34-Examples VU
oP @
a v —
(@) J =X
(b (P dx + Q dy) is independent of the path of integration
| = (-j (Pdx+Qdy)is  zero.
€ ¢
e Exact differential in three variables.
If Paq_,x +Qdy+ Rdwisan exactdifferential
(@ _9Q . P _oR AR _2Q
dy ox ' ow Ox'dy ow
(b) ,[ (P dx + Q dy + R dw) is independent of the path of  integration.
C
(c)(c) Cﬁ (Pdx+ Qdy+ R dw) is zero.
Green stheorem _ (6P 5Q]
(] (P dx+Q dy)=— _[ oo tdx dy and, for a simple closed curve,
R 1Y
(Zﬁ (xdy—-ydx)=2 _de dy = 2A
where A is the area of the enclosed figure.
S_tia.djsmtmﬁmla.r_gun%m .0 0)
el operator IS given by =6L| +j- + k J
0z
Vo= grad¢—( 4jlek® J = @! £jO0 4 00
oX oy 0z
grad¢ = Vo = gﬁ Jz
OX ay 82
iv (Di f f ion’
If A=aii +ay +azk
then divA=V.A= e +j + kQ\.(ali +agj + aak)
X oy oz
divA= VA-%+£ aa3
oxX oy "oz
Note that
(@) the grad operator V acts on a scalar and gives a vector
(b) the div operator V. acts on a vector and gives a scalar.
Example
If A =x%yi — xyzg + yz%k thgn ’
DivA=V.A=— (XYy)— — (xy2) + _(yz*) = 2xy — Xz + 2yz
OX oy 0z
Example
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If A = 2x%yi — 2(xy +y®)j+3y? sz determine V. A i.e. div A.
A= 2x2i — 2(xy 2)j + 3y’z’k
V.A=— a\é %(a 56},3— Axy—2(2xy+3y?z)+6y’z= 4xy — 4xy — 6y?z+6y’z =0
oXx oy o0z
Such a vector A for which V.A = 0 at all points, i.e. for all values of x, vy, z, is called a
solenoid vector. It is rather a special case.

rl (curl of a vector function
The curl operator denoted by Vx, acts on a vector and gives another vector as a result.

If A=aii + ay) +a en cyl A=
i.e. curl A= VxA-a(ktb +Jlg %A(all + ayj +a3k)

ox oy oz
i ] k
0 0 @

OX oy az|
(@ Oa (@@i@\+k(@_@\

A PV L PR P

Curl A is thus a vector function.

Example
If A:(y4—x222)i+(x2+y_2)j—x2yzk,d_eterminelfurI A at the point (1,3, -2).
I J
0
CulA=VxA= '~ ol a
| OX oy 0z

yA-x?7?  x*+y?  —x’yz

Now we exgand the determlnant ) 5
_ 0 J_ 2 g 4 2 ;
VxAzifpy (- X'y2) - az(x+y)J ox CXYD) =5, O X2

[ a 2 2 a 4 2 2 1

+kiax(x +y)— dy (y —XZ)F

VxA=i{-x?2}—j{-2xyz+2x?2}+k(2x-4y*}. .. At(1,3, - 2),

VxA=i(2)-j (12 -4)+ Kk (2-108) =2i-8j- 106k

Example
Determine curl F at the point (2,0,3) riv_en that F:z_ezxyi+2x¥cosyj+(x+2y) K.
l J
In determine form, curl F=V x F = g 0 0
| OX oy 0z

ze®Y  2xzcosy  X+2y
Now expand the determinant and substitute the values for x, y and z, finally obtaining
curl
= i{2 — 2x cos y}- j{1 — e®Y}+ k ({2z cos y — 2xze*"}
S AL(2,0,3) VxF=i(2—4)j(1-1)+k(6-12) = —2i—6k = -2 (i + 3K)

Summary of grad. div and curl

177

© Copyright Virtual University of Pakistan
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(a) Grad operator V acts on a scalar field to give a vector field.
(b) Div operator V. Acts 0 a vector field to give a scalar field.
(c) Curloperator V x acts on a vector field to give a vector field.
(d) With ascalar fungigon ¢ (X,y,z)

? ol Jal)

Grad g =V =" i
ox'Tay tor
(e) Witha vector function A=a,i+ayj+a.K
(i) divA = v_A:& + &zﬂ@
~ ] k\
. _ e 5 2
(i) CurfA=V x A= |8x o az|
ax ay az

Multiple Operations
We can combine the operators grad, div and curl in multiple operations, as in the
examples that follow.

EXAMPLE

If A =x%yi + yz°j — X

Then divyA:%A = (Zi & +j 9, kQ\.(xzyi + yz%j — zx%K)
oxXx oy oz

= 2xy+2% + x3 = ¢ (say)
Then grad (div A) = V(V.A) = % i + @Qj + ﬁk = (2y+3x)i+(2x)j+(3z2)k
ox oy oz

i.e., grad div A = V(V.A)= (2y+3x?)i+2xj+3z%k

Example

If ¢ = xyz — 2y?z + x?z% determine div grad ¢ at the point (2, 4, 1).

First find grad ¢ and then the div of the result.

divgrad ¢ = V.(Vd)

We have = Xyz,— 2Y27 + X°Z°

gradd =V¢ = & i +&Qj + Qé k =(yz+2xz%)i+(xz—-4yz)j+(xy-2y*+2x°z) k
ox oy oz

- div grad ¢=V.(V¢) = 222 — 42+2x>

o At (2,%); +d5_\42%rid@$ E V.(V$)=2-4+8=6

grad ¢ =
oXx oy oz
(o0 o 2\(ap 26 ¢ \ O % 0%
Then div grad ¢ = V.(Vggi E%( +a£%y+ kaz}kax i+ 8yj+ o kJ: ol T o2 T o2

div grad ¢=V.(V¢) = %erﬂ??
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Example
If F = x?yzi + xyz%j + y?zk determine curl F at the point (2, 1, 1).Determine an expression

for curl F in the usual way, which will be a vector, and then the curl of the result. Finally
substitute values.
Curl curl F=Vx(VxF) = i+2j+6k

I

Forcurl F=" ~ - = = (2yz-2xy2)i+x2yj+(yz2-x?Z)k
| ax oy 0z |
Xyz xyz* Yz

bk

Then Curl Curl F = b -
| oX oy 0z |
2yz-2Xyz X2y yz>-x°z
SOAE(2, 1, 1), curl cul F=Vx(V x F) =i + 2 + 6k

= 22%i—(-2xz— 2y+2xy)j+(2xy—2z+2xZ)k

Two interesting general results
@) Curl d ere |s a scalar
grad ¢ = j ’ \&IE $
ay az
i j |
6 o o
. curlgrad ¢ = | OX oy 0z
a 00 G

g R R
J

s curlgradcl)—Vx(Vcl))—O
(b) Div curl A where A is a vector.
A= axi + ai/j + azk .
i

CurlA=V x A= 9 JQ 5.:{@;_@1\_1-(@;_@5\ +k[@2_@5)
|ax ay az| Lay oz ox oz ox oy
(@2, i2 )
Then div curl A = V?V A) +k™ . (VxA)
oX 8y 0z

d*a, O’ay 0%a, Oax oay Oax

~ oxdy ~ 0z0X ~ Oxdy +ayaz " ozox " oyez - 0

sodiveurlA=V.(VxA)=0

(c) Div gé%d ) %ere % s a scalar.

grad<|>- 5
y Z (0 o o\ 8 o \ % o P

Then div grad ¢ = v.(vg)d) o + %f Kozllox oy it KIF @@ T 022" oz

d|v grad ¢=V.(V¢) = ax2+ 8y2 az
This result is sometimes denoted by V2¢.
So these general results are
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(@) _curl grad ¢ = Vx(V) =0
(b) div curl A = V'(pré)zq? %2¢ #

(c) div grad ¢:V.(V¢):§+§+a?
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Lecture No -35 Definite Integrals

Definite integral for sin"x and cos"x , 0<x < w/2

- p ) L3 i
1 1 sin2x|2 _1lx _sinm|_T
in2 Xdx == | (1—cos2x)dx = =|x — =Z=-
l“” zl( ) 2‘ 2 |, 22 2| 4
T;
2 Xdx ="
jﬂn 29
- . ) T i
1 1 sin2x|2 _1|mr . sinm|_T
2 xdx == | (14 cos2x)dx = =|x + =zt =
ICOS zg( ) 2‘ 2 |, 22 2] %
2 1x
2 Xdx=""_
([COS 29
-— 3 ; ;

Sy, N A

2
lsin3 xdx = lsin2 xsin xdx = | (1- cos? x) sin xdx = r[sin xdx + r[cos2 X(-sin x)dx

T

T I
= - cos® x|2 1 sm 3 | 1 2
| cosx|z+ = —C0S — ——€0s _—C0s0 =1-—=—
0 +c0s0+ | 3 3
0 2 3l

2 2 2

2 2
lcos3 xdx = t[cos2 X cos xdx = j (1-sin? x) cos xdx = I[cos xax — .[ sin? x(cos x)dx
0

T 1[

T . Y
2=8IN" —sin0—= " sin -sin° 0

o 2 i 2 133

sin® x
3

= |sin x|~’-° -

0

L3 3 L3 ) T
jsin4 Xdx = f(sin2 X)2dx = ﬁrﬂ] dx:lj(l—Zcos 2X + €0s22X)dx
0 0 OI— 2 40
1* 1+ cos 4x 1% 3 C 0S 4x
~ [@-2cos2x+ ——)dx = — [ (=—2cos 2x + ——)dX
4J( 2 ) 41[(2
. oo 1[3mn . sin2m |
= 1|3 X—=SIN2X+ sin4x|z = —sinm +
) 412 8 I 4|22 g ||
2 113 2 31
lsin4 Xdx = _|(_Tg o [sin® xdx=>""
al22] 2 422
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3 4 3 , T
jcos4 xdx = f (cos? x)2dx = JZ |TM] dx=lj(1+ 2.0S 2X + €0522X)dX
0 0 OL 2 40
1* 1+ cos 4x 123 C 05 4X
| (@+2cos2x+ ——)dx = — | (=+2cos2x + )dx
|l ;=06 =
) oo 13 . sin2m |
=13 X+SIN2X+ sin4x |z = +sinT +
] 42 87[ 0 4|L22 8 |J
2 1 2
lcos4 xdx=_|rifg So jcos4 xdx:fiz
222 > 422

g B3lm . L B31m
lsm”—mrz an lcos”—azn

L 4 1531m ] L 4 1531m
ism”—gezzz an iCOSXX‘QGZ?Y

oo 27531n ot 97531
sinl XiX=15g57727 @ icosXX—ESBZTZ

ey N [A

Wallis Sine Formula

T

Whenniseven 2 n n-1 n-3 n-5 n-7 531mnx
J.Si” A 6422

Whennisodd > n-1 n-3 n-5 n-7 6 4 2
ICOS = T nsa e 753"
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2- g 10.8.6.4.2 20 10.8.6.4.2
[sh *=rrg7ss @M [oos = prg7s
- 11.9.753.11 T 11.9.753.1n

‘[Sm XdX=yggzz 7 and lcos XdX= 1555477

Integration By Parts
B - J-Ude:UJ‘V dx—J‘r[(de.d—Ude

)
Example Evaluate '[ X Inx dx

J' X Inx dx= Inx '[ Xdx — I [I X dx.EdX (In x)] dx (We are integrating by parts)
X2 x2 1 2 X X2 1, xe
=Inx(Z )| O Syax=(X) In [ (Cadx=(2 ) (2)
2 2 X 2 2 2 2 2
Example Evaluate _[ X sinx dx

j X sinx dx :x_[ sin xdx — j [j sinx dx.HdX (x)] dx (We are integrating by parts)

= x(-cosx)-j (-cosx)(1)dx= -x(cosx ) +I cosx d x = -x(cosx)+sin X
Line Integrals
Let a point p on the curve ¢ joining A and B be denoted R

by the position vector r with respect to origin O. If q ¢ —t A
is a neighboring point on the curve with position vector 4

r+dr,then PQ =r

The curve c can be divided up into many n such small R et~

arcs , approximating to dry, drz, drs ,... ......... drp,...... LS
n

o

so that ABZdrp where drp is a vector representing the element of the arc in both
p=1

magnitude and direction. If dr — 0, then the length of the curve AB:Idr :
Scalar Field
If a scalar field \V/(r) exists for all points on the curve ,

the Zv(r)drp with dr — 0, defines the line integral

p=1

of V i.e line integral = J'V (r)dr.

