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Topic No. 1

Random 
Experiment,

Outcomes, Sample Space 

& Events



Random Experiment

Any experiment or process in 
which the outcome is 
unpredictable that is eligible to 
be called a random 

experiment.



Example 1:

Tossing of a Coin => a Head or 

a Tail.

However, until it lands on the 

floor, we do not know which of 

these two will turn up. 



Example 2:

Survey of the Employees of an 
Organization:

Question on Marital Status:

Possible outcomes:

single, married, separated, divorced, 
widowed

However, until we obtain a reply from the 
respondent, we do not know what is 
his/her marital status.



Random Experiment

Any experiment or process in 

which the outcome is 

unpredictable that is eligible to 

be called a random experiment.



Outcomes
The various possible results of a 
random experiment.

Example 1: Head, Tail

Example 2: Single, Married, 
Separated, Divorced, 
Widowed



Sample Space

It is the set of all possible outcomes of a 

random experiment.



Example 1: Head , Tail

Example 2: Toss a single die 

1,2,3,4,5,6}

Sample space will be the set of all of 

these taken together written as

S= {1,2,3,4,5,6}



In case of two fair dice, the sample 

space consists of the 36 ordered 

pairs:

i.e.{(1,1), (1,2), (1,3),…,(6,5), 

(6,6)}.



Event
Any subset of a sample space

is called an Event.



Example 1

The set of ordered pairs which yield
a sum which is an even number

denoted as A= {(1,1), (1,3), (1,5),
(2,2), (2,4), (2,6),…,(6,6)}.



Example 2

The set of ordered pairs in which

both the numbers are same

denoted as B= {(1,1), (2,2), (3,3),

(4,4), (5,5), (6,6)}



A= {(1,1), (1,3), (1,5), (2,2),  

(2,4), (2,6),…,(6,6)}.

B= {(1,1), (2,2), (3,3), (4,4), 

(5,5), (6,6)}

Event B is a subset of event A. 
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Topic No. 2

Definition of 

Random Variable



.

Concept of a Random 
Variable

It is that variable which is associated 
with a random experiment.

Example:

Let the random experiment be the toss of 
a fair coin and the possible outcomes are 
Head and Tail.  And the sample space 
associated with the experiment denoted 
by C be C = {H,T}, where H and T 
represent heads and tails, respectively.



Let X be a function such that

X(T) = 0 and X(H)=1. Thus X is a

real-valued function defined on

sample space C.

That X is a function defined on

the sample space C, X(T) = 0 and

X(H)=1 which takes us from the

sample space C to a space of real

numbers D= {0,1}.



C is H and T and applying the

function the image we obtain i.e

the domain and range concept,

So, if the domain here is H and T

then the range will be 0 and 1.



Definition
Consider a random experiment with
a sample space C. A function X,
which assigns to each element c ϵ C
one and only one number X(c) = x,
is called a random variable.

The space or range of X is the set 
of real numbers 

D = { x : x = X(c), c ϵ C}.



Given a random variable X, its range

D becomes the space of interest.

Besides inducing the space D, X also

induces a probability which we call

the distribution of X.

We are interested in knowing the

probability of getting a 0 and 1, and

as we already know that if it’s a fair

coin then the probability of getting a

0 is half and also for the probability

of getting a 1 is half as well.



But, generally in this case, we can 
say that the set D is a finite or 
countable set or an interval of real 
numbers. 

When a set is finite then, we are 
referring to discrete random 
variables. We call random variables 
of the first type discrete random 
variables, while those of the second 
type continuous random variables.



Discrete random variable has two 
situation, one is exactly the same 
I mentioned earlier where a set D
is a finite set that has the 
elements {0, 1} or the other, if we 
toss a fair die we have the 
elements{1,2,3,4,5,6}.

The second situation ,which also 
gives you a discrete random 
variable that is when it is the 
Countably infinite set.



Example: 
D is the set consisting of the 
numbers 1,2,3, and so on,  which 
mean that they are countable but  
not finite. So, in this situation, we 
say that this is a Discrete random 
variable or if they are finite the 
elements may be called 
d1,d2,…,dm then also it is a 
discrete random variable.
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Topic No. 3

Example of 

Random Variable



Example:

Let a card be selected from an 

ordinary deck of playing cards. The 

outcome is one of these 52 cards. 

Suppose that P assigns a probability 

of 1/52 to each outcome c.

Let X(c)=4 if c is an ace, let X(c)=3 

if c is a king, let X(c)=2 if c is a 

queen, let X(c)=1 if c is a jack and let 

X(c)=0 otherwise.



Now,  we can develop a table with 

two columns. 

The first column consisting of the 

values of  the random variable X 

i.e. 0,1,2 , 3,4 and the second are 

the probabilities.

The classical definition of 

probability i.e. favorable over  the 

total. 

The sum of probability should be 

equal to 1.
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Topic No. 4

Discrete  Random 

Variable



Definition 

(Discrete Random Variable)

We say a random variable is a 

discrete random variable if its 

space is either finite or 

countable.



Example: 
Consider a sequence of independent flips of a 

coin, each resulting in a head (H) or a tail (T). 

Moreover, on each flip, we assume that H and 

T are equally likely; that is, P(H)=P(T)=1/2. 

This is that case, when the space is Finite.

x p(x)

0 1/2

1 1/2

sum 1



Example of a Countably 

infinite set:
Let the random variable X equal the 

number of tosses needed to obtain the 

first head. The space of X is                 

D= {1,2,3,4,…}. 

Consider that X=1 when the sequence 

begins with a H.



Likewise, X=2 when the sequence 

begins with TH. 

In the same way when X=3 the 

sequence is TTH. See we are getting a 

head in the third toss.



Suppose that we are interested in 

finding the probabilities of the 

various possible values of X. 

As shown in the table:

Although it is an infinite sequence 

of probabilities the sum has to be 1.

Ʃ =



( )
1

1 1 1
, 1,2,3,...

2 2 2

x x

P X x x

−

     
= = = =     

     

Here,  X is the total no. of 

tosses that was required in 

order to get the first Head. 



( )

 

( )

( )

( )

1

1 1 1

2 1 2

3 1 3

1 1 1
, 1,2,3,...

2 2 2

1 2 3 ...

1 1 1
1

2 2 2

1 1 1
2

2 2 2

1 1 1
3

2 2 2

,

x x

P X x x

x or or or

P X

P X

P X

Hence the sequence of the probability will b

−

−

−

−

     
= = = =     

     



     
= = =     

     

     
= = =     

     

     
= = =     

     

e

Now, let X=1 we see,



 
( )

1 2 3

2

1 1 1
...

2 2 2

, infinite  

1

1 12
,

12 2

2

1

1/ 2
1,2,3,... 1

1 1/ 2

Obviously that is an geometric series

a r

as we knowthat

a
Geometric series

r

P X

       
+ + +      

       

 
 

  = = =  
 

=
−

 = =   −
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Topic No. 5

Concept of 

Probability Mass 

Function



What is Probability Mass 
Function?

Consider a random experiment with a 
sample space, finite or countably 

infinite. A function X, which assigns to 
each element c ϵ C one and only one 
number X(c) = x , is called a random 

variable. If we express the probabilities 
against each random values of X 

algebraically, then, we  can say that 
this is the probability mass function of 

X.



Example: 

Toss a fair die, the possible 

values are 1,2,3,4,5,6.

Algebraically:

( )
1

, 1,2,3,4,5,6.
6

P X x x= = =



Definition

The probability mass 

function (pmf) of X is given 

by

( )   ( ), . 1Xp x P X x for x D= = 



The PMFs satisfy two 

properties:

1)

2) 

( )

( ) ( )

0 1,

1 2

X

Xx D

p x x D

p x


  

=



CDF of a 

Discrete Random 

Variable



Example:

Suppose we roll a fair die 

with the numbers 1 through 

6 on it. Let X be the upface 

of the roll. Then the space of 

X is {1,2,….,6} and its pmf 

is 
( ) 1 , 1,2,...,6.

6Xp i for i= =



( ) ( )

( ) ( )

6 6 1/ 6

1 1 1 1 4
4 4

6 6 6 6 6

F P X

or

F P X

=  =

=  = + + + =



x p(x) F(x)

1 1/6 1/6

2 1/6 =1/6+1/6=2/6

3 1/6 =2/6+1/6=3/6

4 1/6 =3/6+1/6=4/6

5 1/6 =4/6+1/6=5/6

6 1/6 5/6+1/6=6/6=1



The height of each ‘Jump’ yields 

the probability of that particular 

value of X.



Virtual University of Pakistan

Probability Distributions

by

Dr. Saleha Naghmi Habibullah



Topic No. 6

Example of 

Probability Mass 
Function



Example:
Consider and urn which contains slips of paper 
each with one of the numbers 1,2,…,100 on it. 
suppose these are i slips with the number i on it 
for i = 1,2,…, 100. For example, there are 25 
slips of paper with the number 25. assume that 
the slips are identical except for the numbers. 
Suppose one slip is drawn at random. Let X be 
the number of slip.

a) Suppose that X has the pmf p(x) = x/5050, x    

=1,2,3,…,100,  zero 

elsewhere 

b) Compute P(X< 50).



Solution:

a) Suppose that X has the pmf p(x) 
= x/5050, x =1,2,3,…,100, zero 
elsewhere.

Total number of slips= 1+2+3+…+100



‘Classical definition’ = m/n

The sum of the first n natural
numbers

Here, total no. of slips

As the slips are identical i.e.
equally likely to be drawn

Therefore, the probability

( )1

2

n n +
=

( )100 101
5050

2
= =

5050

m
=



Now, to express mathematically,

( ) , 1, 2,3,...,100
5050

x
P X x x= = =



( )

( )

( ) ( )

( )

1 2 3 ... 50
50

5050

1 50 51

512 250
5050 5050 202

50 0.2525

P X

or

n n

P X

P X

+ + + +
 =

+

 = = =

  =

b) Compute P(X< 50).

Solution:
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Topic No. 7

Continuous 

Random Variable



Concept of a Continuous 

Random Variable

In the continuous case, we 

cannot define probability on 

one particular point, instead, it 

is the probability defined on 

an interval.



Example:

If we are measuring a height of a 
student. It depends on the 
refinement of that measuring 
instrument.

Suppose if we say that this 
person is 5 feet 4 inches tall, or 
in other words we are saying he 
is 64 inches tall. This is the 
measurement at a crude level.



• In reality it is a some value between 63.5 

and 64.5, if we use a more refined 

instrument and after measuring we say that 

it is actually 64.2 inches. Even this is not 

the actual truth, it is the height somewhere 

between  64.15 and 64.25 inches.

• It all depend on the measuring instrument 

that how much precision can that 

instrument measures.

• Theoretically there can be an infinite 

number of decimal places after the 

decimals.  This is the basic concept that 

variable can assume any value.  



Cumulative Distribution 

Function F(x)

( ) ( )
x

X XF x f t dt
−

= 



The function fX(t) is called a

probability density function

(pdf) of X. If fX(x) is also

continuous, then the

Fundamental Theorem of

Calculus implies that

( ) ( )X X

d
F x f x

dx
=



The PDFs satisfy the two 

properties:

1)

2) 

( )

( )

1

0

X

X

f x dt and

f x



−

=







In the Continuous case, the area 

under the curve of that function 

gives you the probability.

If you are interested in 

computing the probabilities, 

then, they can be obtained by 

integration, i.e., 

( ) ( ) ( ) ( )
b

X X X

a

P a X b f t dt F b F a  = = −



Example:
Suppose that, we randomly select 

a number between 0 and 1. Recall 

that the cdf of X is FX (x) = x, for   

0 < x < 1. Hence the pdf of X is 

given by

( )
1 0 1

0 .
X

x
f x

elsewhere

 
= 




This is called a Uniform or 

rectangular distribution  

where, 0<x<1.
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Topic No. 8

Example of 

Probability 
Density Function



Example:
In continuous case, consider the 

following simple experiment: 

choose a real number at random 

from the interval (0,1).

Let X be the number chosen. In 

this case the space of X is 

D=(0,1). 



The number is chosen at random 

it is reasonable to assign

( ), ,

0 1.

XP a b b a

for a b

= −  

  



( )

1

18

70

8

1

8 7
0

It follows that the pdf of X is

1 0 1
 

0 .

For example, the probability that X is 

less than an eighth or greater 

than seven by eighths is

1 7

8 8

X

x
f x

elsewhere

P X X dx dx

x x

 
= 


    
   = +    

    

= +

 

1

8



1 7
0 1

8 8

1 1

8 8

2

8

1 7 1

8 8 4
P X X

   
= − + −   
   

= +

=

    
   =    

    


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Topic No. 9

Probability Generating Function 



Probability Generating Function 

• In probability theory, the probability generating

function of a discrete random variable is a power

series representation (the generating function) of

the probability mass function of the random

variable.



Definition 

Univariate case

If X is a discrete random variable taking values in

the non negative integers {0,1, ...}, then the probability

generating function of X is defined as

where p is the probability mass function of X.

( ) ( ) ( )
0

,X x

x

G z E z p x z


=

= =



Example:

The probability generating function of a Bernoulli
random variable with parameter p. So the probability
generating function of X, where X represents the number
of heads that we obtain when tossing a fair coin once is
given by

( )
1

2 2

z
G z = +





Example: 

For Poisson Distribution = ( ) ( )1z
G z e

 −
=



( )
( ) ( )

1 2

...
1! 2!

x
e z e z

p x z e

 

  − −

−= + + +

( ) ( )
( ) ( )

2 3

1
1 ...

2! 3!

x
z z

p x z e z  
−

 
= + + + 

  


( )
( 1)

z

z z

G z e e

e e

 

  

−

− + −

 =  

= =

2 3

1 ...
2! 3!

e
 

 = + + + +
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Topic No. 10

How to utilize Probability 
Generating Function

and 

Mean and Variance through 
PGF 



The probability mass function of X is recovered by

taking derivatives of G,

(1)( ) ( )
( ) ( )0

!

k
G

p k P X k
k

= = =



Example:

The probability generating function of a Bernoulli
random variable with parameter p. So the probability
generating function of X, where X represents the
number of heads that we obtain when tossing a fair
coin once is given by

( ) 1/ 2 / 2G z z= +



With the help of eq. (1), we take the 

derivative

( )
1

lim
2 2x

z
G z

→
= +

( ) ( )
( )(0)

0

1

0 12 2
0 P 0

0! 0! 2x

z

z

G
P X

→

=

 
+ 

 = = = = =

( ) ( )
( )(1)

0

1

0 12 2
1 P 1

1! 1! 2x

z

z

G
P X

→

=

 
+ 

 = = = = =



MEAN 

and VARIANCE 

through the 

Probability generating 

function



The expectation of X is given by

where,

G’(1−) = limz→1G’(z) from below.

(1)( ) ( )1E X G −=



Example:

Poisson Distribution (Mean)

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( )

1

1

1

1 1 0 0

1 lim

1

z

z

z

G z e

G z e

G G z

e e e

G





 



  



−

−

−

→

−

−

=

 =

 =

= = =

 =



So the variance of X is given by

(2)

( )

( ) ( ) ( )
2

1 1 1

Var X

G G G− − −   = + −
 



( ) ( ) ( )

( ) ( ) ( )

( )

( )  

( )

1 12

1 1 02 2 2

22

.

1

1

z z
G z e e

G e e

G

V X

V X

 

 

  

  



  



− −

−−

−

 = =

 = = =

 =

 = + −

 =

Example:

Poisson Distribution (Variance)

From eq. (2)
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Topic No. 11

Algebraic 
Expressions 

of Some Well-known 
PGFs



For some of the more 

common distributions, the 

PGFs are as follows:

( )

( ) ( )

Constant r.v. -

if   1, 0, ,c k

X c

X

i

p p k c then

G z E z z

= = 

= =



( )

( ) ( )

1 0

 r.v. - if   

, 1 , 0, 0 1,k

X

X

ii Bernoulli

p p p p q p k or

then

G z E z q pz

= = − = = 

= = +



( )

( )

1

1

 r.v. - if   

, 1, 2,...; 1 ,

1

k

k

X

iii Grometric

p pq k q p then

pz
G z if z q

qz

−

−

= = = −

= 
−



( )

( )

( ) ( )

. .

, ,

, ( 1 )
n

X

iv Binomial r v if

X Bin n p then

G z q pz q p

−

= + = −



( )

( )

( ) ( 1)

0

. .

,

1

!

k k z

X

k

v Poisson r v if

X Poisson then

G z e z e
k

 






− −

=

−

= =



( )

( )

( )
0

1

. .

NegBin , ,

1

1

1
1

n k n k

X

k

n

vi Negative binomial r v if

X n p then

k
G z p q z

n

pz
if z q and p q

qz


−

=

−

−

− 
=  

− 

 
=  + = − 





Discrete Uniform Distribution

Example: 

Random selection of 

one of the ten digits 

0,1,2,...,9 

X p(x) p(x)

0 1/10 1/10

1 1/10

2 1/10

3 1/10

.

.

.

.

.

.

.

.

.

.

.

.

9 1/10

10/10=1

xz
0z

1z z=

xz

2z
3z

9z 9 /10z

3 /10z

2 /10z

/10z



( )

( ) ( )

( )

2 3 9

10

10

Therefore,

1
1 ...

10

This is a finite geometric series in 

which the first term  is 1 and

the common ratio  and 10

,

1 1 1

1 1

1 1

10 1

n

G z z z z z

a

r z n

So

a r z
Sum

r z

z
G z

z

 = + + + + + 

= =

− −
= =

− −

 −
=  

− 

06:5
0



Virtual University of Pakistan

Probability Distributions

by

Dr. Saleha Naghmi Habibullah



Topic No. 12

A Linear Combination

of 

PDFs is a PDF



In mathematics , a linear combination is an

expression constructed from a say of terms by

multiplying each term by a constant and adding

those results

(e.g. a linear combination of x and y would be any

expression of the form ax+by, where a and b are

constants).



Let, 

( )

( ) ( ) ( ) ( )
1 2

1 1 2 2

1:  Consider k continuous-type distributions 

with the following characteristics:

pdf ,

mean , i=1,2,...k. 

If  c 0, 1,2,..., ,

... 0

... 0

i

i

i

k

k k

f x

i k

and

c c c

w x c f x c f x c f x



 =

+ + + =

= + + + 



Let, ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 2 2

1 1 2 2

1 1 2 2

1

Pr oof :

. . ...

...

... (1)

k k

k k

k k

To prove

w x dx

L H S c f x c f x c f x dx

c f x dx c f x dx c f x dx

w x dx c f x dx c f x dx c f x dx



−



−

  

− − −

   

− − − −

=

= + + +  

= + + +

= + + +





  

   



( )

( )

( ) ( ) ( )1 2

1 2

1 2

1

.(1)

. . 1 1 ... 1

...

... 1

. . 1 . .

i

i

k

k

k

But f x is a pdf

f x dx

eq re written

L H S c c c

c c c

But by our choice

c c c

L H S R H S



−
=

−

= + + +

= + + +

+ + + =

 = =





In other words, the mean of a linear

combination of PDFs is that same Linear

combination of the means of those PDFs

( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

1 1 2 2 1

1 1 2 2

1 1 2 2

1 1 2

Show that the mean of the distribution having  

pdf ... mean 

1

...

...

k

k k i ii

k k

k k

c f x c f x c f x are c

E newdensity w x dx

E X x c f x c f x c f x dx

c xf x c xf x c xf x dx

c xf x dx c xf

 
=



−



−



−



−

+ + + =

=

= + + +  

= + + +  

= +









 ( ) ( )

( )

2

1 1 2 2

1

...

...

,

k k

k k

k

i i

i

x dx c xf x dx

E X c c c

Hence we get

c

  

 

 

− −

=

+ +

= + + +

=

 


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Concept of 

Cumulative Distribution 

Function
(discrete and continuous)



Definition: (Cumulative Distribution Function)

Let X be a random variable. Then its cumulative distribution

function (cdf) is defined by FX(x), given in eq. (1) which you

can see on the screen

( ) ( ( ) ( ) ( ), : . (1)X XF x P x P c C X c x= − =  



As above, we shorten                                                       

Also, 

FX(x) is often called simply the distribution function 

(df). 

( ) ( ) ( ): to .P c C X c x P X x  



• The graph for the discrete case it is like a staircase, which is 

also called a Step function.

• On the other hand, in the continuous case it is a continuous  

curve or a line.



For example:

Let pX(x) be the pmf of a random variable X. Find 

the cdf F(x) of X and sketch its graph with that of 

pX(x) if:

a) pX(x) = 1/3, x = -1, 0, 1, zero elsewhere.



Figure 1: Distribution Function

-∞ ∞



Example 2: 

Let X denotes a real number chosen at random between 0 and 2. we now

obtain the cdf of X. First, if x < 0, then P(X ≤ x) = 0.

Next, x ≥ 2, then P(X ≤ x) =1. Finally, if 0 < x < 2 it follows from 

equation 2 that P(X ≤ x) = P(0 < X ≤ x)= x – 0 = x. Hence the cdf of X is

( )

( )

0 0

/ 2 0 2 (3)

1 2

, , 0 1. (2)

X

X

if x

F x x if x

if x

P a b b a for a b




=  
 

= −     



Figure 2: Distribution Function 

3/4
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Example of the CDF 

of a 

Discrete Random Variable



Example:

Consider an urn which contains slips of paper each with one of the 

numbers 1,2,…,100 on it. suppose there are i slips with the number 

i on it for i = 1,2,…,100. or example, there are 25 slips of paper 

with the number 25.

Assume that the slips are identical except for the numbers. Suppose 

one slip is drawn at random. 

Let X be the number on the slip



Show that the cdf of X is F(x) = [x]([x]+1)/10100, for 1 ≤ x ≤ 100, 

where [x] is the greatest integer in x. 

Let X be the number on the slip (a)



x p(x)

1 1/5050

2 2/5050

3 3/5050

-

-

-

-

-

-

100 100/5050

Sum 5050/5050=1



( )
   ( )

( )
   ( )

1

2 5050

1

10100

x x
F x

x x
F x

+
=



+
=

Therefore, 

Show that the cdf of X is         

F(x) = [x]([x]+1)/10100, for 1 

≤ x ≤ 100, where [x] is the 

greatest integer in x. 
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Obtaining the 

PMF from the CDF



For each of the following CDFs F(x), find the PDF of f(x):

(a) ( )
1

1
.

2

j
x

j
F x

=

 
=  

 

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Example of the 

CDF of a        

Continuous Random Variable



For a continuous random variable X ,the CDF is as

follows:

• F(x) = 0 for all x values which are less than zero

• F(x) = x for all those x values that lies between 0 and 1.

• F(x) = 1 for all those x values are greater than 1.



PDF of the Exponential Distribution 

with mean=0.5, 1, 1.5

• → orange

• → purple

• → skyblue

( ) 0.51
, 0

0.5

x

f x e x

 
− 
  

=    
 

( ) ( )
, 0

x
f x e x

−
=   

( ) 1.51
, 0

1.5

x

f x e x

 
− 
  

=    
 





( ) 1 , 0xF x e x−= −   

CDF of the Exponential Distribution 

( ) 0.51 , 0
x

F x e x
−

= −   

with mean=0.5, 1, 1.5

( ) 1 , 0xF x e x−= −   

( ) 1.51 , 0
x

F x e x
−

= −   
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Concept of two 

Random Variables being Equal 

in Distribution



Let us first consider that situation when two random 

variables X and Y are not equal in distribution

( ) ( )X YF x F x



We say that X and Y are equal in distribution               if and only if 

FX(x) = FY(x), for all x ϵ R.

Mathematically we express it as 

X DY

X DY

It is important to note while X and Y may be equal in distribution, 

they may be quite different. 



Example
Recall that X denotes a real number chosen at random between 0 and 1. we

now obtain the cdf of X. First, if x<0, the P(X≤ x) = 0.

Next, if x ≥1, then P(X≤ x) = 1. Finally, 0<x<1, it follows from expression

(5.3) that P(X≤ x)= P(0<X≤ x)= x-0=x.

Hence the cdf of X is

( ) ( )

0 0

0 1 5.6

1 1

X

if x

F x x if x

if x




=  
 



For instance, in the above example define the random variable Y 

and transform it as  Y= 1-X. 

Then Y ≠ X.  

For example, let,  X= 0.2 then, Y= 1-0.2 = 0.8.

So, when X is 0.2 then Y is 0.8 which is not the same.

Therefore it is interesting to note that the space of Y is the interval 

(0,1), the same as X.



F(0.8)=1 - P(X < 1- 0.8)=1- P(X<1-0.2)=1-0.2= 0.8

F(0.6)=1 - P(X < 1- 0.6)=1- P(X<1-0.4)=1-0.4= 0.6



But we know that for the Uniform distribution defined on 

(0,1),  P(X<0.2)=0.2 

Therefore,  P(X<1-y) = 1-y



Further, the cdf of Y is 0 for y < 0; 1 for y ≥ 1; and for 0 ≤ y < 1, it is

Hence, FY(y)=y, 0<y<1 which is of exactly the same form as the CDF of X.

Therefore, it is clarified that two random variables may not be the same yet,

sometimes they maybe equal in distribution.

( ) ( ) ( )

( ) ( )

( )

1

1 1 1

1 1 .

YF y P Y y P X y

P X y P X y

y y

=  = − 

=  − = −  −

= − − =

. ., D , .i e Y X butY X
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First property

of Cumulative Distribution 

Function and its Proof



Theorem 1:

Let X be a random variable with cumulative distribution function 

F(x). 

Then

(a) For all a and b, if a < b, the F(a) ≤ F(b) (F is nondecreasing).





Proof:

Part (a): 

Because of the fact that a < b, we can see that the interval being       

{X ≤ a} ⸦ {X ≤ b} 



{X ≤ a} 

is a subset of 

{X ≤ b} 



Theorem:

If C1 and C2 are events such that C1 ⸦ C2 , then , P(C1)  ≤  P(C2). 

So, applying this theorem we say that since the interval         

X ≤ a is contained in the interval X ≤ b, therefore the 

probability of X ≤ a is less than or equal to the probability      

X ≤ b., i.e. F(a)  ≤  P(b).
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Second property 
of Cumulative Distribution Function 

and its Proof



Theorem 1: 

Let X be a random variable with cumulative 

distribution function F(x). 

Then,

(b) lim x→ -∞ , F(x) = 0 (the lower limit of F is 0).



We know that

F(x) = P(X < x)

so obviously

F(-∞)= P(X < -∞)

which is an impossible event.

Therefore,              F(-∞)= 0



Mathematically, 

lim x→-∞ F(x) = 0.
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Third property 
of Cumulative Distribution 

Function and its Proof



Theorem 1: 

Let X be a random variable with cumulative distribution 

function F(x). 

Then,       

(c) lim x→ ∞, F(x) = 1 (the upper limit of F is 1).



Proof:

We know that 

F(x) = P(X < x)

so obviously

F(∞)= P(X < ∞)   is a sure event.

Therefore,        F(∞)= 1

lim x→∞ F(x) = 1.



Graphically, the F(x) of

any random variable will

always starts from level

zero and rise upto level 1.

Subsequent to that point 1

it goes upto to infinity .
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Fourth property 
of Cumulative Distribution 

Function and its Proof



Theorem 1: 

Let X be a random variable with cumulative distribution 

function F(x). 

Then       

(d) lim x ↓ x0 , F(x) = F(x0) (F is right continuous).



Explanation:

In case of a discrete distribution, we take an example of a Discrete 

Uniform distribution.

- Toss a fair die (1,2,3,4,5,6). 

-The probability of getting a 1 or 2 or 3 or 4 or 5 or 6 are equally 

likely to occur.



x P(x) F(x)

1 1/6 1/6

2 1/6 1/6+1/6=2/6

3 1/6 2/6+1/6=3/6

4 1/6 3/6+1/6=4/6

5 1/6 4/6+1/6=5/6

6 1/6 5/6+1/6=1



Consider a CDF that is continuous

everywhere other than at the point x0

(ref. CDF’s that have a few points of

discontinuity)

As x tends to x0 from the R.H.S, the

ordinate F(x) tends to the ordinate

F(x0).

0       1      2      3       4      5     6       

1

5/

6

4/

6

3/

6

2/

6

1/

6



( ) ( ) ( )01
lim ,n nnn

F x P C F x


=→
= =

Part (d): 

Let {xn} be any sequence of real numbers such that        
xn ↓ x0 . Let Cn= {X≤ xn}. Then the sequence of sets {Cn} 
is decreasing and                                           

Hence, by Theorem 3.6,  

which is the desired result.

 01 nn
C X x



=
= 
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Evaluating 

Probabilities using CDF



Theorem 1: 

Let X be a random variable with the CDF Fx. 

Then, 

for a < b, 

P[a < X < b]= Fx (b) - Fx (a).



Proof: 

Since the interval

{-∞< X < b} = {-∞< X < a} U

{a< X < b}.

Since these two interval are

mutually exclusive (not

overlapping).



So, therefore,

we can apply the addition theorem of probability and

can say that the probability of the union is equal to the

sum of the probabilities.

