]
1
2><3[ 80 + 100 — 60 + 90] = 8.33
[Contrast A]?  (50)%  (50)2
SSy = = = = 208.33
4 2%n 22(3) 12
1 1
B=—[-()— =—[-80—-1 =—
2k—1n[ (I) —a+b+ abl 2(3)[ 80 — 100 + 60 + 90] 5
_ [Contrast B  (-30)*
SSp = ok, =1 = 75
1 1
AB=——[(I)—a—b+ ab] = —[80 — 100 — =1.
2k_1n[( )—a + ab 203) [80 — 100 — 60 + 90] 667
_ [Contrast AB]>  (10)*>
SSap = Sy, =15 = 8.33
SSTotar = Y Y, — CF = (28)% + (25)* + - -+ 4 (29)* — 9075 = 323
ijk
SSError = SSTotal — 5S4 — SSp — SSap = 323 —208.33 — 75 — 8.33 = 31.34
Hy : A is non-significant vs H; : A is significant
Hy : B is non-significant vs H; : B is significant
Hy : AB is non-significant vs H; : AB is significant
ANOVA Table
SOV df SS Ms F.. Fip Decision
Mean Effects
A a—1=1 208.33 208.33 F,=053.15 > 5.32 Significance
B b—1=1 75 75 Fp=19.13 > 5.32 Significance

First Order Interaction

AB  (a—1)(b—1)=1 833 833 Fup =213 < 5.32 Non-Significant
Error  ab(n—1) =38 31.34  3.92

Total abn —1 =11 323
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Example 2: A bacteriologist is interested in the effects of two different culture media and two
different times on the growth of a particular virus. He or she performs six replicates of a 22
design, making the runs in random order. Analyze the bacterial growth data that follow and

draw appropriate conclusions.

M Culture Medium (C')
Time 1 (Low) | 2 (High)
21 1 22 | 25 26
12 (Low) | 23| 28 |24 | 25
20 | 26 | 29 26
37| 39 | 31 34
18 (High) | 38 | 38 | 29 33
35| 36 | 30 35
Solution:
Replicates
3 1 5 ool
£ ()21 22 23 28 20 26| 140
S m |37 39 38 38 35 36| 223
ooCc |25 26 24 25 29 26| 156
§ me |31 34 29 33 30 35| 192
=
Step 1: Hypothesis

Hy : The main effect M is non-significant vs H; : The main effect is significant
H{ : The effect of C' is non-significant vs Hj : The effect of C is significant
H{ : The first order interaction effect M C' is non-significant vs Hy : The first order inter-

action effect MC' is significant

Step 2: Level of significant (o = 0.05)
Step 3: Test Statistics F = %
Let n is number of replicates, m is the levels of factor M and c is levels of factor C.

SOV df SS MS F
M m—1= SSn MSMZ?,&V{ FM:%E‘%
c c—1=1 SS¢ MSy = 25¢ Fo = 3728
MC  me(e—=1) SSue MSuc = (mﬁ% Fuc = 578
Error mc(n—1) SSg MSg = mfffl)
Total men—1  SSrora

U

Example 3: Find out the effect of A, B, and AB by using the data below. Also make a column

of signs AB.

Solution:
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Replicates
A B Treat. comb. i 5 3 1
- - (1) 182 18.9 129 144
- a 27.2 24.0 224 225
-+ b 15.7 145 151 14.2
+ + ab 41.0 439 36.3 39.9
A B AB Treat. comb. i R; phcat?)es 1 Total
- - + (1) 182 189 129 144 | 64.4
+ - - a 27.2 24.0 224 225 96.1
-+ - b 15.7 145 15.1 14.2| 59.5
+ 4+ + ab 41.0 439 36.3 39.9 | 161.1
Effects
1 1
A= 2]{71”[—(1) +a—b+ab = 11 [—64.4 +96.1 — 59.5 + 161.1] = 16.6625
1 1
B = —(I) — b+ abl = —[—64.4 = 96.1 + 59.5 + 161.1] = 7.5125
2k_l(n)[ (I)—a+b+abl 2(4>[ + + ]
1 1
AB = I)—a—b+abl = —=[64.4 —96.1 — 59.5 + 161.1] = 8.7375
() —a b+t = o 1611
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Lecture 10

23 Factorial Design

Lesson 21: 2% Factorial Design

In this case, three factors each at two levels, are of interest. The design is called 2% factorial
design, and the eight treatment combinations are possible in this design.

