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Mathematical Economics I (ECO607) VU

Lesson 01
INTRODUCTION TO DYNAMIC ANALYSIS

TOPIC 001: NEED AND IMPORTANCE OF DYNAMIC ANALYSIS IN ECONOMICS

Pre-requisites: Basic Mathematical Economics

Types of Economic Analyses: Static, Comparative-Static & Dynamic
Static: <L, Not moving (over time)

Comparative-Static: ¢S\ Ul Moving (due to exogenous variables)
Dynamic: < =i, Moving (over time)

COMPARISON
# Static/Comparative-Static . .
Grounds Analysis Dynamic Analysis
Time dimension is absent as all | . ,
1 Time economic variables refer to the same \T/:;izbéfrg: :fcsur p;thgilﬁ(;gﬁi
dimension point in time - Static oints of time
economy/Timeless economy. P '
Studies the process by which
2 | Equilibrium Studies only a particular point of | equilibrium is achieved. Therefore,

equilibrium. it deals with both, equilibrium and
disequilibrium.

Doesn’t show the path of change —
3 | Transition only the condition(s) of equilibrium,
like a ‘still picture’ of the market.

‘Static model’ evaluates the | ‘Dynamic model’ delineates the
endogenous variables that satisfy | time path of some variable, on the

Shows the path of changes - like a
‘movie’ of the market.

Nature of

4 Model some specified equilibrium | basis of the rate of change.
condition(s) €.0.Q4 = Q4, AD = | Saving(time) and
ALS =1 Investment(time) etc.
Doesn’t fully represent real-life
situations.

Based on the unrealistic assumptions
of perfect competition, perfect | Closer to reality.

5 R_eal-ll_fe knowledge, etc. Considers that all economic
Situation , , . :
Important economic variables like | variables as changeable.
fashions, population, models of
production, etc. are assumed to be
constant.
6 | Complexity | Easy but oversimplified Complex but realistic

Rationale for Dynamic Analysis: Time is ‘unstoppable’ and affect variables of all disciplines
including those of economics.

Better to conduct analysis over time rather than one point in time only.

Examples of Dynamic Analysis in Economics:

Decline in global GDP due to Covid-19 during first half of 2020.

Rise in unemployment in Pakistan due to Covid-19 during first half of 2020.

Decline of fuel (Petrol) prices due to Covid-19 during first half of 2020.

Change of share value over time.

Daily activity in Pakistan Stock Exchange (PSX).

LN~
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TOPIC 002: DYNAMIC ANALYSIS: EXAMPLE FROM POPULATION

1
Say, population size H changes over time at the rate: ‘;—i’ =t 2

1
What time path of population H = H(t) can yield the rate of change 'fi—I: =tz?
Here H(t) can be called time path as ‘population’ depends on ‘time’.

1 1 1
It H(t) = 2¢2, then its derivative is 22 = 2(J) e 2> T =72,

1
Interpretation: If rate of change of population over time is ‘;—i’ =t z, then the relationship (time

1
path) between population and time is H(t) = 2tz.
However, same Z—i’ can be had with a large number of similar H(t):

1 dH 1
If H(t) = 2tz + 15 thenzzt 2

1 . dH -1
H(t) = 2t2 + 99 again—-=1t:

1 1 . dH -1
H(t) =2tz t+ cor H(t) = 2tz + c* | again — =tz

" instead of mentioning —c, —ve sign is merged into c.

c is used as general notation for all possible constant values.

It's better to call ¢ as the ‘arbitrary constant’.

As arbitrary is something which is based on ‘random choice’, rather than any reason.
c is arbitrary as it can assume any value at random.

1
H(t) = 2tz + c is time path of population, however, without determination of ¢ the time path will
remain ‘general’ in nature and not ‘definite’.
Therefore, we try to determine value of ¢, which is possible.
We need the starting point of the function for it — Initial condition.
Initial condition: Value of the dependent variable when independent variable is zero. Here
dependent variable is H and independent variable t.
Therefore, initial condition for function H(t) is H(0) or H,,.
Now for the initial condition, general time path H(t) becomes:

H(t)=2t%+c:H(0)=2(0)%+c=>H(O)=c=>

Value of arbitrary constant c is H(0).
1
Plugging it back in ‘general’ time path: H(t) = 2tz + ¢

1
We get ‘definite’ time path: |[H(t) = 2tz + H(0)

1
H(t) = 212 + H(0)
— — ——
Definite Term involving Initial
Time Path time Population

Arbitrary constant determined is not arbitrary any more ¢ = H(0).

©Copyright Virtual University of Pakistan 2



Mathematical Economics 11 (ECOG607) VU
Multiple arbitrary constants can exist for which initial conditions should be available.
Complete Map of the function — Solution of the dynamic model.
We can experiment some value of H(0). e.g. H(0) = 100.
1
H(t) = 2t2 + 100
X Population
(H)
=10
H{t)=2t1/2 1% Hg
swoe——1 | |
H.:_: =100
-3 -200 =100 o 1ao i fe) 30
Time:(t)
= [
200
-0
©Copyright Virtual University of Pakistan 3

vulearninghub.xyz | by VU Learning HUB



Mathematical Economics I (ECO607) VU

Lesson 02
INTEGRATION AND RULES

TOPIC 003: INTRODUCTION TO INTEGRAL CALCULUS: INDEFINITE INTEGRALS

RATIONALE FOR INTEGRATION:

History Perspective of Integration

Calculus is divided into differential and integral calculus. In this discussion, we are concerned with
integral calculus. Economists often face the mathematical problem of finding a function from its
derivative.

This process of reconstructing a function from its derivative can be regarded as the ‘inverse’ of
differentiation. Mathematicians call this process integration.

There are simple formulas that have been known since ancient times for calculating the area of
any triangle and polygon. Over 4000 years ago, however, the Babylonians were concerned with
accurately measuring the area of plane surfaces, like circles, that are not bounded by straight
lines. Solving this kind of area problem is related to integration. This topic will also include some
important applications of integrals that economists are expected to know.

Mathematical Formulation

Let F(x) be the ‘primitive/original function’ while f(x) be the ‘derivative’, rather than f'(x).
Under differentiation, process is from primitive function to derived function: F(x) = f(x).
However, in Integration the shoe is on the other foot — From derived function to back to primitive
function. f(x) = F(x). Therefore, Integration is also called anti-derivative.

Elongated ‘S’ [ f(x) dx represents the integral sign.

dx is written after the function here f(x) showing that function is integrated w.r.t variable x.
Function to be integrated is known as ‘integrand’.

Differentiation and Integration are opposite of each other:

d

aF(x) =f(x) = ff(x) dx=F(x)+c
c is arbitrary constant of integration.
Multiple parentage of the integrand — multiple possibilities of c.

TOPIC 004: BASIC RULES OF INTEGRATION: CONSTANT FUNCTION RULE & CONSTANT
MULTIPLE RULE

1. Constant Function Rule: It is known that a constant function can be written as:

y=f)
y = ax®
Where a is a constant.
y=a

Integrating w.r.t. y and x on L.H.S and R.H.S, respectively:
fydy = fadx

fydy=ax+c

c is the constant of integration.
Numerical example: Let y = f(x)
fx)=a
Leta=1,theny=1.

©Copyright Virtual University of Pakistan 4
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y=ff(x)dx=f(1)dx=(1)x+c

F(x)=f(1)dx=x+c

tx}, Fix)

~1 1 3 ! E] -]

x
2. Constant Multiple Rule: If a constant (a) is being multiplied with a function, its integration
shall appear like this:

y=a-f(x)
[vay=[t@ r@yax

[vay=a-| feax
[yay=a-trey+e| [+ [ ro0dx=Fe)

And F(x) is the primitive.

Therefore, similar to differentiation, a constant that appears as a multiple of a function in
an integral, comes out of the integral expression.

Numerical example: Let a = 5, then y = 5.

y=5-f(x)
[vay= s renax

[yay=s-[reax
[yay=s-Fan+c [+ [ f@dx=Fw]

Visualizing the integrand before after integration i.e. f(x) and F(x).

©Copyright Virtual University of Pakistan 5
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fxp Flx} " /

g S

f(x) = 5

Fix) = 5x

Before integration the function was a constant function with degree zero (0) and after it has
become a linear function with degree one (1).

TOPIC 005: POWER RULE OF INTEGRATION

Power Rule: When one is to integrate a function that has power other than —1, power rule is
applicable:
Assuming that the power is symbolized by n:

X

n+1
[x™ dx =
n+1

+ c|, wheren # —1

+c

Parametric Stipulation: Now it is clear why n # —1. Putting n = —1 in the formula:
n+1
1) -1+1
f A=
0
X
fx(‘l)dx =5 +¢

xn+1
fx"dx= +c

X

1
Dy ==+
fx x 0 c
xXVdx=c0+c¢

[ xV dx = oo (undefined)
Numerical Example: y = f(x) = 3
fydy = fx?’ dx

Integrating on both sides
©Copyright Virtual University of Pakistan 6
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x3+1

dy =
fyy 3+1 ¢
4

dy ==+
fyy—4 c

Visualizing the pre and post graphs of the integrand; i.e. f(x) = x3 and F(x) = x;+ ¢ with
(c=1).

y=x*

Power Rule and Constant Function Rule

One can use power rule to derive constant function rule:
Assuming the standard form of constant function:

y=a
Where a = 1 is a constant.
Rewriting the function:

y=(1)x°
Integrating w.rtx on RH.S. [ydy = [(x0)dx
. ) X0
Applying power rule: =0 Te
xl
= T +c
fydy=x+c
Which is the constant function rule with constant (a) = 1.

©Copyright Virtual University of Pakistan
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TOPIC 006: DERIVATIVE OVER FUNCTION RULE OF INTEGRATION

When the integrand happens to be in a ratio between derivative and its primitive, then the
integration is done using Derivative over Function Rule.
f'(®)
dx =In|f(x)| +c

o A | -
The rule states that if integrand is a derivative-primitive ratio, then the integration is the natural
logarithm of the primitive.
In other words, the primitive lies in denominator while its derivative is placed in the numerator.
Numerical Example(s): Assuming a function: y = 2

x2+1
Integrating w.r.t. x on R.H.S.

fydy fzﬂ

As per the rule the primitive lies in denominator, therefore, f(x) = x? + 1 The derivative of f(x)
is f'(x) = 2x.
The numerator does not have exact term of f'(x) i.e. 2x. Therefore, we create it by re-writing the

numerator.
f gy — fZ(Z_x) 4
Y=l ™
2x

Recalling and applying the derivative over function rule:

f[x)
f(x)d =In|f(x)|+c

dy =2 2x d
[yar=2]Fizar
fy dy =2(In|x* +1|) + ¢

Visualizing the pre and post graphs of the integrand; f(x) = xfj:l
with (¢ = 1).