P{-∞< X < b} = P{-∞< X < a} + P{a< X < b}.

or P{a< X < b}= P{-∞< X < b} - P{-∞< X < a} 



Example:

Now, find P(1< X < 2),θ=2

Then required probability

=F(2)-F(1)=1-1- e-1+ e-1/2

= e-1/2-e-1=(1/√e)-(1/e)

=(1/1.64872)-(1/2.71828)

=0.6065-0.3679 =0.2386 

=23.86%
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Derivative
Of  the CDF is the PDF



( ) ( ) (1)X X

d
F x f x

dx
=



( ) ( )1 0 ( 1) , 0x x x

X

d d
F x e e e x

dx dx

− − −= − = − − = 

Example: 

Consider the CDF of the exponential distribution with       

mean = 1 

i.e. F(x)=1 - e-x

Then, the PDF is given by



2: Another Example

If FX(x) = x/2,      0 < x < 2

Then pdf is

i.e. Uniform distribution.

( )
1 1

( ) , 0 2
2 2 2

X

d d x d
F x x x

dx dx dx

 
= = =   

 
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In the continuous case, 

probability does not Exist 

at any particular point











WHY do we say that probability does not exist at any 

particular point ?

i.e.

P(X = x0 ) = 0

We say this because it is not possible to have a measurement

exactly equal to X0 whatever we are saying is an approximation to

the truth.



What is P(X=1/2)?

Solution:

It is a straightforward integration to see that the probability is 0:

In fact, in general, if X is continuous, the probability that X takes on

any specific value x is 0.

That is, when X is continuous , P(X = x) = 0 for all x in the support.

1/2 1/2
2 3

1/21/2

1 1
3 0

8 8

x

x
x dx x

=

=
 = = − = 



An implication of the fact that P(X=x) = 0 for all x when X is

continuous is that you can be careless about the endpoints of

intervals when finding probabilities of continuous random

variables.

That is:

P(a < X < b)= P(a < X < b)= P(a < X < b)= P(a < X < b)

for any constant a and b. 
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The concept of 

Monotonicity



Monotonically Increasing Function 

In calculus, a function defined on a subset

of the real numbers with real values is

called monotonic if and only if it is either

entirely non-increasing, or entirely non-

decreasing.

That is, as per Fig., a function that

increases monotonically does not

exclusively have to increase , it simply

must not decrease.



Monotonically Decreasing Function 



Strictly Increasing  

Function

A function f(x) is said to be strictly

increasing on an interval I if

f(b) > f(a) for all b>a, where a,b ϵ I.

On the other hand, if f(b) > f(a) for

all b > a, the function is said to be

(nonstrictly) increasing.



Strictly decreasing Function 



Focus on the word 

“Mono-tone”



The concept of the CDF, will always be monotonically 

increasing function.
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Total probability is 1



Total probability is 1 

The total probability associated with a random variable X of the

discrete type with pmf pX(x)

ƩxϵD pX(x)=1
or

the continuous type with pdf fX (x) is 1, i.e.

ʃD fX(x)dx=1,  
where D is the space of X.



The definition for the pdf of a continuous random

variable differs from the definition for the pmf of a

discrete random variable by simply changing the

summations that appeared in the discrete case to

integrals in the continuous case.



It is very well-known that pmfs satisfy the two properties 

(i) pX (x) > 0   and    (ii) ƩxϵD pX(x)=1

Therefore, the minimum possible value of any probability 

is 0 and the maximum possible value of any probability is 

equal to 1. 



It is very well-known that pdfs satisfy the two properties 

(i) fX (x) > 0 and (ii) ʃ-∞
∞ fX (t) dt=1

(ii) The second property, of course, follows from FX (∞)=1



• In the continuous case the f(x) represents the ordinate

against the value x, and the ordinate can be greater than 1

(although area under the curve can never be greater than 1).



Example: 

Let X be a continuous random variable whose probability 

density function is:

f(x) = 3x2

for 0<x<1. First, note that f(x)≠ P(X=x).

For example, f(0.9)=3(0.9)2=2.43, which is clearly not a

probability!



In the continuous case, f(x) is instead the height of the

curve at X=x, so that the total area under the curve is 1.

In the continuous case, it is areas under the curve that

define the probabilities.

Now, let’s first start by verifying that f(x) is a valid

probability density function.



• The function f(x) = 3x2 is not a Probability density 

function that is why we are getting f(x) greater than 1. 

So, let me show you that it is a PDF.

11 3
1

2 3 3 3

0
0 0

3 3 1 0 1
3

x
x dx x= = = − =
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Example 

showing the determination of an 

unknown constant c

Such that f(x) or p(x) is a the PMF



( )
2

, 1,2,3,...
3

0

x

c x
p x

elsewhere

  
=  =   




Example: 

Find the constant c do that p(x) satisfies the condition of

being a pmf of one random variable X.



• If  p(x) to be a probability mass function, then: 

( )
1 2 3

1 1

1 2 3

2 2 2 2
1 ...

3 3 3 3

2 2 2
...

3 3 3

x

x x

p x c c c c

c

 

= =

       
= = = + + +       

       

      
= + + +             

 



What we have inside the bracket is an Infinite Geometric series,

Therefore, applying the formula                     ,we obtain

( )

2 2

13 3
1 2 .

12 2
1

33

c c c and hence c

      
      
      = = = =
    −     
    

1

a
S

r
=

−



As an illustration, suppose we want to find a probability of 

x=4. 

Then ( )

( )
4

1 1 2
putting = , we have .

2 2 3

now putting x=4, 

we obtain,

1 2 1 16 8
4 0.099

2 3 2 81 81

x

c p x

p

 
=  

 

   
= = = =   

   
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Example 
showing the determination of an 

unknown constant c 

Such that f(x) is a the PDF



Example

Suppose X has the pdf 

for a constant c

( )
3 0 2

0
X

cx x
f x

elsewhere

  
= 




Solution:

If f(x) is to be a pdf, then,

and hence, c=1/4. 

 
22 4 4

3

0 0

2 0 16
1 4 4 ,

4 4 4 4

x
cx dx c c c c c

     
= = = − = = =     

    




So, now the  pdf  will be as follows

( )

3

0 2
4

0

X

x
x

f x

elsewhere


 

= 





For illustration of the computation of a probability 

involving X, we have 

1 3

1/4

1 255
1 0.0623.

4 4 4096

x
P X dx
 

  = = = 
 


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Concept of  Transformation 
of a Discrete variable 

(when the transformation is one-to-one)



We have a discrete random variable X and we know its 

distribution.

We are interested, though, in a random variable Y which is 

some transformation of X, say, Y = g(X). 

In particular, we want to determine the distribution of Y.



Assume X is discrete with space Dx. We consider two cases.

Then the space of Y is 

Dy={g(x):x ϵ Dx}.



Let us assume that g is one-to-one. 

Then, clearly, the pmf of Y is obtained as

P[Y = y] =P[g(X) = y] = P[X = i-1(y)].



Example

Let X have the pmf

P(x) - (1/2)|x|,       x = -1,-2,-3,…

Find the pmf of Y = X 4



Solution:

The transformation,

( )

 

 

4

: 1, 2, 3,...

: 1, 16, 81,...

x

y

y g x x

maps D x x onto

D y y

= =

= = − − −

= =



We have

So, utilizing the equation

( ) ( )4 1 4y g x x x g y y−= = = =

P[Y = y] =P[g(X) =y] = P[X = g-1(y)].



we get the single-valued inverse function as follows:

  ( )
4

4
1

, 1, 16, 81, ...
2

y

P Y y P X y y
 

 = = = = = 
 

So, this is the PMF of Y=X4.
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Concept of  Transformation of a 

Discrete Variable                     

(when the transformation is not one-to-one)



Consider a sequence of independent flips of a fair coin,
each resulting in a head H or a tail T.

Let the random variable X denote the no. of flips needed
to obtain the first Head.

Then, X is a geometric random variable.



If X=x, where x=1,2,3,4,…, there must be a string of x-1 tails

followed by a head:

that is, TT…TH, where there are x-1 tails in TT…T.

Thus, from independence, we have a geometric sequence of

probabilities, namely,

P(X=x)=(1/2)x-1(1/2) = (1/2)x , x = 1,2,3,…,             (1)



Suppose we are playing a game in which if the first head

appears on an odd number of flips, we lose one dollar

whereas, if the first head appears on an even number of flips,

we win one dollar.

Let Y denote our net gain.

Then the space of Y is {-1,1}.



An interesting event is that the first head appears on an odd

number of flips;

i.e., Xϵ {1,3,5,…}.



The probability of this event is

 

( )

( ) ( )

2 1

1

51 3

2

2 1

1

1
1 or 3or 5 or

2

,

1/ 2 1/ 2 1/ 2

And infinite geometric series,  = 1/ 2 , 1/ 2 1/ 4
1

1 1
1 22 2Require

[ ]

( )

d probability = .
1 32 3

1
4 4

( )

x

x

x

x

P X

Next

a
a r

r

−

=

−

=

 
 =  

 

= + + +

= = =
−

 
= = 

     −    
   





ò



We have already determined that the probability that X is odd 
is 2/3. 

Hence, the distribution of Y is given  by

pY(-1)=2/3 and pY(1)=1/3.

So, the probability that player A will win 1$ is 1/3 and the 
probability that he will lose 1 $ is 2/3. 
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Concept of  Transformation of a Continuous 

Variable 

using the CDF technique



Example: 

Let   fX(x)=1/2, -1 < x < 1, 

zero elsewhere, 

be the pdf of a random 

variable X.



From the graph it is obvious that we are dealing with

continuous uniform distribution defined on the interval

(-1,1).

Now, let us suppose that we are interested in determining

the PDF of X2.



The point to be understood is that, if 

y >0, then 

X2<y => -√y < X < √y 

e.g. 0 < X2 < 0.5 => -0.25 < X < 0.25 

(because square can never be 

negative)

From the table it is obvious that the 

range of the variable Y is from 0 to 1. 

X2=Y X

0 0

0.04 +0.2

0.25 +0.5

0.49 +0.7

1.00 +1.0

Let the random variable Y be Y=X2.Now to find the pdf of Y.



Now finding the pdf of Y.

The cdf of Y, FY(y)= P(Y< y) , is given by the cdf of Y,

FY(y)= P(Y< y) , is given by

( )

2    

        

( ) ( )

1

2

y y

y y

f

P X y P y X y

x dx dx
− −



=

= −  

=  



( )

0 0

1
0 1

2

1 1

y

Y

y

y

F y dx y y

y

−





= =  







( ) ( )

For the range 0 y 1, we have

21 1 1

2 2 2 2

y y

yy

y
F y dx x y y y

−−

 

 = = = − − = =
 



( )

1
0 1

2

0 .

Y

y
yf y

elsewhere


 

= 



Hence, the pdf of Y is given by

( ) ( )

( )

( )

( )

1 1
1

2 2

0 0, 0

1 1 1
, 0 1

2 2 2

1 0, 1

1
, 0 1

2

0 .

d
y

dy

d d d
f y F y y y y y y

dy dy dy y

d
y

dy

y
yor f y

elsewhere

− −


= 




= = = = = =  


 = 



 

= 





Hence we can see that the shape of the PDF of the  transformed 

variable is very different from the shape of the PDF of the original 

variable.



Virtual University of Pakistan 

Probability Distributions

by

Dr. Saleha Naghmi Habibullah



Topic No. 32

Transformation of 

a Continuous Variable 

using the Jacobian of transformation



Theorem 1:

Let X be a continuous random variable with pdf fX(x) and

support SX.

Let Y=g(X), where g(x) is one-to-one differentiable

function, on the support of X, SX.



Denote the inverse of g by x=g-1(y) and 

let dx/dy=d[g-1(y)]/dy. 

Then the PDF of Y is given by

fY(y) = fX(g-1(y)) |dx / dy|,  for y ϵ SY,                       (1)

where the support of Y is the set SY = {y=g(x):x ϵ SX}.



Proof: 

If g(x) is one-to-one and continuous, it is either strictly 

increasing or strictly decreasing.



This can be regarded as a 

case of Direct relationship 

between X and g(x).



This can be regarded 

as a case of Inverse 

relationship between 

X and g(x).



Case 1:

Let us assume that it is strictly increasing,. 

Then the CDF of Y is given by

( )   ( )

( )1 1

 

.     ( ( )) (   2)

Y

X

F y P Y y P g x y

P X g y F g y− −

=  =   

 =  = 



Hence, the pdf of Y is

where dx/dy is the derivative of the function x = g-1(y).

In this case, because g is increasing, dx/dy > 0.

Hence, we can write dx/dy =|dx/dy|.

( ) ( )1 1( ( )) ( ( ( ))) ( ( ))    .       3Y Y X X

d d dx
f y F y F g y f g y

dy dy dy

− −  
= = =  

 



Case 2: 

Suppose g(x) is strictly decreasing. 

Then 

becomes FY(y) = 1- FX(g-1(y)). 

Hence, the pdf of Y is

( )   ( ) ( ) ( )( ) ( )1 1 .         2Y XF y P Y y P g x y P X g y F g y− − =  =  =  =    

( ) ( )( ) ( )( )1 1 0 .Y X X

dx dx
f y f g y f g y

dy dy

− −   
= − = −   

   



But since g is decreasing, dx/dy < 0 and, 

hence, -dx/dy = |dx/dy|. 

Thus eq. 1 is true in both cases.



• Henceforth, we refer to dx/dy=(d/dy)g-1(y) as Jacobian 

(denoted by J) of the transformation. 

• In most mathematical areas, J = dx/dy is referred to as 

the Jacobian of the inverse transformation x = g-1(y).
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Example 
of  Transformation of 

a Continuous Variable 

(using the Jacobian of transformation)



Example : Let X have the pdf

Consider the random variable Y= -2logX. 

The support sets of X and Y are given by (0,1) and (0,∞), 

respectively.                         

( )
1       0    1 

     
0       

x
f x

elsewhere

 
= 





The transformation y = g(x) = -2log x is one-to-one 

between these sets. 

The inverse of the transformation is x = g-1(y) = e-y/2



The Jacobian of the Transformation is

Accordingly, the pdf of Y= -2 log X is

This is the Exponential Distribution with Mean = 2 

2
2

1

2

y
yde

J e
dy

−
−

= = −

( )
2 2 2

1 1
1. 0

2 2

0

y y y

Y

Y

f e J e e y
f y

elsewhere

− − −  
= =     

=  


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Another example 

of  Transformation of a Continuous variable 

(using the Jacobian of transformation)



Example:
Let X have the uniform pdf 

Find  the pdf of Y = tanX. 

,   – .
2 2

1
( )Xf x for x

 


 =



Let y=tanx   

When,    x→ – π/2, y= -∞,  x→ π/2, y= ∞

y = tanx => x = tan-1y => dx/dy =1/(1+y2)

|J| = |dx/dy| = |1/(1+y2)| = 1/(1+y2)



Accordingly, the pdf of  Y=tanX is

( )
( )( )

( )
1

2

1
tan

1

0

X

Y

f y J y
yf y

elsewhere



−
= −   

+= 





This is the pdf of a Cauchy distribution which is one of the

well-known distributions.
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Mode 
of Discrete Random Variable



Definition

A mode of the distribution of a random variable X is a value

of x that maximizes the pdf or pmf.

If there is only one such x, it is called the mode of the

distribution.



Find the mode of the following distribution.

a) p(x) = (1/2)x,  x= 1,2,3,…, zero elsewhere.

X P(x)

1 (1/2)1

2 (1/2)2

3 (1/2)3

4 (1/2)4

-

-

-

-



Therefore, simply by inspection we say that the mode = 1.
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Mode 
of a 

Continuous Random Variable 



Definition

A mode of the distribution of a random variable X is a

value of x that maximizes the pdf.

If there is only one such x, it is called the mode of the

distribution.



Procedure:
We will be following the procedure that is adopted when determining the

maxima and minima of a function.

1. First derivative to be equated to zero and the equation thus

obtained to be solved for x.

2. The value of the second derivative to be evaluated at that value of

x which was obtained in step 1.

3. In case the second derivative turns out to be less than zero, that

particular value of ‘x’ will be regarded as the mode of the

distribution.



Find the mode of the following distribution.

Solution:

Taking the first derivative w.r.t. ‘x’

( ) 2

2

1
'

2

1

2

x

x

d
f x x e

dx

d
x e

dx

−

−

 
=  

 

 =  

( )
21

,    0 , 
 2

 .

)

xx e x
c f x

zero elsewhere

−
  

= 





( ) ( )

( )

2

2

2

1
' 1 2

2

1 1
2

2 2

1
'

2

, ,

x x

x x

x x

f x x e e x

x e xe

f x xe x e

Now equating it to zero we get

− −

− −

− −

 = − + 

= − +

= −

2

2 2

1
0

2

1 1
2

2

2

x x

x x x

x

xe x e

xe x e x e
xe

x

− −

− − −

−

 − =

 =  =

 =



( )

( ) ( ) ( )( ) ( )( )

( )

( ) ( ) ( )

2

2 2

2

22 2 2 2 2 2 2

1

2

1 1
. 1 1 1 2

2 2

1
2

2

putting the valueof x in thesecond derivative, we get

1
2 2 2 2 4 2 0.135which is le

2

x x

x x x x x x x x

x x x

f x xe x e

f x x e e x e e x xe e x e xe

f x e xe x e

f e e e e e e e

− −

− − − − − − − −

− − −

− − − − − − −

 = −

 = − + − − + = − + + −

 = − +

 = − + = − + = − = − ss than zero

Now, taking the second 

derivative

Therefore, the MODE of the distribution is equal to 2.
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Median 
Of a 

Discrete Random Variable



Definition

The median of a distribution of a random variable X of the

discrete or continuous type is a value of x such that

If there is only one such x, it is called the median of the

distribution.( ) ( )
1 1

2 2
P X x and P X x   



Example: Find the median of the following distribution:

( )
( )

4
4! 1 3

) , 0,1,2,3,4
! 4 ! 4 4

x x

a p x x zeroelsewhere
x x

−    
= =     −     



( ) ( )
1 1

2 2
P X x and P X x   

The median of a distribution of a random variable X of the

discrete or continuous type is a value of x such that



( )

( )

( )

81 108 189
2 0.74 0.5

256 256 256

2

81
1 0.32 0.5

256

,

81 108 189
1 0.74 0.5

256 256 256

1

Trial and Error

P X

cannot bethe median

Try

P X

So

P X

Both requirements fulfilled x

 = + = = 



 = = 

 = + = = 

 =
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Median of a
Continuous Random Variable 



Definition

The median of a distribution of a random variable X of the

discrete or continuous type is a value of x such that P(X<x) < ½

and P(X<x) > ½ .

If there is only one such x, it is called the median of the

distribution.



Procedure:

In the continuous case, the median is obtained by integrating the

pdf from –inf to M and equating it to 1/2;

by solving this equation for M, we obtain the median.



Find the median of the following distribution:

c) f(x)= 2/ π(1+x2),   0 < x < ∞

Solution:

( )
( ) ( )

( )

( ) ( )

1

2 2 0
0 0

1 1

0

2 1 2 1 1 2 1
tan

2 2 21 1

2 1
tan tan 0

2

M M
M

M

f x dx dx x
x x

M

 



−

− −

= =  =  =
+ +

  − = 

 

( ) ( )1 1tan 0 tan
4 4

tan 1
4

M M

M Median

 



− −  − =  = 

 
 = =  

 
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Concept of 

(100p)th percentile 

(quantile of order p) 
of a Continuous Random Variable



Definition

Let 0 < p <1. A quantile of order p of the distribution of a

random variable X is a value ZAAI p ξp such that

P(X< ξp)< p and P(X< ξp)> p .



Note:
A quantile of order p can also be regarded as the              
(100 >< p)th percentile. 

Explanation:
By a quantile of order p, we mean that point on the x-axis 
to the left of which the area under the curve of the 
probability density function is equal to p or in other words 
is equal to 100 >< p %.



Now, we know that, the point to the left of which the area is,
say, 20% is known as the 20th percentile, the point to the left
of which the area is, say, 35% is known as the 35th percentile
and so on.

Therefore, that point to the left of which the area under the
curve is equal to 100 >< p % will be known as the
(100 >< p)th percentile.



Explanation of the way in which these two equations are 

fulfilled in the case of a continuous variable.

(1) & (2) need to be fulfilled simultaneously. But the 

LHS’s of both (1) and (2) are the same

( )

( )

( ) 1

( ) 2

P X p

P X p

p

p







 



( ) ( )P X c P X c= 



Hence it is obviously that both (1) & (2) can hold

simultaneously of and only of the two inequalities are

replaced by the equal sign

( )

( ) ( )

p

P X p P X p

or f x d p

p

x


 

−

= =

=

 





Find the 20th percentile of the distribution that has pdf f(x)=4x3, 0< x< 1, 

zero elsewhere.

Hint: With a continuous-type random variable X, P(X< ξp) = P(X< ξp) 

and hence that common value must equal p.

( )

0.20

0.20

0.20 0.20

0.20

3

0

4 1
4 4 4

4
0.20

0

0.20

:

4 0.20

4 0.20 0 0.20 0.20 0.20
4

0.6687 0.67

x dx

x







  



=

 =  − =  =  =

 = 





0.2

0

0.8

0
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Real-Life Example 
of the computation of the (100p)th percentile 

(quantile of order p) 

of a Continuous Random Variable



Let X be the number of gallons of ice cream that is requested at a 

certain store on a hot summer day.

( )
( )

2
2

Assume that  follows the log-logistic distribution with =1and =2.

In other words, the pdf of  is given by

2
, 0

1

x
f x

X

x
x

X  

=   
+



How many gallons of ice cream should the store have            

on hand each of these days, so that the probability of 

exhausting its supply on a particular day is 0.10?



X

f(x)Solution:

where X represents the number of gallons requested i.e., the 

demand 



The store will be exhausting its supply only if the demand

exceeds the amount in hand.

We want the probability of this circumstance to be only

0.10.

Hence, it is obvious that we are talking about 90th

percentile of the distribution of the random variable X.



( )
( )

( )
( )

0.900.90

0.90 0.90

0.90 0.90 0.90

0.90

2
2

2 22
00

2 2

2 2 2

2

The pdf of  is given b
2

, 0 ,
1

2 1
0.90 0.90

11

1 1 1
0.90 1 0.90

1 1 0 1

1 1 1
1 0.90 1 1 9

1 0.10 0.1

y =1and =2

0

x
f x x

x

x
f x dx

xx

X when



 

  


 =   
+

= =  − =
++

 
 − = −  − = − 

 + + + 

 = −  = +  − =  =
+



0.90

2

0.90

9

3





 =

 =



X

f(x)

0.9

0

0.1

0
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Inverse CDF 

or 

Quantile function



• The quantile function is also called the   inverse

cumulative distribution function.



For a given probability distribution,  

the quantile function specifies the quantile of order p for all 

values of p lying between 0 and 1.

In other words, the quantile function specifies the value on 

the x-axis for which the probability of the random variable X

being less than or equal to this value is p (for all values of p 

lying between 0 and 1).



Example

Suppose we have the Exponential distribution

Expected value or (mean) 1/λ

        0 , 0( ) xf x e x −=    



The cumulative distribution function of Exponential 

Distribution

( )
 1      0

   
0               0

xe x
F x

x

− − 
= 





The quantile function for Exponential(λ) is derived by finding

the value of x for which

( ) ( )

( )

( )

   

 

 1    1 

Taking log on both sides

ln   ln 1  = ln   ln 1

  ln 1 ln 1

ln 1
   

x x

x

p e e p

e p x e p

x p e

p
x

 

 





− −

−

 = −  = −

 = − − = −

 − = − =

−
 =−



The quartiles are therefore, 

first quartile (p = 1/4)= ln (4/3)/ λ, 

median (p=2/4)= ln (2) / λ

and third quartile (p=3/4) = ln (4)/ λ

( )ln 1
   ;   ,  for ( 0  1.)

p
Q p p



−
= −  
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Example of a Random Variable 

being Stochastically Larger than another 

random variable



Definition
A random variable X is said to be stochastically larger than another random 

variable Y if

for all real values of z, with strict inequality  holding for at least one z value. 

This requires that the CDFs enjoy the following property:

for all real z, with strict inequality holding for at least one z value.

( ) ( ) ,P X z P Y z  

( ) ( ) ,X YF z F z



This requires that the CDFs enjoy the following property:

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

,

Now,

whereas,

1

eq. (1) can be re-write as

.  

Y X

X

Y

Y X

F z F z

F z P X z

F z P Y z P X z P X z

P X z P X z

P X z P X z

or

P Y z P X z

or F z F z



= 

=  = +   =  −

 −  

+    

  





Example:
Let be a  continuous random variable with support (-∞, ∞). Consider 

the random variable                                       Suppose that we want to 

show that Y is stochastically larger than X.

Solution: 
First and foremost, let us re-state the above definition interchanging the 

roles of X and Y. 

,  where  > 0.Y X= +  

X



This requires that the CDFs enjoy the following property:

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

,

Now,

whereas,

1

eq. (1) can be re-write as

.  

Y X

X

Y

Y X

F z F z

F z P X z

F z P Y z P X z P X z

P X z P X z

P X z P X z

or

P Y z P X z

or F z F z



= 

=  = +   =  −

 −  

+    

  





Therefore the random variable                                       

has showed that Y is stochastically larger than X.

,  where  > 0.Y X= +  
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Concept of 
Mathematical 
Expectation 

for Discrete and Continuous 
Random Variables



Definition 8.1. (Expectation). Let X be a random variable. If 

X is a continuous random variable with pdf  f(x) and

then the expectation of X is

( ) ,x f x dx



−

 

( ) ( ) .E X xf x dx



−

= 



If X is a discrete random variable with pmf p(x) and

Then the expectation of X is

Sometimes the expectation E(X) is called the mathematical 

expectation  of X, the expected value of X, or the mean of X. When 

the mean designation is used, we often denote the E(X) by µ; i.e.,      

( )
x

x p x dx 

( ) ( ).
x

E X x p x=

( ).E X =



Example

Suppose that we have a discrete random variable X given

by -1, 0, and 1. and the probabilities of P(-1) = ¼, P(0)=

½, P(1) = ¼.

So, 

( ) ( )
1 1 1 1 2 1 4

1 0 1 + + 1.
4 2

(
4

)
4 4

P P P
+ +

− + + = = = =



Now, to find the Mean

So, 

1 1
+0+ 0.

4 4
Mean = − =

x p(x) xp(x)

-1 1/4 -1/4

0 1/2 0

1 1/4 1/4



Now to fullfil the condition to get a finite number

So, 

1 1 2 1
+0+ 0.5.

4 4 4 2
= = = =

x p(x) xp(x) |x| |x|p(x)

-1 1/4 -1/4 1 1/4

0 1/2 0 0 0

1 1/4 1/4 1 1/4

( )
x

x p x dx 
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Concept of 

Mathematical Expectation 
of a Function of a Random Variable X

(for discrete and continuous random variables)



Theorem : 

Let X be a random variable and let Y = g(x) for some

function g.



a) Suppose X is continuous with pdf             . 

If                                             then the expectation of Y 

exists and it is given by

( )Xf x

( ) ( )g ,Xx f x dx



−

 

( ) ( ) ( )g . (1)XE Y x f x dx



−

= 



b) Suppose X is discrete with pmf              . Suppose the support of

X is denoted by       . If                                        then the

expectation of Y exists and it is given by 

( )Xp x

XS ( ) ( )g ,
X

Xx S
x p x


 

( ) ( ) ( ) ( )g . 2
X

Xx S
E Y x p x


=
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Concept of Linear combination of 

the Expected Values of two
different  functions of a Random 

Variable ‘X’ 
(for discrete and continuous random variables)



Theorem 1: Let g1(X) and g2(X) be functions of a random

variable X. Suppose the expectations of g1(X) and g2(X)

exists. Then for any constants k1 and k2, the expectation of k1

g1(X)+ k2 g2(X) exists and it is given by

     1 1 2 2 1 1 2 2( ) ( ) ( ) ( )E k g X k g X k E g X k E g X+ = +



Suppose that we have a discrete random variable X that

have the values -1, 0, 1 and the probabilities of three

values are P(-1) = 1/4 , P(0)= 1/2 and P(1)=1/4.

Now let us consider two different functions of the r.v. ‘X’

Let g1(X) b given by X+2 and g2(X) be given by X+5



And k1 =2 and k2 = 5,

So, let us construct a table: 

x p(x) g1(X)

=X+2

k1g1(X) g2(X) 

=X+5

k2g2(X) k1g1(X)

+ k2g2(X)

p(x)(k1g1(

X)

+ 

k2g2(X))

-1 -¼ 1 2 4 20 22 -22/4

0 ½ 2 4 5 25 29 29/2

1 ¼ 3 6 6 30 36 36/4

72/4=18



In the same way, you can find the R.H.S of the formula 

and will find

That both sides are equal as it was required. 

     1 1 2 2 1 1 2 2( ) ( ) ( ) ( )E k g X k g X k E g X k E g X+ = +
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Example of 

computing mathematical Expectation 

of a Function of a 

Discrete Random Variable ‘X’ 



Example: Let the pmf p(x) be positive at x = -1, 0, 1 and 

zero elsewhere.

a) If p(0) = 1/4 , find E(X2).
x x2

-1 1

0 0

1 1



Solution:

First we find the pmf for X2 .The random variable X2 takes 

on the values 0 and 1.

Now,

and

( ) ( )2 1
0 0 ,

4
P X P X= = = =



( ) ( ) ( )

( ) ( )

( )

( ) ( ) ( )

2

2 2 2

1 1 1

1 1

1 0

3

4

It then follows that

3
E 0. 0 1. 1 .

4

P X P X P X

p p

p

X P X P X

= = = −  =  

= − +

= −

=

= = + = =
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Another Example of 

computing mathematical Expectation 

of a Function of a 

Discrete Random Variable ‘X’ 



Example: Let the pmf p(x) be positive at x = -1, 0, 1 and 

zero elsewhere.

b) If p(0) = 1/4 and if E(X) = 1/4, determine p(-1) and  

p(1).