Effects
M A B AB C AC BC ABC
s DO+ - - + - + + -
Qo
S oa |+ + - - - - 4+ 4+
=
2 b |+ - + - - + -  +
§ ab |+ + + + - - - -
< ¢ |+ - - 4+ + - - +
% ac | + + - - + + - -
8 bc |+ - + - + - + -
T abe |+ + 4+ + + + 4+
Lesson 22: Properties of Sign Table
¢ Except for the first column, every column has en equal number of “4+” and “—” signs.
Al- + - + - + - +
B[- - + + - - + +

The sum of products of signs is in any two columns is zero that is any two columns are
orthogonal. (—1)(—=1) + (+1)(=1) + (=1)(+1) + (+1)(+1) =0

If we multiply any two columns of the sign table another column is achieved, that is, A and
B are multiplied and get AB.

Column 1 multiplied by another column leaves column unchanged that is column 1 is an
identity column.

¢ ABC xBC=A = AB>C?=AB?C?=A--BC?>=1

®* <& o

Example 1: A 23 factorial design was used to develop a nitride etch process on a single wafer
plasma etching tool. The design factors are the gap between the electrodes, the gas flow (CyFy is
used as the reactant gast), and the RF power applied to the cathode. Each factor is run at two
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levels and the design is replicated twice. The response variable is the etch rate for silicon nitride.
The etch rate data are shows as

Etch Rate
Replicates

1 2
(I) | 604 550 | 1154
650 669 | 1319
b | 601 633 | 1234
ab | 635 642 | 1277
¢ | 1052 1037 | 2089
ac | 868 749 | 1617
bc | 1063 1075 | 2138
abc | 860 729 | 1589

Total

Treatment Combinations

Solution:
Effects
Al[CttA] 1[(I)+ b+ ab—c+ be + abc]
———|Contras = — |- a— ab — ¢+ ac — be + abe
9k—1p nur 23—1(2)
1 1
= 1= [—1154 + 1319 — 1234 + 1277 — 2089 + 1617 — 2138 + 1589] = g[—813] = —101.625
—813)2
SSy = ( 16 ) = 41310.5625
1
= m[b+ab+bc+abc— (I) —a—c—ac
1 1
= §[1234 + 1277 4 2138 + 1589 — 1154 — 1319 — 2089 — 1617| = §[59] =T7.375
59)?
SSp = ( 16) = 217.5625

1
:g[c+ac+bc—|—abc—(])—a—b—ab]

1 1
= (2089 + 1617 + 2138 + 1589 — 1154 — 1319 — 1234 — 1277] = (2449 = 306.125

SSe = (24;2%2 = 374850.0625
AB = é[ab—a—b—i—(I)—i—abc—bc—ac—i—c]
= ;[1277 — 1319 — 1234 + 1154 + 1589 — 2138 — 1617 + 2089] = é(—199) = —24.875
SSup = <_£9>2 = 2475.0625
AC = ;[(I) —a+b—ab—c+ ac— bc+ abc]

1 1
= §[1154 — 1319 4 1234 — 1277 — 2089 4 1617 — 2138 + 1589] = g[—1229] = —153.625
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SSuc = (_112629)2 — 94402.5625
BC = ;[(I)+a—b—ab—c—ac+bc+abc]
= ;[1154 + 1319 — 1234 — 1277 — 2089 — 1617 + 2138 + 1589] = ;(—17) = —2.125
SSpe = (_1167)2 — 18.0625