)=2(In|x*+1|) + ¢

©Copyright Virtual University of Pakistan 8
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flai=in]ui+1|

Flo=dwin+jee

.I.'::u T
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Lesson 03
INTEGRATION AND RULES (CONTINUED)

TOPIC 007: EXPONENTIAL FUNCTION RULE OF INTEGRATION

Exponential Function Rule states that if integrand is an exponential function, then its integration
is equal to:
af(x)

Fmial " €

23x
f 23X dx =

f a/® dx =
Numerical Example:

d
E(Sx) - In|2|

3
fZSxdxz—zx
3 - (0.693)

3x 3x
[23*dx = %+c or|[23* dx = 2

+c

3-1In|2|

Visualizing the pre and post graphs of the integrand; i.e. f(x) = 23* and F(x) =
(c=0).

23x ith
3-In|2| wit

]
i
4+

fixp=2* |

.'I.
¥

S Fx=2a0n 2] e
4 (e=0)

TOPIC 008: NATURAL EXPONENTIAL FUNCTION RULE OF INTEGRATION

ef® ef ™

i i s [ e — =&
Natural Exponential Function Rule: [ e/™ dx oo mlel +c o) +c

Natural Exponential Function Rule states that if integrand is a natural exponential function, then
its integration is calculated similar to Exponential Function Rule:

ef(x)
f ef(x) dx =

—
f@[lel]

©Copyright Virtual University of Pakistan 10
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J‘ £ d ef(x) N
e X =————T— c
f'(x) X
f e/®dx = e +c
f'(x)

Numerical Example: Assuming a numerical example: y = 13e**

Integrating w.r.t. x on R.H.S.
= f 13e** dx

{ . }
=13

%(4@

e4-x

=13 (T)

13
f 13e**dx = Te“x +c

13
Te‘*" +c

Visualizing the pre and post graphs of the integrand, i.e. f(x) = 13e** and F(x) =
with (¢ = 1).

fla)=13c ,'I

Fixl=|13etid)+c
{e=1}

TOPIC 009: SUM-DIFFERENCE RULE OF INTEGRATION

Sum-Difference rule states that the integration of an integral which is either a sum/difference or
two or more functions, is equal to the sum/difference of the integrals of those functions.

For convenience we assume only two functions here;i.e. f(x) = g(x) + h(x)

[f@)dx = [{g(x) + h(x)}dx = [ g(x)dx + [ h(x)dx +c

Numerical Example(s): Assuming a function:
fx)=(3x3-x+1)

ff(x)dx=f(3x3—x+1)dx

Integrating w.r.t x.

11
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Here, instead of two functions, there are three functions; i.e. [ g(x), h(x) and i(x). Moreover,
both of the arithmetic operations i.e. sum and difference, are used. Therefore, the formula shall

be:
[ rwax = [tg00 - hw + i) ax
f{g(x) —hx) +i(x)}dx = fg(x) dx — f h(x)dx + f i(x)dx+c

=f3x3dx—fxdx+f1dx

=3fx3dx—fxdx+f1dx

3 x3+1 x1+1
=3\371) 1rr T XTC
3xt  x?

F(x) = —/-=
(x) 2 2+x+c

Visualizing the pre and post graphs of the integrand, i.e. f(x) = (3x3 —x+1) and F(x) = 37"4 -

xz .
7+x+CWI’[h (c=1).

Flxl=3x3d-x2ex+o
[ﬂ.‘= | :| b P

/s

i

IlllI

©Copyright Virtual University of Pakistan 12
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TOPIC 010: MORE COMPLEX RULES: INTEGRATION BY SUBSTITUTION

Integration of a product or quotient of two differentiable functions can be done via ‘Integration by
Substitution’.

If integrand can be expressed as a constant-multiple n of another function u and its derivative
du

E.

Integration of a product or quotient of two differentiable functions of x, such as:

ff(x) dx = fn-{g(x)-h(x)} dx

Elaborating the expression:
(product of function)\

and its derivative
—t—

ff(x)dx :f n o9 g()|-h(x) }dx
(#0)

~
h'(x)

(product of function)\
and its derivative

jf(x)dx:fg% h'(x)|-h(x) }dx

\ J
Method of substitution: Breakup f(x) into a product of two function —u = h(x) and its derivative

du .,
a—h(x).

- [ feax
=IL‘£)4%

=judu

=Fu)+c
Hack: Look for the function and its derivative in the function.

Example 5: [ 12x%(x3 + 2) dx
its derivative
(Will be quadratic)

g 2
Intuition: [ 12x (x3+2) dx
quadratic cubic
(function ) (function)

Derivative of (x3 + 2):
d
Ix (x3 +2) =3x?

However, in the given example, we have 12x? instead of 3x2.
So, we breakup 12x?2 into 4 x 3x2.

= f 12x%(x3 + 2) dx

=f4><3x2(x3+2)dx

E_fl:_z}duu
= [ () ues

©Copyright Virtual University of Pakistan 13
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=4f(u)du

Restoring the expression in terms of x:

f 12x%(x3 +2) dx = 2(x3 + 2)2 +c

Verification (via differentiation):

{263+ 2)" +c}
4

%{z(x3 +2)" +cl =2 (2(x3 + 2)}{dx(x3 + 2)} +0

i{f 12x%(x3 + Z)d*} = 4(x% +2)(3x?)

12x%(x3 + 2) =4(3x2)(x3 + 2)
original function
12x2(x3 + 2) = 12x%(x3 + 2)
original function
is restored

TOPIC 011: MORE COMPLEX RULES: INTEGRATION BY PARTS

Rationale for integration by parts:
Example 5: [ 4x(x + 1)3 dx

(its derivative will)
not be linear

Intuition: [ 4x (x+1)3 dx
( linear ) ( cubic )
function function

Derivative of (x + 1)3:
d
— 1)3 = 1)?
ax (x+1) 3(x+1)

However, in the given example, we have 4x instead of 3(x + 1)2.
li;ewar W
Coefficient n can be developed however, degree of function cannot be changed.
As Integration by Substitution fails here, we resort to a superior alternative ‘Integration by Parts’.

Formula for Integration by Parts:
Used when integrand is a product or quotient of differentiable functions of x and Integration by
substitution fails.

©Copyright Virtual University of Pakistan 14
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Derivation of the Rule: Reversing Product Theorem
d
I GO} = g(Oh (x) + h(x)g' (x)

Taking Integral:
d
| Zlon@)ax = [g@r @) dx+ [ (hGog () ax

{g(x)h(x)} = f {g(h' ()} dx + f {h(x)g'(x)}dx

g(x)h(x) —f{g(X)h’(X)}dx = f{h(x)g'(X)}dx

f{h(X)g’(X)}dx = g()h(x) - f{g(X)h’(X)} dx

j (h(0)g' W)} dx = gGOh(x) — f (g ()} dx

Formula for ‘Integration by Parts’

Example: [ 4x(x + 1)3 dx
Hack: Consider smaller function as h(x), while more complicated one as g’(x).
j 4x (x+1)3 dx

| ——
(simpler) ( more )
complicated

f 4x (x + 1)3dx
h(x)  g'(x)
Formula for Integration by Substitution:

f (h(0)g' ()} dx = gOh(x) — f (9O ()} dx

given given given
f{ﬁi?)g%x)}dw 9() EEB—]{.«J_@ h(x)}dx

missing missing missing

Given extracted terms; [h(x) = 4x|,|g'(x) = (x + 1)3|.

Missing Terms
g(x) h' (;)
9@ = [(g'G) ax R = (R}
glx) = f(x +1)3dx = %{4x}
4 h =4
oo =E D"

Plugging values in the formula:
[ (i) g @} dx = 9 G - [ 190 W) ax

fz} (x +1)3dx = {@ + cl} (4’7?) —f [{(x+1)4 + cl}Z] dx

4

©Copyright Virtual University of Pakistan 15
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1)* 1*
[4x - (x+1)3dx = {4x%+4c1x} - f{4¥+ 4c1}dx

= {x(x+ D* + 4cyx} — f{(x + 1)*}dx — f 4cydx

(x+1)5
> 5
1
:x(x+1)4+4-61-x—(x+5) — ¢y —4erx — 3
yet another
constant (c)

=x(x+D*+ 4cx— { + cz} — (4c1x + ¢3)

x+1)5 ———
= x(x + 1)4—%— (cy +¢3)
x+1)5
f4x- (x + 1)3dx:x(x+1)4——( 5 Y _
Verification (via differentiation):
d (x +1)°
— 14 -7 _
dx {x(x tD 5 ¢
productrule ~ powerrule product rule power rule
—— 5 4_‘
% x(x+ 1)* —%—c =x-4(x+1)3+1.(x+1)4_¥_0

%{f 4x(x + 1)3 d%} =4x- (x+1)3 +G+Dr -G+
4x(x+1)3 = 4x-(x+1)3

original function original function
is restored

©Copyright Virtual University of Pakistan 16
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Lesson 04
DEMAND AND SUPPLY ANALYSIS USING INTEGRATION

TOPIC 012: DEMAND ANALYSIS USING INTEGRATION BY SUBSTITUTION

The price p (dollars) of each unit of a particular commodity is estimated to be changing at the
rate: 22 = Z35% Here x is the Consumer demand in (hundred) units. If demand is (x =) 4 then

dx ~ Joix?
price would be (p =) PKR 30. Find demand function p(x).

a. Find the demand function p(x).
b. At what price will 300 units be demanded? At what price will no units be demanded?
c. How many units are demanded at a price of PKR 20 per unit?

Given the rate of change of inverse demand function; ? —135x

V9+x

, integration can give inverse
demand function:

_J‘ —135x dx f 135x
V9 + x? \/9+x2

dx using integration by substitution as basic rules of integration don’t work here.

_ —135x
p(x) = IW
Let, the relatively higher degree polynomial be substituted:

u =9+ x?
Which implies that: = = 2x = 2 = x dx
135x 135

Noreeh ‘fﬁ

1
( )_f—135(du) _ s 1. _ 135 uz"! s
PX= )" \2) "2 Jr T T ¢

Substituting in the integrand, we get: p(x) = [ -

(xdx)

-5+1

1
(x) = 135 uz te= 135)(2 %+
() =—— i c=-— uz +c

2

1
px) =-135u2 +c¢
Restoring the solution in terms of x instead of u.