Solution: 
From

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1 1 0 0 1 1

1
1 1 1 1 ,

4

and

1 0 1 1

E X p p p

p p

p p p

= − − + +

= − − + =

− + + =



( ) ( ) ( )

( ) ( ) ( )

( )

( )

weobtain the equations

1 1 1/ 4, 1

1 1 3 / 4 2

olving theequationssimultaneously yields

1
1 ,

4

1
and 1 .

2

p p

p p

S

p

p

− − = −


− + =

− =

=



( ) ( ) ( )

Therefore, the sum of the probabilities are 

1 1 1
1 0 1

4 4 2

1 1 2 4
1.

4 4

p p p− + + = + +

+ +
= = =



Virtual University of Pakistan 
Probability Distributions

by

Dr. Saleha Naghmi Habibullah



Topic No. 48

Proof of the fact 

that          

is greater than or 

equal to

( )2E X

( )
2

E X  



( ) ( )
22E X E X   

Theorem 

If the variance of the random variable X exists, then



( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

( )

2

22

22

2 22

22

Now

Var

2

2

2

X E X E X

E X XE X E X

E X E X E X E X

E X E X E X

E X E X

= −  

 = − +    

 = − +    

 = − +       

 = −    



Hence, it is established that

But

as the square of any quantity has to be nonnegative.

Therefore,

Hence proved.  

( )
2

0X E X−   

( ) ( ) ( )
2 22E X E X E X E X− = −      

( )( )
2

0E X E X− 

( ) ( ) ( ) ( )
2 22 2 0E X E X E X E X  −       
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Mean, Variance and 

Standard deviation
of a Random Variable



Mean

First, let X be a random variable of the discrete 

type with pmf p(x). 

Then

( ) ( ).
x

E X xp x=



If the support of X is {a1, a2, a3, …}, it follows that’

This sum of products is seen to be a “weighted average” 

of the values of  a1, a2, a3, … the “weight” associated with 

each ai being p(ai).

( ) ( ) ( ) ( )1 1 2 2 3 3 ...E X a p a a p a a p a= + + +



This suggests that we call E(X) the arithmetic mean of the 

values of X, or, more simply,

the mean value of X (or the mean value of the distribution).

1 2 3

1 2 3 31 2

1 2 3

, , ,...,

...

1 1 1 1

n

n n

n

Let a a a a

a a a a a aa a

n n n n n

a a a a
n n n n

+ + + +
= = + + + +

 
= + + + + 
 



Variance
Let X be a discrete random variable with support             

{a1, a2, a3, …}, and with pmf p(x), then

( ) ( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2

1 1 2 2 ...
x

E X x p x a p a a p a    − = − = − + − +
  



This sum of products may be interpreted as a

“weighted average” of the squares of the deviations of

the numbers a1, a2, a3, … from the mean value µ,

where the “weight” associated with each (ai- µ)2 is

p(ai).



Standard deviation

The positive square root of the variance is called 

Standard deviation.

( )
2

E X  = −
 



Short-cut formula

This frequently affords an easier way of computing the 

variance of X.

( ) ( )

( ) ( )

( )

( )

22 2 2

2 2 2

2 2 2

2 2

2 ;

and since  is a linear operator,

2

2

,

E X E X X

E

E X E X

E X

E X

   

  

 



 = − = − +
 

= − +

= − +

= −
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The Concept of 

Degenerate 

Random Variable  
and one of its basic 

properties



Definition

A degenerate distribution is a probability 

distribution with support only on a single point. 



Examples

•A coin both sides of which are showing a head

•A die all six sides of which are showing the     

same number.

This distribution satisfies the definition of “random 
variable” even though it does not appear random in the 
everyday sense of the word; hence it is considered 
degenerate.



Mean and Variance of  a Degenerate Random 

Variable 

If the space contains only one point k for which

Then

( ) 21, , and 0.p k k = = =

( ) 0,p k 



Explanation: 
Let us consider another example, suppose that a teacher 
administers a test out of 10 in a class and k= 20. 

If every single student get 7 out of 10 then, the mean mark will 
be 7.

In this case, the mean of the random variable X is also 
equal to k  and the variance of the random variable X is 
equal to zero.
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Proof of the fact that the 

Mean of a symmetric 

distribution lies 

at the point of symmetry



Example

Let a random variable X of the continuous type have 

a pdf  f(x) whose graph is symmetric with respect to   

x = c.  

If the mean value of X exists, show that 

E(X) = c.



Hint: Show that E(X - c) equals zero 

by writing E(X - c) as the sum of two integrals:

Where one from -∞ to c and the other from c to ∞. 

In the first, let y = c - x; and, in the second, z = x - c. 

Finally, use the symmetry condition f(c - y) = f(c + y) in 

the first.



Solution: 

Given that f(c-x) = f(c+x), we will show that

E(X - c) = E(X) - c=0.

  ( ) ( )

( ) ( ) ( ) ( ) .

c

c

E X c x c f x dx

x c f x dx x c f x dx



−



−

− = −

= − + −



 



In the first integral, 

let y - -  

and x - y , x c y 0

and in the second integral, 

let z  

and x 0, x .

c x dy dx

x c dz dx

c z z

=  =

→  → →  →

= −  =

→  → → →



( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

0

0

0 0

 We have

.

Applying the above transfornmations, we obtain

( )

c

c

E X c x c f x dx x c f x dx

E X c y f c y dy zf c z dz

yf c y dy zf c z dz



−





 

− = − + −

− = − − − + +

= − − + +

 

 

 



( )

( ) ( )

( ) ( )

( )

( ) ( ) ( )

0 0

0

0 0

Now, let us focus on the first integral:

Since .  is symmetric about c, 

therefore 

using the concept of dummy variable.

Hence

0.

f

f c y f c y

yf c y dy yf c y dy

zf c z dz

E X c zf c z dz zf c z dz

 



 

− = +

 − − =− +

= − +

− = − + + + =

 



 



 

Hence, we conclude that 

if the density function 

for a random variable  

is symmetric about , 

then .

X

c

E X c = =
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Proof of the fact that the 

Mean of a Standardized variable 

is zero and the variance is 1.



Proof:

Let the random variable X have mean µ and standard 

deviation σ,

2

. Show that

0, 1.

h t h

X X
E E

 

 

−  

 − −   
= =    

     



Using the linear properties of expected value and the 

definition of µ = E[X], we calculate

which verifies the first equation.

   ( )
1 1

0,
X

E E X E X
  

 
   

− − 
= − = − = = 

 



Using the linear properties of expected value again and the 

definition of σ2= E[(X - µ)2], we calculate

which verifies the second equation.

( ) ( )
2

22 2

2 2 2
1,

E XXX
E E

 

   

 −   −−   = = = =   
       



Note:

2

0, 1

implies that 

Var 1.

X X
E E

X

 

 





 − −   
= =    

     

− 
= 

 



Proof:

( ) ( ) ( )
22

22

2

Var , we have

Var

1 0 1 0 1.

Hence, the mean and standard deviation of a 

standardized variable are 0 and 1 respectively.

w E w E w

X X X
E E

  

  

 = −    

 − −  −      
= −       

        

= − = − =
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The Concept of 

Moments



mth Moment about Arbitrary origin

( )

( ) ( ) ( )

( ) ( ) ( )

th

Consider the expression  

where .

 

 

depending on whether  is a continuous 

or a discrete random variable

and it is known as the m  moment 

abo

 is a positive integer

m

m m

m m

x

E X a

E X a x a f x dx

or

E X a x a p x

X

m



−

−

− = −

− = −





ut an Arbitrary origin.



Notation
for mth Moment about 

Arbitrary origin:

( )/  
m

m E X a = −



mth Moment about the Mean

( )

( ) ( ) ( )

( ) ( ) ( )

th

In the expression  

if we put , we obtain

 

 

depending on whether  is a continuous 

or a discrete random variable

and it is known as the m  moment 

about the Mean.

m

m m

m m

x

E X a

a

E X x f x dx

or

E X x p x

X



 

 



−

−

=

− = −

− = −







Notation
for mth Moment about 

The Mean:

( )  
m

m E X = −



Moments about the Mean are also 

known as Central Moments.



mth Moment about the Origin

( )

( ) ( ) ( )

( ) ( ) ( )

th

In the expression  

if we put 0, we obtain

0  =

0  =

depending on whether  is a continuous 

or a discrete random variable

and it is known as the m  moment 

about the Or

m

m m m

m m m

x

E X a

a

E X E X x f x dx

or

E X E X x p x

X



−

−

=

− =

− =





igin.



Notation
for mth Moment about 

The Origin:

( )/  m

m E X =



A Special Case: 

( ) ( ) ( )

( ) ( ) ( )

th

/ 1

1

/ 1

1

st

In the m  moment about the Origin, if we put m 1, we obtain

implying that the 1  moment about the Origin is the Mean of the 

distribution.

x

E X E X xf x dx

or

E X E X xp x







−

=

= = =

= = =







Another Special Case: 

( ) ( ) ( )

( ) ( ) ( )

th

2 2

2

2 2

2

nd

In the m  moment about the Mean, if we put m 2, we obtain

 =

implying that the 2  moment about the mean is the Variance 

of the distribution.

x

E X x f x dx

or

E X x p x

  

  



−

=

= − = −

− = −




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Moment Ratios depicting 

Skewness (β1) and Kurtosis (β2)



Measures of Skewness

( )

( )

2

3

3

3

3

3 3

Let be a random variable with mean and variance  

(i.e. standard deviation ) such that the third moment about 

i.e.  exists. 

The value of the ratio 

is often used as a meas

X

E X

E X

 

 



 







 −
 

 −

=

  =

ure of skewness.



It is important to note that this measure of skewness is 

• negative for distributions that are skewed to the left, 

• zero for distributions that are not skewed (symmetric),  

and

• Positive for distributions that are skewed to the right.



( ) ( ) ( )

2 2 2

3 3 3

2 3 3
3 2

2

1

2

3
1 3

2

The square of this ratio i.e.

is known as the 'first' moment-ratio and is denoted by  i.e.

  

 








= =

=



Measure of Kurtosis

( )

( )

( ) ( )

2

4

4

4 4

2 24 2
2

3

Let be a random variable with mean and variance  

(i.e. standard deviation ) such that the fourth moment about 

i.e.  exists. 

The value of the ratio 

is often used a

X

E X

E X

 

 



  

 

  −
 

 −
  = =

=

s a measure of kurtosis.



2

4
2 2

2

This ratio is known as the 'second' moment-ratio

and is denoted by  i.e.





=



It is important to note that the numerical value of this 

measure of kurtosis is 

• greater than 3 for distributions that are leptokurtic, 

• equal to 3 for distributions that are mesokurtic, and

•less than 3 for distributions that are platykurtic.
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The Concept 

of 

Moment Generating 

Function



Definition:

Let X be a random variable such that for some  h > 0, the expectation         

of etX exists for  

The moment generating function of X is defined to be the function                                          

We use the abbreviation mgf to denote the moment generating 

function of a random variable.

( ) ( )tXM t E e=

.h t h−  

.h t h−  



Role of mgf

In general, if m is a positive integer and if M(m)(t) means 

the mth derivative of M(t), we have, by repeated 

differentiation with respect to t,

Since M(t) generates the values of E(Xm); m = 1,2,3,…, it is 

called the moment-generating function (mgf). 

( ) ( ) ( )0 .
m mM E X=



In the same way, if we take the second derivative of the 

first derivative, and putting t = 0, we will get the second 

moment about the origin. 



Example

Consider the exponential distribution given by

Find the mgf of X and use it to find the mean and variance of the 

exponential distribution.

( ); , 0 , 0xf x e x  −=    



Solution

By definition, we have 

( ) ( )

( )
( )

( )

( )
( )( )

0

0 0

0

tX tx x

x t
x t

x t

M t E e e e dx

e
e dx

t

e
t










 








−


 −

−


−

= =

 
= =   − 

=
−







( )
( )

( )

( )
( )

( )

0

Now, if , then - 0

and hence

0 1

for .

t t

M t e e
t

t t

t

 





 

 



−

 

= −
−

= − =
− −





Now
( ) ( ) ( ) ( )( )

( )
( )( )

( ) ( )( )

( )( )
( )

1

1

2

2

2

0 1

for .

d
M t M t M t

dt

d d
t

dt t dt

t

t
t

t


 



 


 





−

−

−

= =

 
= = −  − 

= − − −

= − =
−





Evaluating the derivative at t=0, we obtain

( ) ( )
( )

1

2 2

1
0

0

which is the first moment about zero

i.e. ( )

i.e. the well-known mean of the distribution.

M

E X

 

 
= = =

−



Next
( ) ( ) ( ) ( )( )

( )
( )( )

( ) ( ) ( )( )

( )( )
( )

2

2

2

3

3

3

2 0 1

2
2

for .

d d
M t M t M t

dt dt

d d
t

dt dtt

t

t
t

t


 



 


 





−

−

−

 
= =  

 

 
= = − 

 − 

= − − −

= − =
−





Evaluating the derivative at 

t=0, we obtain

( ) ( ) ( )
( )

( )

2

3 3 2

2

2 2 2
0 0

0

which is the second moment about zero

i.e. .

M M

E X

 

 
= = = =

−



Using the short-cut formula for the 

variance, we obtain

( ) ( )
22

2

2

2 2 2

( )

2 1

2 1 1

which is well-known.

Var X E X E X

 

  

= −   

 
= −  

 

= − =
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Algebraic expressions 

of Some well-known MGFs



Discrete Distributions



Distribution Moment Generating Function 

(MGF)

Bernoulli  P(X=1) = p

Geometric  (1-p)k-1p

Binomial  B(n, p)

Poisson  λ

Negative binomial  NB(r, p)

Uniform (discrete) U(a ,b)

1 tp pe− +

( )
( )ln 1

1 1

t

t

pe
t p

p e
  − −

− −

( )1te
e
 −

( )

( )

1

1

r

r
t

p

pe

−

−

( )

( )( )

1

1 1

b tat

t

e e

b a e

+
−

− + −

( )1
n

tp pe− +



Continuous Distributions



Distribution Moment Generating Function 

(MGF)

Uniform (continuous) U(a ,b)

Normal  N(µ-σ2)

Chi-Squared  χ2
k

Gamma  Γ (k,θ)

Exponential  λ

( )

tb tae e

t b a

−

−
2 21

2
t t

e
 +

( )
1

1 ;
k

t t


−
−  

( ) ( )
1

11 ,t t 
−

−− 

( ) 21 2
k

t
−

−



Distribution Moment Generating Function 

(MGF)

Laplace L(µ ,b)

Cauchy  N(µ - θ) Do no exist

2 21

te

b t



−
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Explanation of the fact that 

in general 

the expected value of a product is not equal to 

the product of the expected values 



( ) ( ) ( )

Suppose that we have two random variables  and . 

Then, in general

.

Reason:

times is a non-linear function

and the expectation operator doesn't go inside non-linear functions,

it only goes insid

X Y

E XY E X E Y

X Y



e linear functions such as . X Y+



Example:

Let us divide, at random, a horizontal line 

segment of length 5 into two parts. 

If  is the length of the left-hand part, then 

5 -  will be the length of the right-hand part.

X

X



( )

Since we are diving the line segment into two parts

at random, therefore it is reasonable to assume that 

the length  is uniformly d

1
, 0 5

5

istributed 

0 elsewhere

i.e. 

x

X

f x


 

= 





( ) ( )
5 5

0 0

55 2

0 0

Now, the expected length of the left-hand part is given by

1

5

25 0 25 5

5 10 10 10 10 2

E X xf x dx x dx

x x
dx

 
= =  

 

 
= = = − = = 

 

 





( ) ( ) ( ) ( )
5 5

0 0

5 5

0 0

5
2

0

Similarly, the expected length of the right-hand part is given by

1
5 5 5

5

5
1

5 5

25 5 5
5 5

10 10 2 2

E X x f x dx x dx

x x
dx dx

x
x

 
− = − = −  

 

−   
= = −   

   

 
= − = − = − = 
 

 

 



( ) ( ) ( ) ( )

( )

5

2 2

0

5 5 52 2
2

0 0 0

5
2 3

0

On the other hand, the expected length of the product 

is calculated as follows:

5 5 5

1 5
5

5 5 5

25 125 375 25
0 0

2 15 2 15

E X X E X X x x f x dx

x x x
x x dx dx x dx

x x

− = − = −  

   − 
= − = = −    

     

  −
= − = − − + = 
 



  

0 125 25

30 30 6
= =



( ) ( )

( )

( ) ( ) ( )

5 5 25
Now, 5

2 2 4

whereas

25
5

6

so that 

5 5 .

Hence, it is easy to see that, in general, the expected value of a product 

is not equal to the product of the expected values.

E X E X

E X X

E X X E X E X

− =  =

− =  

−  −  



( ) ( ) ( ).

However, we have the following important result:

If  and  are independent random

n

 variables, 

the

X Y

E XY E X E Y=
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Yet another example of computing

Mathematical Expectation 

of a Function of a Continuous Random Variable X 



Example:

( )

( ) ( )( )

( )
0

Let X be a non-negative random variable 

of the continuous type with pdf  , 0. 

Show that

where  is the cdf of . 

1

f x x

F x

F x d

X

E X x





= −



Solution:

( ) ( ) ( ) ( )

( )( ) ( )
0 0

S

1 1

1

o

X

x

X

x

F x P X x P X x f y dy

F x dx f y dydx



  

− = −  =  =

− =



  



Now,

( ) ( ) ( ) ( )

( )( ) ( )
0 0

1 1

1

Note that in the above, we are integrating over the domain

0  and .

So 

X

x

X

x

F x P X x P X x f y dy

F x dx f y dydx

x x y



  

− = −  =  =

− =

     



  



Now, integrating over the domain 0  and 

is the same as integrating over the domain 0  and 0 .

x x y

y x y

     

    



Explanation:





( )( ) ( )

( ) ( )

0 0

0 0 0 0

So, integrating over the domain 0  and 

is the same as integrating over the do

So 

main 0  and 0 .

1 X

x

y y

X X

x x y

y x y

F x dx f y dydx

f y dxdy f y dx dy

  

 

     

    

− =

 
= =   

 

  

   



( ) ( ) ( )  ( )( ) ( )

( )( ) ( )( ) ( ) ( )

0

0 0

0 0 0

Therefo

Now, 

1. 0

1

r

.

e

 

y y
y

X X X X X

X X

f y dx f y dx f y x f y y yf y

F x dx yf y dy yf y dy E X

  

= = = − =

− = = =

 

  
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Derivation 
of 

Mean and Variance of a distribution 

in terms of its MGF 
(by repeated differentiation of the mgf)



• Since a distribution that has an mgf M(t) is completely

determined by M(t), it would not be surprising if we could

obtain some properties of this distribution directly from M(t).

• For example, the existence of M(t) for –h < t < h implies that

derivatives of M(t) of all orders exist at t = 0.



So here we will apply the method of successive derivatives of the MGF in

order to prove that , for any pdf the MGF of which exists,

( )

( ) ( )
22

0

and

0 0

M

M M





=

 = −   



( )
( )

( ) ( ) ( )

N

I

o

f 

w

 i

 

s a continuous random variable, then

But here  is acting as the “constant” and  is the va b

,

ria le.

tx tx tx

mx mx

tx xt xt t

dM t d d
M t e f x dx e f x dx xe f x dx

dt dt dt

d
e me

dt

d d
e e xe xe

dt d

X

t

t

x

  

− − −

 
 = = = = 

 

=

 = = =

  

( )
( )

( )Hence, 

x

tx
dM t

M t xe f x dx
dt



−

 = = 



( )
( )

( ) ( )

( ) ( )

0 0

0

.

Upon setting   0, we have

0 x

t

dM t
M xe f x dx xe f x d

t

x
dt

x f x dx E X 

 

− −=



−

 = = =

=

= = =

 





Now, the second derivative:

( )
( )

( ) ( ) ( )

( ) ( ) 2

here  is au cting as the “constant” and  is the variabl

N

e

ow, 

B t

& hen  

Therefore 

ce

tx tx tx

mx mx

tx tx

tx

dM t d d d
M t xe f x dx xe f x dx x f x e dx

dt dt dt dt

d
e me

dt

d
e xe

dt

M t x f x xe d

t

x

x

x

  

− − −

 

− −

    
 = = = =   

   

=

=

 = =

  

  ( ) txf x e dx



( ) ( ) ( )

( ) ( )

2 0 2 0

2 2

Upon setting   0, we ha e

0

v

xM x f x e dx x f x e dx

x f x dx E X

t

 

− −



−

=

 = =

= =

 





( )

( ) ( ) ( )

( ) ( )

2 2 2

2

22

Var( )

But since 

According to the short

0 =  and 0 =  (as proved above)

Therefore

-cut formula, 

0 0

X E X

M M E X

M M

 





= = −

 

 = −   



The point to be remembered is that sometimes

one way is easier than the other.
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Derivation
of 

mth moment about the Origin 

of a distribution from its MGF 

(by repeated differentiation of 
the MGF)



Theorem

If m is a positive integer and if M(m)(t) means the mth

derivative of M(t), we have, by repeated differentiation with

respect to t,

and

where

( ) ( ) ( )0 .
m mM E X=

( ) ( )

( )0 ,

m m

m

x

E X x f x dx

or

x p



−

= 





Proof:

( ) ( )

( ) ( )

( ) ( )

2

3

,

,

,

tx

tx

tx

M t xe f x dx

M t x e f x dx

M t x e f x dx



−



−



−

 =

 =

 =









( ) ( ) ( )

( ) ( ) ( )

( ) ( )

00

.

m m tx

m m x

m m th

M t x e f x dx

M x e f x dx

x f x dx E X m moment about

about theorigin



−



−



−

=

 =

= = =









• Since M(t) generates the values of E(Xm), m = 1, 2, 3,

. . . , it is called the moment generating function (mgf).

• mth moment about the Origin of a distribution from its

MGF is the same as the mth derivative evaluated at

t = 0.
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Derivation 
of 

mth moment about an Arbitrary 
origin of a distribution 

from its MGF                                            
(by repeated differentiation of the 

mgf)



Theorem

Let X be a random variable such that

R(t) = E(e t (X-a))

exists for t such that –h < t < h.

If m is a positive integer, R(m)(0) is equal to the
mth moment of the distribution about the point a.



Proof:

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

,

,

t x a t x a t x a

t x a t x a

R t E e e f x dx e f x dx

d d
R t e f x dx e f x dx

dt dt

 
− − −

− −

 
− −

− −

 = = =
 

 
 = =  

 

 

 



( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )0 0

,

0

t x a t x a

t x a

x a

Now

d
e x a e

dt

R t x a e f x dx

R x a e f x dx x a e f x dx

− −


−

−

 
−

− −

= −

 = −

 = − = −



 



( ) ( ) ( )

( )

( )
1

0

1

1 .

st

st

or

R x a f x dx

E x a moment about a

or

E x a moment about a



−

 = −

= − =

− ==





( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )

2

2 20

2

,

0

0

2 .

t x a

t x a t x a

t x a

x a

nd

Next

d d
R R t x a e f x

dt dt

d
x a f x e dx x a x a e f x dx

dt

x a e f x dx

R x a e f x dx x a f x dx

E X a moment about a


−

−

 
− −

− −


−

−

 
−

− −

 
 = = − 

 

 
= − = − − 

 

= −

 = − = −

= − =



 



 
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Alternative method for finding 

the moments from the MGF using 

Maclaurin’s series expansion 

of the mgf 

(through an Example)



We can differentiate M(t) any number of times to find the

moments of X.

However, it is instructive to consider the following

alternative method --- one that involves the Maclaurin

Series expansion of M(t).



Maclaurin Series

By definition, for any function f(x), a Maclaurin’s series is 

given by:

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )3

2 3
0 0 0 0

0 ... ...
1! 2! 3! !

n

n
f f f f

f x f x x x x
n

 
= + + + + + +



If our function is M(t), the Maclaurin’s series will be

given by

( ) ( )
( ) ( ) ( ) ( )2
0 0 0

0 ... ...
1! 2! !

m

m
M M M

M t M t t t
m

 
= + + + + +



But we know that

Also, we know that

( ) ( ) ( )0
m mM E X=

( ) ( )

( ) ( )

0

0

( ) 0 ( )

0 ( ) 0 (1) 1

tX XM t E e M E e

M E e M E

=  =

 =  = =



Therefore

Thus the coefficient of (tm/m!) in the Maclaurin’s series
representation of M(t) is E(Xm) i.e. the mth moment about zero.

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

2

2

2
2

1 ... ...
1! 2! !

1 ... ...
1! 2! !

m

m

m
m

E X E XE X
M t t t t

m

or

t t t
M t E X E X t E X

m

= + + + + +

= + + + + +
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Derivation of the 

Relationship 
between the MGF of the Standardized 

Variable 

and 

the MGF of the Original Random 
Variable



Theorem:

Let the random variable X have mean µ, standard deviation 
σ, and mgf 

Then

where

( ) , .
t

Z X

t
M t e M h t h



  


−  
= −   

 

( ) ,XM t h t h−  

.
X

Z




−
=



Proof:

( )

The first point to be noted is that 

.

if    , then    ,  

which shows that is in the domain of X

t

M

h t h h

t

h

t

 




−   −  



( )sing the definition of   

and the linear properties of the expected value, 

we start from the RHS o

Now, 

f the equat n

[ ]

o

u

i :

tX

XM t eE=



( )

( )

which verifies the equation.

t t t tX t
X

X

X
t

tZ

Z

t
RHS e M e E e E e

E e E e M t LHS

  

    







− − −

−

    
= = =    

     

 
 = = = =   

  



Next:

Three general results 

pertaining to 

the moment generating function:



Three general results pertaining to the moment 

generating function:

( ) ( ) ( )

( ) ( ) ( )

( )

1. . ;

2. ;

3. . .

X a t at

X a X

bt XtbX

bX X

X a a X a t at t t t X t
b b b b b b

X a X

b

M t E e e M t

M t E e E e M bt

t
M t E e E e e E e e M

b

+

+

+         
+         

         
+

 = =
 

  = = =   

       
= = = =       

           



( )

( )

( )

a

Note that the third result i.e. 

is of special importance when -  and , 

in w

e

hich case , we h

ror, in othe  words, 

xactly the sa

v

me

a e 

 

a
t

b
X a X

b

t

X X

t

Z X

t
M t e M

b

t
M t e M

t
M t

µ

e

a b

M


















+

−

−

−

 
=  

 

 
=  

 

 
=  

= =

 

s what we proved.
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Proof of the fact 

that for a PDF that is Symmetric about 

0 and for which the MGF exists,

M(-t)=M(t)



Theorem:

Let X be a random variable with a pdf f(x) and mgf

M(t).

Suppose f is symmetric about 0 i.e. f(-x) = f(x).

Then M(-t)=M(t).



Proof:

By definition

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

if ( ) is symmetric about 0,

then ( ) itself is (- ) 

t xt x

t x t x

M t E e e f x dx

f x

f x f x

e f x dx e f x dx


−−

−

 
− −

− −

− = =

 
 
 

= = −



 



Applying the transformation

 

&

,x u x u

u x du dx= − =

→ − → →

=



−

→ −



( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

So

.

t x tu tu

tx tX

M t e f x dx e f u du e f u du

e f x dx E e M t

 − 
−

−  −



−

− = − = − =

= = =

  


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Cumulant Generating Function (CGF) 

and its role in finding the mean and variance 

of a probability distribution 



We begin with

the Concept of 

Cumulants



The First Three Cumulants

• The first cumulant is the first moment about zero i.e.

the mean of the distribution.

• The second cumulant is the second central moment

i.e. the variance.

• The third cumulant is the third central moment.



Higher Order Cumulants

The higher cumulants are neither moments about zero nor
central moments, but rather more complicated polynomial
functions of moments.

In fact, it can be shown that the kth cumulant κn(X) of a random
variable X is the value of a certain polynomial in the first k
moments of X i.e. a polynomial in E(Xℓ), ℓ=1,…,k



Next, 

we consider

the concept of the

Cumulant Generating Function



Definition of Cumulant Generating Function:

( )

( ) ( )

The natural logarithm of the moment generating function 

is called the cumulant generating function.

It is den

e

o

r

te

 

d b

l

y .

In oth words:

og

t

t M t



 =



Next, 

let us consider

the Role of the Cumulant Generating 

Function in finding the mean and variance of 

a distribution.



Two simple results:

( )

( ) 2

0

and

0





 =

 =



Proof:

i) Mean:

( ) ( )( ) ( ) ( )

( )
0

1 ( )
log ( ) ( )

( ) ( )

( ) (0)
Hence 0

( ) (0) (0)
t

d d M t
t t M t M t

dt dt M t M t

M t M

M t M M



=


  =  = = =

 
 = = =



( ) ( ) ( ) ( )

( )

0 0

However

( ) (0) 1 1

So that 0 . Hence proved.
1

tX XM t E e M E e E e E




=  = = = =

 = =



Proof:
ii) Variance:

( )

( )
( )

( )

2

2

( )
We have 

( )

( ) ( ) ( )( )
Hence 

( ) ( )

M t
t

M t

M t M t M td M t
t

dt M t M t


 =

 − 
 = = 

 



( )
( )

( )

( )

( )

( )

( )

( ) ( ) ( )

2 2

2 2

2

2

22 2

(0) (0) (0) (1) (0)
so that 0

(0) 1

(0)

However, we know that (0)

0 Var( ) . Hence proved.

M M M M

M

M

M E X

E X X





 

  − −
 = =

= −

 =

 = − = =
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This is known as the

Additivity Property 
of the CGF and the Cumulants



The CGF of the sum 

of two independent random variables 

equals the sum of their CGFs 

so that 

each cumulant of a sum 

of  independent random variables 

is the sum of 

the corresponding cumulants of the addends



1. Additivity Property of the CGF:

If X and Y are independent random variables,

then,

the cumulant generating function of X+Y is related to the

cumulant generating function of X and the cumulant

generating function of Y by the relation

KX + Y(t) = KX (t) + KY(t).