1
ABC’:g[abc—bc—ac+c—ab+b+a—(I)]

1 1
= §[1589 — 2138 — 1617 + 2089 — 1277 + 1234 + 1319 — 1154] = §(45) = 5.625

45)?
SSupc = (16) = 126.5625
GT)? 12417)2
SSrota =YY Y — ( N> = 6042 + 550% + - - - + 860? + 729% — (16> = 531420.9375
(]

SSError = 531420.9375 — 41310.5625 — 217.5625 — 374850.0625 — 2475.0625 — 94402.5625
— 18.0625 — 126.5625 = 18020.5

ANOVA Table U
SOV df SS MS F.u Fi.»  Decision
Main Effects
A a—1=1 41310.5625  41310.5625 F4 = 18.34 >5.32  Significant
B b—1=1 217.5625 217.5625 Fg=0.10 < 5.32 Non-Significant
C c—1=1 374850.0625 374850.0625 Fp =166.49 >5.32 Significant
First order Interaction
AB (a—1)b—-1)=1 2475.0625 2475.0625 Fap=1.10 < 5.32 Non-Significant
AC (a—1)(c—1)=1 94402.5625  94402.5625  Fyc = 41.9 > 5.32 Significant
BC b—1)(c—1)=1 18.0625 18.0625 Fpe =0.01 < 5.32 Non-Significant

Second Order Interaction
ABC (a—1)(b—1)(c—1)=1 126.5625 126.5625 Fapc =0.06 < 5.32 Non-Significant
Error abc(n —1) =8 18020.5 2252.5625

Total abecn —1 =15 531420.9375

Example 2: An engineer is interested in the effects of cutting speed (A), tool geometry (B), and
cutting angle (C') on the life (in hours) of a machine tool. Two levels of each factor are chosen,
and three replicates of a 23 factorial design are run. Compute the signs of AC' and ABC, and
hence find the sum of squares of effects of C'; AC, and ABC by using the following results:

Solution:
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Replicates | Sign Table
I II 1mr{A B C
(I)[22 31 25| - - -
a |32 43 29 |+ - -
b |35 34 50| - + -
ab | 55 47 46 | + +

c |44 45 38| - -

ac | 40 37 36
bc | 60 50 b4 | - +
abc | 39 41 47 | + +

Treatment Combinations

+
\
+ 4+ + +

Replicates Total Sign Table
I II III A B C AB ABC
é’([) 22 31 25 78 - 4 _
o
= 32 43 29| 104 |+ - - -+
2635345011974-77_#
éab 55 47 46 148 |+ + -  + _
S e |44 45 38| 127 |- -+ o+ o+
Z ac |40 37 36| 113 |+ - + - -
£ bc |60 50 54| 164 | - + + - .
T oabe |30 41 47| 127 |+ + + o+ o+
Effects
C':2k_1n[c—|—ac+bc+abc—(1)—a—b—ab}
1 1
= — 127+ 113 + 164 + 127 — 78 — 104 — 119 — 148| = ——|82] = 6.8333
e L = 32
(82)?
= — 280.1
SSc 1 80.1667
1
AC:m[([)—a+b—ab—c+ac—bc+abc]
1
= = — 104 +119 — 148 — 127 + 113 — 164 + 127
Jimigy Lo T 104+ + +127]
1 —208
= —208| = ——— = —17.3333
4><3[ ]
-9 2
SSuc = ﬂ = 1802.6667
24
1
ABC:m[abc—bc—ac+c—ab+b—l—c—(I)]
1 1
= 5[127 — 164 — 113 + 127 — 148 + 119 + 104 — 78] = E(_26) = —2.1667
2 2
SSABC:(264) = 28.1667
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Example 3: The following data were obtained from a 23 factorial experiment repeated 3 times.
Evaluate the sum of squares for all factorial effects.
Replication Treatment Combinations
P (I) a b ab ¢ ac be abc
1 12 15 24 23 17 16 24 28
2 19 20 16 17 25 19 23 25
3 10 16 17 27 21 19 29 20
Solution: 0
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