We can illustrate this integral by erecting a continuous 0
Ordinate to V() at each point of the curve JV (r)dr 1s then represented by the area of the

curved surface between the ends A and B the curve c. To evaluate a line integral , the
integrand is expressed in terms of X, y ,z with dr=dx +dyj+dzk

In practice , x , y and are often expressed in terms of parametric equation of a fourth
variable (say u), i.e. x = x(u) ; y = y(u) ; z=z(u) . From these , dx, dy and dz can be
written in terms of u and the integral evaluate in terms of this parameter u.
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Lecture No -36 Scalar Field

Scalar Field

If a scalar field V/(r) exists for all points on the curve ,

the Zv(r)drp with dr — 0, defines the line integral
p=1

of V i.e line integral = J'V (r)dr.

We can illustrate this integral by erecting a continuous
Ordinate to V(r) at each point of the curve JV (r)dr is then represented by the area of the

curved surface between the ends A and B the curve c. To evaluate a line integral , the
integrand is expressed in terms of X, y ,z with dr=dx +dyj+dzk

In practice , x , y and are often expressed in terms of parametric equation of a fourth
variable (say u), i.e. x =x(u) ; y = y(u) ; z=z(u) . From these , dx, dy and dz can be
written in terms of u and the integral evaluate in terms of this parameter u.

Example
If V=xy?z, evaluate JV (r)dr along the curve c having parametric equations

x = 3u; y=2u? ;z=u® between A(0,0,0) and B(3,2,1)

V= xy?z = (3u)(4u¥)(ud)=12u8

dr=dxi+ dy j+ dz k = dr=3du i +4udu j +3u’du k

forx=3u; .. dx=3du;y=2u?® . dy=4udu ;z=u® .. dz=3u’dz
Limiting : A(0,0,0) corresponds to B(3,2,1) corresponds to u

A(0,0,0) = u=0; B(321)= u=1

[Vdr = | 120°@3 i +4u j +3u Kdu=

c 0

Example
If V = xy + y?z Evaluate JV(r)dr along the curve c defined by x=t? y=2t; z=t+5

u 0 !
36 i+4a8Y j436l | —ai+ 24,36,
9 10 1, 5 11

between A(0,0,5) and B(4,4,7) . As before , expressing V and dr in term of the
parameter t .
since V=xy+y 2z
= (t°)(20)+(4t°)(t+5)
= 6t% + 20t%
x = t* dx=2tdt
y=2t dy=2dt }
z=t+5 dz=dt
dr = dxi + dyj + dzk
=2tdti+2dt]j+dtk
[ vdr = [ (6t3+20t3)( 2t i +2j+K) dt
C C
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Limits: A (0, 0, 5) 0;
B4, 4,7 2
2
s T vdr =] (6t3+20t9)( 2t i +2 j +K) dt
C 0

2
J vdr =2 I {6t*+20t%)i+(6t°+20t?)j
Cc 0
+(3t+10t9)k}dt.
= 155 (444i + 290j + 145k)

Vector Field
If a vector field F(r) exist for all points of the curve c, then for each element of arc we can
form the scalar product F.dr. Summing these products for all elements of arc, we have

n

F.dr,
p:

The line integral of F(r) fr omAtoB — B -

along the stated curve = | F.dr.
C

In this case, since F.dr is a scalar
product, then the line integral is a scalar.
To evaluate the line integral, Fandd r
are expressed in terms of x,y,z, and the
curve in parametric form. We have

F=Fii+Fj+Fzk
And dr =dxi+dyj+dz k

Then F.dr =(F1i+ F2 j +Fs K).(dx i +dy j +dz k) =I(F1dx + F,dy +F,dz)

Now for an example to show it in operation.

Example
IfF(r) = X2y i + xz j + 2yz k , Evaluate jF.dr between A(0,0,0) and B(4,2,1) along the

curve ¢ having parametric equations x=4t ; y-2t?, z = t3
Expressing everthing in terms of the parameter t, we have
dx = 4 dt ; dy =4tdt ; dz = 3t dt
X%y = (16t%)(2t%) =32 t*
X = 4t Sodx=4dt
Xz = (4)(t3) = 4 t*
y=2t2 dy = 4t dt
2yz=(4t%)( t3) =4t
z=1t3 o dz =3t% dt
F=32t%i+4t*j-41t°k
dr=4dti +4tdtj+3t2k
Then ) F.dr =] (32t%i+4t%—4t°k).
(4dt i + 4t dt j + 3t dt K)

= J (128t*+16t5+12t7) dt
Limits: A(0,0,0) =t=0;
B(4,2,1)5t:1 128 5 16 6
128 16 12 128 8 3
— 4 5 7 — =< .8 — === L4 = _
({F.dr-(128t +16+120dt=" t 4+ ttg U =T g+, =2976
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\'4V)

Example

If F(r) = X%yi + 2yzj + 3z2°xK
Evaluate | F.dr between A(0,0,0) and B(1,2,3)
C

B(1,273)
(a) along the straight line
c1 from (0, 0, 0) to (1, 0, 0)
then c2from (1, 0, 0) to (1, 2, 0)
and csfrom(l, 2,0)to (1,2, 3)
(b) along the straight line c 4 joining
(0,0,0)to (1, 2, 3).
We first obtain an expression for ~ F.dr
which is
F.dr = (x%yi + 2yzj + 32°xK).
(dx i+ dyj + dz k)
F.dr = x2y dx + 2yz dy + 3z°x dz

J.F.dr = J.xzydx + IZyzdy+ISzzxdz
Here the integration is made in three
sections, along c1, ¢2 and cs.

(ci:y=0,z=0,dy=0,dz=0
| F.dr=0+0+0=0
C1

(ii) co: The conditions along c. are

C:x=1,z=0,dx=0,dz=0
[ Fdr=0+0+0=0
C2
(iii) c3:x =1, y:2, dx=0, dy=0

IFdr—o+o+I 372dz = 27

C3
Summing the three partial results
(1,2,3)

Fdr=0+0+27=27
(0,0,0)

F.dr =27

C1+C2+C3

(b)

If t taken as the parameter, the parametric equation of care x=t;y=2t;z=3t
(0,0,00=>1t=0,(1,2,3)=t=1 andthelimitsoftare t=0andt=1

F =263 + 12 + 27tk
dr = dXI +diy) +kdz =dti + 2dt j +3dt k

J F.dr —J (28i+1263+2763K). (i+2)+3K) dt = | (2t3+24t2+81t%)dlt

[ ¢ alp 115 °

—f(sst +24t)dt—|||_83 *8tl) =, =2875
0
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So the value of the line integral depends on the path taken between the two end
points A and B

@ ,[F.dr via ci, ¢z and ¢z = 27
(b) ,[F.dr via c4 =28.75

Example
Evaluate JF dv Where V is the region bounded by the planes x=0,y=0,z =0and

2x +y=2,and F =2z i+y k. To sketch the surface 2x + y + z = 2, note that

when z=0, 2x+y=2i.e.y=2 —2X
when y=0,2x+z=2ie.z2=2-2X
when x=0, y+z=2ie.z=2-y
Inserting these in the planes
x=0,y=0,z=0will help.
The diagram is therefore.
So 2x +y + z = 2 cuts the axes at
A(1,0,0); B (0, 2, 0); C (0, 0, 2).
Also F = 2zi + yk;

2=2-2x-y=2(1-x)—-y

1 2(1-x) 2(1-x)-y

ShEAvETT T xiyk)dzdydx
00 0

1 2(1-x) z=2(1-x)-y

=[] [zi+yK] dydx
00 z=0
12(1-x)

:JOJ . {[4(1—x)>—4(1-x)y+y?]i +[2(1-X)y—y*]K}dydx

.[ l'k)

v i
FdV =4 (2 +
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Lecture No -37 Examples

Example

Evaluate J. v FAV where F=2i+2zj+yk and V is the region bounded by the planesz=0, z =
4 and the surface

x2+y? =9,

It will be convenient to use cylindrical polar
coordinates (r, 6, z) so the relevant transformations are
X = rcoso; y=rsin6 z =z dV=rdrd6 dz

Then I vFdV= .[ J J v(2i+2zj+yk)dxdydz
Changing into cylindrical polar coordinates with
appropriate change of limits this becomes

s

Jorav=r ] I(2|+221+rsm6k)rdzdrdef | [22|+z J+rsmezk] rdrde

0=0r=02z=0 0=0r=0 z=0
21 3 21 3 2n 3 3

=[ | (8i+16j+4rsin6k)rdrdo= 4] [ (2ri+4rj+r? sin 0k) drdo=4/ Urzl+2rzj+—sm6k—||d6

00 00 J
2n 2n 2n

=4 (9i+18j+9sin 6k) do=36 (i+2j+sinok)do= 36 [0i + 26j — cosok]
0 0 0
=36 {(2ni + 4nj — K)—(— K)}= 727 (i + 2j)
Scalar Fields
A scalar field F = xyz exists over the curved surface S defined by x?+y?= 4 between the
planes z = 0 and z = 3 in the first octant.

Evaluate _[s F dS over this surface.

£
Wehave F=xyz S:x*+y>-4=0, z=0toz=3 f:H 2 s
dS=nds \évshereag _(b;—; L/’ o 2 e 0
Now VS = — k= 2xi+2yj N or 2¥
OX ayJ 0z x ?

VS| =\[axZ+4y? =2 \[x?+y? =2}t = 4

a _ VS _xityj

T vs| T 2
~ds=nds =" Has
1 1
.:J‘stS:J‘sFﬁdS: = _[s Xyz(xi+yj)dS ="~ J.s (x2yzi+xy?zj)dS (1)
2 2

We have to evaluate this integral over the prescribed surface.
Changing to cylindrical coordinates with r = 2

X=2c0s0; y=2sin6z=z dS =2d6dz

. X2yz = (4c0s20)(2sin0)(z)= 8 cos?0 sindz

Xy?z = (2c0s0) (4sin?0) (z)=8cosOsin?0z

Then result _[ skFdS = % J s (X%yzi+xy?zj)dS becomes.
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8 n/2 3 n/23 2
J.stS_ I f (cos esnne|+cosesm261)22dzde—4f I (cos BsinBi+cososin 6])22dz do

/2 n/2

_4j (coszesmel+cos€)sm261)22| do= 4I (cos?0sindi+cos0sin?0j)9de

cost  sin®0 T o
—36|L— I+TJ|J —12(|+J)

Vector Field
A vector field F=yi+2j+k exists over a surface S defined by x>+y? + z2 = 9 bounded by
x=0,y=0, z=0in the first octant,

Evaluate I s F.dS over the surface indicated.