Proof:

( )

( ) ( )

( )

   

.

I

l

f an

 

d ar

E

e independent random variables,

then

( )

( )

 log E

log E

og E

log E log E

    ( )

t X Y

X Y

t X t Y

tX tY

tX tY

X Y

e

e e

X

t

e e

t

e

K

e

K

Y

Kt

+

+
 =
 

 =
 

   =    

   = +   

= +



2. Additivity Property of the 

Cumulants:

If X and Y are independent random variables,

then,

the nth cumulant of X+Y is related to the nth cumulant of X
and the nth cumulant of Y by the relation

κn(X + Y) = κn(X) + κn(Y).

The proof of this result is somewhat advanced.

07:0
5
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Relation between Central MGF and CGF 

AND  

Relation between Moments about the Mean 

and Cumulants



• The central moment generating function is given

denoted by C(t)

• Definition

It is shown as the

( ) ( )( )t x
C t E e

−
=



When we consider the mgf for moments about ‘0’

also

( ) ( )( )0
wesay can also be written as 

t xtxE e E e
−



The central moment generating function is

given

( ) ( )

( )

t x tx t tx t

t tx t

C t E e E e E e e

e E e e M t

  

 

− − −

− −

     = = =    

 = = 



Now, by definition, we have

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )( )

log

log

.

K t M t K t

K t tK t t

K t M t

e e e M t

C t e e e
 −−

=

 =  =

 = =



• To express the central moments as functions of

the cumulants, just drop from these polynomials

all terms in which κ1 appears as a factor:



1

2 2

3 3

2

4 4 2

5 5 3 2

2 3

6 6 4 2 3 2

0

3

10

15 10 15 .



 

 

  

   

     

=

=

=

= +

= +

= + + +



To express the cumulants κn for n > 1 as

functions of the central moments, drop from

these polynomials all terms in which μ'1 appears

as a factor:



2 2

3 3

2

4 4 2

5 5 3 2

2 3

6 6 4 2 3 2

3

10

15 10 30 .

 

 

  

   

     

=

=

= −

= −

= − − +
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Chevbyshev's Inequality 

and 

its proof  

& 

an alternative form of the inequality



• Chebyshev's inequality guarantees that, for a wide class 

of probability distributions, no more than a certain 

fraction of values can be more than a certain distance 

from the mean.



According to the Chebychev Theorem, no more than 

1/k2 of the distribution's values can be more than k 

standard deviations away from the mean

where k is any positive real number 



or equivalently, 

at least 1−1/k2 of the distribution's values lie 

within k standard deviations of the mean. 



When a random variable is not normally distributed, then

we can make use of Chebyshev's inequality in order to

find out the minimum amount of data that is within k

standard deviations of the mean --- in percentage form.



In reference to normal distribution, we know that 

68.26% are under the curve lies between µ±σ

95.45% are under the curve lies between µ±2σ

and

99.73% are under the curve lies between µ±3σ



If our data is not normally distributed, then either 

we will go to the exact calculations through some 

amount of labor or we can make use of 

Chevbyshev’s Inequality.



Theorem: (Chevbyshev’s Inequality)

Let the random variable X have a distribution
probability about which we assume only that
there is a finite variance σ2. Then for every k > 0,

or, equivalently

( ) 2

1
,P X k

k
 −  

( ) 2

1
1 .P X k

k
 −   −



Note

If the variance of a distribution exists, then its mean 

necessarily exist.

Short-cut formula



Again see the statement as

Let the random variable X have a distribution

probability about which we assume only that

there is a finite variance σ2.



Example:

Let k= 2

Area that is within µ-2σ and µ+2σ, this area is greater than 
or equal to  ¾ or 75%

( ) ( )

( ) ( )

( )

2 2

1 1
1 2 1

2

1 4 1
2 1 2

4 4

3
2

4

P X k P X
k

P X P X

P X

   

   

 

−   −  −   −

−
 −   −  −  

 −  



Hence, the number 1/k2 or Chebychev inequality give us

an upper bound for the probability P(| X - µ | ≥ kσ).
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Application of Chebyshev's Inequality



Example:

Let X have the pdf

Here µ=0 and σ2=1.

( )
1

3 3
2 3

0 .

x
f x

elsewhere


−  

= 





If k = 3/2, we have the exact probability

( ) ( )

3/2
3/2

3/2

3/2

3
0 1

2

3

2

1 1
1 1 (

2 3 2 3

P X k P X

P X

dx x

 

−

−

  
−  = −    

  

 
=  

 

 
= − = −  

 




1

1 2

3 1 3 3
1

2 2 22 3

1 3 3 .3 3
1 1 1 .

2 2 23

P X

−

    
 = − +    

    

 
= − = − = − 

 



• By Chebyshev's inequality, this probability has the upper

bound 1/k2=4/9.

• Since 1-√3/2= 0.134, approximately, the exact

probability in this case is considerably less than

the upper bound 4/9.
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Another application 

Of

Chebyshev's Inequality



Alternative form

( )

( ) ( ) ( )

2

2

2

22

By Chevbyshev’s inequality, putti we have

, 0

Also, 13 9 4.

ng ,

P X m for all m
m

Var X
or P X m

m

Var X E X E

k

X

m








 −     

 
 −      

 

= − = −

=

=



Example:

If X is a random variable such that

E(X) = 3 and E(X2) = 13.

Use Chebyshev's inequality to determine a lower

bound for the probability P(-2<X<8).



Solution

( )

( )

2

2

By Chevbyshev’s inequality, 

In order to obtain a lower bound, we flip the inequali

we have

, 0

1

ties:

Var X
P X m for all m

m

Var X
P X m

m





 −     

 
 −    −   

 



( )
( )

 
( )

2

2

1

1

Var X
or P m X m

m

Var X
or P m X m

m



 

 
−  −   −    

 

 
−   +  −  

 



( ) ( ) ( )
22

So,

13 9 4.

Var X E X E X= −   

= − =



   

Now, we note that if we put 5, 

then 3 2 3 8,

Therefore, the required probability

2 8 3 3

k

k and k

P X P k X k

=

− =− + =

−   = −   +



 

    ( )

   

2

But, according to Chebychev's Inequality, 

4
3 3 1

So

2 8 1 4 / 25 2 8 25 4 / 25

2 8 21/ 25 or 2 8 0.84

P m X m
m

P X or P X

or P X P X

−   +  −

−    − −    −

−    −   
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H.M. ≤ G.M. ≤ A.M. 



Example:  (Harmonic and Geometric Means)

Let {a1,…,an} be a set of positive numbers.

Create a distribution for a random variable X by placing

weight 1/n on each of the numbers a1,…,an.



Then the mean of X is the arithmetic mean, (AM),

( ) 1

1

.
n

i

i

E X n a−

=

= 



Then the mean of X is the arithmetic mean, (AM),

( ) ( )

( )

1 2

1 2

1 1
...

n

n i

aa a
E X xp x

n n n

a a a a
n n

= = + + +

= + + + =







Theorem (Jensen’s Inequality)

If φ is convex on an open interval I and X is a random 

variable whose support I contained in I and has finite 

expectation, then

If φ is strictly convex, then the inequality is strict unless X 

is a constant random variable.

( ) ( ) .E X E X       



Then, since – logx is a convex function, we have by

Jensen’s inequality that

( ) ( )
1/

1 2

1 1

1 1
log log log log ...

n n
n

i i n

i i

a E X a a a a
n n= =

 
−  − = − = − 

 
 



or, equivalent,

and, hence

The quantity on the left side of this inequality is called the geometric 

mean (G.M).

So, equation 1 is equivalent to saying that GM ≤ AM for any finite set 

of positive numbers.

( )
1/

1 2

1

1
log log ... ,

n
n

i n

i

a a a a
n =

 
 

 


( ) ( )
1/

1 2

1

1
... 1

n
n

n i

i

a a a a
n =

 



Now in eq. (1) replace ai by 1/ ai (which is positive).

We then obtain

Or, equivalently,

1

1 1 2

1 1 1 1 1
n

n

i i nn a a a a=

 
 
 



( )
1

1 2

1

1
(2)

1 1

n

nn

i i

a a a

n a=





The left member of this inequality is called harmonic 

mean HM.



Putting the equations together, we have shown the

relationship

HM ≤ GM ≤ AM, (3)

for any finite set of positive numbers.
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Concept of a 

Random Vector 

(explained through an example)



Let us begin the discussion of a pair of random variables

with the following example.

A coin is tossed three times and our interests is in the ordered

number pair (number of H’s on first two tosses, number of

H’s on all three tosses),

where H and T represent respectively, heads and tails.



Let C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH} denote the

sample space.

Let X1 denote the number of H’s on the first two tosses and X2

denotes the number of HH’s on all three flips.

Then our interest can be represented by the pair of random

variables (X1, X2).



For example, (X1(HTH), X2(HTH)) represents the

outcome (1,2).

Continuing in this way, X1 and X2 are real-valued

functions defined on the sample space C, which take

us from the sample space to the space of ordered

number pairs.

Ɗ = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}.



Thus X1 and X2 are two random variables defined on the

space C,

and,

(in this example), the space of these random variables is

the two-dimensional set Ɗ, which is a subset of the two-

dimensional Euclidean Space R2.

Hence (X1, X2) is a vector function from C to Ɗ.



In simple words, the pair of random variables (X1, X2) is 

a random vector.



So

Formal Definition of a Random Vector in the case of 

Two random variables:



Definition: (Random Vector)

From a random experiment with a sample space C,
consider two random variables X1 and X2, which
assign to each element c of C one and only one
ordered pair of numbers

X1(c) = x1, X2(c) = x2.

Then we say that (X1,X2) is a random vector.



The space of (X1,X2) is the set of ordered pairs

Ɗ = {(x1, x2) : x1= X1(c), x2 =X2(c),c ϵ C}

We often denote random vector notation

where the ` denotes the transpose of the row vector (X1,X2).

( )1 2, ,X X X =



Conversely,

If (X1, X2) is random vector then both X1 and X2

are random variables.
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Concept of an event 

in a case of a two-dimensional space 

(i.e. a set of ordered pairs)



• Let Ɗ be the space associated with the random vector

(X1, X2).

• Let A be a subset of Ɗ. As in the case of one random

variable, we speak of the event A.

• We wish to define the probability of the event A, which we 

denote by 
1 2 [, ]X X AP



• A coin is tossed three times and our interests is in the

ordered number pair (number of H’s on first two tosses,

number of H’s on all three tosses), where H and T

represent respectively, heads and tails.



Let C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH} denote the

sample space.

Let X1 denote the number of H’s on the first two tosses and X2

denotes the number of HH’s on all three flips.

Then our interest can be represented by the pair of random variables

(X1, X2).

For example, (X1(HTH), X2(HTH)) represents the outcome (1,2).



Continuing in this way, X1 and X2 are real-valued functions

defined on the sample space C, which take us from the

sample space to the space of ordered number pairs.

Ɗ = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}.



Thus X1 and X2 are two random variables defined on the

space C, and, in this example, the space of these random

variables is the two-dimensional set Ɗ, which is a subset

of two-dimensional Euclidean R2.

Hence (X1, X2) is a vector function from C to Ɗ.



Now we can define various events:

e.g.

‘Number of Heads on the first two tosses greater than 

zero and number of Heads on all three tosses less than 2’

Then Event A = {(1,1)}.
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Joint Cumulative Distribution Function



• Given random variables X1, X2, ..., that are defined on

a probability space, the joint probability

distribution for X1, X2, ... is a probability distribution that gives

the probability that each of X1, X2, ... falls in any particular

range or discrete set of values specified for that variable.

• In the case of only two random variables, this is called

a bivariate distribution, but the concept generalizes to any

number of random variables, giving a multivariate distribution.



• The joint probability distribution can be expressed either in

terms of a joint cumulative distribution function or in terms

of a joint probability density function (in the case

of continuous variables) or joint probability mass function (in

the case of discrete variables).



So, let us focus on 

the Joint 

Cumulative

Distribution Function



We can uniquely define PX1,X2 in terms of the cumulative
distribution (cdf), which is given by

because 

X1< x1 and X2 < x2 are events with reference to the random 
variables X1 and X2 separately --- AND the intersection of 
these two events is the ‘joint event’.

( )     ( )
1 2

1

, 1 2 1 1

2

2

2 2

  for all 

, , 1

( ),

X XF

R

x x P X x X x

x x

=     

ò



Thus the expression is well defined.

As with random variables, we write

     1 1 2 2 1 1 2 2as ,P X x X x P X x X x      



Also, we can write,

Hence, all induced probabilities of sets of the form

can be formulated in terms of the cdf.

We often call this cdf the joint cumulative distribution
function of (X1, X2).

  ( ) ( )

( ) ( )
1 2 1 2

1 2 1 2

1 1 1 2 2 2 , 1 2 , 1 2

, 1 2 , 1 2

, , ,

, , (2)

X X X X

X X X X

P a X b a X b F b b F a b

F b a F a a

    = −

− +

(  ( 1 1 2 2, ,a b a b
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Discrete Random Vector 

and 

Joint Probability Mass 

Function



Definition: A random vector (X1, X2) is a 

discrete random vector if its space Ɗ is finite or 

countable. 

Hence, X1 and X2 are both discrete also. 



The joint probability mass function (pmf) of

(X1, X2) is defined by

for all (x1, x2) ϵ Ɗ

( )  
1 2, 1 2 1 1 2 2, ,,X Xp x P x xx X X= ==



Properties

It also is characterized by the two properties

( ) ( )

( ) ( ) ( )
1 2

1 2

, 1 2

, 1 2

0 , 1

, 1. 1

X X

X X

D

i p x x and

ii p x x

 

=



For an event B ϵ Ɗ, we have

( ) ( )
1 21 2 , 1 2, , .X XP X X p x x



 =   



Likewise we may extend the pmf

over a convenient set by using zero elsewhere.

Hence, we replace

( ) ( )
1 2

2 1

, 1 2 1 2, , .X X

D x x

p x x by p x x 

( )
1 2, 1 2,X Xp x x
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Concept of the Support 

of a 

Discrete Random Vector                          
(explained through an example)



• We begin with the concept of the Support of a random 

variable:

• The support of a random variable is the set of values that 

the random variable can take.



• Concentrating on the Support of a discrete variable:

• For discrete random variables, it is the set of all the 

realizations that have a strictly positive probability of 

being observed.



The above ideas can be extended to develop the

Concept of the Support of a Discrete Random Vector.



Let us attempt this with the help of the following

example.

A coin is tossed three times and our interest is in the

ordered number pair (number of heads on first two

tosses, number of heads on all three tosses),



Let H and T represent respectively, heads and tails. Then the
sample space C is given by

C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH}.

Let

X1 denote the number of H’s on the first two tosses

and

X2 denotes the number of H’s on all three flips.

Then our interest can be represented by the pair of random variables (X1,
X2).



Now, 

X1(TTT)=0 and X2(TTT)=0

X1(TTH)=0 and X2 (TTH)=1 

X1(THT)=1 and X2 (THT)=1

X1(HTT)=1 and X2 (HTT)=1 

X1(THH)=1 and X2 (THH)=2 

X1(HTH)=1 and X2 (HTH)=2

X1(HHT)=2 and X2 (HHT)=2 

X1(HHH)=2 and X2 (HHH)=3 



Now, our interest can be represented by the pair of random 

variables    (X1, X2). 

So, the eight possible pairs are

(X1,X2)=(0,0),

(X1,X2)=(0,1),

(X1,X2)=(1,1),

(X1,X2)=(1,1),

(X1,X2)=(1,2),

(X1,X2)=(1,2),

(X1,X2)=(2,2),

(X1,X2)=(2,3),



So, we write

Ɗ = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}.

with probabilities

P[(X1,X2)=(0,0)]= 1/8

P[(X1,X2)=(0,1)]= 1/8

P[(X1,X2)=(1,1)]= 2/8

P[(X1,X2)=(1,2)]= 2/8

P[(X1,X2)=(2,2)]= 1/8

P[(X1,X2)=(2,3)]= 1/8



We can conveniently table the pmf 

of the random vector (X1, X2) as



Support of X2

0         1         2          3

Support of X1

0

1

2

1/8     1/8        0         0

0       2/8       2/8        0

0        0        1/8 1/8



Virtual University of Pakistan 

Probability Distributions

by

Dr. Saleha Naghmi Habibullah



Topic No. 77

Continuous Random Vector 

and 

Joint Probability Density 

Function



• A random vector (X1, X2) with space D is of the continuous type if

its cdf is continuous .

• That is can be expressed as

for all (x1, x2) ϵ R2 .

( )
1 2, 1 2,X XF x x

( )
1 2, 1 2,X XF x x

( ) ( )
1 2

1 2 1 2, 1 2 , 1 2 1 2, ,

x x

X X X XF x x f w w dw dw
− −

=  



Joint Probability Density Function

We call the integrand

the joint probability density function (PDF) of

(X1, X2).

( ) ( )
1 2

1 2 1 2, 1 2 , 1 2 1 2, ,

x x

X X X XF x x f w w dw dw
− −

=  



Then

except possibly on events which have probability

zero.

( )
( )1 2

1 2

2

, 1 2

, 1 2

1 2

,
,

X X

X X

F x x
f x x

x x


=

 



Properties

A pdf is essentially characterized by the two properties

( ) ( )

( ) ( ) ( )

1 2

1 2

, 1 2

, 1 2 1 2

, 0

, 1. 1

X X

X X

D

i f x x and

ii f x x dx dx



= 



We may extend the definition of a pdf

by using zero elsewhere.

( )
1 2

2

, 1 2,X Xf x x over R



• We do this consistently so that tedious, repetitious

references to the space Ɗ can be avoided. Once this

is done, we replace

( ) ( )
1 2, 1 2 1 2 1 2 1 2, , .X X

D

f x x dx dx by f x x dx dx

 

− −

   

( )
1 2

2

, 1 2,X Xf x x over R



• For an event A ϵ Ɗ, we have

• Note that the is just the volume under

the surface over the set A.
( )1 2,P X X A  

( ) ( )
1 21 2 , 1 2 1 2, ,X X

A

P X X A f x x dx dx =    

( )
1 2, 1 2,X Xz f x x=
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Determination of the probability of an event 

in the case of a 

continuous random vector 

(explained through an example)



Example: Let

be the pdf of the random vector (X1,X2) where both X1 and X2

are random variables of the continuous type.

Suppose, we wish to compute the probability 

( )
2

1 2 1 2

1 2

6 0 1,0 1
,

0

x x x x
f x x

elsewhere

    
= 


1 2

3 1
0 , 2

4 3
P X X
 

    
 



Solution:

Since (X1, X2)

is a continuous

random vector, 

therefore

( )
2 3/4

1 2 1 2 1 2

1/3 0

1 3/4 2 3/4

2

1 2 1 2 1 2

1/3 0 1 0

1 3/4

2

2 1 1 2

1/3 0

3 1
0 , 2 ,

4 3

6 0

6 0

P X X f x x dx dx

x x dx dx dx dx

x x dx dx

 
    = 

 

= +

 
= + 

 

 

   

 



3

3/41 12 1

1
1 2 2 2 2 2

1/3 1/30

1 1 1

2 2 2 2 2 2

1/3 1/3 1/3

3

3 1 4
0 , 2 6 0 6 0 0

4 3 2 1 3

27 9 27
6 0 3 0 0

64 3 32 32

x
P X X x dx x dx

x dx x dx x dx

+

  
            = + = − +     +     
 

   
= + = + = +   

   

 

  



1

1 2 2 2

1/3

1 1
1 1 2 2 2

2 2

1/3 1/3

or

3 1 27
0 , 2

4 3 32

27 27 27 (1) (1/ 3)

32 1 1 32 2 32 2 2

27 1 1 27 1 1 27 9 1

32 2 9 2 32 2 18 32 18

27 8 3 1 3
.

32 18 4 2 8

P X X x dx

x x+

 
    = 

 

   
 = = = −  +   

−     
= − = − =     

     

   
= = =   

   





Note that this probability is the volume under the

surface given by

above the rectangular set
( ) 2

1 2 1 2, 6f x x x x=

( )

( )

2

1 2 1 2

2

1 2 1 2

i.e. the rectangul

.

3 1
, : 0 , 1

4 3

(

3 1
, :

ar area given b

0 , 1 )
4 3

y

x x x x R

x x x x R

 
     

 

 
     

 
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Concept of the 

Support 
of a 

Continuous

Random Vector 

(explained through an example)



• For a continuous random vector (X1, X2), the

support of (X1, X2) contains all points (x1, x2)

for which f(x1, x2) > 0.



Example:

( ) 1 2

1 2

Let us consider the bivariate uniform distribut

1

ion given by

1 0 , 0 1
,

0

x x
f x x

elsewhere

   
= 




Then:



And

The support of the random vector is

 1 20 1, 0 1 .x x   
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Properties

of the 

Joint Cumulative Distribution Function



• The joint cumulative function of two random

variables X and Y is defined as

( ) ( ), , .XYF x y P X x Y y=  

Definition



The joint CDF satisfies the following properties:

Properties:



( ) ( )

( ) ( )

( )

1. , ,  for any  (marginal CDF of );

2. , ,  for any  (marginal CDF of );

3. , 1;

X XY

Y XY

XY

F x F x x X

F y F y y Y

F

= 

= 

  =

( ) ( )

( )

( ) ( ) ( )

( )

( ) ( ) ( )

1 2 1 2

2 2 1 2 2 1

1 1

4. , , 0;

5. ,

, , ,

, ;

6.If X and Y are independent, then

, = . 

XY XY

XY XY XY

XY

XY X Y

F y F x

P x X x y Y y

F x y F x y F x y

F x y

F x y F x F y

− = − =

    =

− −

+



( ) ( )1. , ,  for any  (marginal CDF of );X XYF x F x x X= 



( ) ( )2. , ,  for any  (marginal CDF of );Y XYF y F y y Y= 



Explanation

( ) ( )

( ) ( )

1. , ,  for any  (marginal CDF of );

2. , ,  for any  (marginal CDF of );

X XY

Y XY

F x F x x X

F y F y y Y

= 

= 



( )3. , 1;XYF   =
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Properties

of the 

Joint Cumulative Distribution Function



• The joint cumulative function of two random

variables X and Y is defined as

( ) ( ), , .XYF x y P X x Y y=  

Definition



The joint CDF satisfies the following properties:

Properties:



( ) ( )

( ) ( )

( )

1. , ,  for any  (marginal CDF of );

2. , ,  for any  (marginal CDF of );

3. , 1;

X XY

Y XY

XY

F x F x x X

F y F y y Y

F

= 

= 

  =

( ) ( )

( )

( ) ( ) ( )

( )

( ) ( ) ( )

1 2 1 2

2 2 1 2 2 1

1 1

4. , , 0;

5. ,

, , ,

, ;

6.If X and Y are independent, then

, = . 

XY XY

XY XY XY

XY

XY X Y

F y F x

P x X x y Y y

F x y F x y F x y

F x y

F x y F x F y

− = − =

    =

− −

+



( ) ( )4. , , 0;XY XYF y F x− = − =



( )

( ) ( ) ( ) ( )

1 2 1 2

2 2 1 2 2 1 1 1

5. ,

, , , , ;XY XY XY XY

P x X x y Y y

F x y F x y F x y F x y

    =

− − +



( ) ( ) ( )

6.If  and  are independent, then

, = . XY X Y

X Y

F x y F x F y
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Marginal 
Probability Mass Functions 

(explained through an example)



• Consider a discrete random vector, that is, a vector

whose entries are discrete random variables.

• When one of these entries is taken in isolation, its

distribution can be characterized in terms of its

probability mass function.



• This is called marginal probability mass function, in

order to distinguish it from the joint probability mass

function,

• which is instead used to characterize the joint distribution

of all the entries of the random vector considered together.



Why the word ‘marginal’?



• In terms of a tabled joint pmf with rows comprised of

X1 support values and columns comprised of X2 support

values, this says that the distribution of X1 can be

obtained by marginal sums of the rows.



Marginal of 

X1

Support of X2

0         1         2          3

Support 

of X1

0

1

2

Probabilities Total



Marginal of X

Marginal of Y

Support of Y

0         1         2          3

Support 

of X

0

1

2

Probabilities Total

Total



• To find the probability that X1 is equal to x1, keep x1

fixed , in continuous case, instead of summing we are

intergrating one variable over the other.
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Marginal 

Probability Mass Functions 

(explained through an example)



Example:

• Let us attempt to understand this with the help of the

following example.



A coin is tossed three times and our interest is in the ordered

number pair (number of heads on first two tosses, number of

heads on all three tosses),



Let H and T represent respectively, heads and tails. Then the
sample space C is given by

C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH}.

Let

X1 denote the number of H’s on the first two tosses

and

X2 denotes the number of H’s on all three flips.



Then the space of the discrete random vector (X1,X2) is given

by

Ɗ = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}.

with probabilities

P[(X1,X2)=(0,0)]= 1/8

P[(X1,X2)=(0,1)]= 1/8

P[(X1,X2)=(1,1)]= 2/8

P[(X1,X2)=(1,2)]= 2/8

P[(X1,X2)=(2,2)]= 1/8

P[(X1,X2)=(2,3)]= 1/8



Support of X2

0         1         2          3

Support of X1

0

1

2

1/8     1/8        0         0

0       2/8       2/8        0

0        0        1/8 1/8

We can conveniently table the pmf 

of the random vector (X1, X2) as:



Now, to find the marginal probabilities, 

we have:



Support of X2

0         1         2          3

Support of X1

0

1

2

1/8     1/8        0         0

0       2/8       2/8       0

0        0       1/8 1/8

2/8

4/8

2/8

1/8     3/8      3/8       1/8 8/8=1

( )
1 1Xp x

( )
2 2Xp x



Note that it is not necessary to have a formula for p(x1,x2) in

order to obtain the marginal PMFs

But

If we can develop a formula, all the better !
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Marginal Probability Density Functions                                

(explained through and example)



• In case of two continuous random variables X1 and X2, 

the joint probability density function is given by 

( )

( )

1 2

1 2

, 1 2

, 1 2 1 2

,

Obviously, 

, 1

X X

X X

f x x

f x x dx dx

 

− −

= 



• In the continuous case, the marginal pdf of X1 is found

by integrating out x2 ,i.e.,

• Similarly, the marginal pdf of X2 is found by integrating

out x1.

( ) ( ) ( )
1 1 21 , 1 2 2, 1X X Xf x f x x dx



−

= 

( ) ( ) ( )
2 1 22 , 1 2 1, 2X X Xf x f x x dx



−

= 



Example:

Let X1 and X2 have the joint pdf

( ) 1 2 1 2

1 2

0 1, 0 1
,

0

x x x x
f x x

elsewhere

+    
= 




It is easy to verify that 

( )

( )
1 2

1 1

1 2 1 2

0 0

, 1 2 1 2

1

i.e.

, 1X X

x x dx dx

f x x dx dx

 

− −

+ =

=

 

 



The marginal pdf of X1 is

zero elsewhere, 

( ) ( ) (

( )

( )

11 1 1 2
1 2

1 1 1 2 2 1 2 2 2 1 2 0

0 0 0 0

2

1 1

1 1 1 1

1
2

1 1
1 0 0 (1)

2 2

1
, 0 1

2

x
f x x x dx x dx x dx x x

x x

f x x x


= + = + = +



 
= − + − = + 

 

= +  

  



and the marginal pdf of X2 is

and zero elsewhere. 

( ) ( ) (

( )

( )

11 1 1 2
11

2 2 1 2 1 1 1 2 1 2 1 0

0 0 0 0

2

2 2

2 2 2 2

1
2

1 1
0 1 0 (1)

2 2

1
, 0 1,

2

x
f x x x dx x dx x dx x x

x x

f x x x


= + = + = +



 
= − + − = + 
 

= +  

  
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Another example of 

Computation of probabilities 

that can not be found 

through Marginal PDFs 



( )

( )

1 2 1 2

1 2

1 2

1 2

1 2

1 2

1 2

4 ,0 1,0 1,
Let ,

zero elsewhere,

be the joint pdf of  and . 

Find 

1 1
i) (0 , 1),

2 4

ii) ,

iii) ( )

and  

iv) ( ).

x x x x
f x x

X X

P X X

P X X

P X X

P X X

=    



   

=





Example:



Solution:

( )

( )

1 2 1 2

1 2

1

1 2

1 2 1 2 1 2

1 0

4

1 1

1 12 2

1 2 1 2 1 2 1 2

1 10 0

4 4

The probability density function is given by

As suc

4 ,0 1,0 1,
,

zero elsewhere,

1 1
i) (0 , 1) ,

2 4

4 4

h:

x x x x
f x x

P X X f x x dx dx

x x dx dx x x dx dx

=    



    =

 
 

= =  
 
 

 

   



( )

( ) ( )

1/21 2

1
1 2 2 2

1 0

4

21 1

2 2 2 2

1 1

4 4

1 2 21 2

2
2 2

1 1/4

4

or

1 1
(0 , 1) 4

2 4 2

1/ 2 0 1
4 4

2 2 4 2

1 1/ 41 1 1

2 2 2 2 2 2

1 1 1 15

2 2 16 2 64

x
P X X x dx

x dx x dx

x
x dx


    ==



   
= − =       

   
 = = = − 

  
  

 
= − = 

 



 





ii) Now to find P(X1=X2):

P(X1=X2) can be re-written as P(X1 - X2 = 0)

As the random variables, X1 and X2 are continuous random

variables, the difference of these random variables is also a

continuous random variable.