1
p(x) =-135(9+x%)2+¢

p(x) = —135+/9 + x2 + c|is a general solution as c is still arbitrary in nature.

1
As given, that (p = 30),-4, therefore, plugging values in p(x) = —135 (9 + x2)? + ¢, we get:
1
p(4) =30=-135{9+ (4?2 +¢

1 1
30=-135{9+ (4)?}2+¢c=>30=-135{25}2+c=-135x5+¢
30=-135X5+c=>c=705
Substituting the value of ¢ in general solution we get the definite solution:

p(x) = —135+/9 + x% + 705

Graph of p(x) = —135 V9 + x2 + 705

©Copyright Virtual University of Pakistan 17
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Price (p)

Pl

250

Quarniity
Demandqd
x "

c. How many units are demanded at a price of PKR 20 per unit?

Given that p = 20, the definite solution of Inverse demand function becomes:

20 = —135 /9 + (5)2 +705= demand in (hundred) units

©Copyright Virtual University of Pakistan
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TOPIC 013: SUPPLY ANALYSIS USING INTEGRATION BY SUBSTITUTION

The owner of a fast-food chain determines that if x thousand units of a new meal item are supplied,
then the marginal price at that level of supply is given by p'(x) = 3)2 Where p(x) is the price
(in dollars) per unit at which all x meal units will be sold. Currently, 5 000 units are being supplied

at a price of PKR 2.20 per unit.
Find the supply (price) function p(x).

' _ X

T

Find the supply function p(x).

Solution Given the rate  of change of (inverse) supply  function;

p'(x) = E =& +3)2, mtegranon can give (inverse) supply function:

= arap=r= g

p(x) = f( ey dx using mtegratlon by substitution as basic rules of integration don’t work here.
Let, the denominator be substituted:

u=x+3
Which implies that: 2+ = 1 = du = dx
Substituting in the integrand, we get:
p(x):jﬁdxzflzu—)zs(du) vlu=x+3=>x=u-3|
u—3 1 3
p(x):j( 2 )du:j(;—ﬁ du f du — 3f—du

- 3
p(x) =Infu| + ¢, - {3 X%+ CZ} = Inful+c; +——c,

3 3
p(x)=ln|u|+;+cl—cz=ln|u|+;+g e — ¢y =]
Restoring the solution in terms of x in place of u:u =x+3

p(x) = In|u| +£+c

3
p(x)=ln|x+3|+m+c

Due to the arbitrary constant 'c’, supply function p(x) remains general solution.
Assuming value of ¢(= 1) in general solution, we get definite solution:

3
=1 3 —+1
p(x) n|x + |+x+3+

3
=1 3 —+1
p(x) n|x + 3| + ~13 +

©Copyright Virtual University of Pakistan 19
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Graph of p(x) = In|x + 3| + — + 1

.| Price ({p)

1%1]

Quantity
Supplied {x)

2 [%] 1= riK 23 je]i] =i

b. If 10,000 meal units are supplied to restaurants in the chain, what unit price should be charged
so that all the units will be sold?

p(10000) = In|10000 + 3| + 1000073 " 1

p(10000) = 1In|10003| + ——— 10003

[p(10000) = 10.21|

Interpretation: If 10000 meal units are supplied to restaurants in the chain, then unit price will
be PKR 10.21.

TOPIC 014: REVENUE ANALYSIS USING INTEGRATION BY SUBSTITUTION

The marginal revenue from the sale of x units of a particular commodity is estimated to be:
R'(x) = 50 + 3.5xe~001%

Dollars per unit where R(x) is revenue in dollars.

a. Find R(x), assuming that R(0) = 0.

b. What revenue should be expected from the sale of 1,000 units?

Given the rate of change of Revenue function;
R (x) = Z—’; = 50 + 3.5xe~%91*" integration can give Revenue function:
dR

= J 50+ 3.5xe 001* )dx=> R= f50dx+_f3.5xe‘°'°1"2 dx

R=R(x) = 50] 1dx + 1’».5fxe‘0'01"2 dx

R=R(x) =50x+c¢; +3.5 f xe 001" gy

©Copyright Virtual University of Pakistan 20
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Applying integration by parts to solve underlined integrand:
u=-0 01x2:>du— 0 01(2x):>du— 0.02x = du = xdx
o dx dx -0.02
Rearranging the integrand to get x dx term in:

R(x) =50x+c¢, +3.5 f xe 001" gy

R(x) =50x + ¢, + 3.5feL1x2xdx
Introducing u instead of x.

du 3.5
=50x+c1+3.5fe" = 50x+cq + fe"du

©—0.02 —0.02
=50x+ ¢y + (—175) f e'du
. . . of )
Using Natural Exponential Function Rule: [ e/® dx = Tt

=50x+cqy + (—175)e" + ¢c; = 50x — 175e* + ¢1 + ¢,
=50x—175e* + ¢
Restoring the solution in terms of x in place of u: u = —0.01x?
R(x) = 50x — 175e~%01%" 4 ¢
Due to the arbitrary constant ‘c’, revenue function R(x) remains general solution.
Given that x = 0, R(0) = 0, the general solution becomes:

R(0) = 50(0) — 175e 991" ¢ = R(0) = 0 — 175¢° + ¢

R(0)=0—-175+¢c=>0=-175+c=|c = 175|

Substituting value of c in general solution, we get definite solution:
R(x) = 50x — 175e~%01%" 1 175

Graph of R(x) = 50x — 175e~%91** 1 175

Revenue

(R)

1500

1000

SCO

Output
Q)
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If 1,000 units are being produced then revenue shall be:
R(1000) = 50(1000) — 175¢~0-01(1000 } 175 — PKR 50175
Interpretation: If 1,000 units are sold, then the revenue will be PKR 50175.

TOPIC 015: INVESTMENT PORTFOLIO ANALYSIS USING INTEGRATION BY
SUBSTITUTION
An investment portfolio changes value at the rate:
V,(t) — 126—0.05t(eO.3t _ 3)
dollars per unit where V(t) is investment in dollars. Find V(t).
Given the rate of change of investment portfolio function;
V() = Z—': = 12e7005(¢%3! — 3), integration can give investment portfolio function:
av
e = [ (12670053 = 3)de 5 v(©) = 12 [ (0003 - 3)} e
Converting decimals into ratios for ease.
1 3
V(t) = 12 f {e Z"t(ei‘)t _ 3)} dt
Applying substitution method: u = —%t = % = —% = —20du = dt
ekl
V(t) = 12 j {ez_ot (e - 3)}@
1t— >t=-20 =>3t—3><( 20u) = 3t— 6
20" "M T T T T 10" T 10 W= 10T
Vw) = 12 f {eﬂ(e —3)} (=20du)
V(u) =12 x (—-20) f{e“(e‘(’“ —3)}du
V(u) = —240f{e"(e‘6“ —-3)}du
V(u) = —240 f(e‘su —3e%)du = 240 f(3e“ —e ) du
V(u) = 240 {f(3e“) du — f(e‘su) du}
V(u) = 240 {3 f(e") du — f(e‘su) du}
f(x)
Using Natural Exponential Function Rule [ ef® dx = ;,(x) +c
e—5u
V(u) =240i3e*+c¢c; —|—<+c¢
w=203e" o~ (e
e—5u
V(u) =240 {3 e+ 5 +cq — cz}
e—5u
V(uw) =240 {3 et + =t 5}
V(u) = 720 e* + 48 e 5% + 240 c3
V(u) =720e+48e 5% + ¢
©Copyright Virtual University of Pakistan 22
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Restoring the function in terms of t, instead of u, as u = —%t

1 1
V(o) = 720 20 | 4g 20 |

t t
V(£) =720 720 + 48 e + ¢

Due to the arbitrary constant ‘c’, investment portfolio function V(t) remains general solution.

t t
Graph of V(t) = 720 e 20 + 48 e+ + <

(¢<0)

=1 e e

2500

lelele

p=lelsl

e lele

S0

fmvwvestrrrent
PorffFfolfio W)
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Lesson 05
DEFINITE INTEGRALS

TOPIC 016: DEFINITE INTEGRALS

By the virtue of indefinite integral, we know:
ff(x) dx=Fx)+c

However, if starting & ending values from domain (here, values of x) are chosen then function
has starting & ending points.
Diagrammatically

F(x) ty

Here the between the curve and x —axis has opposite signs (+ve & — ve), therefore, it’s a signed
area. Properly defining, definite integral is the signed area between curve, x —axis and lines (x =
a and x = b).

Using calculus, the expression and diagram looks like this:

b
Area =f f(x)dx

Where ‘a’ is the lower limit and ‘b’ is the upper limit, i.e. (a < b).

Y b
4 ﬁ.rea= If(x)dx
1 “ v =15
K= =D »

Solution will be
b
[ 1) dx= 1@ + Q1 = (F®) + €1 - [F@ + €]
=F(b)+e—F(a)—e=>|F(b)— F(a)
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c — the arbitrary constant of integration, is cancelled out in definite integral, therefore, usually it is
omitted.
Interpretation: Result of a definite integral will be numerical in nature.
Since, diagrammatically it is ‘Area’, therefore, it has a ‘definite’ numerical value.
Numerical Example # 1:

5
f 3x2dx = (23 + )3 = [(5)% + ¢] - [(1)% + ]
1
=125+€—1—€=[124]
Numerical Example # 2:
f: ke* dx = k(e*)]2 [constant of definite integrals gets omitted]
= k(e? —e?)

Numerical Example # 3:
4

4/ 1
) (—+2x)dx= In|1+x] + x2
0 \1+x —_— ——
Derivative over = Power
Function Rule Rule 0

= (In|1 + 4| — 4%) + (In|1 + 0| — 0%)
= (In|5| — 16) + (In|1] — 0) = (In|5| — 16) + (0 —0)

- [li51 16

TOPIC 017: DEFINITE INTEGRAL: AREA UNDER CURVE

In addition to calculus-based (precise) method, Area under the curve can be ‘approximated’
graphically by dividing into vertical rectangles.
i 1!'|

Hlxsl

flxa)

fixg  Mx |_.:l

Diagram shows that the area under the curve between [a, b], is divided into seven (7) vertical
rectangles. The width of each of these rectangles is equal, however, height is not. Lengths are

f(x0), f(x1), F(x2), f(x3), f(x4), f(x5) and f(x), respectively.