A ~ VS
dS=ndS; n=
‘g IVSI
S x +
68/ @; — k 2Xi+2yj+2zk
OX 8y1+

< [VS|=\[4x2+4y2+422 =2\[XP+y?+72 =2~[9=6
1 . . 1
L ho= (2xi +i,yj + 27K) =% (Xi +yj + zK)

L F.dS=)s F.NdS=]s = Is (xy +2y +2z) dS

(Yi+2j+K).5 (Xi+yj+zK)dS= 4
Before integrating over the surface, we convert to spherical polar coordinates.

X =3 sin ¢ cos 0; y=3 sin %sm 0 z= %cos d; dS=9sin$pd¢dpdo
Limitsofgand 6are ¢ =0to~; 6=0to
2 2

_[s F.dS :% _[s (xy+2y+2)dS

Xy = 3 sing cosO . 3 sing sin@ = 9 sin%0 cosO
2y = 2. 3sing sin@ = 6 sing sin6

z = 3 cosd

dS =9 ssin¢ dp do

Putting these values we get
2 w2

_[s F.dS:%IO IO (9sin?¢psinBcoso+6singsind+3cosd)9Isingdpdo
/2 /2

=9 | (3sinpsinOcosp+2sin®psin+singcosd)dpdo
0 0

As we know that
/2

. 2
i sm3¢ do =3 by Wallis Formula
also,[ sin? <|)d<|>-— o
So We get : , n/2 . 7
,[ F.dS= 9r 23|necos o+Zsinp+l'do =9 fsm2e —cose+— | =9 [(1 0+ ) -0- + O)J
2 2) 2 2], 2
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:9f| T 7_ﬂ| (3_n\|
[1Lrato =9ty

Example

Evaluate ,[s F.dS where F = 2yj + zk and S is the surface x* + y? = 4 in the first two

octants bounded by the planesz=0,z=5and y = 0.

S:x2+y?-4=0

n:V_S
VS|
VS=§i+a—Sj+a—Sk=2xi+2yi
ox oy oz

VS| = A4+ Ay =2AX2+ Y2 =244 =4
y y

VS 2xi+2yj 1, . .

/r\l :|VS| = 4 :5 (xi +yj)

Ig F.dS=JsF. n ds
[sFhAds =% s (2y?) dS= s y2 dS

This is clearly a case for using cylindrical polar coordinates.
X =2 c0s 0; y=2sin® z=z; dS=2d6dz

_[s F.dS = _[s y2dS = J.J. 4sin’02dodz =8 H sin%0 do dz
S S

Limits:0=0to0=n;z=0toz=5 ) n
T sin 20 |

5 . 5[
Jsras=4 ] | (-cos20)dodz = 4] - 5 |, olz:4,‘s ndz= 4x [2] = 20n
0 0 0

220 =0 0

: ield

In general, the value of the integral I c F.dr between

two stated points A and B depends on the particular oA
path of integration followed. If, however, the line )

integral between A and B is independent of the path ki

5

of integration between the two end points, then the
vector field F is said to be conservative.

It follows that, for a closed path in a conservative
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field, (j.) F.dr=0.
C

Eor, if the fiek} is conservative,
J.C aB) F.dr = J¢ (ag) F.dr

1 2
But J.c @A) F.dr — Jc aB) F.dr
2 2

Hence, for the closed path AB, + BA.,, JJ F.dr

= _[c (AB) F.dr + L (AB) F.dr= J{C (AB) F.dl’—_[c (AB) F.dr
2

1 2 1

= _[c (AB) F.dr—L (AB) F.dr=0
1

1
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Lecture No -38 Vector Field

nservative V r Fiel

In general, the value of the integral jc F.dr

between two stated points A and B depends P
on the particular path of integration followed. 4 4
If, however, the line integral between A and A -
B is independent of the path of integration
between the two end points, then the vector field
F is said to be conservative.

It follows that, for a closed path in a conservative field, (ﬁ F.dr=0.
Cc
For, if the fiel(} IS conservative,

_[C ag) F.Ar = ag) F.dr Butj BA F.dl’—_" ag) F.dr = — 2
(48 c (AB) c (BA) c (AB) A/’(

Hence, for the closed path AB., + BACz' (_{) F.dr

= J.C (AB) F.dr + L (AB) F.dr
1 2

= J.C (AB) F.dr — jc (AB) F.dr= _[c (AB) F.dr - J.c (AB) F.dr=0 08
1 2 1 1

Note that this result holds good only for a closed curve A ¢

and when the vector field is a conservative field.

Now for some examples

Example

If F = 2xyzi + X°zj + x?yK, evaluate the line integral IF.dr between A(0,0,0) and B(2,4,6)
(a) along the curve ¢ whose parametric equations are x =u, y = u? z =3u

(b) along the three straight lines c1:(0,0,0) to (2, 0, 0); c2 : (2, 0, 0) to
(2,4,0);c3:(2,4,0)to (2, 4, 6).

Hence determine whether or not F is a conservative field. z
First draw the diagram.

Bl2,4,6)

(@)  F=2xyzi + x’zj + x?yk
X=U;y=2u;z=3u
s dx = du; dy =2udu; dz = 3du.
F.dr=(2xyzi+x%zj+x2yk).(dxi+dyj+dzk)
= 2xyz dx + X%z dy + Xy dz
Using the transformation shown above, we can now express F.dr in terms of u.
for  2xyzdx=(2u)(u?)(3u)du = 6u*du
x?zdy = (u2)(3u)(2u)du = 6u*du
x?ydz = (U¥)(u?)3du = 3u*du
F.dr = 15u*du

The limits of integrationinuare u=0tou=2
2

2
IC F.dr= J; 15u4du = [3u5]0 =96
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(b) The diagram for (b) is as shown. We consider each straigh* =

,[ F.dr= I(nyz dx + x2zdy+x2ydz)

ci: (0,0,0) to (2,0,0);y=0,z=0,dy =0, k
J.ClF.dr=0+0+O=o

In the same way, we evaluate the line integral along ¢z and ca.

Bl2,4,6)

c, F.dr=0;
,[ F.dr=[(2xyzdx+x2zdy+x%ydz)

c2: (2,0,0)t0 (2,4,0); x=2,z=0,dx=0, dz=0
ch F.dr=0+0+0=0 jcz Fdr=0

cs: (2,4,0) to (2,4,6); x 2, y= 4dx 0, dy=0

I Fdr—0+0+j 16dz—[162] =96 - ch F.dr=96

Collecting the three results together

J.cl+c2+c3 Fdr=0+0+96 .. -[°1+°z+°3 F.dr =96
In this particular example, the value of the line integral is independent of the two paths
we have used joining the same two end points and indicates that F is a conservative field.
It follows that

o b &

curl F =
|ax oy 0z |
2xyz Xz Xy
= (X>=X2)i—(2xy—2xy)j+(2xz—2xz)k = 0
~curlF=0
So three tests can be applied to determine whether or not a vector field is conservative.
They are

@) (ﬁ F.dr=0
(b) curlF=0
(c) F=grad V
Any one of these conditions can be applied as is convenient.

Divergence Theorem (Gauss’ theorem)
For a closed surface S, enclosing a region V in a vector field F

Iv divFdV = _[s F.dS
In general, this means that the volume integral

(tripple integral) on the left-hand side can be expressed e
as a surface integral (double integral) on the right-hand side. i

Example
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Verify the divergence theorem for the vector field

F = X% + zj + yk taken over the region bonded by the
planesz=0,z=2,x=0,x=1,y=0,y=3. ==
dV =dx dy dz (o

we have to show that Jv div FdV = ,[s F.dS

€)] To find Jvdp F d
divF = VF-(d&/+é/J+Q\ 2

L@x oy oz J.(xi+zj+yk)

(X - (Z)+ , (¥)=2x+0+0=2x

" ,[V div F dV=Jv 2x dv—J.J.J‘v 2xdzdydx

1.3.2

jv divFdV = JJJZxdzdydx ,” [2xz] dy dx = I [2xz] dx = _[12x dx—[GX] =6

000 0 0

(b) to find js F.dSie. js F.AdS

The enclosing surface S consists of six separate

plane faces denoted as

Si, Sz, ..... Sg as shown. We consider each face in turn.
F=x%+2zj +yk

(l) S; (base): z = 0; i = — k (outwards and downwards)
. F=x%+yk dS;=dxdy

13 1 3
Isl r.nos =[[s, oivyi.cionx= [ [ ayon=] [-Z]oc=-3
00 0

}II) S, (top): z = 2: A=k dS;=dx dy
F.AdS= _U (X%i+zj+yk).(K)dydx j Fy dydx ="~

2
(iii) Sz (right-hand end): y = 3;
A=j dSs = dxdzj
F=x%+2zj+yk
) A 2 1.2 1 2 1
: jsg F.nols:”s3 (X i+2j+3K).(j)dzdx = UO 2 dz dx :IO [325] dx = io 2dx =2
0

(iv) Ss (left-hand end): y=0, fi=—], dSs = dx dz

o F.AdS =~ 2
for]Ls F.AdS= H (x i+zj+yKk). (—j)dZdX_J.J.( z) dz dx-jll||: Z] dx

0
= j (-2)dx=-2
0
Now for the remaining two sides Ss and Se . Evaluate these in the same manner, obtaining

Js Fhas=6; Js FAds =0
Check:
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(v) Ss (front): x=1; A=i dSs=dydz

J.SS F. AdS = ,”.35 (i+zj+yk).(i)dy dz= ”55 ldydz=6
(vi) S (back): x=0; A=—-i dSe=dy dz
J.SB F. AdS = ”56 (zj+yK).(—i)dy dz = ,U]»G Odydz=9

For the whole surface S we therefore have ]sF.dS=-- — —-2+6+0=6
9t o*2

and from our previous work in section (a) Jv div FdV =6

We have therefore verified as required that, in this exampIeJ‘V divFdVv = Is F.dS

Stokes Theorem
If F is a vector field existing over an open surface S and around its boundary closed curve

C, then js curl F.dS = JJ F.dr

Cc —dS
This means that we can express a surface integral &
in terms of a line integral round the boundary curve.

The proof of this theorem is rather lengthy and is
to be found in the Appendix. Let us demonstrate its application in the following
examples.

Example
A hemisphere S is defined by x*+y?+z2=4 (z > 0). A vector field

F = 2yi — xj+xzk exists over the surface and around its boundary c. Verify Stoke’s
theorem that

_[s curl F.dS = JD F.dr.
C

S:xX°+y?+72-4=0
F = 2yi —xj + xzk cis the circle x? + y? = 4,
(@) cf) F.dr= I c (2yi — Xj + xzK) . (idx + jdy + kdz)

Cc

= I c (2ydx — x dy+xz dz)
Converting to polar coordintes.x =2 cos6; y=2sin0; z=0
dx=-2sin0d6; dy =2 cos 6 do; Limits® =0to 2x

2/n 2/n
JD F.dr= _[O (4sin6[ (—2sin6dB] -2 cosb2cosodd = — 4,[ (2 sin%0 + c0s%0) do
C 0
2In 2/ [ sin20 P
2 |
:—4IO (1 +sin 0) de:—zjO (3-c0s20)do=-230- I% =127 (1)
(b) Now we determine js curl F.dS

Icurl F.dS :_[curl F. AdS
F =2yi — xj + xzk
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i i k

‘ 8 b 2 || o _

curl F= =i(0-0)-j (z-0)+k (-1-2) =-2zJ -3k

OX oy 0z |

2§/ —X XZ
Now A= VS oxi+2yj+2zk _ Xityj+zK

S| \JAxi+gy?+4z2 1
Then _[s cTuVrI |F. AdS = jtg( —zk-3K). (_)LI_\ =" _[s (-yz-3z)dS

L 2 ') 2
X =2 sing cos6; y = 2 sing sinb; z = 2cos ¢ ,dS =4 sin ¢ d¢p dO
. IS curlF.AdS= ”( 2 sing sinB 2coso— 6 coso) 4 sing dp do i
2 l2 2 sm3¢ sing 3 sin’p
= —j ,[ (2sin® ¢ cos ¢ sin O +3sin¢cos¢)d¢d9——4 T T2
ﬂ de
0 0 0 |_ 0
——4f2ﬂzsine +3) do=—12n (2)

0\3 2 |)

So we have from our two results (1) and (2)
.[s curl F.dS = J) F.dr
Cc
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Lecture No -39 Periodic Functions

Periodic function

A function f(x) is said to be periodic if its function values repeat at regular intervals of the
independent variable. The regular interval between repetitions is the period of the
oscillations. f(x + p) =f(X)

Graphs of y = A sin nx 2

(@) y = sin x The obvious example of a periodic A -
function is y = sin x, which goes through its complete 0 x\//z,% =
range of values while x increases from 0° to 360°. T h o L

The period is therefore 360° or 2x radians and the amplitude,
the maximum displacement from the position of rest.
y = 5sin 2x

The amplitude is 5. The period is 180° and there

are thus 2 complete cycles in 360°.