Now, zero is a constant 

and 

we know that the probability that a continuous random 

variable assumes a constant value is zero.

Therefore, P(X1 - X2 = 0)



iii) Find P(X1 < X2).

According to the definition,

( )
2 2

2

1 1

1 2 1 2 1 2 1 2 1 2

0 0 0 0

1 1 12 2 2

1 2 2
2 2 2 2 2 2

0 0 00

11 3
3 2
2 2

0 0

( ) , 4

0
4 4 4 .

2 2 2 2

1 0 1
2 2 2

4 4 4 2

x x

x

P X X f x x dx dx x x dx dx

x x x
x dx x dx x dx

x
x dx

 = =

    
 = = − =       

   
 = = = − =     

   

  


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Expected Value 

of a Real-Valued 

Function 

of a Random Vector



It is a straightforward extension of the concept of the

expected value of a function of a random variable.



Let (X1, X2) be a random vector and let Y = g(X1, X2) where

g : R2
→R is some real-valued function of X1 and X2;.

For example:

• Y= X1+X2,

• 22

1

X
Y X e= −



• Then Y is a random variable and we can determine its

expectation by obtaining the distribution of Y.



First and foremost, let us determine the conditions under

which the expectation (or expected value) of Y will exist.

Let us commence this discussion with the conditions that

are required in the case of a single random variable.



A random variable X will be said to have a finite or infinite 

expectation (or expected value) according as E(X) is a 

finite number or not. 

If it is finite, then the expectation exists 

and if it is infinite (i.e. if it is not finite), we shall say that 

the expectation of X does not exist.



So, naturally, we would like to determine the conditions 

under which E(X) will be finite.

By definition, 

( ) ( )

( ) ( )

1

In the discrete case

In the continuous case

 

i i

i

E X x p x

E X xf x dx



=



−

=

=







E(X) will be finite if our summation or integral converges 

absolutely.

Hence, naturally, the next question is: What is meant by 

absolute convergence?



The Concept of Absolute Convergence:

The term ‘Absolutely Convergent’ describes 
a series that converges when all terms are replaced 
by their absolute values. 

Stated a little differently, 

The term ‘Absolutely Convergent’ describes a series for 
which the sum of all its terms remains finite when 
all terms are replaced by their absolute values. 



Let X be a random variable of the discrete type with 
probability mass function p(xk )= P{X= xk }, k = 1,2,…. 

If

then, we say that the expected value of X exists and we 
write 

( )
1

,k k

k

x p x


=

 

( ) ( )
1

.k k

k

E X x p x


=

= =



Similarly, if X is a random variable of the continuous type 
with probability density function f(x)

Then, if

then, we say that the expected value of X exists and we 
write 

( ) ,x f x dx



−

 

( ) ( ) .E X x f x dx


−

= = 



A similar definition is available for a function g(X) of X.

Thus, if X is of continuous type and has probability density 

function f(x), we will say that E[g(X)] exists and equals 

provided that ( ) ( ) .g x f x dx



−

 

( ) ( )g x f x dx



−





A similar definition is available for a function g(X1, X2) of 

two random variables X1 and X2.

If both X1 and X2 are of continuous type and have a joint 

probability density function f(x1, x2), we will say that     

E[g(x1, x2)] exists and equals 

provided that

( ) ( )
1 21 2 , 1 2 1 2, , .X Xg x x f x x dx dx

 

− −

  

( ) ( )
1 21 2 , 1 2 1 2, ,X Xg x x f x x dx dx

 

− −

 



Likewise, if the random vector (X1, X2) is discrete and we let       

Y = g(X1, X2), then E(Y) exists if 

and is given by 

( ) ( )
1 2

1 2

1 2 , 1 2, , .X X

x x

g x x p x x  

( ) ( ) ( )
1 2

1 2

1 2 , 1 2, , .X X

x x

E Y g x x p x x=
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Yet another example of 

Computation of probabilities 

that 

can not be found 

through Marginal PDFs



Example:

Let A1 = {(x, y): x ≤ 2, y ≤ 4},

A2 ={(x , y): x ≤ 2,y ≤ 1},

A3 = {(x ,y): x ≤ 0,y ≤ 4},

and

A4 ={(x ,y): x ≤ 0,y ≤ 1}

be subsets of the space A of two random variables X and Y which

is the entire two-dimensional plane.

If P(A1)=7/8, P(A2)=4/8, P(A3)=3/8, and P(A4)=2/8, find P(A5),

where A5={(x ,y): 0 < x ≤ 2, 1< y ≤ 4}.



HINT: 

The required probability will be 

obtained by splitting the integrals 

representing the various probabilities.



( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( )

2 4 2 1 2 4

1

1

2 1

2

2 4

1 2

1

2 4

1

7
, , ,

8

4
,

8

So,

7 4
,

8 8

7 4
,

8 8

P A f x y dydx f x y dydx f x y dydx

P A f x y dydx

P A P A f x y dydx

f x y dydx

−  −  −

− 

−

−

= = = +

= =

= = = +

= +

     

 

 

 



( ) ( )

( ) ( ) ( )

0 4

3

2 4

1 3

0

2 4

0

,

So,

,

7 3

8 8

P A f x y dydx

P A P A f x y dydx

dydx

− 

−

−

=

= +

= +

 

 

 



( ) ( )

( ) ( ) ( )

( )

0 1

4

0 4

3 4

1

0 4

1

,

So,

,

3 2
,

8 8

P A f x y dydx

P A P A f x y dydx

f x y dydx

− 

−

−

=

= +

= +

 

 

 



( ) ( )

( ) ( )

( ) ( )

2 4

6

1

2 4

7

0

0 4

8

1

So,

7 4 3
,

8 8 8

7 3 4
,

8 8 8

and

3 2 1
,

8 8 8

f x y dydx P A

f x y dydx P A

f x y dydx P A

−

−

−

= − = =

= − = =

= − = =

 

 

 



( ) ( )

( ) ( )

2 4

5

0 1

2 4 0 4

1 1

Hence,

,

So,

, ,

3 1 2 1

8 8 8 4

P A f x y dydx

f x y dydx f x y dydx
− −

−

= − = =

 

   
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Determination of the Expectation of the 

Product of two discrete random 

variables           

(explained through an example)



Example:

Let X1X2 be two random variables with the joint pmf.

Compute

( ) ( )

( ) ( ) ( ) ( )

1 2

1 2 1 2 1 2

,

. Is ?

E X E X and

E X X E X X E X E X=

1 2
1 2

1 2

,   1
( )

(
, 2, 1,2,  

,  12

0  

)

x x
for x x

p x x

elsewhere

+
= =







Solution:

First we know that,

( )

( )

2

1

1 2 1 1 1 1 1
1 1

1,2

1 2 2 2 2
2 2

1,2

1 2 1 2 2 3
, 1,2

12 12 12 12 12

In the same way,

1 2 2 3
, 1,2

12 12 12 12

x

x

x x x x x x x
p x x

x x x x x
p x x

=

=

+ + + + + + +
= = + = = =

+ + + +
= = + = =







Therefore, as X1 and X2 are symmetric, they have the 

same pmfs and

Hence, their mathematical expectations will be equal.



Now computing

( ) ( )
( )

( )
( )

1

1
1 1

1,2

2 1 3 2 2 32 3 5 14 19
1 2

12 12 12 12 12 12x

x
E X x

=

+ ++
= = + = + =

( ) ( ) ( )
( )

( )
( )

2

2
2 1 2

1,2

2 1 3 2 2 32 3 5 14 19
1 2

12 12 12 12 12 12x

x
E X E X x

=

+ ++
= = = + = + =



Now
( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

1 2

1 2
1 2 1 2

,

1 2

1 2 1 2

.
12

1 1 1 2 2 1 2 2
1 1 1 2 2 1 2 2

12 12 12 12

2 6 6 16 30
2.5

12 12 12 12 12

On the other hand,

19 19
2.5069

12 12

Hence

x x

x x
E X X x x

E X E X

E X X E X E X

+
=

+ + + +
=  +  +  + 

= + + + = =

=  =




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Determination of the Expectation of the 

Product of two continuous random variables 

(explained through an example)



Example:

Let X1,X2 be two random variables with the joint pdf

f(x1,x2) = 4x1x2 , 0< x1< 1, 0< x2 <1, zero elsewhere.

Compute E(X1), E(X2)

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( )

2 2

1 1 2 2 1 2

1 2 1 2

2

1 1 1 2

, , , , .

Is ?

Find 3 2 6 .

E X E X E X E X and E X X

E X X E X E X

E X X X X

=

− +



Firstly, E(X1)

( )
1 1 2 1

2 1 2 1

1 1 1 1 1 1 1 1 1 2

1 1 2 1 1 2

As a rule:

( )

,( )

( ) ( )

(, )

,X XE X x f x dx x f x dx x f x x

x f x x x f x x

dx dx

dx dx dx dx

   

− − − −

   

− − − −

 
= = =  

 

 
= = 

 

   

   



Similarly, E(X2)

( )
2 2 2 1

2 1 2 1

2 2 2 2 2 2 2 2 1 2

2 1 2 2 1 2

As a rule:

( )

,( )

( ) ( )

(, )

,X XE X x f x dx x f x dx x f x x

x f x x x f x x

dx dx

dx dx dx dx

   

− − − −

   

− − − −

 
= = =  

 

 
= = 

 

   

   



Firstly, E(X1)

( )

( )

( )

1 1 1 1

2

1 1 1 2 1 1 2 1 2

0 0 0 0

1
1 1 1 12

2 2 22
1 2 1 1

0 0 0 00

1
1 3

2 2
1

2 1 2 1 2 1

2 1 1

0 0

1

1

1

,  .4  4  

1 0
4  4 . 4 .

2 2

(

2

1 0
2

3 3 3

2

3

) =

2 2

E X x f x x x x xdx dx dx dx dx dx

d

x x

x
x x x dx dxx x

x

dx

dxx

E X

 

− −

= =

= =

= =

       = −  

=

  
       

  
−  

 

 =

     

   





Then E(X2)

( )

( )

( )

1 1 1 1

2

2 2 1 2 2 1 2 1 2

0 0 0 0

1
1 1 1 12

2 2 21
2 1 2 2

0 0 0 00

1
1 3

2 2
2

1 2 1 2 1 2

1

0

2 2

2

2

2

0

,  .4  4  

1 0
4  4 . 4 .

2 2

(

2

1 0
2

3 3 3

2

3

) =

2 2

E X x f x x x x xdx dx dx dx dx dx

d

x x

x
x x x dx dxx x

x

dx

dxx

E X

 

− −

= =

= =

= =

       = −  

=

  
       

  
−  

 

 =

     

   





Similarly  E(X1X2)

( )
1 21 2 1 2 , 1 2 2 1 1 2 1 2

1 2 1 2 1 2

2 1

2 2 11 21

As a rule:

( )

,

,

( ) ( )

( , )

,

X XE X X x x f x x dx dx

d

dx dx x x f x

x

x

x x f x x x xx dx x f dx dx

   

− − − −

   

− − − −

 
= =  

 

 
= = 

 

   

   



Now E(X1X2)

( )
1 1 1 1

2 2

1 2 1 2 1 2 1 2 1 2 1 2

0 0 0 0

1
1 1 1 13

2 2 2 21
1 2 2 2

0 0 0 00

1
1 3

2 2

1 2 1 2 1 2

1 2 2

2

0

2

2

0

,  .4  4  

1 0
4  4 . 4 .

3 3 3

1 0

3

( ) =

4 4 4

3 33 33

E X X x x f x x dx dx dx dx dx dx

dx

x x x x x x

x
x x dx dx dx

dx

x x

x
x

 

− −

= =

       = −     
     

= =

=

 

  
− 

 
= =

     

   



( ) ( ) ( )1 2 1 2

4

9

2 2 4

3 3 9
E X X E X E X

=

  
 = = =  

  
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Determination of 

the Expectation of the Ratio of two continuous 

random variables 

(explained through an example)



Example:

Let X1 and X2 have the pdf

Suppose the random variable Y is defined by Y=X1/X2

and we are interested to determine the E(Y).

( ) 1 2 1 2

1 2

8 0 1
,

0

x x x x
f x x

elsewhere

  
= 




Solution:

We can determining E(Y) in two ways.

The first way is by definition, i.e., find the distribution of

Y and then determine its expectation.



( ) ( ) ( )
2

22

1

1 2 1 2 1 2

0 0

1 1 12 2 2

1 2
1 2 1 2 2 2 2 2

0 0 0 00

2 2

2
2

 

8

0
8 8

The cdf of , for 0    1, is derived as fol

8
2 2 2

8
2

lows:

yx

Y

yxyx

F y P Y y P X yX x x dx dx

x y x
x x d

Y y

x dx x dx x dx

y x
x d



=  =  =

     
 = = = −             

  
=   





 

 

   

11 1 4
2 3 2 22

2 2 2

0 0 0

2 2

1 0
4 4 4

4 4 4

1
4 .

4

x
x y x dx y y

y y

   
 = = = −     

 
= = 

 

 



( )

( ) ( )

2

e

H

 

enc

And hence, th pd o

e

0 1

0

f f Y i

2 0

s

1

0

Y

Y Y

y y
F y

elsewhere

y y
f y F y

elsewhere

  
= 


 
= = 





which leads to

( ) ( )

( )

1

0

11 3
2

0 0

2

1 0 1
2 2 2 2

3 3 3 3

2
,

3

E Y y y dy

y
y dy

E Y

=

    
= = = − =       

 =







( )
2 2

2

1 1

21 1
1 2 1 2 1 1 2

2 20 0 0 0

1 1 13 3 3

1 2 2
2 2 2

0 0 00

11 4
3 2
2 2

0 0

8 8

0
8 8 8

3 3 3 3

8 8 8 1

3 3 4 3 4

x x

x

X x
E Y E x x dx dx x dx dx

X x

x x x
dx dx dx

x
x dx

         
= = =      

         

             
= = − =                    


= = = −



   

  


0 8 1 2

.
4 3 4 3

 
=  = 

 
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Topic No. 91

How to obtain 

product moments and simple moments 

from the MGF 

of a random vector?



In a simplified notation

( )
( )

( )
( )

( )
( )

( )
( )

1 2

2 2

2 2

2 2

1 2

0,0 0,0
,

0,0 0,0
,

M M
E X E Y

t t

M M
E X E Y

t t

 
= =

 

 
= =

 



( )
( )2

1 2

and

0,0M
E XY

t t


=

 



( )
( )

( )
( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )

1

1

2

2

22
22 2

1 2

1 1

22
22 2

2 2

2 2

T r

0,0
,

0,0

and

0,0

0

her

0,0

0, 0,0

efo e

M
E X

t

M
E Y

t

M M
E X E X

t t

M M
E Y E Y

t t










= =




= =



   
= − = −          

   
= − = −          



( )( ) ( ) ( ) ( )

( ) ( ) ( )

1 2

2

1 2 1 2

A

.

nd, as far as the Co variance is concerned

we have

0,0 0

And from the above we can compute 

the corre o

,0 0,0

lati n coefficient 

E X Y E XY E X E Y

M M M

t t t t





− − = −  

    
= −   

     



• Thus the correlation coefficient may be computed by

using the mgf of the joint distribution if that function is

readily available.
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Expected  Value of a Random 

Vector 

(defined in terms of Component 

wise expectation)



Definition

(Expected Value of a Random Vector)

Let X be a random vector.

Then the expected value of X exists if the expectations of

X1 and X2 exist.

( )1 2,X X =



If E(X1) and E(X2) exist, then the expected value of X is given by

E(X)
( )

( )

1

2

E X

E X

 
=  
  



Similarly, if we toss two fair coins together, then 

expected value of X1 =  1

AND

if we toss a fair die, then expected value of X2 = 3.5



If E(X1) and E(X2) exist, then the expected value of X is

given by

( )

( )

1

2

1
( )

3.5

E X

E
X

X
E

   
= =   

   



If we consider the two experiments together, then the expected value

of X is given by

 
( )

( )

1

2

1

3.5

E X
E X

E X

   
= =   

   
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Linear Combination 

of Expected Values 

of Real-Valued Functions of a Random Vector

(explained through an example)



Theorem:

Let (X1, X2) be a random vector, and,

let Y1= g1(X1, X2) and Y2= g2(X1, X2) be random variables the

expectations of which exist.

Then, for all real numbers k1 and k2,

( ) ( ) ( )1 1 2 2 1 1 2 2 (1)E k Y k Y k E Y k E Y+ = +



Before we begin the proof, let us remind ourselves 

what is meant by the existence of a function of 

two random variables. 



If Y=g(X1, X2) is a function of two random variables X1

and X2 both of which are of the continuous type and have 

a joint probability density function f(x1, x2), we will say 

that     E[g(x1, x2)] exists and equals 

provided that

( ) ( )
1 21 2 , 1 2 1 2, , .X Xg x x f x x dx dx

 

− −

  

( ) ( )
1 21 2 , 1 2 1 2, ,X Xg x x f x x dx dx

 

− −

 



In other words, if Y = g(X1, X2) ,

then

provided that

( ) ( ) ( )
1 21 2 , 1 2 1 2, ,X XE Y g x x f x x dx dx

 

− −

=  

( ) ( )
1 21 2 , 1 2 1 2, , .X Xg x x f x x dx dx

 

− −

  



Focusing on the theorem again:

( ) ( ) ( )

1 2

1 1 1 2 2 2 1 2

1

1 1 2 2 1 2

2

1 2

T

)

heorem: Let ,  be a random vector, 

and let ,  and ,  be 

random variables the expectations of which exist.   

Then, for all real numbers k and 

)

( )

( ) (

(

,

1

X X

Y g X X Y g X X

E k Y k Y k E Y

k

k E Y

= =

+ = +



Proof:

For the continuous case, the existence of the expected

value of k1Y1+k2Y2 follows directly from the triangle

inequality and linearity of integrals.



So, let us first see what is meant by the Triangle Inequality:

• For any triangle the sum of the length of any two sides 

must be greater than or equal to the length of the third 

side. 



So now according to Euclidian geometry:

• If x and y are two real numbers than the absolute value 

(the modulus) of |x+y| is less than or equal to the 

modulus of |x| and modulus of |y| 

x y x y+  +



Reverting back to the Proof:

For the continuous case, the existence of the expected value of

k1Y1+k2Y2 follows directly from the triangle inequality and

linearity of integrals.



( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

1 1 1 2 2 1 1 2 1 1 1 2 2 2 1 2

1 1 1 2 2 1 1 2 1 1 1 2 2 2 1 2

1 1 1 2 2 1 1

Now, according to the triangle inequality, for any two real numbers  and ,

.

This implies that 

, , , ,

, , , ,

, ,

x y

x y x y

k g x x k g x x k g x x k g x x

k g x x k g x x k g x x k g x x

k g x x k g x x

+  +

+  +

 +  +

 + ( ) ( )

( ) ( )( ) ( )

( ) ( ) ( )

( ) ( )( ) ( )

1 2

1 2

1 2

1 2

2 , 1 2

1 1 1 2 2 2 1 2 , 1 2

1 1 1 2 2 1 1 2 , 1 2

1 1 1 2 2 2 1 2 , 1 2

,

, , ,

or

, , ,

, , ,

X X

X X

X X

X X

f x x

k g x x k g x x f x x

k g x x k g x x f x x

k g x x k g x x f x x

 +

+

 +



( ) ( ) ( )

( ) ( )( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

1 2

1 2

1 2

1 2 1 2

1 1 1 2 2 1 1 2 , 1 2

1 1 1 2 2 2 1 2 , 1 2

1 1 1 2 2 1 1 2 , 1 2

1 1 1 2 , 1 2 2 2 1 2 , 1 2

Now , , ,

, , ,

can be re-written as

, , ,

, , , ,

....(1)

X X

X X

X X

X X X X

k g x x k g x x f x x

k g x x k g x x f x x

k g x x k g x x f x x

k g x x f x x k g x x f x x

+

 +

+

 +



Now, let us consider the concept of Linearity of 

Integration:

• In calculus, the integral of any linear combination of 

functions equals the same linear combination of the 

integrals of functions,; this property is known as 

linearity of integration.

• Linearity of integration is related to the linearity of 

summation, since integrals are thought of as infinite 

sums.



( ) ( ) ( )

( ) ( )

( ) ( )

1 2

1 2

1 2

1 1 1 2 2 1 1 2 , 1 2 1 2

1 1 1 2 , 1 2 1 2

2 2 1 2 , 1 2 1 2

As such, applying integrals on both sides of inequality (1), 

we have

, , ,

, ,

, ,

X X

X X

X X

k g x x k g x x f x x dx dx

k g x x f x x dx dx

k g x x f x x dx dx

 

− −

 

− −

 

− −

+



+

 

 

 



( )   ( ) ( )

( )

1 21 1 2 , 1 2 11 2

1 1 1 2 2 2 1 2

1 1 2

2 2 1

Now, according to the statement of the Theorem,

,  and ,

are random variables the expectations of which exist

i.e.

,  exists

( ) ( )

( ) , , .

,(

X X

Y g X X Y g

g x x f x x dxX

X X

E Y E g X

E g

dx

Y E X

 

− −

= =

=   

=

 

  ( ) ( )
1 22 1 2 , 1 2 12 2) , exist ,s X Xg x x f x x dx dxX

 

− −

  



( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

( )

1 2

1 2

1 2

1 2

1 1 1 2 2 1 1 2 , 1 2 1 2

1 1 1 2 , 1 2 1 2

2 2 1 2 , 1 2 1 2

1 1 1 2 2 1 1 2 , 1 2 1 2

1 1 1 2 2 1 1

Hence , , ,

, ,

, ,

Therefore , , ,

=E , ,

X X

X X

X X

X X

k g x x k g x x f x x dx dx

k g x x f x x dx dx

k g x x f x x dx dx

k g x x k g x x f x x dx dx

k g x x k g x x

 

− −

 

− −

 

− −

 

− −

+



+  

+  

+

 

 

 

 

( )2  exists.  



By once again using linearity of the integral, we have

i.e., the desired result.

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

1 2

1 2 1 2

1 1 2 2 1 1 1 2 2 1 1 2 , 1 2 1 2

1 1 1 2 , 1 2 1 2 2 2 1 2 , 1 2 1 2

1 1 2 2

, , ,

, , , ,

,

X X

X X X X

E k Y k Y k g x x k g x x f x x dx dx

k g x x f x x dx dx k g x x f x x dx dx

k E Y k E Y

 

− −

   

− − − −

+ = +  

= +

= +

 

   
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Transformation in the case 

of a Bivariate Probability Mass Function 

(explained through an example)



• Let (X1,X2) be a random vector.

• Suppose we know the joint distribution of (X1,X2) and we seek the

distribution of a transformation of (X1,X2), say, Y=g (X1,X2) or

Y1=g1 (X1,X2), Y2=g2(X1,X2)

• We may be able to obtain the cdf of Y. Another way is to use a

transformation.



It is best to discuss the discrete and continuous cases 

separately.



DISCRETE CASE:

• Let pX1,X2(x1,x2) be the joint pmf of two discrete-type random

variables X1 and X2 with S the (two-dimensional) set of points at

which pX1,X2(x1,x2) > 0; i.e., S is the support of (X1,X2).

• Let y1=u1(x1,x2) and y2 = u2(x1,x2) define a one-to-one

transformation that maps S onto T



( ) ( )

( )
( ) ( ) ( )

1 1

1 1

1 1 1 2 2 2 1 2

, 1 1 2

,

1

2

1

2

1

2

2

2

2

1 1

1

2 1 2

The joint pmf of the two new random variables

is given by

where , , ,  

is the single-valued inverse o

, and ,

, , , ,
,

0 ,

( ) ( )

X X

Y Y

x w y y x w y

y

Y u X X Y u X X

p w y y w y y y T
p y y

elsewhere

y

= =

  
=

=





=

 


( ) ( )1 1 1 2 2 2 1 2, and , .

f

y u X X y u X X= =



In using this change of variable technique, it should be

emphasized that we need two “new” variables to replace the

two “old” variables.



After we have found the joint pmf                       we may obtain 

the marginal pmf of Y1 by summing on y2 or the marginal pmf 

Y2 by summing on y1.

1 2, 1 2( ),,Y Y yp y
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Transformation in the case 

of a Bivariate Probability Mass Function 

(explained through an example)



Example:

Let X1 and X2 have the joint pmf

where µ1 and µ2 are fixed positive real numbers.

Note: The space S is the set of points (x1,x2), where each of x1

and x2 is a non-negative integer.

( )

1 2 1 2

1 2

1 2
1 2

, 1 2 1 2

, 0,1,2,3,..., 0,1,2,3,...
, ! !

x x

X X

e
x x

p x x x x

zero elsewhere

   − −
= =

= 





• Suppose that we wish to find the pmf of Y1=X1+X2.

• If we use the change of variable technique, we need to

define a second random variable Y2.



Because Y2 is of no interest to us, let us choose it in such a way

that we have a simple one-to-one transformation.

For example, take Y2 = X2.

Then y1=x1+x2 and y2=x2 represent a one-to-one transformation

that maps S onto

Note that if (y1,y2) ϵ T, then 0 ≤ y2 ≤ y1.

( ) 1 2 2 1 1, : 0,1,..., and 0,1,2,...T y y y y y= = =



( ) ( )
( )

1 2 2 1 2

1 2

1 1 2 2 2

1 2
1 2

1

2

2

1

2, 1 2

The inverse functions are given by

Thus the joint pmf of  

.

, , ,
! !

and  s

,

i

y y y

Y Y

Y Y

yx y and x y

e
y y T

y y yp y y

zero elsewhere

  − − −

= − =




−= 


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Transformation in the case 

of a Bivariate Probability Density Function 

using the Jacobian of Transformation 

(explained through an example)



Example:

Suppose (X1,X2) have the joint pdf

The support of (X1,X2) is then the set 

S={(x1,x2) : 0 < x1 <1, 0 < x2 < 1} 

( )
1 2

1 2

, 1 2

1 0 1,0 1
,

0 .
X X

x x
f x x

elsewhere

   
= 




Suppose Y1= X1+X2 and Y2= X1- X2 . 

where,

( )

( )

1 1 1 2 1 2

2 2 1 2 1 2

,

, .

y u x x x x

y u x x x x

= = +

= = −



• This transformation is one-to-one.

• We first determine the set T in the y1y2-plane that is the

mapping of S under this this transformation.



• Inverse function

( )

( )

1 1 2 2 1 2

1 2
1 2 1 1 1 1 2

1 2
1 2 2 2 2 1 2

,

implies that

2 ,
2

&

2 , .

N

2

ow y x x y x x

y y
y y x x w y y

y y
y y x x w y y

= + = −

+
+ =  = =

−
− =  = =



Next, the Jacobian is given by

1 1

1 2

2 2

1 2

1 1

1 1 2 12 2

1 1 4 4 4 2

2 2

1
.

2

x x

y y
J

x x

y y

J

 

 
= = = − − = − = −
 

−
 

 =



2

1

1 2 1

1 2 2 1 2 1 1

2

2

0  1     0   1 

we can writ

.

e

and it is easy to see t

N

hat these ar

ow, using the inequalities 

0 1 and

 e equivalent t

2

0 1
2 2

, 2 , ,

and these define the s  

o

et T

y y y y

y

x and x

y y y y y y y

   

+ −
   

−   −  − 



Hence, the joint pdf of (Y1,Y2) is given by

( )
( )

( )
( )

1 2

1 2

1 2

1 2 1 2
, 1 2

, 1 2

1 2

, 1 2

, . , ,
, 2 2

0

or

1
1. , ,

, 2

0

X X

Y Y

Y Y

y y y y
f J y y T

f y y

elsewhere

y y T
f y y

elsewhere

 + − 
  

=  






= 





( )
( )

1 2

1 2

1 2

, 1 2

In other words, the joint pdf of ( , ) is given by

1
, ,

, 2

0
Y Y

Y Y

y y T
f y y

elsewhere




= 


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Transformation in the case of 

a Bivariate Probability Mass Function 

using the MGF technique

(explained through an example)



Example:

Here X1 and X2 have the joint pmf

where µ1and µ2 are fixed positive real numbers.

( )

1 2 1

1 2

2

1 2
1 2

, 1 2 1 2

0,1,2,3,..., 0,1,2,3,...,
, ! !

0 ,

x x

X X

e e
x x

p x x x x

elsewhere

   − −
= =

= 





( ) ( )

( ) ( )

11

22

1 1

1

1

MGFof

t

t

etX

etX

X and X

E e e

E e e





−

−

 =
  

 =
  



Let Y = X1+X2 and consider

( ) ( ) ( )1 2

1 2

1 2

1 1 2 2

1 2

1 2

, 1 2

0 0

0 01 2

,

! !

t x xtY

X X

x x

x x
tx tx

x x

E e e p x x

e e
e e

x x

  

 
+

= =

− − 

= =

=

=



 



( )
( ) ( )

( ) ( )

( )( )

1 2

1 2

1 2

1 2

1 2

1 2

0 01 2

1 1

1

! !