Therefore, the respective areas of each rectangle will be f(x,) X (x1 —x,), f(x1) X (x3 —x1),
f(J)Vz) X (X3 — x2), f(x3) X (x4 — x3), f(x4) X (x5 — x4), f(x5) X (x6 —x5), and f(xe) X (x7 —
Xe6)-

Adding the area (A) of the seven rectangles, we get overall ‘shaded’ area:
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A = f(x,) X () + f(x1) X (2 —x1) + fx2) X (x3 — x2) + f(x3) X (x4 — x3) + f(x4)
X (x5 — x4) + f(x5) X (x6 — x5) + f(x6) X (x7 — Xx6)
A = f(x,) X () + f(x1) X (Axq) + f(x2) X (Axz) + f(x3) X (Axy) + f(x4) X (Axs5) + f(x5)

X (Axg) + f(x6) X (Ax7)
In summation form:

A= {fx) x (Axy))

The greater the value of n, the smaller will be the rectangles and more precise will be calculation.
This method is usually known as the ‘Riemann Sum’.
Numerical depiction:

yi

0

A= f(x1) X (x2 —x1) + f(x2) X (x3 — x2) + f(x3) X (x4 — x3) + f(x4) X (x5 — x4) + f(x5)

X (x6 — Xx35)
A=1X2-1D)+;x@-2)+5x(“4-3)+;x(5-4) +:x (6-5)
1 1 1 1
A=1+o+a+7+%

Interpretation: Approximation of the area under the curve between 1 and 6.

However, if calculus-based method is adopted: ff G) dx =1.792

It is observable that Area using Riemann Sum (2.283) is over-approximated as compared to that
using calculus-based method (1.792).

TOPIC 018: PROPERTIES OF DEFINITE INTEGRALS

Property — 1: Interchanging limits of integration changes the sign of the definite integral:
b a
[ reax=- s ax
a b

Proof: Using L.H.S: [” f(x) dx = F(b) — F(a)
Taking —1 common, we get: = —{—F(b) + F(a)}
Interchanging pl_ac_:es of the two terms: = —{F(a) — F(b)}
In general form: | upper Limit f(x) dx = {F(upper limit) — F(lower limit)}

lower limit a
Using the general form write the integral form: — fb f(x) dx =R.H.S

Property — 2: Definite integral has a value of zero when the two limits of integration are
identical:
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faf(x) dx=0

Proof: Using L.H.S: f:f(x) dx = E(a) — Ela)
0 =R.H.S

Property — 3: Definite integral can be expressed as a sum of a finite number of definite
sub-integrals:

fadf(x) dx = fabf(x) dx + fbcf(x) dx + fcdf(x) dx

Where (a<b<c<d)
It can be termed as Additive property of definite integrals.

Graphically speaking
y=F(x)

= o 2 a & s 10
XO b4 1 X2 )(3 X4
Property — 4: A coefficient in definite integral appears a coefficient outside the integral:

fbkf(x) dx = kLbf(x) dx

For example:
5
j 3cxdx = c{(x® + 0)]3} = c[{(5)3 + ¢} — {(1)® + ¢]]
1
=c(125+€—-1—-¢) =>

Property — 5: Definite integrals follow sum & difference rules of integration as followed by
indefinite integrals:

j (g9(x) + h(x)} dx = f {g(x) dx} + f ()} dx + ¢

Numerical Example(s)
2

[o-ax-0x-3] =foo-F-focn-SH}-(3)-(-5)-F-m

-1
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TOPIC 019: IMPROPER INTEGRALS

Improper implies ‘unfitting’ — something not in accordance with accepted standards
Here, mathematically speaking, the element of ‘undefined’ (o) will be present.
Can have two reasons for undefined answer:

1. Infinite limits of integration

2. Infinite integrand

1. INFINITE LIMITS OF INTEGRATION:
Consider the following two definite integrals:

ff (%) dx
Or ’

b

f f(x)dx

Either of upper or lower limits are oo in these cases. Therefore, an improper integral is there.
Numerical Example # 1:

[ ) BRI

x o)
1
]
i |
2
0] g 2 4 ]

Or
Numerical Example # 2:

dx
f ~ = In|x|]7° = In|oo| — In|1| = 0 — 0 = [0]
1
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o LL=d4 2 4 6

2. INFINITE INTEGRAND
Even if, none of limits [a, b] are infinite, integrand can become undefined — improper integral.

Numerical Example # 1:
1

d
f 7" = In|x[l§ = {In|1] —In|0[} = {(0) — (=)} =

0
Numerical Example # 2:
9

f% = Zx%]o > 2{(9)% _ (0)%} = [6]

Economic applications of improper integrals include a situation with interest from a perpetual bond
or the revenue from an indestructible capital asset such as land.
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MARGINAL TO TOTAL ANALYSIS USING INTEGRALS

TOPIC 020: MARGINAL TO TOTAL COST USING INTEGRALS

Given that, €'(Q) = 2 %29, ¢ = 90, C(Q) =?

JC@de=[2e"?dQ=2[e"*?dQ
ef®

f(x) —
[ el ™ dx )

0.2Q
JC@dQ=2[e"??dQ =2(T) +c=10(e") +c
Since derivative & integral are inverse operators: |C(Q) =10e%2Q 4 ¢

Indeterminate answer as (c) is still arbitrary.
Use Cr =90 = C(Q) =10e%2? + ¢
Initial Condition requires: Q = 0
C(0)=10e%2® + ¢ = C(0)=10e’+c=>C(0) =10+
€(0) =10+ c as €(Q)g=o = C(0) = Cp
>Cr=10+c=>c=Cr—10=>¢c=90-10 = [c = 80]

Substituting value of c: |C(Q) =10e%%¢ + 80|

Graph of €(Q) = 10 e°?? + 80
E‘nsr{f:)|

el |

Ouiput (Q)

(L=l

)
=]

TOPIC 021: MARGINAL TO TOTAL REVENUE USING INTEGRALS
Given that, R'(Q) = 28 Q — e%3¢, R(Q) =?
_[R'(Q) dQ = f(28 Q—-e%3?)dQ = 28-[ QdQ — f €930 4
=14Q%* + ¢4 - (% x 0. 3) [e%3¢dQ = 14Q% - 0_13“). 3930 dg
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Since: [ f'(x) ef® dx = ef(x) +c
=14(22+(:1—(ée°'30+c)—14Q2 03 e%3% 4 ¢ [vcy1—cp =]
=14Q% - 7%+ ¢
Since derivative & integral are mverse operators: [ R'(Q) dQ = R(Q)
Finally, we have [R(Q) = 14Q?% — 19 030 4 ¢| General Solution

Indeterminate answer as (c) is still arbitrary.
Use initial condition: Q = 0 > R(0) = 14(0)? - 2e%3@ + ¢ 5 R(0) = -+ ¢ = c =R(0) +

? [. R(0) = 0]: no revenue at no output.
10

>c=—
3

Substituting value of c: |[R(Q) = 14Q? — 2 ¢030 + %! Definite Solution

Graph of R(Q) = 14Q% — 71030 4 22

8000 Revenue (R)

Qutput (Q)

10 20 'I 30

TOPIC 022: MARGINAL TO TOTAL SAVINGS USING INTEGRALS

1
Given that, S'(¥) = 0.3 - 0.1Y72, (§)y_g; = 0, S(Y) =?
Caveat: (S)y—g; = 0 not (Y)s_g; = 0 as income must not be zero for a positive level of
savings {(Y # 0)g-}-
Given condition is an initial condition of dependent variable in terms of independent variable.

1 1
fs'(Y)dY=f(0.3— 0.1Y‘E)dy=>fo.sdy—fo.w‘idy

2

1
1
S(Y) =0.3Y — 01( >+c=>03Y oz( >+c

1
S(Y)=0.3Y-0.2 (YE) + ¢ | Indeterminate savings function

Given (S)y—g1 = 0, therefore substituting ¥ = 81:
1
$(81) = 0.3(81) —0.2(815> +¢c=20=2254+c=>c=-22.5
Substituting value of ¢, we get determinate savings function:
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1
S(Y) = 0.3Y —0.2Yz — 22.5

1
Graph of S(Y) = 0.3Y — 0.2Y2 — 22.5

Savings (5)

44

fncame (Y)

[ L I <.

/ Dis-saving (S.=-20)

TOPIC 023: SHORT RUN PRODUCTION FUNCTION FROM MARGINAL PRODUCTS USING
INTEGRALS

Short-run production functions can be found by using marginal product function.
d —

Let MP, = —1Q(K,L)} = 1000 — 3L%.

Here K shows the constancy of capital in the short run.

Integrating w.r.t. L on both sides: [ i{Q(K L)} 4L = [(1000 — 3L%) dL

Q(K,L)= f (1000) dL — f (3L%) dL = 1000 f (L°)dL -3 f (L?)dL

={1000 (L) + ¢4} — {3 (%) + cz} = 1000L — L3 + (¢, — ¢3)

Q(K,L)=1000L— L3 +c ~c;—c
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Graph of Q(K,L) = 1000L— L3+ ¢
(l:;t)
c=1
%% production <)
200000
EEnialelel
Labor
(L)
-50 S0
- DO
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Lesson 07
MARGINAL TO TOTAL ANALYSIS USING INTEGRALS (CONTINUED)

TOPIC 024: CONSUMPTION FUNCTION FROM MPC USING INTEGRALS

Given that, MPC = 20 + -3 (C)y—16 = 420, C(¥) =?
Y4
Caveat: (S)Y=81 =0 NOT (Y)S=81 =0

saving can happen saving can't happen
with some income with no income
(Y+£0=5>0) Y=0=5<0

3
[(MPC)dY = [ C'(Y)dY = f(zo + 1—2) dy = [(20)dY + [10Y s dY
Y4
T 1
C(Y) = 20Y + 10<$>+c:> 20Y+40(Y2)+c

1

1
C(Y) =20Y + 40 (YZ) + ¢ | Indeterminate consumption function

Given (C)y—-1¢ = 420, therefore substituting:
1
(C)y_16 = C(16) = 20(16) + 40 (101) np

420 =320+80+c=>420=400+c
c=420-400=>c=20
Substituting value of ¢, we get determinate consumption function

1
C(Y) = 20Y + 40Y% + 20

1
cy) = zo(y+ 2V4 + 1)

1
Graph of C(Y) = 20Y + 40Y% + 20
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[
W Consumption (C)

Autonomous
Consumplion
{Ca=20)

/ Income {Y)

TOPIC 025: MARGINAL TO TOTAL IMPORTS USING INTEGRALS

Given that, M’ (Y) = 0.1, (M)y_, = 20, M(Y) =?
fM%ﬂdY:fOJdY:OJandY:oay

[M'(Y)dY =0.1Y + ¢
Since derivative & integral are inverse operators: [M(¥) = 0.1Y +c |
Indeterminate or General Solution as (c) is still arbitrary.
Initial Condition implies: Y = 0
Use (M)y_o = M(0) =20=M(0)=0.1(0) +¢
20=04+c=>c=20
Substituting value of c in:
M(Y)=0.1Y + ¢ becomes
[M(Y) = 0.1Y + 20| Definite Solution for Imports Function.
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Graphof M(Y) =0.1Y + 20

[ Iports (M) il

tncore (YY)

TIE TN

TOPIC 026: MARGINAL TO TOTAL PROFIT USING INTEGRALS

The marginal profit of a certain commodity is m(q) = 100 — 2q when q units are produced. When
10 units are produced, the profit is $700.