Example
Functions Amplitude Period
y = 3 sin 5x 3 72°
y =2 cos 3x 2 120°
X
y=sin" o
) 1 720
y = 4 sin 2Xx 4 180°
y = A sin nx

Thanking along the same lines, the function y = A sin nx

o

has amplitude = A; period = = 2?71 ; ncycles in 360°.

Graphs of y = A cos nx have the same characteristics

\ 4
Y o N e —_

i ix i | 1\ \
o L T s O 23\ s 78\ 10

0 A 416 ) X fi |/ | : N N

|__period | L !
Yy | i 2 5 6 8 tm) X Y.
period = 8 ms period = 6 ms period =5 cm

Analytical description of a periodic function
A periodic function can be defined analytically in many cases.

Example
(a) Betweenx=0andx=4, y=3, Y
ie. f(x)=3 0<x<4
(b) Betweenx=4and x=6, y=0,
ie. f(x)=0 4<x<6.

So we could define the function by 0 4 6 0 12 X

f(x) =3 0<x<4
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f(x)=0 4<x<6 ¥

f(x)=f(x+6) s SRR s
the last line indicating that the function is periodic £1x) l\
with period 6 units 0 N R -
f(x) =2 -x 0<x<3 -1l> --------------
f(x)=-1 3<x<5b

f(x) = f(x+5)

f(x) = %X 0<x<4 fm37?\________/_
0 1

f(x)=7 =X 4<x<10 > : TR

0 3———A~____\_S4_}__

f(x)=-3 10 <x<13
f(x) = f(x + 13)

Example
Sketch the graphs of the following inserting relevant values.
1. f(x)=4 0<x<5
f(x)=0 5<x<8 X
f(x) =f (x + 8) 4 s
f(x)
f(x)=3x-x* 0<x<3
f(x) =f (x + 3) 0 5 8 X
f(x)=2sinx 0<x<mn
f(x)=0 n<X<2n
f(x) = f (x + 2m).
X2
f(x) = n 0<x<4
f(x) =4 4<Xx<6
f(x)=0 6<x<8

f(x) = f(x + 8).

The following integrals appear frequently in our work on Fourier series, so it will help if
we obtain the result in readiness. In each case, m and n are integers other than zero.
" [—cosnx]™ 1

(@) [ sinnxdx =] | =, {~cosnm +cosnn}=0

-1 n -
™ rsinnx]; 1 _
(b) [ cosnxdx="|"" | = {sinnm+sinnz} =0
L
T 1 = I sin 2nxT|I
() | sin?nxdx =, [ (1-cos2nx) dx=, |LX - 2n =1 (n+0)
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T 1= sin 2nxT|I
(d) ] cos’nxdx =, [ (1+cos2nx)dx=,"[x+ 2n

L

- - —T
T T

(e) | sinnxcos mx dx = % ) {sin(n+m)x+sin(n—m)x}dx= %{o +0}=0

-7

=7 (n=0)

from result (a) with nzm
T l T l
U] { ) COS Nx cos mx dx = 2I {cos(n+m)x+cos(n—m)x}dx= 5{0+0}=0

from result (b) with n = m

Note:
If n =m, then

T T

[ cos nx cos mx dx becomes | cos?nxdx=m from (d) above.
- -
Y T Y

(g) [ sinnxsinmxdx=—% /] (- 2) sin nx sin mxdx= —%/ cos(n+m)x—cos(n—m)xdx

= % [{0-0)=0 from result (b) withn=m

Note:
If n=m, then

T T

[ sin nx sin mx dx becomes | sin®nxdx=n from (c) above

—T -7

Summary of integrals
(@] sinnxdx=0 (b) [ cosnxdx=0 , (c) [ sin? nx dx = 7 (+ 0)

(d) | cos?nxdx=mn (n=0) (e) ] sinnxcosmxdx=0

—T

(f) | cosnx cosmxdx=0 (n=m) (g) [ sinnxsinmxdx=0 (n=m)
[ cosnxcosmxdx=n  (n=m) [ sinnxsinmxdx =x (n=m)
Note

We have evaluated the integrals between — t and =, but, provided integration is carried
out over a complete periodic interval of 2z, the results are the same. Thus, the limits
could just as well be — & to =, 0 to 2%, — /2 to 3=/2, etc. We can therefore choose the

limits to suit the particular problems.
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Fourier seri

Periodic functions of period 2

The basis of a Fourier series is to represent a periodic function by a trigopnometrical series
of the form.

f(X) = Aot+cy sin (X+au) + €2 Sin (2x+a) +C3 Sin (3X+az)+...+cn Sin (NX+on)+ ...

where Ag is a constant term

C1, C2, C3....cn denote the amplitudes of the compound sine terms o, oo, oa3..... are
constant auxiliary angles.

Each sine term, ¢y sin (nx + an) can be expanded thus:

Cn Sin (NX + an) = cn{SiN NX COSOn+COS N X SiNon }= (CrSinan) €OS NX + (CnCOSaLn) SiN NX

= anCOS NX + bysin nx

the whole series becomes.

f(x) = Ao+ > {an cos nx + bn sin nx}

n=1
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Lecture No- 40 Fourier Series

As we know that A¢+ 2. {ancosnx + basinnx};

n=1
which can be written as in the expanded from
Ao+(a1c0sx+h1SinX)+(a2c052x+0,5IN2X) + ... + (anCos nNX+brsin NX)+...........
Ao+a1C0SX+a2C082X+.+anC0S NX+.. .. +b1sinx+basin2x+... bysin nx+..........

f(X) = Ao+ai1CoSx+a,c0S2X+.+anC0S NX+.. ....+D1SINX+025IN2X+... bsin nx+...

Fourier coefficients
We have defined Fourier series in the form

f(x) =Ao + 2 {ancosnx + bnsinnx}; n a positive integer
n=1
(a) To find Ao, we integrate f(x) with respect to x from — = to =.

[ fodx =] Ao dx + 3 ‘[J an COS NX dx+] bnsinnxdx%:[on]n +3 {0+0}=2A0n

—n - n=1 (-x -7 -7 n=1
b

2A0 = | f(x)dx

—T

_1 | f(x)dx=1/2 ao . Where ao = L | (x) dx
Ao = 2n T

(b) To find an we multiply f(x) by  cos mx and integrate from — = to .

n n 1

[ f(x)cos mx dx = | Ao cos mx dx+x JI an COS N COS MX dx+] bo sin nX cos mx dx [

-7 -7 n=1 (—x -
T

[ f(x)cos mx dx = Ao {0} + > {an (0) + bn (0)}=0 forn=m
-1 n=1
=0+am+0=am forn=m

T

1
an=" I f(x) cos nx dx

—T

(c) To flnd bn we multlply f(x) by sinmx and integrate from — = to .

" )
| f(x)sin mx dx = | Ao sin mx dx +Z JI an cosnxsinmx dx+/ bn sin nx smmxdx}
-7 -7 n=1 - -
[ f(x)sin mx dx = Ag {0} + ¥ {an (0) + by (0)}=0 forn=m
—T n=1

=0+0+bm=bmt forn=m

1
. bn = [ f(x) sin nx dx

—T
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Result For Fourier Series

1 o0
f(x)=520+Z  {ancosnx+bnsinnx};
n=1

T

a)ao=" _ :
(@) a “j_n f(x) dx = 2xmean value of f(x) over a period

1
(b) an = - J f(x) cos nx dx=2xmean value of f(x) cosnx over a period.

T

1 g
(©) ba=7] f(x)sin nx dx = 2 x mean value of f(x) sin nx over a period.

T
-7

Ineachcase,n=1,2,3, ......

Example

Determine the Fourier series to represent the periodic

function shown. V'

It is more convenient here to take the limits as 0 to 2. | S
The function can be defined as fix M/
09 = 0<x<2n L
f(x) = f(x + 2m) period = 2.

Now to find the coefficients

1 1 (X 1 2n
@ a=_ fo f(x) dx=__ fo |\2|}dX=_4n [X2]0 =n

=T

27 X‘
1
(b)an== | f(x) cos nx dx
T o
27

1. (X
== [ 7" cos nx dx

n o2/

1 20 1 U xsinnx 2« 1 2= l 1 1 )

an:ozn Jo xcosnxdx=,_ %[[ n ]O—nfosinnxdxj= 27 100-0) = (O}
J.dn =
2n

1
(@ bn=7_rf f(x) sinnx dx  So we now have
0
bh=1 1% sin nx dx=—" 2{[ m]zulfz“cos nx dxf:_L [27 - 0]= 1
T o2 21 [ T , No J onn n
1
aO:TC; an:0; bn:_a

Now the general expression for a Fourier series is
e )

1
f(x) = 5 a0+ 2 {ancosnx+ by sinnx} Therefore in this case
n=1
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* yis 1 1 1
+ 2 {bnsinnx} = 5 +{—; sinx—, sin2x—5 sin3x—...} since an =0

n=1 1 1

2 {sinx+2 sin2x+3 Sin3x+...... }

Dirichlet Conditions
If the Fourier series is to represent a function f(x), then putting x = x1 will give an infinite
series in x; and the value of this should converge to the value of f(x1) as more and more
terms of the series are evaluated. For this to happen, the following conditions must be
fulfilled.
(a) The function f(x) must be defined and single-valued.
(b) f(x) must be continuous or have a finite number of finite discontinuities within a
periodic interval.

(c) f(x)and f (x) must be piecewise continuous in the periodic interval.
If these Dirichlet conditions are satisfied, the Fourier series converges to f(xu), if
X = X1 IS a point of continuity

Example
Find the Fourier series for the function shown.

f(x) =
f(x)

any a3

Consider one cycle between x=0 and x=r.