.

t t

t

x x
t t

tY

x x

e e

e

e e
E e e e

x x

e e

e

 

 

 

  
− −

= =

− −

+ −

   
   =
   
   

   =
      

=

 

Note that the factors in the brackets in the next-to-least equality are

mgfs of X1 and X2, respectively.

Hence, the mgf of Y is the same as that of X1 except µ1 has been

replaced by µ1+µ2.



Therefore,

By the uniqueness of mgfs, the pmf of Y must be

( ) ( ) ( )
1 2 1 2

, 0,1,2,...,
!

y

Yp y e y
y

   − + +
= =
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Characteristic Function 



( )

( ) ( )

The Characteristic function of a probability distribution 

is denoted by  and is defined as the expected value

of  i.e.

E

where  is an arbitrary real number and  is the imaginary

number gi

X

itX

itX

X

t

e

t e

t i



 =

ven by 1 .i= −



( ) ( )

If the PDF of  is given by ( ), then 

  E ( ) .itX itx

X

X f x

t e e f x dx


−
= = 



The characteristic function exists for every distribution and it 
possesses the uniqueness property. In other words, every 
distribution has unique characteristic function. 

In other words, the characteristic function uniquely identifies 
the probability distribution. 

In fact, it completely determines the behavior and properties 
of the distribution.



Algebraic expressions of Some well-known 

Characteristic Functions



Characteristic Functions of some well-known             

discrete distributions:

( )1P X p= = 1 itp pe− +

Distribution Cumulative function ϕ(t)

Bernoulli 



Characteristic Functions of some well-known             

discrete distributions:

Distribution Cumulative function ϕ(t)

Binomial ( ),B n p ( )1
n

itp pe− +



Characteristic Functions of some well-known             

discrete distributions:

Distribution Cumulative function ϕ(t)

Poisson ( )Pois  ( )1ite
e
 −



Characteristic Functions of some well-known             

discrete distributions:

Distribution Cumulative function ϕ(t)

Geometric ( )
1

1
k

p p
−

−
( )1 1

it

it

pe

p e− −



Characteristic Functions of some well-known             

discrete distributions:

Distribution Cumulative function ϕ(t)

Uniform (discrete) ( )U ,a b

( )

( )( )

1

1 1

b itait

it

e e

b a e

+
−

− + −



Characteristic Functions of some well-known             

continuous distributions:

Exponential 

Normal 

Chi-squared

Gamma 

Cauchy 

Laplace



Distribution Characteristic Function 

φ(t)

Exponential Exp(λ)

Normal N(µ, σ2)

( )
1

11 it
−

−−

2 21

2

ite t −



Distribution Characteristic 

Function φ(t)

Chi-squared X2
k

Gamma Γ(k, θ)

Cauchy Cauchy(µ ,θ)

Laplace L( µ, b)

( ) 21 2
k

it
−

−

( )1
k

it
−

−

it t
e

 −

2 21

ite

b t



+
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Topic No. 99

Derivation of mean and variance 

of a distribution from its 

Characteristic Function  
(by repeated differentiation of the Characteristic Function )



If X has a distribution with characteristic function , then, if

E(X) and E(X2) exist, they are given respectively, by

( ) ( ) ( ) ( )2 20 and  0 .iE X i E X  = =

( )t



Example:

• Use the characteristic function of the Exponential 

distribution in order to find the mea and variance.



Solution:

CF of exponential distribution is given by 

( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )
( )

1 1 1

2 2

2

Now, taking the first derivative w.r.t 't', we get

1

0 (1) ( )

t
it

d d d
t it it it

dt it dt dt

d i
it i it i

dt it







     




   



− − −

− −

=
−

 
 = = − = − − − 

− 

= − − − = − − − =
−



Now putting t=0, we have

( )
( )( ) ( ) ( )

( ) ( )

2 2 2
0

00

Therefore,

1
0 .

i i i i

i

i
i iE X

  


 


 

 = = = =
−−

 
 = = = 

 



( )
( )

( ) ( )( ) ( )

( ) ( )
( ) ( )

2 2 1

2

2
3 2

3 3

Now, taking the second derivative w.r.t 't', we get

2

2 2
2 0 (1) ( 1 1)

d i d d
t i it it it

dt dt dtit

d i
it i i i

dt it it


     



 
 

 

− − −

−

 
 = = − = − − − 

 − 

−
= − − − = = = −  = −

− −



Now putting t=0, we have

( )
( ) ( )

( ) ( )

3 3 2 2

2 2 2 2

2 2

2 2 2 2
0

0

Therefore,

2 2
0 1 . ( 1, 1)i i E X i i

 


  


 

− − − −
 = = = =

−

   
 = − = = = − = −   

   



As we know that,

( ) ( )

( ) ( )

22

2

2 2

2 2 2 2

( )

Therefore, putting the values in the above

1 1 1 1 2

V X E X E X

E X E X
    

= −   

 
= −  = + = 

 



For any distribution, if a higher moment exists, then all 

lower moments necessarily exists.



It is worthwhile to note that

( ) ( )t M it =
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Topic No. 100

Concept of Conditional distribution 
with the help of an example



Introduction

The conditional probability of even A, given event B, as

provided P(B)≠ 0. 

( )
( )

( )
|

P A B
P A B

P B


=



Suppose now that A and B are the events X=x and Y=y so 
that we can write

provided P(Y=y) = h(y) ≠ 0, where f(x , y) is the value of 
the joint probability distribution of X and Y at (x , y). 

( )
( )

( )

( )

( )

, ,
|

P X x Y y f x y
P X x Y y

P Y y h y

= =
= = = =

=



Definition

If f(x , y) is the value of the joint probability distribution of the 

discrete random variables X and Y at (x , y), and h(y) is the value 

of the marginal distribution of Y of y, the function given by

for each x within the range of X, is called the conditional 

distribution of X given Y=y.

( )
( )

( )
( )

,
| , 0

f x y
f x y h y

h y
= 



Example:

Let zero elsewhere, and

zero elsewhere, denote, respectively, the

conditional pdf of X1, given X2 = x2, and the marginal pdf of X2.

Determine:

( ) 2

1|2 1 2 1 2 1 2 2| 2 / ,0 ,0 1f x x x x x x x=    

( ) 4

2 2 2 25 ,0 1,f x x x=  

( ) 1

1 1
.

4 2
d P X

 
  

 



Solution:

First we will find the marginal of x1

( )

( )

1

1 1

1

1 1

2 2

1 1 2 2 1 2 2

1
3 3 4

32 1 1 1
1 1 1 1

10 10

10 101 10
10 10 1

3 3 3 3 3 3

X

x x

x

f x x x dx x x dx

x x x x
x x x x

= =

  
= = − = − = −   

 



Now, 

( )
1/2 1/21/2 2 5

4 1 1
1 1 1 1

1/4 1/4 1/4

1 1 10 10

4 2 3 3 2 5

10 1 1 1 1

3 4 2 16 2 32 5 1024 5

x x
P X x x dx

  
   = − = −      

    
= − − −           





1

1 1 10 1 1 1 1

4 2 3 8 32 160 5120

10 4 1 32 1 10 3 31

3 32 5120 3 32 5120

10 480 31 4490 449
.

3 5120 3 5120 1536

P X
      

  = − − −      
      

 − −      
= − = −      

      

− 
= = = 

 
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Topic No. 101

The Concept of 

Conditional Expectation,                                                                                                     

Conditional Mean and Conditional Variance                                                                                    

(explained through an example) 



If u(X2) is a function of X2, the conditional expectation of u(X2), 

given that X1=x1, if it exists, is given by 

Note that E[u(X2) | x1] is a function of x1. 

( ) ( ) ( )2 1 2 2|1 2 1 2| | .E u X x u x f x x dx


−
=   



If  they do it exists, then E(X2| x1) is the mean 

and 



is the variance of the conditional distribution of X2 given 

X1=x1, which can be written more simply as  Var(X2 | x1).

( ) 2

2 2 1 1| | ,E X E X x x−  



It is convenient to refer to these as the “conditional

mean” and the “ conditional variance” of X2, given X1=

x1.

Also, we have

from an earlier result.

( ) ( ) ( )
22

2 1 2 1 2 1| | |Var X x E X x E X x= −   



The conditional expectation of u(X1), given X2= x2, if it

exists, is given by

In the case of when random variables of the discrete

type, these conditional probabilities and conditional

expectations are computed by using summation instead

of integration

( ) ( ) ( )1 2 1 1|2 1 2 1| | .E u X x u x f x x dx


−
=   



Example:

Let X1 and X2 have the joint pdf

( ) 1 2

1 2

2 0 1
,

0 .

x x
f x x

elsewhere

  
= 




Then the marginal probability density functions are,

respectively,

and

( )
( )

1

1

2 1 1

1 1

2 2 1 0 1

0 .

x

dx x x
f x

elsewhere


= −  

= 





( )

2

1 2 2

2 2 0

2 2 0 1

0 .

x

dx x x
f x

elsewhere


=  

= 







The conditional pdf of X1, given X2 = x2, 0 < x2<1, is

( )
1 2

2 21|2 1 2

2 1
0

2|
1

0 .

f x x
x x

x x

elsewhere




= 
=








Here the conditional mean and the conditional variance

of X1 ,given X2 = x2, are respectively,

  ( )

2

1 2 1 1|2 1 2 1

2
1 1 2

0
2

| |

1
, 0 1,

2

x

E X x x f x x dx

x
x dx x

x



−
=

 
= =   

 







and

( )
2

2

2
1 2 1 1

0
2

2

2
2

1
|

2

, 0 1.
12

x x
Var X x x dx

x

x
x

  
= −   

   

=  


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Topic No. 102

Rigorous proof of the theorem containing the results                                                                         

E[E(X2|X1)]=E(X2) 



Theorem:

Let (X1, X2) be a random vector such that E(X2)is finite. 

Then,

E[E(X2|X1)]= E(X2).



Proof:

( ) ( )

( )

2 2 2 2

2 1 2 1

 

But  

( ) ,

E X x h x dx

h x f x x dx



−



−

=

=







( )

( ) ( )

( ) ( )

2

2 2 1 2 1 2

2 1 2 1 2 2 1 2 2 1

Therefore, can be written as

,

, ,

E X

E X x f x x dx dx

x f x x dx dx x f x x dx dx

 

− −

   

− − − −

 
=  

 

= =

 

   



( )

( )
( )

( )
( )

( )

( )
( )

( ) ( ) ( ) ( )

1 1 2

1 2

2 2 2 1 1 1

1 1

1 2

2 2 2 1

1 1

2 2 1 1 1 1 2 1

Multiplying and dividing by ( ), can be written as

,

,
But  |

Therefore

| | .

f x E X

f x x
E X x dx f x dx

f x

f x x
x dx E X x

f x

E X E X x f x dx E E X x

 

− −



−



−

 
=  

 

=

= =   

 







Hence, we can write

This is sometimes called the law of total expectation

and sometimes it is called the law of iterated expectations.

( ) ( )2 2 1| .E X E E X X=   
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The Correlation Coefficient 
(explained through an example)



• Let X and Y have the joint pdf f(x ,y).

• If u(x ,y) is a function of x and y, then E [u(X,Y)] can be

determined, if it exists.

• Here, let us assume that all mathematical expectations

exist.



The means of X and Y, say µ1 and µ2, are obtained by taking

u(x ,y) to be x and y, respectively;

i.e.

µ1 = E [u(X,Y)]= E [X]

&

µ2 = E [u(X,Y)]= E [Y]

and

the variances of X and Y, say σ1
2 and σ2

2, are obtained by setting

the function u(X,Y) equal to (x - µ1)
2 and (x - µ2)

2, respectively.



Covariance

• Consider the mathematical expectation

• This number is called the covariance of X and Y and is

often denoted by cov(X,Y).

( )( ) ( )

( ) ( ) ( )

( )

1 2 2 1 1 2

2 1 1 2

1 2

E X Y E XY X Y

E XY E X E Y

E XY

     

   

 

− − = − − +  

= − − +

= −



Correlation

If each of σ1 and σ2 is positive, the number

is called the correlation coefficient of X and Y.

( )( ) ( )1 2

1 2 1 2

cov ,E X X X Y 


   

− −  = =



Example:

Let the random variables X and Y have the joint pdf

We next compute the correlation coefficient ρ of X and Y.

( )
0 1,0 1

,
0 .

x y x y
f x y

elsewhere

+    
= 




Now

( ) ( )

( ) ( )

1 1

1

0 0

21 1

2 2 2 2

1 1

0 0

7

12

&

7 11
.

12 144

E X x x y dxdy

E X x x y dxdy



 

= = + =

 
= − = + − = 

 

 

 



Similarly,

( ) ( )2 2 2

2 2 2

7 11
.

12 144
E Y and E Y  = = = − =



Therefore, the covariance of X and Y is

( ) ( )
21 1

1 2

0 0

7 11
.

12 144
E XY xy x y dxdy 

 
− = + − = − 

 
 



Accordingly, the correlation coefficient of X and Y is

Implying that their exists a very weak negative linear

correlation between X and Y.

1
1144 0.09
1111 11

144 144


−

= = − = −
  
  
  
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Topic No. 104

Properties 
of the 

Correlation Coefficient



1. Coefficient of Correlation lies between -1 and +1:

The coefficient of correlation cannot take value less than -

1 or more than one +1. Symbolically,

-1 ≤ ρ ≤ + 1 or | ρ | <1.



‘Upward-going’ scatter-diagram: 0 < ρ ≤ 1



Neither upward nor downward scatter-diagram: ρ =0



‘Downward-going’ scatter-diagram: -1 ≤ ρ < 0
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Properties 
of the 

Correlation Coefficient



1. Coefficients of Correlation are independent of Change 

of Origin

2. Coefficient of Correlation is independent of Change of 

Scale



2. Coefficients of Correlation are independent of Change of 
Origin:

This property reveals that

if we subtract any constant from all the values of X (or add
any constant to all the values of X)

and

subtract any constant from all the values of Y (or add any
constant to all the values of X),

it will not affect the coefficient of correlation.



In other words,

where

A & B

X YD D XY

X YD X D Y

 =

= − = −



2. Coefficient of Correlation is independent of Change 

of Scale:

This property reveals that if we divide or multiply all the 

values of X by any constant and divide or multiply all the 

values of Y by any constant, it will not affect the 

coefficient of correlation.

where

&
A B

UV XY

X Y
U V

 =

= =
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Topic No. 106

Properties 
of the 

Correlation Coefficient



4. Coefficient of Correlation possess the property of 

symmetry

ρXY  = ρYX



5. Co-efficient of correlation measures only linear 

correlation between X and Y.



‘Upward-going’ scatter-diagram: 0 < ρ ≤ 1



6. If two variables X and Y are independent, coefficient of 

correlation between them will be zero.
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Topic No. 108

Example of computation of the 

variance of a conditional distribution 

in the case of joint PDF of two random variables



Example:
Given the pdf

Show that the variance of the conditional distribution of Y, given X=x, is
(1-x)2/12, 0 < x <1,

and that the variance of the conditional distribution of X, given Y = y, is
y2/12, 0 < y < 1.

2,  0    ,  0   1,  
( ),  

 

x y y
f x y

zero elsewhere

   
 





1. “Complicated” domain:

In this regard, the first thing to note is that

can be re-written as

and that                       can be re-written as  

0 ,  0  1x y y   

0  1x y  

0  1x y   0 1, 1x x y   



First and foremost, we need to find each of the two 

marginal distributions:



Because of the nature of the support of the bivariate density function, 

when finding marginal distributions:

the limits of the integral with respect to x are to be 0 to y

(and this will give us the marginal distribution of y i.e. fY(y)) 

and

the limits of the integral with respect to y are to be x to 1.

(and this will give us the marginal distribution of x i.e. fX(x)) 



     

     

1
1

0

0

As such:

Marginal distribution of :

2 2. 2 1 , 0 1

and

Marginal distribution of :

2 2. 2 0 2 , 0 1

X x

x

y
y

Y

X

f x dy y x x

Y

f y dx x y y y

     

      







 
 

 

 
 

   

Then, the conditional distributions are as follows: 

, 2 1
| , 0

2

and

, 2 1
| , 1

2 1 1

(Note the domains (i.e. supports) of the two distributions.)

Y

X

f x y
f x y x y

f y y y

f x y
f y x x y

f x x x

    

    
 



 
 

 

   
2 2

0 0 0

2

Now, since

, 2 1
| , 0

2

Therefore the conditional mean of  given  is

1 1 1
| . | . 0

2 2

1
. , 0 1

2 2

yy y

f x y
f x y x y

f y y y

X Y y

x y
E X Y y x f x y dx x dx

y y y

y y
y

y

    



  
       

 

   

 



   
3

2 2 2

0 0 0

3 3 2

Similarly

1 1
| . | .

3

1 1
0 . , 0 1

3 3 3

yy y
x

E X y x f x y dx x dx
y y

y y y
y

y y


   



 
      

 

 



     
22

22

2 2 2 2 2

Therefore,

Var | | |
3 2

4 3
, 0 1.

3 4 12 12

y y
X y E X y E X y

y y y y y
y

 
       

 


     
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Topic No. 109

The Conditional Mean of Y given X 

that is linear in X



Let f(x,y) denote the joint pdf of two random variables X

and Y and let f1(x) denote the marginal pdf of X.

So, the conditional pdf of Y, given X=x, is given by

at the points where f1(x) > 0;

 
 

 
2|1

1

,
|

f x y
f y x

f x




and the conditional mean of Y, given X = x, is given by

   
 

 

 

 
2|1

1 1

,
,

| |

yf x y dy
yf x y

E Y x yf y x dy dy
f x f x



 



 

  


 



This conditional mean of Y, given X=x, i.e. E(Y|X) is, of

course,

a function of x, say u(x).

Why ?

Have a close look at the expression

 

 1

,

.

yf x y dy

f x









In case u(x) is a linear function of x,

say

Then we can say that the conditional mean of Y given x is linear

in x;

or that E(Y|x) is a linear conditional mean.

 u x a bx 



If E(Y|X) is linear in X then there are some theoretical 

results pertaining to E(Y|X) and E(Var(Y|X)): 



Theorem:

Suppose (X,Y) are a joint distribution with the variances of X
and Y finite and positive.

Denote the mean and variances of X and Y by µ1,µ2 and σ1
2,σ2

2,
respectively,

and let ρ be the correlation coefficient between X and Y.



If E(Y|X) is linear in X then

and

     2
2 1

1

| 1E Y X X


  


  

      2 2

2Var | 1 2E Y X   



and

      2 2

2Var | 1 2E Y X   



The Conditional Variance can be interpreted as a 

Random Variable: 

Actually, both E(Y|X) and Var(Y|X) can be considered as 

random variables. 



Let us consider an example: 

Suppose we are interested in the mean heights of people of 

various races and also in the variances of the heights of people 

of various races.

(Race is a socially meaningful category of people who share 

biologically transmitted traits that are obvious and considered 

important.)



If Y = height and X = race for persons in a certain population, 

then 

E(Y | X) =E(height | race) is the variable which assigns to each 

person in the population the mean height for that person's race.

and

Var(Y | X) =Var(height | race) is the variable which assigns to 

each person in the population the variance of height for that 

person's race.



Then, obviously,  

E[E(Y | X)] =E[E(height | race)] is the expected value of the variable 

E(Y | X) i.e. the expected value of the mean heights of various races.

and

E[Var(Y | X)] =E[Var(height | race)] is the expected value of the 

variable 

Var(Y | X) i.e. the expected value of the variances of the heights of 

various races.
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The Concept of 

Independent Random Variables

(explained through an example)



Let X1 and X2 denote the random variables of the continuous

type which have the joint pdf f(x1,x2) and marginal probability

density functions f1(x1) and f2(x2), respectively.

Then, in accordance with the definition of the conditional pdf

f2|1(x2|x1), we many write the joint pdf f(x1,x2) as

       1 2 1 1 2|1 2 1, | 1f x x f x f x x



Suppose that we have an instance where f2|1(x2|x1) does

not depend upon x1.

Then, for random variables of the continuous type, the

marginal pdf of X2 is given by :



       

     

2 2 1 2 1 2|1 2 1 1 1 1

2|1 2 1 1 1 1 2|1 2 1

, |

| | .

f x f x x dx f x x f x dx

f x x f x dx f x x

 

 





 

 

 





Accordingly,

And hence, eq.(1) can be re-written as

(when f2|1(x2|x1) does not depend upon x1).

   2 2 2|1 2 1|f x f x x

     1 2 1 1 2 2,f x x f x f x



In other words, if the conditional distribution of X2, given X1= x1,

is independent of any assumption about x1, then

f(x1, x2)=f1(x1)f2(x2).



Formal Definition of Independence
in the case of 

Discrete Random Variables

Let the random variables X1 and X2 have the joint pmf

p(x1,x2)

and the marginal pmfs p1(x1) and p2(x2) respectively.



The random variables X1 and X2 are said to be independent

if and only if

p(x1,x2) = p1(x1)p1(x2).            
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Example related to the Concept of 

Independent Random Variables



Example:

Let the joint pdf of X1 and X2 be

Show that X1 and X2 are dependent.

  1 2 1 2

1 2

0 1,0 1
,

0

x x x x
f x x

elsewhere

    
 




Here the marginal probability density functions are

obtained as follows:

     

 

1

1 1 1 2 2 1 2 2

0

1
2

2
1 2 1 1

0

1 1 1

,

1 1
0 0

2 2 2

so that

1
, 0 1

2

f x f x x dx x x dx

x
x x x x

f x x x





  

 
        
 

   

 



and

   

 

11 2

1
2 2 1 2 1 1 2

0 0

2 2

2 2 2 2

2

1 1
0 0

2 2

so that

1
, 0 1.

2

x
f x x x dx x x

x x

f x x x

 
    

 

     

   





Now

whereas

Since                                         we can say that the random 

variables X1 and X2 are dependent (i.e. not independent).
1 2 1 1 2 2( ) ( ,, ) ( )f x x f x f x

11 1 2

2

1 2 12 2

1 1 1 1 1
( ) ( )

2 2 2 2 4
f x xf xx xx x

  
        
  

22 11( ), x x xf x  
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Theorem stating that 

X and Y are independent 

if and only if

(,  ( ) ) ( )  X YF x y F x F y



Theorem:

If X and Y are random variables with joint distribution

function F and marginal distribution functions FX and FY,

then X and Y are independent if and only if

F(x , y) = FX(x)FY(y)

For all (x , y) ϵ R2.



Proof: 

If X and Y are independent, then

           , , .X YF x y P X x Y y P X x P Y y F x F y      



Now suppose

         

 

2, for all , and let ,

and , .

X YF x y F x F y x y A a b

B c d

  





   

       

               

, ,

, , , ,

X Y X Y X Y X Y

P X A Y B P a X b c Y d

F b d F a d F b c F a c

F b F d F a F d F b F c F a F c

      

   

   



It may now be shown that  P(Xϵ A,Y ϵ B)=P(X ϵ A)P(Y ϵB) 
for any sets A⸦ℝ and B⸦ℝ. Thus X and Y are independent.

           

   

   

,

.

X X Y YP X A Y B F b F a F d F c

P a X b P c Y d

P X A P Y B

    

    

  
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Theorem stating that 

if  X1 and X2 are independent then, 

E[u(X1)v(X2)] = E[u(X1)] E[v(X2)] 

provided that the expectations exist.



Theorem:

Suppose X1 and X2 are independent and that E(u(X1))

and E(v(X2)) exist.

Then

       1 2 1 2 .E u X v X E u X E v X          



Proof:

The independence of X1 and X2 implies that the

joint pdf of X1 and X2 is f1(x1) f2(x2).



Thus we have, by definition of expectation,

         

       

1 2 1 2 1 2 1 2

1 2 1 1 2 2 1 2

,E u X v X u x v x f x x dx dx

u x v x f x f x dx dx

 

 

 

 

  



 

 



           

       

       

   

1 2 1 2 1 1 2 2 1 2

2 2 2 1 1 1 1 2

1 1 1 1 2 2 2 2

1 2

Now,

.

Hence proved.

E u X v X u x v x f x f x dx dx

v x f x u x f x dx dx

u x f x dx v x f x dx

E u X E v X

 

 

 

 

 

 

  



   
    
   

       

 

 

 



Upon taking the functions u(.) and v(.) to be the identity

functions in in the theorem we note that for independent

random variables X1 and X2,

     1 2 1 2 . (1)E X X E X E X
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Theorem stating that X1 and X2 are independent if 
and only if 

the joint MGF is identically equal to 

the product of the marginal MGFs 

i.e. 

M(t1,t2) = M(t1,0) M(0,t2) 



Theorem:

Suppose the joint mgf, M(t1,t2), exists for the random variables

X1 and X2.

Then, X1 and X2 are independent if and only if

That is, the joint mgf is identically equal to the product of the

marginal mgfs.

     1 2 1 2, ,0 0, ;M t t M t M t



     1 1 2 2 1 1 2 2

1 2

1 2

1 2

1 2

P

 

roof:

1. S

t

uppose that  a

n

nd  are

,

However, we already know that,

n

 if  and  are independent, hen

 indepe dent.

The joint MGF of  and  is giv

,

for any 

en by

functio s

t X t X t X t X
M t t E e E e e

X X

X X

X X


 

   

       

1 1 2 2

1 2 1 2

 of  and of  respectively,

we have

.

u X X v X X

E u X v X E u X E v X          



Therefore, if X1 and X2 are independent, then we can write

Thus, the independence X1 and X2 implies that mgf of the joint

distribution factors into the product of moment-generating

functions of the two marginal distributions.

     

   

   
   

1 1 2 2 1 1 2 2

1 1 2 2

1 1 2 1 2 2

1 2

0 0

1 2

,

,0 0, .

t X t X t X t X

t X t X

t X X X t X

M t t E e E e e

E e E e

E e E e

M t M t



 

 









2. Suppose next that the mgf of the joint distribution of

X1 and X2 is given by

     1 2 1 2, ,0 0, ;M t t M t M t



Now X1 has a unique mgf, which, in the continuous case

is given by

Similarly, a unique mgf of X2 , in the continuous case, is

given by

   1 1

1 1 1 1,0 .
t x

M t e f x dx





 

   2 2

2 2 2 20, .
t x

M t e f x dx





 



Thus we have

       

       

1 1 2 2

1 1 2 2 1 1 2 2

1 2 1 1 1 2 2 2

1 1 2 2 1 2 1 1 2 2 1 2

,0 0,

.

t x t x

t x t x t x t x

M t M t e f x dx e f x dx

e e f x f x dx dx e f x f x dx dx

 

 

   



   

   
    
   

 

 

   



We are given that,

Thus

       1 1 2 2

1 2 1 1 2 2 1 2, 1
t x t x

M t t e f x f x dx dx

 



 

  

     1 2 1 2, ,0 0, ;M t t M t M t



But, by definition, M(t1,t2) is the mgf of X1 and X2

i.e. 

       1 1 2 2 1 1 2 2

1 2 1 2 1 2, , 2
t X t X t x t x

M t t E e e f x x dx dx

 

 

 

   



The uniqueness of the mgf implies that the two

distributions of probability that are described by

and are the same.

Thus

That is, if then X1 and X2 are

independent.

   1 1 2 2f x f x

 1 2,f x x

     1 2 1 1 2 2, .f x x f x f x

     1 2 1 2, ,0 0, ,M t t M t M t
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Discrete Uniform  Distribution          



The discrete uniform distribution is 

a symmetric probability distribution whereby a finite 

number of values are equally likely to be observed; 



In other words, if the discrete random variable X can

assume n distinct values, and every one of

the n values has equal probability 1/n, we are

dealing with a discrete uniform distribution.



Example 1:

Let X denote the number of heads that we can have if 

a fair coin is tossed once. Then, we have

X      p(x)

0        ½

1 ½



Example 2:

Let X denote the number that we observe on the 

uppermost face if we roll a fair die once. 

Then, we have



X      p(x)

1        1/6

2        1/6

3        1/6

4        1/6

5        1/6

6        1/6



SHAPE OF THE DISTRIBUTION
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Example related to the Concept of 

Independent Random Variables



Example:

Let the joint pdf of X1 and X2 be

Show that X1 and X2 are dependent.

  1 2 1 2

1 2

0 1,0 1
,

0

x x x x
f x x

elsewhere

    
 




Here the marginal probability density functions are

obtained as follows:

     

 

1

1 1 1 2 2 1 2 2

0

1
2

2
1 2 1 1

0

1 1 1

,

1 1
0 0

2 2 2

so that

1
, 0 1

2

f x f x x dx x x dx

x
x x x x

f x x x





  

 
        
 

   

 



and

   

 

11 2

1
2 2 1 2 1 1 2

0 0

2 2

2 2 2 2

2

1 1
0 0

2 2

so that

1
, 0 1.

2

x
f x x x dx x x

x x

f x x x

 
    

 

     

   





Now

whereas

Since                                         we can say that the random 

variables X1 and X2 are dependent (i.e. not independent).
1 2 1 1 2 2( ) ( ,, ) ( )f x x f x f x

11 1 2

2

1 2 12 2

1 1 1 1 1
( ) ( )

2 2 2 2 4
f x xf xx xx x

  
        
  

22 11( ), x x xf x  
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CDF 

of the 

Discrete Uniform  Distribution          



Example :

Suppose that we are rolling one fair die one time and 

we want to have the cdf of the distribution in the 

mathematic form, algebraic form and want to draw its 

graph.