Moreover, {m(q)}4=10 = $700
m'(q) = 3 (n(q)} = 100 - 2.

'(q) =100 — 2q

Integrating w.r.t. g on both sides: fdiq{n(q)} dq = [(100 — 2q) dq

n(@) = [ (100) dq - [ 29) dq = 100 [ (1) dg -2 [ (@) dq

2

n(q) = 100q—2<q?>+c=> 100g — g* + ¢

|1t(q) =100q — q* + c| Indeterminate Profit function.
As given, {m(q)}4=10 = $700, it can be substituted as 7(10) = $700

(10) = 700 = 100(10) — (10)% + ¢ = 700 = 1000 — 100 + ¢

700 = 900 + ¢
Im(q) = 100q — q% — 200
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Graph of m(q) = 100q — q*> — 200
T profit
Determinate Profit function.
If g = 50, then
(50) = 100(50) — (50)% — 200 = $2300
7(50) = $2300
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Lesson 08
VARIOUS ECONOMIC APPLICATIONS OF INTEGRALS

TOPIC 027: RATE OF GROWTH OF SHOPS USING INTEGRALS

The rate of growth in the number of shops, n, in a chain of local grocery stores after t

. g dn 3
months satisfies Frimiy

n(t) :fn(t) dt:f% dt:>f3t_%dt

1
_l t—7+1

n(t)=f3t2dt:>3 1 +c
-5+1

1
t2 1
n(t) =3 T +3c, > 682+ ¢
) 2
n(t) = 6tz + ¢ Indeterminate solution for shops’ growth function due to c.
Introducing initial condition: t = 0, in the preceding solution.

n(0) = 6(0)% +c¢= n(0) =c=c=n(0)

1
n(t) = 6t2 + n(0)
Scenario: If number of shops (n) are two in the very beginning (n = 2),—, = n(0) = 2, then the
definite solution will become:
1

n(t) = 6t2 +2
Furthermore, if 9 months pass (t = 9) after ‘now’ (t = 0) we use the value to t = 9 in the shops’

growth function:

n(9) = 6(9)% +2
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Graph of n(9) = 6(9)z + 2

Mumber of Shops (m)
[

.-'--.-
.-"-.--.--
-_.-'
-'.-.--l--.
fime (1)
] k0 i
n9 = 18 + 2
Total Shops During Pre—existing
after 9 months 9 months shops
n(9) = 20

Interpretation: The number of shops after lapse of 9 months will be 20, where 2 shops were
already there when the time of analysis started and 18 were established during the span of 9

months.

TOPIC 028: OIL EXTRACTION ANALYSIS USING INTEGRALS

A company begins its extraction of oil from a newly discovered oil field at t = 0. The
rate of extraction, measured in thousands of barrels per year, is given by ‘;—IZ = 30t? — 4t3.

Given that, Z—’: = 30t% — 413, {N(t)},~, = initial condition, N(t) =?

dN
dt

——dt = f(sot2 —4t3)dt=>f30t2 dt—f4t3 dt

Nt)=30[t*?dt—4[3dt>

t3 t*
N(t) = 30<§+C1>—4<Z+C2

) = (10¢3 +30c¢,) — (t* + 4c,)

N(t) = 106 — t* + (30, — 4c,) = 1063 — t* + (c)

Nt =103 -t*+c=>103 - t* + ¢
N(t) =103 —t* + ¢

Indeterminate Oil Extraction function due to c.
Introducing Initial Condition: t = 0 on both sides:

N(0) = 10(0)%3 — (0)* + ¢
N(0) =10(0) —0+c
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¢ = N(0)|arbitrary constant definitized in a symbolic manner rather than a numeric one.
Substituting value of c, we get the definite solution for Oil Extraction function:
N(t) = 10t3 — t* + N(0)

Scenario: If company starts extracting from very beginning (t = 0) , no oil would be extracted till
at that point of time.

t =0 = N(0) = 0. Under this scenario, oil extraction function is:
N(t) = 10t3 — t*

Graph of N(t) = 10¢3 — t*
(Ol Extraction (N) -~
I.'\ll'-l'|; lllll.r '|II
E / \
s.r.nE l.' |
) I'|
| ! |
el f '
EEES: SEER
"""ii Ifllll II
EEE! ||
e |
! / Tirree (L)
T e
f |
! ol |

If company extract oil for four years (t = 4) , then the number of barrels (in thousands) would
be:
N(4) = 10(4)3 — (4)* = 384 thousand barrels or 384, 000 barrels of oil would be extracted
after 4 years to oil extraction process.

TOPIC 029: CAPITAL FORMATION USING INTEGRALS

Given that, I(£) = 3¢z, K(0) = 0, K(£) =?
1
K(t) = fl(t) dt=f3tf dt

1 3
K(t) =f3t7dt=>2t?+c

3
K(t) = 2tz + c| Indeterminate Capital accumulation function due to c.
Introducing Initial Condition: t = 0 on both sides:

3
K(0)=2(0)2+c
K(0) = c|Substituting in Indeterminate Capital accumulation function

3
K(t) = 2tz + K(0)| Determinate Capital accumulation function
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3
Graph of K(t) = 2tz + K(0)
let K(0)=1

| Capital (M)

Tirme (1)

TOPIC 030: RETAILER'S STORAGE COSTS USING INTEGRALS

A retailer receives a shipment of 10,000 kilograms of rice that will be used up over a 5-month
period at the constant rate of 2,000 kilograms per month. Storage costs are 1 cent per kilogram
per month. The storage costs function is S(t) = 0.01(10000 — 2000¢t).
How much will the retailer pay in storage costs over the next 5 months?

ds
T 0.01(10000 — 2000¢)
S(t) = JS(t) dt = f{O 01(10000 — 2000¢t)} dt = 0.01 f(lOOOO —2000t) dt

= 0.01](10000) dt — 2000f(t) dt

t2
=0.01 {(100001&) — 2000 <7>} +¢=0.01(10000t — 1000t?) + ¢

|S(t) = 100t — 10t + c| Indeterminate solution for Storage cost function due to c.
Introducing initial condition: t = 0, in the preceding solution.
$(0) =100(0) —10(0)2+c = S(0) =c = c=5(0)
S$(0) is the initial level of storage cost, when the ship arrives.
During this time of unloading, the storage is not amassed. Therefore, no storage is incurred.
$(0)=0

|S(t) = 100t — 10¢?| Definite solution for Storage cost function.
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Graph of S(t) = 100t — 10t>
Retailer's Storage Cost (S}

]11' = % ™

Scenario: Storage cost during five time-intervals (t = 5):
The definite solution will become:

S(t) =100(5) — 10(5)?

Interpretation: The storage costs during the five months will be equal to $ 250.
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Lesson 09
CONSUMER AND PRODUCER SURPLUS ANALYSIS USING INTEGRALS

TOPIC 031: CONSUMER WILLINGNESS TO PAY USING INTEGRALS

Suppose that the consumers’ demand function for a certain commodity is p(q) = 4(25 — q?)
dollars per unit. Find the consumer surplus, if consumer is willing to spend 3 units of the
commodity.
Graphically putting:

2fdallars per vt

-

[ Ok

p=4(25 — g}

= o (LILET)

] 3 B
Given q = 3, therefore p(3) = 4{25 — (3)%} = 64
Visualizing the graph:

22 olelesl o e vanvit

E A

14HE :
_\ j'—'ﬂf::—l._ll':_l‘

—

e CaEpiEl=)

il A 5
Yellow line demarcates an approximate triangle and a rectangle.
Allotting proper names to triangle 4P*EP and rectangle XOQ*EP*:
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o lcdallars per unit)

e : = o [Lmals )
o 0 3 3 JII

Extraction of consumer surplus can be understood from the version:
£ (dollars per amit)

100

Consumer. Surplus

|m

Expenditure on; 3. Unns
{Price:x Ctuantity)

P =425 —g?)

/Area Under the curve - Definite!Integral
P ¥

» g (UNILs)

o

A

Mathematically speaking:
Area under the curve — Definite Integral: f03 p(q) dq = f03{4(25 - q%)}dq

The shape of the whole shaded area is a Trapezoid 0Q*EP. (One pair of sides parallel). Economic
sense of it is the ‘consumers’ willingness to pay’ for 3 units.

Expenditure on 3 Units (Price x Quantity): XI0Q*EP* = |0Q*| x |OP*

This is a rectangular shape. Economic sense of it is ‘Actual Expenditure’.

Triangular Area: 4P*EP
This is a triangular shape. Economic sense of it is ‘Consumer Surplus’.