The function can be definedby =1 O
f(x)=0 _n<x<_§ \T—A r l-F
X =p ag-0.g " &
f(x) = 4 _§<x<§
f(x) = 0 5 <X<m

f(x) = f (x + 2n)

f(x) :% ao+ 2 {ancos nx+by sin nx}
n=1

The expression for ao is ao = i [ f(x) dx This gives

i

-n/2 /2 n l 1 /2
a0 :nﬁ[[ Odx+ [ 4ddx+ ] 0dxf =7 [4x] =4
- —n/2 /2 J T —t/2
ao=4
T 1 2 2 n 4’ /2 }
(b) an=1 | f(x) cos nx dx :_4 [ (O)cosnxdx+[ 4cosnxdx+ (0) cosnxex = L1] 4dcosnxdx
T - T L -n a2 2 J T Lﬂ'/Z J
4 /2 8 nw
= sin nx = sin
7N 8 . nl_ﬁ“’z n 2
an="_ sin
7n 2
Then considering different integer values of n, we have
If nis even an=0
Ifn=15,09.... an :i
nm
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Ifn=3,711, ... an:—i
nm

(c) To find by

/2

1 T . 1 —n/2 T
ba=" | f(x) sin nx dx = _{I (0)sinnxdx+]  4sinnxdx+[ (0) sinnxdx}’

T -n " L n —n/2 /2 J
4 ™ 4 [=cosnx]|™ 40 m ( ﬂ\]}
= i = =_ {cos , — =0
b = lesm nxdx = |L 0 J—n/Z (%% 2 cos|k ) JJ
bn =0

So with ag = 4: an as stated above; b, = 0;

The Fourigy series is 1
f(x) =2+~ {cosx -~ 1 1 cos7x+...}
7

- 3 COs 3x +5 COS5X —

In this particular example, there are, in fact, no sine terms.

Effect Of Harmonics

It is interesting to see just how accurately the Fourier series represents the function with
which it is associated. The complete representation requires an infinite number of terms,
but we can, at least, see the effect of including the first few terms of the series.
Let us consider the waveform shown. We established earlier that the function

f(x) = 0 —m<X<—,
T T 4
f(x) =4 - T <X<"
2 2 r“
f(x) = 0 §<x<n i e YRR AT

f(x) = f (x + 2n)

gives the Fourier serjes
8 1 1 1

f(x)=2+ ; {cos X—q COS3X + 5 COS 5X — ;cos X+ ...}

If we start with just one cosine term, we can then see the effect o including subsequent
harmonics. Let us restrict our attention to just the right-hand half of the symmetrical
waveform. Detailed plotting of points gives the following development.

Q) fx)=2 +7§T COS X
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2 fx)=2+ % {cosx — % cos 3x}

o) I 1
3 f(x):2+7T {cos X—g C0oS3X + 3 COS5X)

T

L .

Tixh

Ny
1 1 1

(4) () =2 + _ {cosx— cOS3x+ 5 COS5X — 5 COs >}

O s s

Flxl

o )

As the number of terms is increased, the graph gradually approaches the shape of the
original square waveform. The ripples increase in number and decrease in amplitude, but
a perfectly square waveform is unattainable in practice. For practical purpose, the first
few terms normally suffice to give an accuracy of acceptable level.
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Lecture No -41 Examples

Example

Find the Fourier series for the function defined by

f(x) =—x —nt<x<0

f(x)=0 0<x<m

f(x) = f (x + 2n)

The general expressions for ao, an, by are

aozlj f(x) dx , an:lf f(x) cos nx dx , bn=lff(X)SinnXdX
TC T

T
1r 10 1 10
a0 = If(x)dx =n{(—x)dx+nI00dx =n{(—x)dx = rﬂ

(b) To f|nd an

=
=]

0 T T
:—I f(x)cosnxdx:l I(—x)cosnxdx+lIde:—l [ x cos nx dx

T T T T
_ 0 ™ 0 -

{[X sinnnx] N I sin nx dxl Tlc {(O -0)- rﬁ_ - nx—\J ]%

] n
1l cos nx]7) [ cos nx—l 1
W 1= J bl

—Tt

nz [cos 0 — cos nr]

= —-— {1 -cos nrt}
Butcosnt=1(neven)and cosnt =—1 (nodd)
an = - n—iz (nodd) and an, =0 (neven)

(c) Now to find by
0

175 1.5 | 1.0
bn == [ f(x)sinnxdx =~ | (=) sin nx dx = -~ [ x sin nx dx

T T T
—T —Tb —T
1 J (—cos nx nx) 0 1 1 (ncosnn 1|'sm nx| o ]e COS N
= [X|\ 0 )]+nfcosnxdx n il n |J =
| o ] l -
1 1
by=-+ (neven) and bn= q (nodd)
So we have
T 2
a0 =,; an=0(neven) andan = - n? (n odd)
bn = i (n even) and by =%] (n odd)
2
fx)="-= |”cosx+l cos3x+L cos 5x+...) + [sinx — L sin 2x + L sin 3x — L sin 4x+....
4 n\ 9 25 )\ 2 3 4

It is just a case of substituting n =1, 2, 3, etc.

In this particular example, we have a constant term and both sine and cosine terms.

|
)
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Odd And Even Functions

(@) Even functions

A function f(x) is said to be even if f(— x) = f(x) i.e. the function value for a particular
negative value of x is the same as that for the corresponding positive value of x. The
graph of an even function is therefore symmetrical about the y-axis.

y = f(x) = x? is an even function
since

f(-2)=4=1(2)
f(-3)=9=f3) etc.

y = f(x) = cos x is an even function
since cos (— X) = €0s X
f(—a) =cosa="1(a)

(b) Odd functions

A function f(x) is said to be odd if f (- x) = — f(x)
i.e. the function value for a particular negative value of xis numerically equal to that for
the corresponding positive value of x but opposite in sign. The graph of an odd function is
thus symmetrical about the origin.

y = f(x) = x% is an odd function since //f

f(_ 2) =-8=- f(2) Xy o 6 X
f(-5) =-125=-1(5) etc. ayf”

y = f(x) = sin x is an odd function 3

Since sin (- xX) = —sin x

f(-a) = - f(a).

So, for an even function f (- x) = f(x)

symmetrical about the y-axis

for an odd function f(— x) = — f (X) symmetrical about
the origin.

Y ¥

ot

i

) il P e
X, —2m -7 0 w 27 X /l|
_ Ll e
0 -2 —‘T’ 4]

odd. Odd
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O*M_\%__ 3 X, —2n —uf 0 Jr 2']:—- X

Even Odd

Pr f And Even Function

The rules closely resemble the elementary rules of signs.

(even)x(even)=(even) like (+)x(+)=(+); (odd)x (odd) = (even) ()x()=(+) ;
(odd)x (even) = (odd) Hx(H)=(~)

The results can easily be proved.

(a) Two even functions
Let F(x) = f(x) g(x) where f(x) and g(x) are even functions.
Then F(— x) = f(— x) g (- x) = f(X) g(x) since f(x) and g(x) are even.
o F(=x) =F(x)
F(x) is even

(b) Two odd functions
Let F(x) = f(x) g(x) where f(x) and g(x) are odd functions.
Then F(=X) = f(=x) 9(= %) ={-F ()} {-9(x)}
since f(x) and g(x) are odd.
=1(x) 9(x) = F (x)

2 F(=x) = F(x)
F (x) is even
Finally

(c) One odd and one even function
Let F(x) = f(x) g(x) where f(x) is odd and g(x) even.
ThenF (=x) =f(=X) g(=%) =—1(x) g(x) =-F (x)
SFEX)=-F(X)

F (x) is odd

So if f(x) and g(x) are both even, then f(x) g(x) is even and if f(x) and g(x) are both
odd, then f(x) g(x) is even but if either f(x) or g(x) is even and the other odd. Then
f(x) g(x) is odd.
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Example
State whether each of the following products is odd, even, or neither.
1. x2sin 2x odd (E) (O)=(0)

2. x3cos X odd (O) (E)=(0)
3. cos2xcos3x even (E)(E)=(E)
4. xsin nx even (O) (O) = (E)
5. 3sinxcos4x odd (O)(E) = (O)
6. (2x + 3) sin 4x neither (N) (O) = (N)
7. sinfxcos3x even (E)(E)=(E)
8. x%e* neither (O) (N) = (N)
9.(x*+4)sin2x odd (E) (0) = (O)

Tw ful f merge from nd even functions.
(a) For an even function

a a

[ f(x)dx=2] f(x) dx
—-a 0

(b) For an odd function

a

[f(x)dx=0

IHEOREM 1

If f(x) is defined over the interval — < x <t and f(x) is even, then the Fourier series for
f(x) contains cosine terms only. Included in this is a0 which maybe regarded as an cos nx
withn=0.

Proof:

@  a=tl fdx =20 fdx - ac=2] f(x) dx
T - T o T 0

(b)) an= i { f(x) cos nx dx.

But f(x) cos nx is the product of two even functions and therefore itself even.
an= 1 [ f(x) cosnxdx = zf f(x) cosnx dx. .. an= ZI f(x) cos nx dx

T TOo To
Y

(c) b= 1 [ £(x) sin nx dx
T -
Since f(x) sin nx is the product of an even function and an odd function, it is itself odd.
" bn= 1 [ (x) sin nx dx = 0.
T —n

bn =0
Therefore, there are no sine terms in the Fourier series for f(x).
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Example
The waveform shown is symmetrical about the y-axis. The function is therefore even and

there will be no sine terms in the series.

¥
1 00 L e S s ] e — = e e e
f(X) =5 a0+ X ancos nx —} r ’_
b "t m n/2 X : 0 :
1 2 ) & A 3 T 4l
@a =" fx)dx =] f)dx= =] 2dx
T T O T o
Z /2
= [4x] . =4
l T 2 n 2 n/2 § FMTC/Z
(b) an= L[ f(x)cos nx dx = _ fo f(x) cosnx dx=_ [ 4cosnxdx=_ [ |0
-8 sin "%
B mn 2

. n
But sin En =0 for n even

=1 forn 1,509, ....
=-1forn=3,7,11, ....
an=0 (n even);
8
= (n=1,5)9,...);
__8 _
== (n=3,7,11...... )

(c) bn=0, since f(x) If aneven fulnction.Therlefore, the required series is
T =

f(x):2+g{cosx—g COS 3X + 4 cosSx—; COS 7X + ....}

Theorem 2:
If f(x) is an odd function defined over the interval — © < x < &, then the Fourier series for
f(x) contains sine terms only.
Proof:
Since f(x) is an odd function
0

i

[ f(x) dx=—] f(x) dx.
0

—T

l T
(@ a= ;J f(x) dx.
But f(x) is odd
ao=0
1
(b) an = _n.[ f(x) cos nx dx
Rememberiﬁg that f(x) is odd and cosnx is even, the product f(x) cosnx is odd.

1 (" 1"
A= j f(x) cosnx dx =~ J (odd function) dx
T s T

‘. an:0
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1 T
(b) bn= _.[ f(x) sin nx dx
T _n
and since f(x) and sin nx are each odd, the product f(x) sin nx is even.

Then by = l,[ (even function) dx = 2_[ f(x) sin nx dx
T _x T o
" bn= ZI f(x) sin nx dx
T o

So,
If f(x) is odd function then ap = 0; an=0;

2
bn = . I (x) sin nx dx i.e. the Fourier series contains sine terms only.
0

Example

f(x)=-6 —nt<x<0 v

f(x) =6 0<x<m —j———--—og__{_k_
f(x) = f(x + 2m) — ’ ;

We can see that this is an odd function;
a=0anda,=0

1
bn = ;J. f(x) sin nx dx.

f(x) sin nx is a product of two odd functions and is therefore even.

2
Sobn=" J. f(x) sin nx dx
T o

2 QHML 12 [cosnx]° 12

bn=n_[)65innxdx:nL n lJ:n|L n J=n [cos 0 — cos nx]

T

12
= (1 — cos nn).

N

bn =0 (neven) by 4

So the series is f(x) = = 7
T {sinx + 3 Sin3x + 5 Sin5x +....}

(n odij)

Of course,
if f(x) is neither an odd nor an even function, then we must obtain expressions for ao, an
and by in full.
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Lecture No -42 Examples
Example
Determine the Fourier series for the function
shown.