Cumulative Distribution Function:

Step 1: Find the cumulative probabilities:

X      p(x)     

1        1/6           

2        1/6           

3        1/6           

4        1/6           

5        1/6           

6        1/6          



Cumulative Distribution Function:

Step 1: Find the cumulative probabilities:

X      p(x)     cumulative 

1        1/6           1/6

2        1/6           2/6

3        1/6           3/6

4        1/6           4/6

5        1/6           5/6

6        1/6           6/6    



Step 2: Write as follows: 0 1

1/ 6 1 2

2 / 6 2 3

( ) 3 / 6 3 4

4 / 6 4 5

5 / 6 5 6

6 / 6 6

The entire -axis (from -  to ) must be covered.

x

x

x

p x x

x

x

x

X

  


 

  


  
  


 


  

 



Graph of the CDF is a step function:



Step 2: Write as follows: 0 1

1/ 6 1 2

2 / 6 2 3

( ) 3 / 6 3 4

4 / 6 4 5

5 / 6 5 6

6 / 6 6

The entire -axis (from -  to ) must be covered.

x

x

x

p x x

x

x

x

X

  


 

  


  
  


 


  

 
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Derivation of 

the Mean and Variance 

of the Discrete Uniform  Distribution



We derive the formula for the mean of the discrete random

variable X ~ U(1,n):

 

 

1 1

1
.

1 1 ( 1)
1 2 ...

2

n n

X

x x

xp x x
n

n n
n

n n


 

 


     

 



where we have used the famous identity

1+2+…+ n = n(n+1)/2.

or

1

2

n







      

 
     

 

22

2 2

1

First

1 2 1 1 2 11 1

6 6

And we already know that

1
.

2

n

x

Var X E X E X

n n n n n
E X x

n n

n
E X



 

   
  


 





    

       

          

        

 

22 2

22

2

2 2

1 2 1 1 2 1 11

6 2 6 4

2 1 2 2 1 3 14 1 2 1 6 1

24 24

2 1 4 2 3 3 2 1 1

24 24

2 1 1
.

2

Therefor

2

e

4 1

E X E X

n n n n nn

n n nn n n

n n n n n

n n

  

     
    

 

          

        

 
 



The square root of this expression                 gives the 

Standard Deviation of the discrete uniform distribution i.e. 

2 1

12

n





2 1

12

n 



Example:

Let us consider the rolling of a fair die, when X is 

representing the number of dots on the uppermost face of 

the die , the values would be 1, 2,3,4,5,6. therefore, n = 6

The probabilities of which are 1/6



Mean =µ = 3.5

We know that

when n= 6 we get the 

mean as 3.5

 
1

2

n
E X


 

Absolutely symmetric distribution 
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Derivation of 

the MGF of 

the Discrete Uniform distribution 



A discrete uniform distribution defined on the set

{a, a+1, a+2,….,b-1, b} is denoted by the symbol
U(a, b).

The constants a and b are called the parameters of

the discrete uniform distribution.



We consider the discrete uniform distribution defined on

the set {1,2,3,…, n}.

Clearly, we have n possible outcomes, and since each is

equally likely, we have p(x)=1/n.



     
1 1

( )

In other wo

The moment gene

rds, by definit

rating function is found by eva

ion, 

1 1
.

luating .

N n
x

tx t

X

t

t

x

x x

E e

M t E e e e
n n 

 
   

 
 



 
1

Now 

is a geometric series with first term and common ratio .

n
x

t

x
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e

e e







 
 

 
  
  

 
1

We know that, for a geometric series with first term 

and common ratio 1:

1
                                Sum of the series = 

1

Here , and note that 1

1 1
So  
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This can also be written as

.
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Binomial distribution 
(Binomial experiment 

and PMF  of the distribution) 



Binomial Experiment

An experiment is called a binomial experiment if it

possesses the following four properties:

1. The outcome of each trial may be classified into one

of two categories, conventionally called success (S)

and Failure (F).

It is to be noted that the outcome of interest is called

a success an the other, a failure.



2. The probability of success, denoted by p; remains

constant for all trials.

3. The successive trials are all independent.



4. The experiment is repeated a fixed number of times, say n.



Binomial Distribution

Let the random variable X denote the number of successes in n trials --- when 
a binomial experiment is performed.

Then the PMF of X is given by

where p is the probability of success in each trial and n is the number of trials. 

 
 1 0,1,2,..., (1)

0 .

n xx
n

p p x n
p x x

elsewhere

 
  

  


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Binomial distribution 
(Binomial experiment 

and PMF  of the distribution)

EXAMPLE 



Example:

An event has the probability p = 3/8.

Find the complete binomial distribution for n=5 trials.

Here p=3/8, so that,

q = 1- p = 5/8; and n = 5.

Hence the desired probabilities are the successive terms in the
binomial expansion of (5/8+3/8)5, i.e.





5 0 4 1 3 2 2 3

1 4 5

5 5 5 55 3 5 3 5 3 5 3

0 1 2 38 8 8 8 8 8 8 8

5 5 3 3

4 8 8 8

                       
                         

                       
 
                      



5 4 1 3 2 2 3

1 4 5

5 5 55 5 3 5 3 5 3

1 2 38 8 8 8 8 8 8

5 5 3 3

4 8 8 8

                   
                     

                   
 
                      



We can now write these probabilities in the form of a 

probability table as below:

x 0              1               2              3              4              5

P(X=x) 0.0954       0.2861     0.3233     0.2060    0.0618      0.0074



Binomial Theorem 

 
0

n
n x n x

x

n
q p p q

x





 
   

 

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Shape
of the 

Binomial distribution 



• The shape of the binomial probability distribution

depends on the values of the two parameters p and n.

• The sketches given indicate the influence of p and n on

the shape of the distribution.











• Thus, we observe that, when p < ½, the distribution is

positively skewed and when p > ½, the distribution

becomes negatively skewed.





• When p = 1/2, the distribution is always symmetrical.

In general:

• As n, the number of trials, increases to ∞,

β10 and β23.

• Hence for large n, the binomial probability distribution

is symmetrical and mesokurtic.
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An example pertaining to 

the Binomial Distribution



Example:

If Y is b(n,1/3), then P(Y ≥ 1) =1- P(Y=0) =1- (2/3)n.

Find the smallest value of n that yields P(Y ≥1) > 0.80.



Solution:

Let us first see how

P(Y ≥ 1) = 1- P(Y<1) = 1- P(Y=0) =1- (2/3)n.



0 0

We know that ( ) (1 )

so ( 0) (1 ) (1 )
0

Here 1/ 3 and

So ( 0) (1 1/ 3) (2 / 3)

y n y

n n

n n

n
P Y y p p

y

n
P Y p p p

p n

P Y





 
   

 

 
     

 



   



Now, we are required to find the smallest value of n that

yields P(Y≥1) > 0.80.

For this, we proceed as follows:

The condition can be written as 1-(2/3)n >0.80 implying that

0.20 >(2/3)n.



Taking log of both sides, we have

ln(0.20) >n ln(2/3)

implying that

-1.6094 > n(-0.4055)

or -1.6094 > -0.4055n

or 1.6094 < 0.4055n

or n > 1.6094/0.4055 i.e. n > 3.97.

Thus, we see that n = 4 is the solution.



Interpretation:

The probability is greater than 0.80 i.e. 80% that at least

one success will be obtained in n = 4 independent

repetitions of a random experiment for which the probability

of success p is equal to 1/3.
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Mean and Variance of the Binomial Distribution 

explained through 

an 

Example



Example

The probability that a planted radish seed germinates is

0.80. A gardener plants nine seeds.

Let X denote the number of radish seeds that successfully

germinate.

(i) What is the average number of seeds the gardener

could expect to germinate?

(ii) What is the standard deviation of X?



(iii) What is the probability that, out of the nine seeds, at

least 8 will germinate ?



Solution:

Assuming that the nine seeds are selected at random from a large

number of seeds, it is easy to see that X can be regarded as a

binomial random variable --- as follows:

1. Either the seed will germinate (success) or not germinate

(failure)

2. The germination/non-germination of each seed is independent of

each other

3. The probability of germination of each seed is the same i.e. 0.80

4. The number of seeds is fixed i.e. 9.



Now, if X is a binomial random variable, then we know that

the mean of X is np.

Therefore,

the gardener could expect, on average, 9 × 0.80 = 7.2 seeds

to germinate.



Also, if X is a binomial random variable, then we know

that the variance of X is:

np(1 − p) = 9 × 0.80 × 0.2 = 1.44

therefore,

the standard deviation of X is the square root of 1.44, or

1.20.



What is the probability that, out of the nine seeds, at least 8 will 

germinate ?

9

8 9 8 9 9 9

8 9

We have

9
( ) (1 ) 0.80 (0.20)

9 9
( 8 9) 0.80 (0.20) 0.80 (0.20)

8 9

9 0.80 (0.20) 1 0.80 1 9 0.1678 0.20 0.1342

0.3020 0.1342 0.4362 43.62%

(

x n x x x
n

P X x p p
x x

So P X or X

a non trivial

 

 

   
      

   

   
      

   

        

   

 )amount of probability
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Derivation of the 

MGF 

of a 

Binomial distribution



The mgf of a binomial distribution is easily obtained as follows:

for all real values of t.

     

   

 

0

0

1

1

1

n
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x n xt
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n
t

n
M t e p x e p p

x

n
e p p

x

p pe









 
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 

 
  

 

    

 





Now, the mean µ and variance σ2 of X may be

computed from M(t).

 

 2 2

We know that 0

0

M

and

M



 



 



Since

     
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1
n
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
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Recognizing the values of the parameters of a 

Binomial distribution through the expression of its 

MGF

(explained through an example)



Example:

If the mgf of a random variable X is

Then, X has a binomial distribution with n = 5 and p = 1/3;

 
5

2 1
,

3 3

tM t e
 

  
 



that is, the pmf of X is

 

5
5 1 2

0,1,2,...,5
3 3

0 .

x x

x
p x x

elsewhere

    
          






and

 25 10
1 .

3 9
np and np p     
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The sum of  m

independent

Binomial random variables 

with same value of p 

is also Binomial



Theorem:

Let X1, X2,…., Xm be independent random variables

such that Xi has binomial b(ni, p) distribution, for

i = 1,2,…,m.

Let, .

Then Y has a binomial distribution.

1

m

ii
Y X




 1

m

ii
b n p





Proof:

   

mgf of a binomial random variableIn gene  ral, th is e 

1
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X
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So, in case of  binomial random variables ,  1,2,..., ,

with ....... (i.e. a constant)

the mgf of is 1  
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  
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By independence it follows that

Hence,                      has a binomial                         

distribution.
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Negative Binomial  Distribution 
(PMF, Shape of the distribution, 

Mean and Variance)



Consider Bernoulli trials — that is,

(1) there are two possible outcomes,

(2) the trials are independent,

and

(3) p, the probability of success, remains the same from

trial to trial.



In a sequence of such trials, let the random variable X denote the 

number of the trial at which the rth success occurs, where r is a fixed 

integer. 

Then the probability mass function of X is:

and we say that X has a negative binomial(r, p) distribution.

   
1

1 , , 1, 2,...
1

x rr
x

P X x p p x r r r
r

 
      

 



Example:

Suppose that a game consists of tossing a fair coin until we 
obtain the 3rd head.

Then 

head is ‘success’, 

p=P(H)=0.5  

&

r=3



In this case, the negative binomial distribution is given 

by

     

   

3 31
0.5 1 0.5 , 3, 3 1, 3 2,...

3 1

1
0.5 , 3, 4, 5,...

2

x

x

x
P X x x

or

x
P X x x

 
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 

 
   
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Calculation of Probabilities



Shape of the distribution



In general, 

Shape of the Negative Binomial distribution



It is obvious that the negative binomial distribution is 

moderately positively skewed and that, as p tends to zero, 

the shape of the distribution tends to normality.



Mean and Variance of the 

Negative Binomial Distribution.

 
 

 
 

2

The mean of the distribution is given by

and the 
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MGF of the 

Negative Binomial Distribution

 
1

log
1

This can be used to find the mean, variance and higher moments

of the distribution. 

The moment generating function of the distribution is given by

r

t

p
M t for t p

pe

 
   

 



A Special Case of the Negative Binomial Distribution: 

Geometric Distribution

In a sequence of independent Bernoulli(p) trials, 

let the random variable X denote the number of the trial 

at which the 1st success occurs.



Then the probability mass function of X is:

and we say that X has a Geometric(p) distribution.
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1
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Application of the Negative Binomial Distribution                                                                            

(explained through an example)



Example derived from

https://newonlinecourses.science.psu.edu/stat414/node/80/

Example
An oil company conducts a geological study that indicates that an
exploratory oil well should have a 20% chance of striking oil.

The company is wanting success twice i.e. two oil wells from
where they will be able to pull out oil --- and is willing to try upto
five times.

What is the probability that the second success comes on the fifth
well drilled?

https://newonlinecourses.science.psu.edu/stat414/node/80/
https://newonlinecourses.science.psu.edu/stat414/node/80/


Solution:

We know that, in a sequence of independent Bernoulli(p) trials, if 

the random variable X denotes the number of the trial at which the rth 

success occurs, then then the probability mass function of X is:

   
1

1 , , 1, 2,...
1

x rr
x

P X x p p x r r r
r

 
      

 



Here, we do have a sequence of Bernoulli trials as --- whenever

we will dig an exploratory oil well, either we will or will not strike

oil.

We can assume that the trials are independent,

and, due to the independence of the trials, we can assume that p, the

probability of success, remains the same from trial to trial.



If we regard Striking oil as Success, then p=0.20 and r=2

and, as such, the PMF of the negative binomial distribution will be

given by

   

     

     

      

2 2

2 2

2 2

1
1 , , 1, 2,...

1

putting the values

1
0.2 0.8 , 2, 3, 4,...

2 1

1
or 0.2 0.8 , 2, 3, 4,...

1

or  1 0.2 0.8 , 2, 3, 4,...

x rr

x

x

x

x
P X x p p x r r r

r

x
P X x x

x
P X x x

P X x x x









 
      

 

 
   

 

 
   

 

   



To find the required probability, we need to find P(X = 5).

      

      

   

2 2

2 5 2

2 3

1 0.2 0.8

5 5 1 0.2 0.8

4 0.2 0.8

0.082

8.2%

x
P X x x

P X





  

   






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Geometric  Distribution 

(PMF and shape of the 

distribution)



Assume Bernoulli trials — that is,

(1) there are two possible outcomes,

(2) the trials are independent, and

(3) p, the probability of success, remains the same from

trial to trial.

Geometric  Distribution

(PMF and shape of the distribution) 



(4) n, the number of trials is fixed in advance

and

the binomial distribution is given by

Geometric  Distribution

(PMF and shape of the distribution) 

   
1

1 , 0,1,2,3,...,
nx

X

n
p x p p x n

x

 
   
 



When n=1, 

there are two possible outcomes,

and p, the probability of success, is the only parameter of 

the Bernoulli distribution given by

   

   

1

1

1
1 , 0,1

or

1 , 0,1

xx

X

xx

X

p x p p x
x

p x p p x





 
   
 

  



If we let X denote the number of trials until the first

success. 

Then, the probability mass function of X is:

   
1

1 , 1,2,3,...
x

Xp x p p x


  



Example:

Suppose that a game consists of tossing a fair coin until we 

obtain the first head.

Then p=P(H)=0.5

And, in this case, the geometric distribution is given by



       

 

1
1 0.5 0.5 0.5 , 1,2,3,...

1
, 1,2,3,...

2
x

x x

X

X

p x x

or

p x x


   

 



Representation in tabular form:

X P(x)

1 1/21=1/2=0.5

2 1/22=1/4=0.25

3 1/23=1/8=0.125

4 1/24=1/16=0.0625

5 1/25=1/32=0.03125

6 1/26=1/64=0.015625
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Application 
of the Geometric Distribution 

(explained through an example)



Example:

If the probability that a person will believe a rumor

about the retirement of a certain politician is 0.25, what

is the probability that

the sixth person to hear the rumor will be the first to

believe it.



Solution:

In general, we know that if X denotes the number of trials 

until the first success

then, the probability mass function of X is:

   
1

1 , 1,2,3,... (1)
x

Xp x p p x


  



Here, let X denote the number of a person who hears the

rumor and is the first one to believe it.

Then p=0.25 and we have

     

     

1

1

1 0.25 0.25 , 1,2,3,...

0.75 0.25 , 1,2,3,...

x

X

x

X

p x x

or

p x x





  

 



Since the sixth person is the first to believe the rumor,

i.e. the first success occurs on the sixth trial, therefore

we will put x=6.



Hence

         
6 1 5

6 0.75 0.25 0.75 0.25

0.2373 0.25 0.059 5.9%

P X


  

   



Note that,

If the first person is the first to believe the rumor, i.e. the

first success occurs on the first trial, therefore

we will put x=1.

Hence

         
1 1 0

1 0.75 0.25 0.75 0.25

1 0.25 0.25 25%

P X


  

   
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Mean and Variance 

of the Geometric  Distribution                               

(explained through an 

example)



Example:

• A representative from an ice-cream producing company

randomly stops people on a randomly selected street in

the city of Lahore until he finds a person who actually

purchased and tried the latest product of this company

meaning a new kind of ice-cream they have just now

brought into the market.



• Let p, the probability that, for any one of the persons

stopped, he succeeds in finding such a person, who has

actually tried that product equals 0.20.



• And, let X denote the number of people he stops until he finds

his first success.

• How many people should we expect the marketing

representative needs to stop before he finds one who actually

purchased and tried this ice-cream?

• And, while we're at it, what is the variance?



Solution:

‘How many people should we expect’ means ‘what is the average

number).

For the geometric random variable X, the average number is given

by:

 

 

1 1
5

0.20

So here

1
5

0.20

E X
p

E X





   

  



That is, we should expect the marketing representative

to have to stop 5 people before he finds one who

actually purchased and tried that particular ice-cream.

If this particular experiment of stopping people is

repeated again and again, then on the average we can

expect he would have to stop 5 people and the fifth one

will be the one who had tried it.



For the geometric random variable X, the average

number is given by:

 

 

2

2

2

2 2

1

so here

1 1 0.20 0.80
20

0.20 0.04

p
Var X

p

p
Var X

p






 

 
    
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Concept of Multinomial Distribution



Concept of Multinomial Distribution

The binomial distribution is generalized to be the multinomial 
distribution as follows:

Let a random experiment be repeated n independent times.

On each repetition, the experiment results in one of k mutually 
exclusive and exhaustive outcomes, says C1, C2, …, Ck. 



Let pi be the probability that the outcomes is an 

element of Ci and let pi remain constant throughout 

the n independent repetitions, i= 1,2,…,k.



Now, we define the random variable Xi to be equal 

to the number of outcomes that are elements of Ci,                              

i= 1,2,…, k -1.  



Furthermore, 

Let x1, x2,…, xk-1 be nonnegative integers such that,                        

x1 + x2 +…+ xk-1 ≤ n.



Suppose that a die is tossed 30 times, Then, x1 represents the 

event how many times 1 came, x2 represents  how many times 

2 came and so on upto x6, k = 6. Suppose that x1 = 2, x2 = 3,   

x3 = 4, x4 =5, x4 = 6. 

By adding all these numbers we get 2+3+4+5+6 = 20. 

Total tosses were 30, therefore the last possibility of getting a 

6 is  10 times. 

and hence exactly n - (x1 +…+ xk-1 ) 

= 30 - (2+3+4+5+6) = 30 – 20 = 10 



• The probability mass function of this multinomial 

distribution is:

for non-negative integers x1, ..., xk.

 

1 2

1 1

1 2 1
1 2

, , ; , , ,

!
, when

! ! !

0 otherwise.

k

k k

kxx x

k ii
k

f x x n p p

n
p p p x n

x x x 


  

 







This is the multinomial pmf of k-1 random variables 

X1, X2,…, Xk-1 of the discrete type. 



Properties: 

The mean of the Multinomial distribution

The variance of the Multinomial distribution

 i iE X np

   Var 1i i iX np p 



The covariance of the Multinomial distribution

 cov , ,i j i jX X np p i j  



Note:

The binomial distribution is a special case of the 

multinomial distribution.
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The binomial distribution is a special case of the 

multinomial distribution.



The binomial distribution is a special case of 

the multinomial distribution.

We have

 

1 2

1 1

1 2 1
1 2

, , ; , , ,

!
, when

! ! !

0 otherwise.

k

k k

kxx x

k ii
k

f x x n p p

n
p p p x n

x x x 


  

 







Putting k=2, we obtain

 
1 2

2

1 2 1
1 21 2 1 2

!
, when

! !, ; , ,

0 otherwise.

x x

ii

n
p p x n

x xf x x n p p 




 







2

1 2 2 11

2

1 2 2 11

But

means 

And

1 means 1 1

ii

ii

x n x x n x n x

p p p p p





     

     







 
 

 

 
 

 

11

1 1 1 1

1 1

 

Hence, the above equation can be re-writt

!
; , 1

! !

or, simp

s

!

en

ly

!
; ,

a

1

 

!

n xx

n xx

n
f x n p p p

x n x

n
f x n p p p

x n x





 


 

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Real-Life Example of the 

Application of Multinomial Distribution



Example:

Suppose that the racial/ethnic distribution in a very large 

Western city is given by the table that follows:

White Black Hispanic

65% 20% 15%



Suppose that a jury of twelve members is to be chosen 

from this city in such a way that each resident has an equal 

probability of being selected independently of every other 

resident. 



What is the probability that the jury contains:

(i) Seven White, three Black and two Hispanic members;

(ii) Four White and eight Other members;

(iii) At the most one Black member.



Solution
It is easy to see that, in solving each of the three questions, we will 

be dealing with special cases of the Multinomial distribution. 

Part (i):

What is the probability that the jury contains seven White, 

three Black and two Hispanic members?



Solution:

Here, we are dealing with the Multinomial distribution with k = 3.

The resulting distribution is known as the Trinomial distribution.

To solve this problem, consider the random vector

X = (X1, X2, X3)

where

X1 = number of White members,

X2 = number of Black members and

X3 = number of Hispanic members

Then X has a Trinomial distribution with parameters n = 12 and p1=0.65,
p2 =0.20, p3 =0.15.



Hence, the answer to the first question is:

 

     

31 2

1 2 3 1 2 3

1 2 3

7 3 2

!
7, 3, 2

! ! !

12!
0.65 0.20 0.15 0.0699 6.99% or 7%.

7!3!2!

xx xn
P X X X p p p

x x x
   

  



Part (ii):

What is the probability that the jury contains four White 

and eight Other members?

Solution:

Here, we are dealing with the Multinomial distribution 

with k = 2, as follows:



The resulting distribution is none other than the Binomial 

distribution.

White Others

(Black & Hispanic 

combined) 

65% 20%+15%=35%



Hence, the answer to the second question is:

 

   

1 2

1 2 1 2

1 2

4 8

!
4, 8

! !

12!
0.65 0.35 0.0199 1.99% or 2%.

4!8!

x xn
P X X p p

x x
  

  



Part (iii):

What is the probability that the jury contains at the most

one Black member.

Solution:

Here again, we are dealing with the Multinomial 

distribution with k = 2, as follows:



Once again, the resulting distribution is none other than the 

Binomial distribution.

Black Others

(White & Hispanic 

combined) 

20% 65%+15%=80%



With reference to question (iii), regarding Black as 

‘success’, note that: 

•We are dealing with a binomial distribution with n =12 and   

p = 0.20. 

•X represents the number of Black members of the jury

•“at the most one Black member” means X = 0 or X= 1. 



Using the binomial distribution, we have

Therefore, the answer is:

     

     

0 12

1 11

12!
0 0.20 0.80 0.069

0!12!

12!
and 1 0.20 0.80 0.206

1!11!

P X

P X

  

  

     0 or 1 0 1

0.069 0.206 0.275 27.5%.

P X X P X P X     

   
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MGF

of the Multinomial Distribution



Recall: Concept of Multinomial Distribution

Let a random experiment be repeated n independent times.

On each repetition, the experiment results in one of k

mutually exclusive and exhaustive outcomes, says C1, C2, 

…, Ck. 



Then the probability mass function of this multinomial 

distribution is given by:

for non-negative integers x1, ..., xk.

 

1 2

1 1

1 2 1
1 2

, , ; , , ,

!
, when

! ! !

0 otherwise.

k

k k

kxx x

k ii
k

f x x n p p

n
p p p x n

x x x 


  

 







For this purpose, we begin with the definition of the 

mgf of a multivariate distribution (in general):



Definition of Moment Generating Function 

of a Random Vector having k components: 

 

 
 

1 1 2 2

1 1 2 2

1 2

1 2

...

1 1 2 2

...

1 2

, ,..., 1 2

L

 

et  , ,..., be a random vector.

If    exists for , ,..., ,

where , ,..., are positive, then  

( )

| | | |

y

|

  is denoted b

, ,.. ,

|

.

k k

k k

k

k

t X t X t X

k k

t X t X t X

k

X X X k

X X X X

E e t h t h t h

h h h E e

M t t t

  

  



  

 and is called the moment generating function mgf

of the random vector .X



As far as the moment generating function of the multinomial

distribution is concerned, we have:

    1

1 2

1

, , , e

e

k

i i

i

i

t X

X X k

n
k

t

i

i

M t M t t t E

p





 
  
 
 

 
  
 




The cumulant generating function of the Multinomial 

distribution is given by 

     1 2 1 2

1

, , , log , , ,

log i

X X k X k

k
t

i

i

K t K t t t M t t t

n p e


    

 
  

 




Coming back to the MGF, the question is:

How to utilize the mgf of the Multinomial

distribution?



For this, RECALL:

The general method of obtaining Product

Moments and simple Moments from the MGF of

a random vector



Suppose that k=3.

Then the means of the random variables X1, X2 and X3 are given 

by:

 
 

 
 

 
 

1

1

2

2

3

3

0,0,0
,

0,0,0
,

0,0,0

M
E X

t

M
E X

t

M
E X

t


















Also, let us suppose that the trinomial experiment is being 

repeated only 2 times.



The MGF of the trinomial distribution is then given by 

   

 

3

1

1 2 3

31 2

, , 1 2 3

2
3

2

1 2 3

1

, , e

e

i i

i

i

t X

X X X X

t tt t

i

i

M t M t t t E

p p e p e p e





 
  
 
 

 
    
 




 
1 2 3

3 1 3 2 31 2 1 2

2 2 2 2

, , 1 2 3

22 22 2 2

1 2 3 1 2 1 3 2 3

Now we know that ( ) 2 2 2

Hence 

, ,

2 2 2

X X X

t t t t tt t t t

a b c a b c ab ac bc

M t t t

p e p e p e p p e p p e p p e
 

       

     



Then the means of the random variables X1, X2 and X3 are 

given by:

 
 

 
 

 
 

1

1

2

2

3

3

0,0,0
,

0,0,0
,

0,0,0

M
E X

t

M
E X

t

M
E X

t


















.
    3 1 3 2 31 2 1 2

1 2 3

31 1 2 1

1

22 22 2 2

, , 1 2 3 1 2 3 1 2 1 3 2 3

1 1

22

1 1 2 1 3

Hence, taking the partial derivative of the MGF with respect to , we have:

, , 2 2 2

2 0 0 2 2 0

t t t t tt t t t

X X X

tt t t t

t

M t t t p e p e p e p p e p p e p p e
t t

p e p p e e p p e e

  
     

 

     

    

       

31 1 2 1

1 2 3

22

1 1 2 1 3

2 02 0 0 0 0

, , 1 1 2 1 3

1

2

1 1 2 1 3

2

1 1 2 1 3 1 1 2 3 1 1

2 2 2

As such,

0,0,0 2 2 2

2 1 2 1 1 2 1 1

2 2 2 2 ( ) 2 (1) 2

tt t t t

t

X X X

p e p p e e p p e e

M p e p p e e p p e e
t

p p p p p

p p p p p p p p p p p

  


  



  

       



.
    3 1 3 2 31 2 1 2

1 2 3

32 1 2 2

2

22 22 2 2

, , 1 2 3 1 2 3 1 2 1 3 2 3

2 2

2 22 2

2 1 2 2 3 2

Taking the partial derivative of the MGF with respect to , we have:

, , 2 2 2

0 2 0 2 0 2 2

t t t t tt t t t

X X X

tt t t t

t

M t t t p e p e p e p p e p p e p p e
t t

p e p p e e p p e e p e

  
     

 

      

    

32 1 2 2

1 2 3

1 2 2 3

2 02 0 0 0 0

, , 2 1 2 2 3

2

2

2 1 2 2 3

2

2 1 2 2 3 2 2 1 3 2 2

2 2

Hence 

0,0,0 2 2 2

2 (1) 2 (1)(1) 2 (1)(1)

2 2 2 2 ( ) 2 (1) 2

tt t t t

X X X

p p e e p p e e

M p e p p e e p p e e
t

p p p p p

p p p p p p p p p p p

 


  



  

       



.     3 1 3 2 31 2 1 2

1 2 3

3 3 31 2

3

22 22 2 2

, , 1 2 3 1 2 3 1 2 1 3 2 3

3 3

22

3 1 3 2 3

And, taking the partial derivative of the MGF with respect to , we have:

, , 2 2 2

0 0 2 0 2 2 2

t t t t tt t t t

X X X

t t tt t

t

M t t t p e p e p e p p e p p e p p e
t t

p e p p e e p p e e

  
     

 

      

  

3 3 31 2

1 2 3

22

3 1 3 2 3

2 2(0) 0 0 0 0

, , 3 1 3 2 3

3

2

3 1 3 2 3

2

3 1 3 2 3 3 3 1 2 3 3

2 2

Hence 

0,0,0 2 2 2

2 (1) 2 (1)(1) 2 (1)(1)

2 2 2 2 ( ) 2 (1) 2

t t tt t

X X X

p e p p e e p p e e

M p e p p e e p p e e
t

p p p p p

p p p p p p p p p p p

 


  



  

       



But we already know that, for the Multinomial 

distribution:

Here n=2.

 i iE X np

 

     1 1 2 2 3 3

2

i.e.