P'E

x |[EQ*

©Copyright Virtual University of Pakistan 44



Mathematical Economics I (ECO607) VU

It Yy

(2] Tubal willinganss |u weoed L N [T W TR TR (T el Compsuweea s’ woaplus
It is evident from the diagram that the area under the curve is the sum of triangular area and the
rectangular area:

3
f p(q) = XOQ*EP* + AP*EP
0

Therefore, triangular area is the difference of area under the curve and expenditure on the 3
units:

3
AP*EP = f p(q) dqg — X OQ*EP*
0

x [oP*

J

3
AP"EP = f (4(25 — q?)} dq - {[OQ°
Putting the formula numerically: ’
3 3 Q3 3
AP*EP = 4<f 25dq — f q> dq> - (3x64) = 4{25(q]3) -— }— (192)
0 0 3 0
(3)% - (0)°
AP*EP = 4 [25(3 -0) - {T}] —(192) = 4[25(3) — (9)] — 192
AP*EP = 4{25(3) — (9)} — 192 = 72

Consumer Surplus: |4P*EP = 72
_e"_?
' 5

£ = L3 gD

o

|

o

0 Y

Consuuners” surplus
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TOPIC 032: CONSUMER SURPLUS USING INTEGRALS

The demand function of a good is given by P = % dollars per unit. Shade the area which gives

T

the consumer’s surplus at @ = 64 and use integration to calculate its value.
Graphically putting:

Q
10 20
Giv Q therefor P( ) 2 . —80_20
en = 64, herefore 64_3 = =

Visualizing the graph for Consumer Surplus:
We are looking for consumer surplus.
Allotting proper names to triangle 4P*EP and rectangle Xl0Q*EP*:

1405

Corsumer 2urpius. 4 Aclus Expendilure. = Consumer's willngness Lo pay

[a} 10 20 30 40 a0 60 o 0

Mathematically speaking:
Consumer’s willingness to pay (Area under the curve): f064P(Q) dQ = f064 (%) dQ

x |[oP*

Actual Expenditure (Equilibrium Price x Equilibrium Quantity): X0Q*EP*: = |0Q*
Triangular Area: 4P*EP is the ‘Consumer Surplus’.
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il BT : = 0y
a0 Tatal wllicgers=s 1 apsd C b us i o e e Lo T T R Ty -1
It is evident from the diagram that the area under the curve is the sum of triangular area and the

rectangular area:
64
[ (J‘) dQ = (007 x [0P7[) + 4P"EP
Triangular area is the difference of area under the curve and actual expenditure on the 64 units:
64
AP'EP = f < >dQ (|lo@*| x |oP*|)
:Q

Putting the formula numerically:

64
64 1 Q_%+1
AP*EP = 80{ Q73 dQ} — (64 x 20) = 80 — — 1280
0 —3+1
0
2,64
Q 3 64 Z E
=80( 5| |-1280=80x> <Q3] ) = 120 (643 i 03) — 1280
31

AP*EP = 1920 — 1280 =

100
Caonsumer Surplus {8440) + Actual Expendifure [1280) = Consumer's wilingness la pay {1520

FEBOAC).”

o i 20 30 i 50 B0 @0 0

TOPIC 033: DIFFERENTIAL OF CONSUMER SURPLUS USING INTEGRALS

A price-discriminating monopolist faces the weekly market demand curve P = 60 — 2Q?2, where
q is the quantity he sells. The monopolist charges two customers their reservation prices.
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reservation price of the first customer is $42. The second customer is charged $10. How much
surplus does the first customer lose from not being charged the lower price?
Graphically putting:

P

1.50 -

100

{y

10

Given P = 60 — 2Q?, and P§ = 42 and P = 10

20

First Customer Analysis

Second Customer Analysis

Demand PR =60 —2(Q,)? PE =60 —2(Q,)*
Qq 42 = 60 — 2(Q)? 10 = 60 — 2(Q,)?
60 — 42 60 — 10
Q)% = 2 = (Q)*=9 Q)% = 2
Q=3 (Q2)* =25
Quantity demanded by 1%t person at Q=5
reservation price. Quantity demanded by 2™ person at
reservation price.
—— o2 <o oz <[or
3x42 =126 5x 10 =50
Consumer Q1 Q2
Willingness = f (60 —20%)dQ = f (60 —2@*)dQ
to pay y 3 y 5
=f (60 —2Q%)dQ =f (60 —2Q%)dQ
0 0
3\13 3\ 15
- (60013 -2 (Q—)] ) - (60018 —2 (Q_>] )
3 0 3 0
33 03 53 03
=60(3 - 0) 2(3 3> —60(5—0)—2<?—?)
=60(3) - 2(9) :ﬁ) 18 — 60(5) — 2 (%5) = 300 — 83.33
= 216.667
Consumers CS, = 162 - 126 CS, = 216.667 — 50
Surplus CS, =36 CS, = 166.667
Differential ACS = CS, — CS; =166.667 — 36
of Consumer ACS = 130.667
Surpluses
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A
+

Price

e /]

130.667 |

¥ P.= 60-2Q°
10
‘ Quantity
+ 3 S i T3
Interpretation | The 15! person loses 130.667 from potential surplus when compared to
2" person.

TOPIC 034: PRODUCER & SOCIAL SURPLUS USING INTEGRALS

Demand and Supply functions of a good (shirts) are P =60 —0.6Q and P = 20 + 0.2Q. Find
total (social) surplus.
For equilibrium output, let the prices in demand and supply functions be equal. 60 — 0.6Q = 20 +
0.2Q

60 —20=0.6Q +0.2Q = 40 = 0.8Q

Q" =50

For equilibrium price, substitute @* in demand or supply function (we use supply function): P* =
20+ 0.2Q* = P* =20+ 0.2(50)

P* =30
Graphically putting:
Lo PR
e Producer
[ Surplus
T P=.20-0.2G
| 38
Snpk
| ™
T @uaniity
1 B 15 re—
50 i
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Since both consumer surplus and producer surplus are right triangles, we can use area of right
triangle formula to find both:

P 70

l._.l:l 1

; PS /
40 /

£, 30

FP =060 0.60

20 /
10 0
a4 : : : >

0 25 50 75 100
Consumer Surplus: 4AP,E,
Producer Surplus: 4BP,E,

Areaofa 4 = % X |Base| x |Altitute|

Consumer Surplus: Area of 4AP,E, = % X |[PoE,| % |AP,|
1 — —
=5 X |50| x |30]
Consumer Surplus: Area of [44P,E, = 750

Producer Surplus: Area of ABP,E, = % X [PoE,| % |BP,|
1 — —_

=5 X |50| x |10|
Producer Surplus: Area of [4BP,E, = 250
Finally, we calculate the Social (total) Surplus = Consumer Surplus + Producer Surplus
Geometrically; Social (total) Surplus: Area of 4ABE, = 4AP,E, + ABP,E,

AABE, =750 + 250
|4ABE, = 1000

Hence the Social (total) Surplus is 1000 units.

TOPIC 035: PRODUCER SURPLUS WITH TAX USING INTEGRALS

3
A firm producing computers has the following cost function €(Q) = % —9Q2 +160Q + 20. The

producer has planned to produce 12 computers to meet market demand. What is his total
producer surplus if the market price is 270? What is his loss in producer surplus when, due to
taxation, he reduces production from 12 to 9 machines?

Producer’s surplus at Q = 12 is to be calculated and market price is 270.

d d (@ 5
MC(Q) = 75 C(@ = MC(Q) = E(? —9Q% +160Q + zo>

MC(Q) = Q% — 18Q + 160
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As marginal cost is considered equivalent to supply curve, therefore, we treat MC(Q) as the
supply curve.

2

S

Actual

psrz‘rj;ﬁzr Revenue
B
a » E

z B Area under the
iR "7:“”-/(‘ / Curve

o Quantity 12

Producer surplus from the diagram is the difference of Actual Revenue and Area under the curve:
ARP*E = XOP*EQ* — Trapezoid(OREQ")
* nN* np* 12
ARP’E = (|0Q*| x |0P*|) - [;"MC(Q) dQ
ARP'E = (112 x |270]) — [1*(Q? - 18Q + 160) dQ

Q3

12
ARP*E = 3240 — <? -9Q?% + 1600)]

0
3 3
= 3240 — {(£ - 0—) —9(122 - 0%) + 160(12 — 0)}

3 3
=3240—- (576 — 1296 + 1920) = 3240 — (1200)
[ARP*E = 2040]
)
S

Producer
L Actual

Surplus=

uzrg;as Revenue=3240

| » E
7 Area under the
iR / /UN6=1200
| Q"
O Quantity 12

Interpretation: 2040 is the producer surplus of the company if it produces 12 units with market
price being 270.
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Loss in Consumer Surplus due to Tax
L )

Price

Loss

7' *=270 A

Producer surplus -

Bl ~ Decline in

Revenue
e / due to tax

Q=8 Q™=12 Quantity
Post-tax diagram shows that output is discouraged from Q* to Q4. However, the price is still the
same P* = 270.
This causes a decline in the revenue: [X4Q1Q"E = (|AQ4| x |Q1Q*|)

Within this rectangle, the triangle 4ABE shows the loss in producer surplus.
Whereas, the area Trapezoid(BQ,Q*E) is the unwanted area. Mathematically speaking it is the

area under the curve with lower and upper limits as 9 and 12, respectively: f912 MC(Q)dQ =
J,%(@% - 180 + 160) dQ.

From the diagram, the triangle is the difference between decline in revenue and the area under
the curve: 4ABE = [XAQ,Q*E — Trapezoid(BQ,Q*E)

12
)— L MC(Q) dQ

AABE = (|AQ,| x |Q1Q*

12
4ABE =270 x (12-9)— | (Q*>-18Q +160)dQ
9

12

3
4ABE = 810 — (% - 9Q? + 1600)]
9
123 93
=810 — {(T - ?> -9(122-92) + 160(12 — 9)}
= 810 — (246)
JABE = 564

Interpretation: 564 units is the loss in producer surplus due to the imposition of the tax.
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Price

P*=270 A

Producer surplus

7

//-

_/

Loss=564

Decline in

Revenue
/ due to tax

Q=9 Q=12 Quantity
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Lesson 10
FIRM’S ANALYSIS USING INTEGRALS

TOPIC 036: PRESENT VALUE OF CASH FLOW USING INTEGRALS

Present value of cash flow of a firm is represented by: w = fJR(t) e "tdt. Where R(t) is the
function defining the cash flows over time. t is time, which is usually measured in years. r is the
discount rate. e " is the exponential-decay expression that depicts the discounting phenomenon.
What is the present value of a continuous revenue flow lasting for y years at the constant rate of
D dollars per year and discounted at the rate of r per year?

As already known, that: & = fotR(t) e "tdt

e~

y
Tt
Here t = y, R(t) = D. Therefore; m = nyD e "tdt=>D {d( t)}]
a T 0

et Y {e—rt}]y
=p|{——— | =D

ngo)|
D.__.7
=),

D D
— — (T _ p-1(0) —— (e~ Ty _ p0
- (e e )= - (e e?)