This is neither odd nor even.
Therefore we must find ag, an and bn.

f(x) = ao + E {an cos nx + by sin nx} e w X0 u
2
f)=_x 0<x<m
=2, , W<X<2m _
1 1 (2 L 1 [neT
(8) a0=_ [ fdx = - ﬂ X dx +I 2 de L j [2x] {n +4x - 2m}
0 0 T
Sap=3
l 21 2n
(b) an = J. f(x) cos nx dx = Ejf (Zx\ cosnx dx + | 2 cos nx dxl
n Lo \n K . J
2n l 2 T 2n }
_1 { [ xcosnx dx + 2 cosnxde j71 [ xcosnx dx + 2] cosnxdx
' . T AT i
2 n 20 1 [ CoS nx]" [sin nx_|2 ]

[ )
Xsin nx'| 1 [ sinnxdxr _[ cosnxdx | = — ——|~ +
L rcosﬁxrI ng - “FZ Pl Jo T U

Lnn|L n |0J: 22 {cos nm — cos_O}— 22 {cos nm — 1}

a=0 (neven); a= "~ (n odd)
n n thnz

(c) To find by, we proceed in the same general manner

1 21 2n
bh=" _[ f(x) sin nx dx= ‘{I 2 \ sinnxdx+] 2 sinnx dxl’
T T LO kn ) n
2n ) T - 211]
:7% ‘{%[ XCOS nx] 7N cosnxdx+j sinnxdx} = i {ﬁ (-= cosnn)+$[smnnle +|: c%s nx] '
ﬁ [1 1 l_2/1 10 1
= L_n cosnn+(0 O)— (cos 2mn—cosnm) = %—n cosnr+(0-0)—, cos 2nn+ ‘cosnm
2 J 1 2
= CoSs 2nm COs 2nm
T L n J mn
But cos 2nt = 1.
" bn = ——2
7n
So the required series is
3 4 1 1 2 1 1 1
f(x) =2 2 cosx+9c053x+25c055x+... - srnx+25|n2x+3srn3x+ 4 sin4x.. j
J

Sum of a Fourier series at a point of discontinuity
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\'4Y)

o0

1
f(x) = gao + nZ:l {an cos nx + by sin nx}

At X = X1, the series converges to the value f(x1)

as the number of terms including increases to
infinity.

A particular point of interest occurs at a point of
finite discontinuity or “jump’ of the function y = f(x).
At x = X1, the function appears to have two

distinct values, y1 and y».

If we approach x = x1 from below that value,
the limiting value of f(x) is yi.

If we approach x = x1 from above that value, the
limiting value of f(x) is yo.

To distinguish between these two values we write
y1 = f(x1 — 0) denoting immediately before x = x1
y2 = f(x1 + 0)

denoting immediately after x = xi.

¥

V2

In fact, if we substitute x = x1 in the Fourier series for g 2 .
f(x), it can be shown that the series converges to the
value
1 1
5 {f(x1 - 0) +f(x¢ + 0)} = o (y1+Y2), the average of y1 and y..
Consider the function
f(x)=0 —nt<x<0 v
f(x)=a 0<x<m
f(x) = f(x + 2m) o I T
(a) ao:l [ f(x) dx:lf a dx
T - T 0 X1 -7 0 m X
= l [a)(] =
T T
do=a .
1 1~ af, sin nx
(b) an=_ ] f(x)cosnxdx = [ acosnxdx=_ | ' =0
T T T |_ n J
- 0 0
an = 0
1" 17 a [—cosnx|" a

bn= 7T_Inf(x)sin xdx = Ioa sin nx dx0= _ | ]

But cosnmt =1 (neven) and cos nt = -1 (n odd)

nJ0|

bh=0 (neven) and b, = ﬁ_i (n odd)

e (1 —cos nnx)
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1 o0
f)=5a+ Zl bn sin nx
n=

a 2a 1 1
f(x) = ot {sinx + 3 sin3x + 5 sin5x +. ..}

A finite discontinuity, or “jump’, occurs at X = 0. If we substitute x = 0 in the series
obtained, all the sine terms vanish and we get

f(x) = a/2, which is, in fact, the average of the X

two function valuesatx=0. | |70 a*—ﬁ—-—
Note also that at x = 7, another finite T 2@ ®
discontinuity occurs and substituting 2 | |

X = in the series gives the same result. X, —n 0 X

Because of this ambiguity, the function is said

to be ‘undefined’ at x = 0, X = T, etc.

Half-Range Series

Sometime a function of period 27 is defined over the
range 0 to =, instead of the normal — = to &, or 0 to 2.
We then have a choice of how to proceed.

For example, if we are told between

x =0and x = 7, f(x) = 2X,

then, since the period is 2r, we have no evidence

of how the function behave between x = — & and
x=0.

If the waveform were as shown in (a), the
function would be an even function, symmetrical
about the y-axis and the series would have only cosine
terms (including possibly ap).

On the other hand, if the waveform were as shown in
(b), the function would be odd, being symmetrical
about the origin and the series would have only sine terms.

Example

A function f(x) is defined by

f(x) = 2x 0<x<m

f(x) = f(x + 2n)

Obtain a half-range cosine series to represents the
function.

To obtain a cosine series, i.e. a series with no sine
terms, we need an even function.

Therefore, we assume the waveform between

x =—mand X = 0 to be as shown, making the total graph symmetrical about the y-axis.

X

Now we can find expressions for the Fourier
coefficients as usual.

T

ao:Zj f(x)dx :ZJ 2xdx:Z[x2]Tt =2n i
T o T o T 0 g

S =2¢
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an = E ,[ f(x) cosnx dx = 2 ,[ f(x) cos nx dx

T _» . - n
2 i" 4 (FMT 1 |
an= ,[ 2xcosnxdx = I XCcosnxdx = 4[ | — sin nx dx
T % T L n o N
4 | 1[-cosnxT| 4

= ; L(0—0)—nL 0 JJ = () (cos nn— 1)
cosnt=1 (neven)and cosnm =-1 (nodd)

~ an=0 (neven) and an=- n—iz (n odd)
All that now remains is b, which is zero, since f(x) is an even function, i.e. bn =0
Soa=2r, a=0 (neven)anda, = —n—?\z (n odd),
bn = 0. Therefore

8 j 1 1

f(x)=n—_ Lcosx+9 COS3X+ 55 COSSXF.. j

Example
Determine a half-range sine series to repressent the function f(x) defined by

f(x)=1+x 0<x<m

f(x) = f(x + 2x) L4
e d S I
We choose the waveform between :
= — m and x = 0 so that the graph is symmetrical . 1 |
about the origin. The function is then an odd X, -7 0 .
function and the series will contain only sine
terms.
Y
1+ p———-
a=0 and a=0 /ﬂywu
T 1
bn:l f(x) sin nx dx M ol
T i o
s . . —(1 +m)
Y,
bn = 2 J‘ f(x) sin nx dx
2 21 —cosnx| 1 , |
= i - d }
bn EJ; (I+x)sin nxdx = _ ﬂ(l +X)  n lJ +n-[) cosnxdx
2( 1+x llfsinnxﬂ g%[_ 1+7 2
= “%[_ 0 cosnn+n+n|L n “2in” n COSHTI:TZTm{l—(l+1t) cos nn}
cosnt=1 (neven)andcosnt= -1 (nodd)
2
. bn=— n (neven)
_A4+2¢
= (n odd)

Substituting in the general expression f(x) = > b, sinnx we have
x=1
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f(x):4 +2n 1 1 1 1 1

and the required series obtained
4 C{ 1 1 1 1 1

f(x)=] (n+2 ) H{sin X+q SiN 3+ sin5x+..}- 2{, sin 2x+, sindx+g sin 6x+.....}

So knowledge of odd and even functions and of half-range series saves a deal of
unnecessary work on occasions.
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Lecture No.-43 Functions With Periods Other Than 2x
So far, we have considered functions f(x) with period 2x. In practice, we often encounter

. . T T T
functions defined over periodic intervals other than 2mx, e.g. fromOto T, — P to 5 etc.

Functions With Period T
. . . T
If y = f(x) is defined in the range — o to % , i.e. has a period T, we can convert this to an

interval of 2t by changing the units of the independent variable.
In many practical cases involving physical oscillations,
the independent variable is time (t) and the periodic f
interval is normally denoted by T, i.e.

f(t) =f(t+T)
Each cycle is therefore completed in T seconds and the
frequency f hertz (oscillations per second) of the

' atT

0 a

angular velocity, o radians per seconds, is defined by o = 2xf, then
2n 2n

oa:? and T=" ®

The angle, x radians, at any time t is therefore X = wt and the Fourier series to represent
the furiction can be expressed as

periodic function is therefore given by f = l.l.. If the

f(t) = E ao + Xgl {anCos not +b,Sin nwt}

which can also be written in the form

=2 A+" B sin(not+o) n=1,23, ...
0 n n
2 x=1
. o

With the new variable, the Fourier coefficients become:

f(t) = %ao + Z {an cosnwt + by sinnwt}

(T 2nl®

a0=2 ] f(t) dt :(”J fi(t) dt

To T o0 /

2 (T o 21/
an=" ) f(t) cos nwt dt = _J f(t)cos nwt dt

To T o

2 (T ] ® 21l
bn="J f(t) sin not dt= _J f(t)sin not dt

To T o0
We can see that there is very little difference between tt?ese .]expressmns and th%se that
have gone before. The limits can, of course, be Oto T, — — to — ,0to etc.

2 2 O o ®
as is convenient, so long as they cover a complete period.

Example
Determine the Fourier series for a periodic function defined by
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flt)y=2(1+1) -1<t<0
f(t)=0 0<t<1
fit)y =f(t+2) Y
The first step is to sketch the wave which is. 2
y=2(1+¢)
f(t) = L a+_ {acosnot+b sinnot}) /
0 Z n n % g 0 1 .
2 x=1
2 :
2 (T2 2 0 1
ao:Tf f(t)dt=sz(t>dt =J2a+nas] @as [at+¢] =1
-T2 -1 -1 0 1
=1
T/2 2 1 0
an="_ ,[ f(t)cosnotdt= —I f(t)cosnwt dt= I 2 (1 +1) cosnot dt
/2 2 4 [ N
[ sin naﬂo 1 (0 ( af M] {
an=2 1 (1+t) - I sinnetdtr = 2 ] 0-0)-_ |- ne
] ©  ne "L ]
L J—l -1 J L —lJ
2
= e (1 —cosnw)
Now T ="
. m:z?n :2?7'5 =1 .'.an:n_222(1 COSnTE)

4
M2’ (n odd)

Now for by
T/2
I f(t) sin nwt dt
2 [ T —C0s ncotlo 1 |
bn = _[ 2(1+t) sin nwt dt =2 4[(1+t) no + nm'[ cosnotdt
-1 0 L J—l -1 J
{ 1 +1 [fsinnot] ] 1 1 . l
o No" No | =2 —n—+ﬁ(smnm)
O Now
| L Ly 1 J
As before =7
bn = —L
no

So the first few terms of the series give

. 1. 1. 1. ;
sin a)t+25|n2mt+35|n3mt+4sm4oot..