2 , 2 & 2

i iE X p

E X p E X p E X p

 

  



Virtual University of Pakistan 

Probability Distributions

by

Dr. Saleha Naghmi Habibullah



Topic No. 137

Hypergeometric Distribution 

(PMF and shape of the distribution)



Hypergeometric Distribution 

The following conditions characterize the hypergeometric

distribution:

1. The result of each draw (the elements of the population

being sampled) can be classified into one of two

mutually exclusive categories

(e.g. Pass/Fail or Employed/Unemployed).



2. The successive draws are not independent of each other.

3. The number of draws is fixed in advance.



4. The probability of a success changes on each draw, as

each draw decreases the population (sampling without

replacement from a finite population).



Example:

• Suppose that we have a class of Phd students in a small 
educational institution in some particular subject and the 
total number of PhD students of that subject is 5.

So, N = 5

• We would like to draw 3 students to send on a Conference 
then n= 3.

• Success =achieved Grade A     failure = not achieved Grade 
A 



Success = achieved Grade A     

Failure = not achieved Grade A  (C or D)

If that population initially has 2 students who have achieved A
Grade and 3 students who have not achieved A grade then we have
another parameter that is k, which is the number of successes in the
population at the beginning of the experiment which is k = 2.

Taking the sample of size 3 without replacement.

Probability of selecting a student



Taking the sample of size 3 without replacement.

Probability of selecting a student who has got an A grade = 2/5

Suppose that student is an A grade student and will select the
second student having A grade.

What is the probability that the second student is also an A grade
holder = 1/4



Definition
A random variable X follows the hypergeometric distribution if its probability 

mass function (pmf) is given by

where,

- N is the population size,

- K is the number of success in the population at the beginning of the 

experiment ,- n is the number of draws (i.e. quantity drawn in each trial),

- k is the number of observed successes

  , 0,1,2,..., & 0,1,2,...,

K N K

x n x
P X x x K if K n x n if n K

N

n

  
  

       
 
 
 
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Hypergeometric Distribution 

(EXAMPLE)



Example:

The names of 5 men and 5 women are written on slips of 

paper and placed in a hat. Four names are drawn. 

What is the probability that 2 are men and 2 are women?



Let X denote the number of men. 

Then,

N=5+5=10 names to be drawn from;

K=5 & n=4, 

and here the possible values of x are 0,1,2,3,4, i.e. n) 



 

 

5 5

4
;10,4,5

10

4

and the required probability, i.e. ( 2) is

5 5 5 5

2 4 2 2 2 10
2;10,4,5 .

10 10 21

4 4

x x
h x

P X

h

  
  

  
 
 
 



     
     

       
   
   
   

Hence the hypergeometric distribution is



Shape of the Distribution
https://www.google.com.pk/search?q=hypergeometric+distribution&rlz=1C1CHBD_enPK785PK785&source=lnms&tbm=isch&sa=X

&ved=0ahUKEwjYx9SouNTeAhWBDcAKHZ3hDOkQ_AUIDigB&biw=1280&bih=657#imgrc=6MdjpMk-oHbjKM:
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Derivation of 

the Mean and Variance of 

the Hypergeometric Distribution 



Two important properties of the hypergeometric 

probability distribution are given here.

The mean & variance of the Hypergeometric distribution 

are as follows:  

 

Mean

&

Variance
1

K
E X n

N

N KK N n
n

N N N

 

 






Or --- in other words --- the mean and variance of the 

hypergeometric probability distribution are

2and ,  
1

where  and  .

N n
µ np npq

N

k N k
p q

N N


 

   
 


 



Derivation of the Mean:
Let X have the hypergeometric probability distribution 

given by

 ; , , ,  

for such that,  0  and 0 .

k N k

x n x
h x N n k

N

n

x x n x k

  
  

  
 
 
 

   



 

 0 1 1

Then the mean, , is given by

!

0

! !

n n n

x x x

E X

k N k k N k N k
x x x k

x n x x n x n x

N N N
x k x

n n n





  



         
         

            
     

     
     

  



 
 

   

 

   1 1

1 1

1 ! 1 !

1 ! 1 1 ! 1 ! ( 1) ( 1) !

1

11

1

n n

x x

n n

x x

or

N k N k
x k k k k

n x n x
E X

N N
x x k x x k x

n n

k N k
k

k N kx n x k

N N x n x

n n


 

 

    
     

      
   

          
   

   
  

           
       

   
   

 

 



 
1

0

0

Let   1 implying that 1,   then

1
when 1, 0, and when , 1

1

1

1

n

y

m

j

y x x y

k N kk
x y x n y n

N y n y

n

N a b a bk

N n j m j m

n








   

   
       

     
 
 

         
        

          
 
 







 

 

   

   

   

   

 

 

   

1
Now can be re-written as

1

1 !
.

1 ! ( 1) ( 1) !!

! !

! ! 1 !
.

! 1 ! !

1 ! ! 1 !
. where .

1 ! 1 ! !

Nk

N n

n

Nk

n N nN

n N n

kn N n N

N n N n

kn n N n N nk k
np p

N N n N n N N





 
  

   
 
 




    
 

 

 


 

  
   

  
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Derivation of 

the Mean and Variance of 

the Hypergeometric Distribution 



The variance of the Hypergeometric distribution are as 

follows:

 
Variance

1

N KK N n
n

N N N

 






Or --- in other words --- the mean and variance of the 

hypergeometric probability distribution are

2and ,  
1

where  and  .

N n
µ np npq

N

k N k
p q

N N


 

   
 


 



Derivation of the Variance:

Let X have the hypergeometric probability distribution 

given by

 ; , , ,  

for such that,  0  and 0 .

k N k

x n x
h x N n k

N

n

x x n x k

  
  

  
 
 
 

   



By definition, the variance,σ2, is given by

   

   

   

     

22 2 2

2

0 0

, 1

1

. ; , , 1 ; , ,
n n

x x

E X E X

Now E X E X X X

E X E X X

x h x N n k x x h x N n k

  

 

   

    

    

   



   

 

   

22 2 2

2

0 2

,

1 1

0 0

n n

x x

E X E X

Now E X

k N k k N k
x x x x

x n x x n xnk nk

N NN N

n n

  

 

   

      
      

           
   
   
   

 



 
 

 
  

 
 

22

2

2

1

Now  0 0

1 2 !
1

( 1)( 2)!( 2 2)!

2 !
1

( 2)!(( 2) ( 2))!

n

x

n

x

n

x

k N k
x x

x n xnk
E X

NN

n

N kk k k
x x

x x x k x n xnk

NN

n

N kk
k k

x k x n xnk

NN

n







  
   

     
 
 
 

   
   

        
 
 
 

  
   

       
 
 
 









 
 

 
 

22

2

02

2
1

2
We have

Let   2 implying that 2,   then

2
1

when 2, 0, and2

when , 2

n

x

n

y

k N k
k k

x n xnk
E X

NN

n

y x x y

k N k
k k

x yy n ynk
E X

N x n y nN

n







   
   

    
 
 
 

   

   
   

         
     

 
 







 
 

 

2
2

0

0

Now

21

2

21

2

n

y

m

j

k N kk knk
E X

N y n yN

n

N a b a bk knk

N n j m j mN

n







    
    

     
 
 

          
         

          
 
 







 
 

  

 
   

    

   

       

      

   

 

2
21

2

1 2 ! 1 2 ! ! !

! 2 ! !!
2 ! !

! !

1 2 ! 1 2 ! ! 1 1

1 2 ! 2 ! ! 1

Nk knk
E X

N nN

n

k k N k k N n N nnk nk

N N N n N nN
n N n

n N n

k k N n n n N n k k n nnk nk

N N N N n N n N N N

  
    

   
 
 

    
   

  
  

 

      
   

    



   
   

 

 

 

  
 

 

 

     

 

 

 

2

2 2 2

2 2 2 2

2 2 2

2 2 2 2 2 2

2

2 2 2 2 2 2 2 2 2

2

22 2 2 2 2

2

1 1
Var

1

1 1

1 1 1

1 1

1

1

1

k k n nnk nk
X E X

N N N N

k k n n NnkN N N n k

N N N N N N

nkN N n k kn nk nk N N n k

N N

nkN nkN n k N kn N nk N nkN n k N n k

N N

nk N nN knkN kn N nk N n k

N N

 
   

        
  

  
  

  

      




      




   
 



 
 2 1

N nk

N N







 
 

 
2

2

Now

( )

1 . 1

So

Var( )
1

where and .

nk N nN kN nk nk N k N n

N N N N N

N n
X npq

N

k N k
p q

N N

    
 

 


 




 
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Poisson Distribution                            

(PMF and shape of the distribution)



Consider the function p(x) defined by

where m > 0.

 
0,1,2,..., 0

(1)!

0 ,

xe
x

p x x

elsewhere





 

 



Poisson Distribution                               

(PMF and shape of the distribution)



 
0 0

Since    0,

therefore   0 

and

( )

! !

x x

x x x

e
p x e

x

p

x

x






 


 

 





  



Recall that the series

converges, for all values of m, to em.

2 3

0

1
2! 3! !

x

x

m m m
m

x





    



Therefore

That is , p(x) satisfies the conditions of being a pmf of a 

discrete type of random variable. 

  0

0

1
!

x

x x

p x e e e e e
x

    
   



     



A random variable that has a pmf of the form p(x) given by 

eq.(1) is said to have a Poisson distribution with 

parameter   , 

and any such p(x) is called a Poisson pmf with parameter 

m.





An interesting property:

It is easy to prove that the mean and variance of the 

Poisson distribution given by (1) are both equal to    .



Shape of the distribution
for Lambda=1, 5 & 10

i.e. expected number of occurrences = 1, 5 & 10
https://www.google.com.pk/search?q=poisson+distribution&rlz=1C1CHBD_enPK785PK785&source=lnms&tbm=isch&sa=X&ved=0ahUKEwj-

8LTtjNbeAhUUSo8KHZYbDWAQ_AUIDigB&biw=1280&bih=657#imgrc=qHHl3PwzE_SjaM:



When do we apply this formula?

Poisson distribution arrives in two situations:

1. It appears as the limiting form of the binomial

distribution under certain conditions.

2. When we apply the Poisson distribution is that real-life

situation where we are dealing with Poisson process



Poisson Process

• Whenever a particular event of interest occur randomly 
over a time-scale, we say that we are dealing with a 
Poisson process. 



For example, for the Virtual University of Pakistan there is central 
telephone exchange, and we don’t know that when the telephone 
operator will receive the next call, we from the past experience 
know  that on the average 3 calls are received per minute.  

But we do not know that in any one particular span of 1 min  
exactly how many calls were received? So on  

Other than this information, the timings of incoming calls seem to 
be totally random. Thus, we conclude that the Poisson process 
might be a good model for the incoming calls at this telephone 
exchange. 
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Poisson Process 



The Poisson Process
The Poisson process is one of the most widely-used 

counting processes. 

It is usually used in scenarios where we are counting the 

occurrences of certain events that appear to happen at a 

certain rate, but completely at random (i.e. the events that 

are happening without any particular structure). 



Examples:
When events occur randomly over a time scale:

• From historical data, we know that earthquakes occur in a certain area 
with a rate of 22 per month. 

(Other than this information, the timings of earthquakes seem to be 
completely random.)

• From  the record of the past six months, we know that, on a particular 
web server, requests for individual documents occur at the rate of 3 per 
hour; 

(Other than this information, the timings of the requests seem to be 
totally random.)



A process in which events occur randomly either over a time 
scale or over a distance scale.

In other words, 

a process in which events occur randomly in a specified
duration of time or in a specified portion of
one-dimensional, two-dimensional or three-dimensional
space.



Examples:

• From  the record of the past six months, we know that, on a 

particular web server, requests for individual documents occur at 

the rate of 3 per hour; 

(Other than this information, the timings of the requests seem to 

be totally random.)



Examples:
When events occur randomly in two-dimensional space:

 From past experience, it is known that, in a certain urban area,
car accidents occur at the rate of 3 per square mile; (Other than
this information, the locations of the car accidents seem to be
completely random.)

 At a certain textile factory, it is known that flaws in a particular
fabric produced in this factory occur at the rate of 2 per square
meter; (Other than this information, the locations of the flaws
seem to be completely random.)



The important point to be noted is that, if we are dealing with a 

Poisson process with occurrence rate     (i.e.      occurrences in one 

unit of time),

and 

X represents the number of occurrences in t units of time, 

then 

the probability of having x occurrences in t units of time is given by     



 
 

0,1,2,..., 0
(1)!

0 ,

xte t
x

P X x x

elsewhere

 



  

  




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Application of 

Poisson Process 



EXAMPLE

If it is known that, on the average, two minor accidents 

occur at a busy crossing --- per day, what is the 

probability that, at the most two minor accidents will 

occur during an entire week ?



Solution:

This is a Poisson process with Occurrence Rate =     = 2 per day.

Also, one week = 7 days implies t=7

Hence

So that



 
   14 14

0,1,2,...
(1)! !

0 ,

x xte t e
x

P X x x x

elsewhere

  
  

  



 2 7 14t   



Now, we require X<2.

So
   

     
0 1 214 14 14

14 14 14 14

2 0 or 1 or 2

14 14 14

0! 1! 2!

14 98 113

113 /1202592.9591 0.00009396

P X P X X X

e e e

e e e e

  

   

    

  

   

 



We can say that the probability that at the most 2 

accidents will occur at this particular crossing in a week, 

this probability is almost 0, which is “Next to 

Impossible!”
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Mean, Variance and Coefficient of Variation 

of the Poisson Distribution 

(explained through an example)



The Poisson pmf is given by

 
0,1, 2,...

!

0 .

xe
x

p x x

elsewhere

 


 





It is easy to prove that, for a Poisson distribution, mean = variance =

On this account, a Poisson pmf is frequently written as

In other words, the parameter or in a Poisson pmf represents the 
mean as well as the variance of the distribution.

 
0,1,2,...

!

0 .

xe
x

p x x

elsewhere

 


 



 

0 



Hence, the Coefficient of Variation of the Poisson 

distribution is given by

1
100% 100% 100%COV

  

   
      



Example 1:

Suppose that X has a Poisson distribution with 

Then the pmf of X is 

 

0.50.5
0,1,2,...

!

0 .

x e
x

p x x

elsewhere




 



4. 



The mean of this distribution is 4.

&

The variance of this distribution is 4.

Therefore, 

The coefficient of variation of this distribution is 

4 1
100% 100% 100% 50%

4 2
COV

 

 
       



Example 2:

Suppose that Y has a Poisson distribution with 

Then the pmf of Y is 

 

22
0,1,2,...

!

0 .

y e
y

p y y

elsewhere




 



9. 



The mean of this distribution is 3.

&

The variance of this distribution is 3.

Therefore, 

The coefficient of variation of this distribution is 

9 1
100% 100% 100% 33.33%

9 9
COV

 

 
       



Example 3:

Suppose that Z has a Poisson distribution with 

Then the pmf of Z is 

 

55
0,1,2,...

!

0 .

z e
z

p z z

elsewhere




 



16. 



The mean of this distribution is 16.

&

The variance of this distribution is 16.

Therefore, 

The coefficient of variation of this distribution is 
1

100% 100% 100%
16

1
100% 25%

4

COV
  

  
      

  



It appears that, as       increases, the coefficient of 

variation of the Poisson distribution decreases.

Stated a little more rigorously:

For a Poisson distribution with parameter    , as      tends 

to infinity, the coefficient of variation of the Poisson 

distribution also tends to 0.    



 
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Derivation 

of the  Mean

of the Poisson distribution



If the random variable X has a Poisson distribution with
parameter µ,

then its mean and variance are given by E(X)= µ and
Var(X)= µ.

 ;
!

xe
p x

x










Proof:

By definition,

     
0

0 1 2 3 4

1 2 3 4

Mean . ; where ;
!

0. 1. 2. 3. 4. ...
0! 1! 2! 3! 4!

0 1. 2. 3. 4. ...
1! 2! 3! 4!

x

x

e
E X x p x p x

x

e e e e e

e e e e



    

   


 

    

   





    

   

  

     

     





     
0

2 3 4

2 3 4

3 4

Mean . ; where ;
!

0 1. 2. 3. 4. ...
1 2 1 2 3 1 2 3 4!

...
1 1 2 1 2 3!

1 ...
2! 3!

x

x

e
E X x p x p x

x

e e e e

e e e e

e



   

   




 

  


  


 
 





   

   



  

     
     

    
  

 
     

 





But we know that the series

Converges, for all values of m, eµ

3 4

0

1 ...
2! 3! !

x

x

m m m
m

x





    



3 4

Therefore

Mean 1 ...
2! 3!

.

e

e e



 

 
 

 





 
     

 
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Derivation 

of the

Variance of the Poisson distribution



If the random variable X has a Poisson distribution with

parameter µ, then its mean and variance are given by

E(X)= µ and Var(X)= µ.



Proof:
By definition

     

       

 

22

2

0 0

,

1 1

. 1 .
! !

x x

x x

Var X E X E X where

E X E X X X E X E X X

e
x x x e

x x


  



 

    

           

   



 

 

 
  

   

2

0 0

0

2 2
2 2

2 2

. 1 .
! !

1 .
1 2 !

2 ! 2 !

starts at 2,as the first two terms in

the summation are zero.

x x

x x

x

x

x x

x x

E X

e
x x x e

x x

e x x
x x x

e e
x x

x






 

 




  
   

 


 






  
 

 

  

  
 

   
 

 
 
 

 



 



 

 

2 2

0

2 2

2 2

Let 2, then

( 0,1,2,...)
!

when 2, 0,

and , ,

Hence

y

y

y x

E X e y
y

x y
e e

x y

Var X



 


 

   

   








 

  

  
     

  

   


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MGF of Poisson Distribution 



MGF of Poisson Distribution 

The mgf of a Poisson distribution is given by

for all real values of t.

Since

   
   1

0 0! !

t
t

x
tx m

m etx tx m m me

x x x

mem e
M t e p x e e e e e

x x

 
 

 

      

 
   

1tm e tM t e me


 



 
   

 
       

 

 

1

21 1

2 2 2 2

2

Since

and ,

then

0

and

0 .

That is, a Poisson distribution has 0. 

t

t t

m e t

m e m et t

M t e me

M t e me e me

M m

M m m m m

m



 

 



 

 

  

 

     

  



By definition, the mgf of a discrete distribution is given by

for all real values of t.

   tx

x

M t e p x



Hence, the mgf of a Poisson distribution is given by

for all real values of t.

   
   1

0 0! !

t
t

x
tx m

m etx tx m m me

x x x

mem e
M t e p x e e e e e

x x

 
 

 

      
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   

 
         

 
       

 

0

1

1 00

21 1

Since

0

0 .1 1.

and ,

Therefore

0

t
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m e t

m e m

m e m et t

M t e me

put t

M e me e m m m

M t e me e me

M m





 

 



    

  

 
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       

 
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           

 

0 0

21 1

21 10 0
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2

0

0

.1 .1 1. 1.
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m e m e
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M t e me e me
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M m m
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   

  



   2 2 2 2

2 2

2

Hence

0

.

That is, a Poisson distribution has 0. 

M m m m

m m m m

m

 

 
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Derivation of 

Poisson Approximation  to the Binomial distribution



To derive an approximation formula to the binomial distribution

b(x ; n ,p) when n ∞ , p0, and the product np remains constant

we proceed :



The binomial distribution b(x ; n ,p) may be written as

 

 

    

    
 

; , , for 0,1,..., .

!
; ,

!( )!

1 2 ... 1 ( )!

!( )!

1 2 ... 1
... 1

!

x n x

x n x

x n x

x n x

n
b x n p p q x n

x

n
b x n p p q

x n x

n n n n x n x
p q

x n x

n n n n x
p q

x









 
  
 




    




   




Substituting in (1), we get

Now, let .

Then and 1 1 .

np

p q p
n n



 



    

 
    1 2 ... 1

; , 1
!

x n x
n n n n x

b x n p
x n n

 


       
    

   
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 
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1 2 ... 1
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!

can be re-written as:
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; , . 1 1

!

11 2
. . ... 1 1
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n xx

x
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n n n n x
b x n p

x n n

n n n n x
b x n p

x n n n

n xn n n

x n n n n n n

x

 
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




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   

          
          

         


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. 1. 1 1 ... 1 1 1
!
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 


          
             

         



Letting n ∞ and p0 such that np=µ remain constant, 

we observe that each of the terms

approaches unity.

1 2 1
1 , 1 ,..., 1 1

x
x

and
n n n n




       
          

       



Let us now focus on the term  

which may be writt

1

1 .
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1
theexpression
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becomes 1 .

s

n

n

k

n

n

n
k

k













 
 

 

  
  
   



  
  

   



Now, as 

So,

1
1 1 1

1 1 1
1 1 .... 1 ( times)

 increases indefinitely, so does .

 lim lim lim

lim

nn k

n n k

k k k

k

n n k

k k

n

k

k

 
 



  



        
          

          

      
         

     



  



Now, we know that

              limit of the product = product of

1 1 1
1 1 1 .... 1 ( times)

1 1

 

= 1 1 ...

the limits

so that

.

lim lim

lim lim

n k k k

n k

k k

k k k

n k k k

k k




 

  

        
            

         

   
    

   

1
1 ( times)lim

k

k




  
  

   



1

1 1 1

8
1

N .ow, it is well-

r

known tha

e

where 2.71 28

=

.

The e

1
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t 1  

1 1 1
1 1 .... 1 ( times)
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lim

lim lim lim lim

lim

k

k

n k k k

n k k k

n

n

e
k

n k k k

e e e

e

n










   

  



 
  

 

        
           

         

 
 

 



 ( times)

or 1 .lim
n

n

e
n





 





 
  

 



Thus the limiting value of P(X=x) is given by the 

expression

 lim ; , .1.1...1.
! !

for 0,1,...,

x x

n

e
b x n p e

x x

x


  




 

 



In other words, if X is a binomial r.v. such that

 

 

, then

lim , for 0,1,2,...,
!

It is denoted by ( ; ) and the r.v. X having p.d. ( ; ) is 

said to have a Poisson distribution with parameter .

x n x

x

n
np

n
P X x p q

x

e
P X x x

x

p x p x







 










 
   

 

   
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An Example of  

the Poisson Approximation to 

the Binomial distribution



• To derive an approximation formula to the binomial 

distribution b(x;n, p) where n ∞ , p  0, and the 

product np remains constant, we proceed:



Example:

Suppose 8% of the tires manufactured at a particular plant

are defective. To illustrate the use of the Poisson

approximation for the binomial, the probability of

obtaining exactly one defective tire from a sample of 20

using equation (5.18) is calculated as follows:

 
       

1 120 .08 1.620 .08 1.6
1 0.3230

1! 1!

e e
P X

      



Had the true distribution, the binomial, been used instead 

of the approximation,

     
1 1920

1 .08 .92 0.3282
1

P X
 

   
 



To illustrate the use of the Poisson approximation for the

binomial, the probability of obtaining exactly one

defective tire from a sample of 20 using the formula is

calculated as follows:

 
       

1 120 .08 1.620 .08 1.6
1 0.3230

1! 1!

e e
P X

      
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Continuous Uniform Distribution 

(Rectangular Distribution) 

(PDF, CDF and Shape of the distribution)



Probability Distribution Function

The probability density function of the continuous uniform 

distribution is:

 
1

,

0

for a x b
f x b a

for x a or x b


 

 
  





Cumulative Distribution Function

The Cumulative Distribution function of the continuous 

uniform distribution is:

 

0

,

1

for x a

x a
F x for a x b

b a

for x b





  






   

   

Derivation of the expression for the inter :

1

1

va  

1
1

1

x x x

a a a

x

a

F x f x dx dx dx
b a b a

x a
x x a

b a b a

a

b a

l x b

  
 


   

 







  





Why is it a straight line between a and b ?

 

 

or

1

which is of the form .

x a x a
F x

b a b a b a

a
F x x

b a b a

y mx c


  

  

   
     

    

 
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Derivation of 

the  Mean and Variance of 

the Continuous Uniform distribution 



Expectation and Variance

If X~ U(a , b), then:

 
 

 
 

2

2

Var
12

a b
E X

b a
X









Proof of Expectation:

The probability density function of the continuous uniform 

distribution is given by

 
1

,

0

for a x b
f x b a

for x a or x b


 

 
  



 

 

  

 

2 2 2

Therefore

1 1
( )

1

2 2 2

2 2

b b

a a

b

a

E X xf x dx x dx xdx
b a b a

b a b ax b a

b a b a b a

b a a b





 
   

  

   
   

   

 
 

  



Proof of Variance:

By definition, 

     

 

 

  
 

22

3
2 2

2 23 3 2 2

Var .

Now,

1 1

3

3 3 3

bb

a a

X E X E X

x
E X x dx

b a b a

b a a ab bb a a ab b

b a b a

    

  
    

    

    
  

 





 

 

22 2

2 2 2 2 2 2 2 2

22 2

Therefore,

Var
3 2

2 4 4 4 3 6 3

3 4 12

2
.

12 12

a ab b a b
X

a ab b a ab b a ab b a ab b

b aa ab b

   
   

 

        
  

 
 
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Application 
of the Uniform  Distribution                            

(explained through an example)



Example:

Suppose in a quiz there are 30 participants. 

A question is given to all 30 participants and the time allowed 
to answer it is 25 seconds. 

i) Find the probability that a participant will respond 
within 6 seconds.

ii) How many of the 30 participants can be expected to respond 
within 6 seconds?



Solution:

Regarding time taken to answer the quiz question as the 
variable of interest X, we have:

Interval of probability distribution = [0 seconds, 25 seconds]

i.e. 0 < x < 25

and, 

assuming that X is uniformly distributed,  

f(x)= 1/(25−0) = 1/25



 

i) Since we are interested in the probability of participants’ responding

within 6 seconds, therefore we need to compute 6

Now, the Cumulative Distribution Function 

of the continuous un

( ) 6 .

for ,

F

a x b

P X 

 



 

 
6 6 0 6

So, here 6 .

iform distributi  

25

on is 

0 25

x a
F x

b a

a
F

b a






 
  

 



ii) There are 30 participants in the quiz

Hence the number of participants likely to answer it      

in 6 seconds = (6/25)× 30 ≈ 7. 
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Exponential Distribution 

(PDF, CDF and shape of the distribution)



The Probability density function (pdf) of an exponential 

distribution is

So it is obvious that is a single-parameter distribution.

 
0, 0

;
0 0.

xe x
f x

x

 


  
 





Let 

So it is obvious that is a single-parameter distribution.

 

1

then,

mean

and

1
0, 0

;

0 0.

x

e x
f x

x









 








 

 
 



First and foremost, let us consider 

the shape of the distribution:



PDF of the Exponential Distribution 

with mean= θ = 0.5, 1, 1.5

•  orange

•  purple

•  skyblue

  0.51
, 0

0.5

x

f x e x

 
 
  

    
 

   
, 0

x
f x e x


  

  1.51
, 0

1.5

x

f x e x

 
 
  

    
 





Next: CDF

The Cumulative distribution function (cdf) of an 

exponential distribution is

 
1 0, 0

;
0 0.

xe x
F x

x

 


   
 





The Cumulative distribution function (cdf) of an 

exponential distribution in terms of 

  1 0, 0;

0 0.

x

e xF x

x

 


    
 





Proof:

     

 

0 0

0

0
1

or

1 , 0

x x x

x x

x
x x x

x

F x f x dx e dx e dx

e e e e

F x e x

 

  



  



  



    

                 

  

  



Now,  let us consider the shape of the CDF:



  1 , 0xF x e x   

CDF of the Exponential Distribution 

  0.51 , 0
x

F x e x


    

with mean=0.5, 1, 1.5

  1 , 0xF x e x   

  1.51 , 0
x

F x e x


    



Important Note: 

• If we are dealing with Poisson process in which events 

are occurring randomly over a time scale then the 

waiting time between successive events is distributed 

according to the exponential distribution.
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Derivation of 

the Mean of 

the Exponential Distribution



A very interesting property:

- The hazard rate of this distribution is constant.

- The mean and standard deviation of the exponential 

distribution are equal.



1. Derivation of the mean:

The pdf of the Exponential distribution is given by

 

   
0

, 0, 0.

Therefore,

.

x

x

f x e x

E X x f x dx x e dx





 





 





  

  



First of all we will apply the formula of integration by parts: 

Here, we let           and

du
uvdx u vdx vdx dx

dx

 
   

 
   

 

 

so that ( ) ( )

and 1.

x x xvdx e dx e dx e

du d
x

dx dx

            

 

  

u x ( )x xv e e      



       

   

H

1
1.

ence, we h e

1 1

av

x x x x

x x x x

du
uvdx u vdx vdx dx

dx

x e e dx xe e dx

xe e dx xe e

   

   





 

   

   

 
   

 

       

      

   

 