= —B(e‘ry— 1) =>2(1—e‘”’)
r r

General formula for present value of revenue flows over y periods of time. Formula shows that
the present value () depends on D, r and y.
Numerical: D = 3000, r = 0.06, and y = 2.

Substituting the values in general formula w = 2(1 —e™ )

3000
= (1 — e (006)2)
2000 T=006l  ° J
=——(1-¢e7%12) 5 50000(1 — 0.8869)
0.06

m = 50000(0.1131) =|$5655|approx.

Interpretation: Present value of revenue in constant dollar flows of $3000 over 2 year, with
discount rate of 6% is approximately equal to $5655.

TOPIC 037: PRESENT VALUE OF PERPETUAL FLOW USING INTEGRALS

If a cash flow were to persist forever — a situation exemplified by the interest from a perpetual
bond or the revenue from an indestructible capital asset such as land — the present value of the

flow would be: = [;” R(¢) e "dL.
It's an example of improper integral.

Present value of a perpetual income stream flowing at constant rate of D dollars per year and
discounted at the rate of r per year?

As already known, that: pe,peuar = [ R(E) e "dt
Here R(¢) = D. Therefore; mperpeuar = J; D e "dt = lim{[7' D e dt}
y—0
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-rt\1Y
= lim |D llm } ]
yoe —T)d (® yoe (_r)

= lim {——(e ”)] } = lim ——{e—r(y) _ e—r(O)}]

y—oo y—oo

= lim {—B(e Ty _ eo)}

y—>oo
. B (D B
perpeua = Jim {2 = D) = im (21— )
b D
=—31 - —1() >_—_{1—e®
D { ° } r 1-e™}
=—-{1-0} [+ e~ = 0]
D

8 = —
perptual r

General formula for present value of perpetual income stream flowing over time. Formula shows
that this present value (Tperpruqr) depends on D and r.
Numerical: D = PKR 1450 and r = 5%.
Substituting the values in general formula 1,erpeuar = =
1450 1450
Mperptual = 5—% = m
Therptual = PKR 29000

Interpretation: Present value of the perpetual income stream flowing at constant rate, of 1450
dollars per year and discounted at the rate of 5% per year, is PKR 29,000.

TOPIC 038: WINE STORAGE PROBLEM WITH STORAGE COSTS USING INTEGRALS

Wine-storage problem of Sec. 10.6, we assumed zero storage cost. Permit the storage cost.

Let the purchase cost of the case of wine be an amount C, incurred at the present time. Its (future)
sale value, which varies with time, may be generally denoted as V(t) — its present value being
V(t)e™. Whereas the sale value represents a single future value (there can be only one sale
transaction on this case of wine), the storage cost is a stream. Assuming this cost to be a constant
stream at the rate of s dollars per year, the total present value of the storage cost incurred in a
total of £ years can be calculated as follows:

Net Present value = Present value of Sale — Present value of Costs

Instead of Present Value we use Net Present Value, as now there is ‘net/difference’ of Sales and
Costs.

Net Present Value = (NPV),,ine
= Present value of sale
— Present value of storage cost — Purchase cost

Present value of sale =V(t) x (e™) =V(t)e™
—— —

Sale Discounting
value  expression
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t

Present value of storage cost = f s x (e’ dt
[} ——
0 Constant Discounting

cost stream expression

Caveat: Both ‘Present value of sale’ and ‘Present value of storage cost’ are discounted as they
occur in future. While ‘Present value of sale’ is not integrated as it occurs once when the wine will
be sold. Whereas, ‘Present value of storage cost’ is integrated as it occurs repeatedly on yearly
basis.

Now, simplifying the expression for ‘present value of storage cost’:
t

t
=fse‘”dt ::sf e "t dt
0

0
t

et
’ & (—ro)
t
e—Tt e—rt
Ao 5
= —;(e‘”)]:

_ _Sr® _ om0 o _So-ry _ 0y o _S -1y _
(e - @) 5 S (e — ) 5 S (e 1)

t

0

s
Present value of storage cost = - (1—e™)

Substituting value in the formula for Net Present Value of Wine.
(NPV),ine = Present value of sale — Present value of storage cost — Purchase cost

S
(NPV)wine = V(t)ert - ;(1 - e—rt) -C

s s S s
=V@)et——+-e " -C=>V()e"t+-e Tt —=—C
ror r

S S
NPV)yine =N@®) = V() +Je ———¢C
NPV is function of (t)
Since the objective is to maximize the NPV of the wine, there is need to optimize:
Differentiating w.r.t. ¢:

, d Sy ;¢ S d Sy d /s d
N(t)=a[{V(t)+;}e t—;—C]ﬁa {V(t)+;}e t]—a(;)—a(C‘)
Product Rule requires: = {f(x)} = - {g(x) x h(x)} = g'(x) x h(x) + I (x) x g(x)

Here g(x) = {V(t) + 2} and h(x) = e

N'(t) = % v +;} X % —%(;) —%(C)

g(x)

d s N d s
N’(t)=E{V(t)+;}xe S AC ”)X{V(t)+;}—0—0

N'(@®) ={V'() + 0} xe™ + [{% (—rt)} (e‘”)] x{v + ;}
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N'@®) = V(O x e + (-1 x (V) +)
N'() = V(e —re "t x V(D) + ;}
N'(t) = V'(£)e ™ — V(E)re ™" — :—cre‘”

N@®={V (@) —rV(®) —sle™
First order condition requires f'(x) = 0:
N@®={W'{t)—rV(t)—sle ™ =0
V'®)—rv(@®)—s}=0=V' () =1V (1) + 5|
Interpretation: This is the condition for maximizing the net present value of the wine-sale
(NPV ,ine)- The critical value of variable time (t*) will lead to maximization of net present value

of wine-sale. Moreover, the condition is replica of the usual condition for profit maximization MC =
MR.

e V'()=rV(t)+s
MR McC

TOPIC 039: BREAKEVEN ANALYSIS OF A FIRM USING INTEGRALS

A firm expects its annual income, (Y), and expenditure (E) to change according to the equations
Y(t) = 250 + 0.5t and E(t) = t*>- 17t + 287.5 (t is time in years).
(a) Sketch the graphs of income and expenditure on the same diagram over the interval 0 <
t < 20. Confirm the break-even points algebraically.

Y1)
F(1) Ein=1—17t+ 287.5

250 4
300 T \
\

250
Yiry =250+ 0.5¢

200 1
150) 1
L
At

0

025 10 15 2()
Break-even att=25and ¢t = 15

b) Use integration to calculate the net savings (total income — total expenditure) over the
interval 2.5 < t < 15.

1 1
L T

i

©Copyright Virtual University of Pakistan 57



Mathematical Economics I (ECO607) VU

3504 , E(0)
300 1 \ i - g
230 1T Y1)
200 | oy
150 + i ffi”; oo
00t i
504 1 e
() H—t——t———t——> !
025 10 15 20

From diagram, it clear that:
Net Savings = Area under the Revenue Curve — Area under the Expenditure Curve

15 15
Net Savings = (250 + 0.5¢t) dt—f (t?-17t + 287.5) dt
25 25
< 2\1° /3 172 15
=1250t+ 0.5 X—> — <—— +287.5t>]
2)l,5 \3 2 2.5

15

t3
= (250¢ +0.25¢2)] " — <§ — 8.5¢2 +287. 5t>]
25

= [{250(15) — 250(2.5)} + 0.25{(15)% — (2.5)?}]
(15)3 (2.5)3

_{ 3 3
[Net Savings = 325.5|

—8.5{(15)% — (2.5)%} + 287.5(15 — 2. 5)}

Interpretation: The annual net savings of the firm, if time is considered from 2.5 years till
15 years, will be 325.5 units:

TOPIC 040: SCALE OF PRODUCTION ANALYSIS USING INTEGRALS

Assume that the total quantity of a good produced by a firm using capital (K) and labor (L) is
given by the Cobb—-Douglas production function f(K, L) = K®7L%3. What will be the total increase
in output if the firm increases the quantities of capital and labor to 10 units each from the present
levels of 5 units each?

Visualizing the production function, we get a 3D graph:
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L3

If implies that we have (3D) volume under the curve instead of (2D) area under the curve.
Therefore, developing an integral expression w.r.t. both capital and labor.

10 10
Q(K,L) = f { f (K°'7L°'3)dK}dL
5
5

It is called a double-definite integral as integrand is integrated w.r.t K and L, respectively.
Moreover, it has lower and upper limits of 5 and 10, respectively, as K and L are doubled from 5

to 10.
Solution: Integrating w.r.t to K.

Q(K.I) = f ) [ fs - (k07(1)"’) dK‘ dL

10
KO-7+1 e 110
x (L) dL
{0.7+1 () }

o(k.D)=

5

QK T) = j kf3”7mdL

Q(L) = {( > (34. 69)} dL
(L) = j 10{(Z)O'Szo.m} dL
(L) = jlo {20.41(T)""}aL

Integrating w.r.t L:
10
QL) = f {20.41(L)°3}dL
5
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10

[03+1
Q(L) = 20.41< )]
5

0.3+1
1.3+ 110

Q(L) = 20.41 (§>L

o) = 15.7{(1+%)."}
Q = 15.7{(10)*3 — (5)13}

Q = 186.03] units

Interpretation: Therefore, the increase in output when the firm increases the quantities of capital
and labor from 5 units each to 10 units each will be 186.03 units.
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Lesson 11
FIRM’S ANALYSIS USING INTEGRALS (CONTINUED 1)

TOPIC 041: POLLUTION IN CATTLE FATTENING ANALYSIS USING INTEGRALS

Cattle Fattening involves environmental costs.