Z%[
@ J

1.4 1 1
f(t)=5 + 2 4Lcos mt+9cos3cot+25cossmt+..J>—
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Half-Range Series

The theory behind the half-range sine and cosine series still applies with the new variable.
(a) Even function
Half-range cosine series
T Y
=f(t) 0<t<y e AR P
f(t) = f(t + T) i
symmetrical about the y-axis. X -7 0
With an even function, we know that b, =0

Ny
o
X

1 ©
f(t) =5 a0+ 2 a, cos nwt
2 n=1
T2 T/2

4 4
where ag = _TJ. f(t) dt and an = 1_'I f(t) cos nwt dt
0 0

(b) Odd function
Half-range sine series
= f(t) 0<t <% Y
f(t)=f(t+T) f(t)
symmetrical about the origin. .
sLap=0anda,=0 =2 /|0 Tl A
f(t) = > by sin not; L

x=1
T2

4 .
bn = f(t) sin not dt
0

T

Example

A function f(t) is defined by 4
fty=4-t, O0<t<4. Ci
We have to form a half-range cosine series to represent

the function in this interval.

First we form an even function, i.e. symmetrical about the y-axis.
4 T/I2 4

w0=2] fd=2 ,[4(4—t)dt:l J(4—t)dt
T o 4 8 o 2 o
1] ¢ 17 @471 1 1
=, |4t—2‘| =5 |L4(4)__|J:2 [16-8]=, (8)= 4
T/2

an = .%._[ fi(t)cos not dt = J (4 —1t) cos not dt
Slmﬂe mtegratlon by Earts glves

2 sin 4nw | E
an=y 1— no  ~ nte? (€0 4no — 1)i \\//

sinnt 1 |

[
1— ~ o2 (Cos nm - 1)T

no n
n=123, .......

sinnx =0;
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cosne =1 (neven); cosnt=-1 (n odd)
n=0 (n even)
1
=20 (0 odd)
1 J l T
- f()=2+ Lcos oot+9C05303t+25C03503t+ J where o = 4
Example

A function f(t) is defined by

f(t)=3+t 0<t<2

f(t) = f(t + 4)

Obtain the half-range sine series for the
function in this range.

Sine series required. Therefore, we form an

odd

function, symmetrical about the origin. da
ao=0; an=0; T=4
f(t) = Z bn sin net ¥

T/2 3

4
bn=}j f(t) sin nwt dt= J (3 +1) sin not dt xi 2 o ¢ 2
0 | #3+t)cosnat | J.z T

I (3 + t) sin not dt = |
0

| -no |O 0

Cos not
[
= + —
(3+2)cosne2 -3 +1 |\M|| 5 cos 2 ot L [sin2ne ]
| now | no nNo n 0 |_ nw
21 T
But T= én 0= =,
® T 2
3 5 1 [sinnnx]
= — oS Ni+
noa n® nzoa L, no
— (3-5c0s2nw) +—  (sin 2nw)
n 22
_1 1 2
b = (3- SCosmr)+ (sm nm) = (n even)
" no n2w? no
" no (n odd)

2 J . 1. 4. 1. l
f(t):mL4S|ncot —25|n2cot+3sm3o>t - 43|n4o>t..J

Half-Wave Rectifier
A sinusoidal voltage E sin ot, where t is time, is passed through a half-wave rectifier that

clips the negative portion of the wave

Find the Fourier series of the resulting periodic ue

functions. -

ut) =0 if —-T2<t<0 />/lw 0 o /\t
= E sin ot 0<t<T/2

here T :Z—R
(O]
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T2 nlo

2 .
W=7 J. u(t) dt— J. Odt+_ J. E sin ot dt— .[ E sin ot dt="_ I E sin ot dt
-T2 /w -T2 0
_ 0 |-coset| _2E
i | ® i

T/2 0 T/2 nlo

2

2 - _oE
an=_.[ u(t)cosnmtdt:—j E sin ot cos n ot dt = I 2 sin ot cos n ot dt
T -T2 T 0 27 0

/o
E . .
=02°7t IO [sin (1+n) wt+sin (1-n) wt] dt

If n = 1 then integral on the right is zero
andifn=2,3,...... then we obtain.

a,=0E | cos(l+m) ot cos (L n) .t t}"’“’:@E [—cos (1+n) m+1 | —cos (1-n) n+1 ]
2n | (1+n)e (1-ne 2 | (1+n)o 1-nNo |
_ oE [—cos (L+n)n+1 - cos (1-n) o+l
210 ||_ (1+n) (1-n)

if nis oddthena, =0
if n is even then a, = qL N L\|=_E [2—2n+2+2n] _ 2E
ZZEKHH =) 2n L gy I (@-m@+n)r
~ (1-n)n
For bn we have
T2 TI2 o)
_2 J. u(t) sin not dt = ,[ E sin ot sin not dt=—-""— J — 2 sin ot sin not dt

an—-l- Th

/o

-~ oE [cos(1+n)wt—cos(1-n) wt] dt
0

21
Ifn=1
E |vo oE
bn = _0= _[ ! [cos 2mt—1] dt=— ‘Sln 20t — |"/°) _ oE (-n/e)=E2
2T o 2n | 2o . 27
if nz1l )
OE o ®E [sin(1+n) ot sin (L n) t—I o
by =— [cos(1+n)mt-cos(1-n)wt] dt= | - (1T
2N Sin(1+n) _sin (1-n) n C2n | (o ( )m

_ oE =0 forn=2,3,4, ...

n[ (1+n)® (I-nNw J

1 [e¢]
u (t) ZE a * 2 an cos nwt
n=2

u(t)—— E sin ot —

(I cos 2wt +— COS 4(Dt+...\|
(1.3 3.5 )

Lecture No -44 Laplace Transforms
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44-Laplace transforms VU

L{e*} — L {t3}— L{2$|n 3t +cos 3t} = s+6
s—3 S S+6 S +9
And | i 1 3= 13! _p }=2sin3t +cos3t
— L{375L {
s-3 S $°+9

3|
We show that L{t}= & For this consider the integral
© e—St © 1 _t3 © <
L(®) = [ et <[t —F —[3te s —gdt =ge +SI t %e~dt
0 0 0
- O+§{t2% c+ ETte St} = § 2 jte—stdt - E{t % c +%Te—stdt}
3.2% 321~ 2321 . -321 ° 321 3
Je stdt = ‘[e—st (—S)dt =__ 4 g | _ (0 _]_4) = _
s s s s s

44
S

So that L{t }: —
s

Laplace Transform
The Laplace Transform of a function F(t) is denoted by L{F(t)} and is defined as the

integral of F(t) e between the limitst=0 and t = «

L{F(t)}= l eUF (t)dt.

In all cases, the constant parameter s is assumed to be positive and large enough to ensure
that the product F(t) e converges to zero ast — oo , what ever the function F(t).

In determining the transform of any function , you will appreciate that the limits are
substituted for t, so that the result will be a function of s.

Laplace Transform of F(t) = a (constant).

That is

L(a):t[ ae'dt :aj; etdt

—a a
_af p__So-13=°

-5 o S S
Example
Find the laplace transform of the form e* that F(t)= e® where a is a constant.
o ® —( s—a)t
L(e®) = [ at-styp [ A dt = °°
)= [ete o _T[ [_(S ot
[ 1
, S>a
s—a | |
e (it
s—a s—a
L{eat}: L
S_

So we already have two standard transforms
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44-Laplace transforms VU

L{a}=2: L{eat}=i ;
84 s-a
L{4}=_; |_{e4t}=i ;
3_5 s-il
L{-5}=_ ; M-
{-5} . L{e?} el

Laplace transform is always a function of s.

Complex Numbers Power of i
Every time a factor i*occurs , it can be replace by the factor 1, so that the power of i is
reduced to one of the four results above.

i9=(i%)2i=() 2i=1 i=i
IZO_(i4)5_(1) 5=1

i =(i97i2=(1) T(-1)=1( -1)= -1
i =M id=1( -i)= —i

Complex Numbers

z=3+5i, is called a complex number where 3 is real part and 5 is imaginary part
of the complex number.

Ingeneral z=a+ b i, is called a complex number where a is real part and b is
imaginary part of the complex number. So,

Complex Number = (Real Part )+ i (Imaginary Part)

Conjugate complex numbers

For a complex number a + i b, the complex number a - i b is called the conjugate of

a + i b. Conjugate complex numbers are identical except the signs in the middle for the
brackets.

e (4+5i)and (4 -51i) are conjugate complex numbers
e (6+2i)and (2 + 6 i) are not conjugate complex numbers
e (5-3i)and (-5+3 i) are not conjugate complex numbers

Remember

The product of complex number by its conjugate is always entirely real.
(3+4i)(3-4i)=9+16=25
(a+rbi)(a-bi)=a?+b?

Euler Formaula
As we know that the series expansion of €*,cos x and sin x are given as
2 3 4
X* XX

=1+ X+ + T+
21 31 41
2 4 6
cosx=1—x_ +X_—X_+ ..............
21 41 ¢l
3 X5 X7
SinX=X-__4+_"—-" +. ...
31 51 71

Replace x by (it) , we get
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(it) o (ir? (it)3 (it)4
e =1+()+ —+ — + 4.
(it (6 |(t)3 (t) i(t)5 (t)6 i(t)7
e =1+(it)— N S
, 2 4! 51
o O T e _ (t)3 (t)5 Ll
e =[1- + - F e ]+it- - F e ]
2! 41 6! 3! 5! 7!
where
(t)? (t)4 (t)6
cost =1- N
. (02 (t)5 (t)7
sint=t—— 4+ — 4.
3! 51 7!

e =cost+isint
R(e" )= cost and I(e") =sint
The Laplace transform of F(t) =sin at

L(Sln at) = L(l( eiat)) I elate stdt = t!' —(s—la)tdt = %

H_ (s-ia)yt
e ] ]}

| :
U_—(s—la)OJ
NIRRT
L )L )
L{sinat}= 1f> 8 y=1[ _ S 4+i_ 2
s'+a s+a? £+al

- L{sin at}_
s? + a?

We can use the same method to determined to determine L{cos at }.
Since cos at is the real part of e""t written as R(e'")

]

§? +a? sz+a2

S
L{cosat}= ———
s°+a

The Transform of F(t) = t" where n is a positive integer.

By the definition L(t") = l tne-tgt integrating by parts

L(tn) = Tt"e‘“dt tn —’ Ttn—lefstdt __ E':tne—st:loc n i]itnlemdt
s o s9

0 S ) s,
[tnﬂ —0-0=0  ~L{tT}= " Jtrtestdt s )
=S Jo So

0 o0

you will notice that ‘[tnfle*“dt is identical to ‘[ tng-stgy except that n is replaced by (n-1)
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o0

Ifif 1 :Jtnefstdt,then |, = Jtnflefstdt and the result (1) becomes

| ="
n S n-1
This is reduction formula and , if we now replace n by (n-1) we get
n-1
In—l Tln—z
If we replace n by (n-1) again in this last result , we have
n-2 |
In—2 S— n-3
n n n-1 nn-1n-2 nn-1n-2n-3
SO In :Ttne_Stdt: —In—l:—' In—2 = __. . In—3:_. . . In—4
S S S S S S S s S S

0
So finally, we have
| N n-1n-2n-3 n-4 21
ss

n .

S S S S S

But
| = L{)= L{l}—
| _nn-in- on3n-4 21, _ nl
”sssss ss0 s
L{'["}—
6
L{t}— L{tz}— S (o
st N

Starting from the exponential definitions of sinh at and cosh at
i.e. sinhat= 1E(eat —e™) and cosh at = 1E(eat +e)

We proceed as follow
a) F(t)=sinhat

0 )

i E 1 at —at 4 1 s-a s+a
Slnhat:L sinhat e dt—g% ia{ —at)e*SIdt __I(etet —e®e™)dt=" I(e( g atydt

0

é{[emn T T g 2{ © 1)— =} 1 - 1]
y_ b L L) I ) ( J
1 s+a—s+a]:1[ 2a ) [ a |

;{(s—a)(s+a)? ;{sz—azﬁ {sz—azf
b) F(t) = coshat
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L(cosh at) = L(2( e+ e ) = j(ealt +eM)eSdt = Ue () gt 4 J'e (s+a)tdt]
:E{lr_ﬁ(s_a)t _I +r_i—(s+a)t —‘ L 2{ (O 1)+ (0 1)1 %{ 1 4 g

%L b L L] L ) J
1 s+_a+s;a1} 1£ 225"‘2;:{2521,

2| I S
L(cos(t1sat)a)—(§, )

veral Standard Resul 1
Lgay=" ey 5 =

s s-a st
L{sinat}= _a . L{cosat}= ;
S @ia? TS
L{sinhat}= %; L{coshat}= %
s -a s°-a

We can, of course, combine these transforms by adding or subtracting as necessary , but
they must not be multiplied together to form the transform of a product.

Example
. . 3 S S+6
a) L{2sin3t + cos 3t} = 2L (sin 3t) + L(cos3t) = 2. ——+ — =
$2+9 s?+9 §2+9
1
b) L{4e? + 3cosh 4t} = 4L(e%) + L(3cosh 4t) = 4. +3_S __4 3
s —2 §*-16 s -2 s*-16

_ 7 — 6s — 64
(s - 2)(s* -16)
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Lecture No -45 Theorems

Theorem 1
The First Shift Th

The first Shift theorem states that if L{F(t)}= f(s) then L{e(® F(t)}= f(s+a)
The transform L{e F(t)} is thus the same as L{F(t)} with s everywhere in the result
replaced by (s+a)

Example

L{sin 2t}= ZL then L{e™ sin2t}= 2 = 2
s“+4

(s+32+4 2 +65+13

Example

2
L{t*} = r » L{t%"}is the same with s replaced by (s-4)
2
So L{t%*}= ——
{t%e"} s
Theorem 2
Multiplying by t

It L{FO)=(s) then LEF (D} = di{us)}
S

Example L{sin 2t}=
dr $2+4

And L{tsin2t}= - 2 —|: 4s
E[(sz +4)J (s2 + 4)?

d( s (?-9)-s(2s) s2-9-28% 249
Example L{tcos3t}=—_| ,

ds(s-9) (s —9) s -9 (-9
We could, if necessary, take this a stage further and find

[ s2+49 \ _ 25(s + 27)

L{tcos3t}=—

2 _0\3
as\@_op) -9
Theorem Obviously extends the range of flénctlon that we can deal with. So, in general

If L{F(t)}=f(s) then L{t (FO®}=(-1) —{f(S)}

2 2 = 2 2 2 2

Dividing by t F (1)
If L{F(t)}=1(s) then L{ 3= J’ f (s)ds
Example Determine L{Sln at}

As L{sinat}= LZ
g2 +a

00

}= T ds: tanl(i)1 =1i—tan*1(_s)=tan*1(3
s s° 4 L a JS 2 a S

sm at
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1-cos 2t

Example  Determine L{
S

}

As L{1-cos 2t}= i—
s $°+4
Th n heorem 3

S } T( ) )ds:{lns— In(s, +4)TC |r12lns—iln(s2+4)|To

t .S s +4 | 2 JT L2 2 Ik
Jllnsz—lln(s2 +4)1 ns-m@+ T =m ¢ I
2 Z 12l 5 ZL Gzl
When s —oo then In 2 —In1=-0

S
(s? +4)
S __1r S2 —| 1
¥ it T8 [ Lt PN e PRSP
L ] ]

S

Standard Forms

FO | L {F@®)} = 1(s)
a a
s
e 1
s—a
sin at a
s% +a?
cos at a
s% +a?
sinh at a
s —a?
cosh at
s —a?
t" n!
g™l

(n a positive integer)

Theorem1 The First Shift Theorem
If L{F(t)}=f(s) then L{et® F(t)}= f(s+a)

Theorem?2 Multiplying by t
If L{F(t)}=f(s) then L{t(F()}=— OI_{f (s)}
Theorem3 Dividing byt

FO -
If L{F(t)}=f(s) then L{T}zj f (s)ds

Provided le{ FO| exists.
t

t—0

228

© Copyright Virtual University of Pakistan



45-Theorems VU

Inverse Transforms
Here we have the reverse process i.e. given a Laplace transform, we have to find the

function of t to which it belongs. For example, we know that is the Laplace

s? +a?
Transform of sin at , so we can now write |_—1r a& ‘=sinat | the symbol L
[+ ]

indicating the inverse transform and not a reciprocal.
(a) Lt 1 1 e

)

(b) |- P78 | _cosst
|25
4
¢ L J —r=4
s) )
@) (=] 12 \ = 4sinh 3t
$*-9] 1 3
But what about L—ll 3s . ithappens that we can write as the sum of
Lsz—s—Gf $*-s-6
. . 1
two simpler functions —2+ LS which , of course , makes all the difference , since we
S+2 S

can now proceed. |1 3 ;:L—l 1 l_I_L—l fiw — e 4 e
7=5-5) 3]

1. The numerator must be of lower degree than denominator. If it is not , then we
first divide out.

2. Factorise the denominator into its prime factors. These determine the shapes of the
partial fraction.

3. Alinear factor (s+a) gives a partial fraction A is a constant to be determined.

s+a
+—B
4. Arepeated factor (s+a)? gives A (s + a)>
s+a
. . B +__C _
5. Similarly (s+a)® gives + 3
y (sta)°g sta (ra)y (s+a)
6. A quadratic Factor (s? + ps+q) gives _Ps+Q
' $2 4+ ps+q

Ps+Q +-—Rs+T _
(s? + ps +Q)?

s2 4+ ps+q 2
19 A B 3s° —4s +11

So ————— has partial fraction of the form + and
(s—2)(s+5) (s-2) (s+5) (s +3)(s - 2)2

has partial fraction + B + N
(s+3) (s-2) (s-2)7

7. Repeated quadratic Factor (s> + ps+ Q)% gives
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Example
Todetermine | 1| 5s+1

s —s-12

a) First we check that the numerator is of lower degree than the denominator. In fact

this is so.
b) Factories the denominator
55+1  5s+1 A B

= = +
2-5-12 (s—4)(s+3) (s—4) (s+3)

We therefore have an identity

5s+1 _ A N B
2-s-12 (s—4) (s+3)

which is true for any value of s we care to substitute
If we multiply through by the denominator (s?> —s—12) we have

55+1=A(s+3)+B(s -4)

We now substitute covenant values for s

) Let (s-4) =0 that is s = 4 therefore 21 = A(7) +B(0) = A=3

i) Let (s + 3) =0 that is s = -3 therefore B =2

5s+1 3 2

= +
s?—s -12) (s—4) (s+3)
1 Bs+l | =3e% 426

s*—s-12 |

Example Determined L‘l{ 835_81

9s -8
LFO}= 5
a) Numerator of first degree ; denominator of second degree.
by 95-8 A B
$2-25 s s-2
c) Multiply by s(s—2)
29s5-8 = A(s-2)+B(s)
d) Puts=0
. -8=A(-2)+B(0) ~A=4
e)Puts-2,ie.s=2

. 10=A(0)+B(0)..B=5
F(t)=L'1(4+ > 1:4+5e2t

ls sof
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Tableof inverse
transforms

Standardtransforms

f(s) F (1)

a

- on|o

e-at

w
+
QD

n! t"

(na positive
integer)

1 tn-l
(n —1)!

(na positive
integer)
sin at

Cosat
Sinh at

S Cosax

Let F/(t) denote the first derivative of F(t) with respect to t , F/(t) denote the second

derivative of F(t) with respect to t, etc.
Then L{ F (t)}:l et/ (t)dt by definition,,
Integrating By Parts

0

L{F (H)}=[e F(t)]: - ‘[ F (t)(—se*")dt

whent —» 0, e'F(t) > 0

0

L{ F/ ()}=-F (0) + s[ e*'F (tc
L{F ()}=-F(0)+sL{F ()}

L{ F' ®3=-F (0)+ sL{ F ()}=-F'(0) +s[-F (0)+sL{F ®}]]
L{ P (©)}=s2L{ F(t)}-sF (0) + F' (0)
L{ F" t)}=s°L{ F(t)}-sF (0)— sF’ (0)— F" (0)

L{ F" ©}=s"L{ F(}-s°F (0) - $2F' (0) - sF” (0) - F" (0)
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Differential E ion And | lution

%—2x=4 ---------------- (1)

dt g
. i X

Its Solution is x = -2 + 3¢2 , To verify it we find =

t

%:Gem then

dt

dx

—2X = 6% — 2(-2 + 3e?)

=6e? +4-6e* =4

dx
So equation (1) is satisfied. Hence x =-2 + 3e? is solution of pm —2x=4

dx :
Example Solve the differential equation e 2x=4 giventhatatt=0,x=1

ot = Lty = L@ (e - 2Lx0) = L&) = SL ) — X0~ 2Lx() =
ot J IS s

(s —2)L(x(t)) — x(0) = 4§:> (s—=2)L(x(t) -1= %:> (s—2)L(x(t)) = 4§+l = (s—2)L(x(Y)) = 4+s

=S Lx@®)= 4+s =x@®=L" A 1)

s(s—2) Ls(s—Z)J

4+s

First we do the partial fraction of
s(s—2)

4+s _A. B

s(s-=2) s (s-2)

= 4+5s=A(S-2)+ B(S) ----------mm-m---- (2)
Put s =0 inequation (2) ; 4=-2A; A=-2
Put s =2 in equation (2) ; 6=B(2); B=3
4+s -2 3
=4+
s(s—2) s s-2

Equationf# (1) becomes
x(t) = L‘J# 4+s 1: L—lr_2—|+L—1r 3 —|=—2+362t

seo) sl sl

Solution of differential equation by laplace transforms

To solve a differential equation by Laplace transforms, we go through Laplace
transforms, we go through four distinct stages.

(a) Re- write the equation in term of Laplace transforms.

(b) Insert the given initial conditions.

(c) Rearrange the equation algebraically to give the transform of the solution.
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(d) Determine the inverse transform to obtain the particular solution.

Solve the equation

d?x _dx

———3—+2x=2¢e* giventhatatt=0,x="5and x_7
dt dt dt

X7 () = 3x/ (1) + 2x(t) = 2e*

Given x(0)=5,x(0)=7

L (X" (©) = 3L( () + 2L(x(t) = 2L(e")

SPLYX(t)} - s x(0) — X' (0) = 3{s L(x(t)) — x(0)}+ 2L x(t) = é
ey ite t ation in term of its transforms.

Wr‘{ \AIT—?,LT“egq' 2L[x]=2Lle ﬂJ

RN
[ [S2L(x(t)) — s X(0) — X' (0)] - 3[s L(x(t)) — x(0) ]+ 2L(e*) |

dx

At t=0,x=5, i =7
Sox(0)=5,x(0)=7

S2L(X(t)) = S(5) — 7 — 3{sL(x(t)) + 3(5)} + 2L(x(t)) = LS

SL(X(1)) — 3sL(x(D) + 2L(x(t)) = £—8+5s

_ 2 _
(s2 _3s+2)L(x(t)) = 2~ 8524755 ~15s
s-3
L(x(D) = 2-8s+24+55 -155 _ 52 235+ 24
(-1)(-2)(s-3)  (s-1)(s-2)(s-3)
Making Partial fraction of R.I—(I:.S , We have

L(x(1)) =

(s-1) (s-2) (s-3)
After solving these we get A= 3 'OB =2and C=0

So L(x(t) = + +
(s-1) (s-2) (s-3)
Lx@®)= ° + 2
(s-1) (s-2)
X(t) = L‘l{( _1)} L‘l{( - 2)} 3et+ 22
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