. | =
Here an intensive cattle-fattening unit is adding pollutant (in hundreds of gallons) to a river at the
rate of r(t) = Vt, where t is the number of months that the unit has been in operation.
(a) Graph the rate of pollution for t = 0 to 12 months. Comment.

r(ril L ) = Jr

3.46 - -

2 -

() -
0 255 7510

(b) Calculate the volume of pollutant in the river during the first six months.
Here t = 6, therefore diagram becomes:
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A 1)

245 -~

A0BC = X 0ABC — Area under the curve
6
20BC = (|04 x [0€|) - f r() dt
0

6
AO0BC = (|2.45]| x |6]) —f JVtdt
0

3\ 16

t2
40BC=14.7~|

2/4q

2(, 3 3
40BC = 14.7 — §{(6)2 - (0)2}

2
=14.7 -5 (14.7)

=14.7-9.8
A0BC = 4.9
As the units of pollutant is in hundreds of gallons, the pollutant in first 6 months will be:
A0BC = 4.9 X100

gallons
TOPIC 042: CROP FARMING ANALYSIS USING INTEGRALS

It is estimated that t days from now a farmer’s crop will be increasing at the rate of
0.3t? + 0.6t + 1 bushels per day. By how much will the value of the crop increase during the next
5 days if the market price remains fixed at $3 per bushel?

dC(t)

dt
Moreover, it is given that P = $3.
Let C(t) represent the rate of increase in crop bushels per day.
t

t
dc(e)
dt
0

=0.3t2+0.6t+1

(0.3t + 0.6t + 1) dt
0
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5 5
dC(t
f ()=f(0.3t2+0.6t+1)dt
dt
0 0
3 2 5
C(t):(0.3><§+0.6?+t>:|0

c(t) = (0.1 + 0.3t + t)]f;
c(t) =[0.1{(5)% — (0)3} + 0.3{(5)% — (0)%} + (5 — 0)]
The crop after 5 months will be 25 bushels.
It is the crop function over time, however, if the increase in value of crop is required, Value of
crop = crop x price
Ve@) = (0.183 + 0.3¢% + t)]f; x $3
Ve(®) = (0.3t +0.9¢% + 3t)]z
Applying the lower and upper limits in V(t), we get:
Ve@®) =1[0.3{(5)3 — (0)3} + 0.9{(5)% — (0)%} + 3(5 — 0)]

Interpretation: The value of crop will be $75, after 5 months, if the price is $3 per bushel.

TOPIC 043: MOBILE PRODUCTION ANALYSIS USING INTEGRALS

Bejax Corporation has set up a production line to manufacture a new type of mobiles. The rate of
production of the mobiles is Z—I: = 1500 (2 - ﬁ) units/month. How many telephones are

produced during the third month?
Given the rate of change of production over time:
dpP

t
dt 150()(2 _2t+5)
Integrating w.r.t t to get the production as a function of time (¢t).

fdpdt— j{lsoo(z t )}dt
dt 2t+5

P(t)=1500<f2dt—f2tisdt)

t
P(t) = 1500 2t — dt
® ( f2t+5 )

) —_dt|requires integration by substitution:

2t+5
u-5 du du
Letu—2t+5=>7—t,a—2=> T_dt
Substituting, we get:
(u—5)
f 2 du (u—5) d
2 4u v
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=%(fldu—5f%du)

1
= Z(u —5 Inju|) + C,

1
= Z{(Zt + 5) -5 ln|2t + 5|} + C(Zt+5)
=2(2t+5-5In2t+5|) + ¢ [ Caers) = €]

t 1 )
f2t+5dt—z{(2t+5)—51n|2t+5|}+c

t
P(t) =1500(2t—|| -——dt
® ( th+5 )

1
P(t) = 1500 {Zt - Z{(Zt +5) — 51n|2t + 5|}

| ——

2t+5

51 2t+5
—z '>}

5
2 In|2t 5)
+4n| + 5|

P(t) = 1500{2t - (

2t+5
P(£) = 1500 (Zt—

Recalling the given information regarding time: “during the 3rd month”. Mathematically; f23 P(t)dt
which implies tjgyer = 2 and typper = 3.

= 1500 [2(3) —2(2) - {2(?5 - Z(Zj”‘} +2{In2(3) + 5| — In[2(2) + 5|}]

= 15002 (11 9) 51 11| —In|9
= 1500(2 - (-~ ;) +7 (ni11] - Injo))]

—1500{2 1+5(l |11)}
= 2" 2\ "9

—1500{3+5(1 |11 )}
- 22\ "9
|[P(t) = 2626.2575|

Interpretation: Approximately, 2626 telephones will be produced during the third month by Bejax
Corporation.

TOPIC 044: FIRM'S AVERAGE PROFIT ANALYSIS USING INTEGRALS

Firm’s profit function is T = f(Q) and the level of output (@Q), varies between a and b units, then
the firm’s average profit is m = ﬁf:f(@) dQ. Calculate a firm’s average profit when TR =
100(1 — e7%1?), TC = 0.1Q% + 2Q + 1 and output varies from 3 to 8 units.
Solution: w = f(Q) = TR(Q) —TC(Q)
= f(Q) ={100(1— e °1¢)} - {0.1Q% + 2Q + 1}
m=f(Q)=100—-100e %1% -0.1Q02-2Q -1
m=f(Q) =99 — 100e%1¢ — 2Q — 0.1Q?
Introducing integral with upper and lower limits on general formula of average profit:
b 8 -
Tavg = ﬁfa f(Q)dQ > 8—f3f3 (99 — 100e7°1¢ — 2Q — 0.1Q2) dQ
Tavg =3 J;(99 — 100e791¢ — 2Q - 0.1Q%) dQ
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8

_1 99 100 Sl Z_0.030Q3
navg(Q)_E{ Q_ <_01>_Q — Uk Q}B

Tapg(Q) = %{99() +1000(e"010) — @% — 0. 0303}]2
Tag(Q) = %[{99(8 —3)}+1000{e *1® — =013} — (82 — 3%) — 0.03(83 — 33)]
Tapg(Q) = %{99(5) +1000(e %8 — ¢703) — (55) — 0.03(485)}
Tapg(Q) = %{495 +1000(0.449 — 0.741) — 55 — 14.55}

|1'ta,,g(Q) = 26. 46|
Interpretation: Between 3 and 8 units of output, the firm makes 26.46 units of average profit.

TOPIC 045: FIRM'S AVERAGE COST ANALYSIS USING INTEGRALS

The cost of producing x units of a new product is €(Q) = 3Q? — 2 hundred dollars. What is the
average cost of producing 3 to 7 units?

Solution: Given the total cost function, €(Q) = 3Q% — 2, we can find the average cost between
the lower and upper limits [3,7] by general formula for average of a function using definite
integrals:

1 b
favg(x) = mff(x) dx
Cavg(Q) = 7_1,’f37(3Q2 - 2) dQ

7
1
Cavg(Q) = AC(Q) = j (3Q*-12)dQ
1 7 3 7
AC(Q) = 1{3 f(QZ) dQ -2 f(1) dQ}
3 3

AC(Q) = %{3 (%SD - 2(013)}
ac@ = {(¢1}) - 2(a10)}

AC(Q) = %{(73 —-33)-2(7-3)}

AC(Q) = $((316) —2(4))

AC(Q) =77
Interpretation: The firm will incur 77 units as average cost if we consider production of 3 to 7
units.

©Copyright Virtual University of Pakistan 65



Mathematical Economics I (ECO607) VU

Lesson 12
FIRM’S ANALYSIS USING INTEGRALS (CONTINUED 2)

TOPIC 046: AVERAGE FOOD PRICE ANALYSIS USING INTEGRALS

Records indicate that t months after the beginning of the year, the price of ground beef in local
supermarkets was P(t) = 0.09t? — 0.2t + 4 dollars per pound. What was the average price of
ground beef during the first 3 months of the year?

Solution: Given the price function, P(t) = 0.09t> — 0.2t + 4, we can find the average price of
food between the lower and upper limits [0, 3] by general formula for average of a function using
definite integrals:

b
Faug) = 5= [ f@0) dx
Here averaging of price is over time (t) inste?d of oﬁtput.
Py (t) = 1 f (0.09t? — 0.2t + 4) dt
3-0
0
3

P (t)—lx 009t3 02t2+4t
avgrtl 3 73 T2 o

P yy(t) = % x (0.03Q3 — 0.1¢2 + 4t)]
Poyy(t) = % x [0.03{(3)3 — (0)3} - 0.1{(3)? — (0)?} + 4(3 — 0)]
Poyy(t) = % x [0.03(27) — 0.1(9) + 4(3)]
Poyy(t) = % x [0.03(27) — 0.1(9) + 4(3)]

1
Py = 3% (11.91)
|Pa,,g(t) = 3.97|

Interpretation: The average price of beef during first 3 months in the local supermarket will be
3.97 dollar per pound.

TOPIC 047: AVERAGE PRODUCTION ANALYSIS USING INTEGRALS

A company determines that if L worker-hours of labor are employed, then Q units of a particular

2
commodity will be produced, where Q(L) = 500L3. What is the average production as labor varies
from 1,000 to 2,000 worker-hours?

2
Solution: Given the production function, Q(L) = 500L3, we can find the average production
between the lower and upper limits [1000,2000] by general formula for average of a function
using definite integrals:

1 b
favg(x) = mff(x) dx
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2000 )
= 500L§) dL
Qavg(L) = 3560 — 1000 f (
1000
2 2000
1 L§+1
Qavg(L) = AP, = —=5 X 500 -
3+
A 1000

3 5 5
AP, = E{(zooo)é A (1000)5}

3
AP, = 25 {217480.21}
|AP; = 65244.06)|

Interpretation: The average product of labor between 1000 and 2000, in the company will be
65244.06.

TOPIC 048: AVERAGE INVENTORY ANALYSIS USING INTEGRALS

An inventory of 60,000 kilograms of a certain commodity is used at a constant rate and is
exhausted after 1 year. If y(t) = —60,000(t — 1), then what is the average inventory for the year?
Solution: Given the inventory function, y(t) = —60,000(t — 1), we can find the average
inventory function between the lower and upper limits [0, 1] by general formula for average of a
function using definite integrals:

1 b
Favg@ =5 | £ dx
1 7 :
Tang ) = 7—5 f {-60000(t — 1)} dt
01
Lwg(8) = Al = f {-60000(t — 1)} dt
0 1
Al, = —60000f(t —1)dt
0

1 1
Al, = —60000 f (t) dt — f (1) dt
0 0

1

tZ
Al, = —60000 (?] — t]g)
0
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12 _ 02
Al, = —60000 {( 5 ) —(1- 0)}

1
Al, = —-60000 {E - 1}

1
Al, = -60000 {— E}

Al, = 30000

Interpretation: The average inventory of the commodity during the year will be 30000 kilograms.

TOPIC 049: NET SAVINGS ANALYSIS USING INTEGRALS

A hospital trust decides to install a new rooftop solar power system which will save money on its
energy bills. It estimates that t years after installation the savings flow (in $1000s per year) will
steadily increase according to S(t) = 0.3t + 45.6. The flow of money needed to repair and
maintain the system in subsequent years is modelled by C(t) = 0.5t> + 2t:

(a) Draw a sketch graph of the savings and cost functions on the same diagram.

A C{t)=0. 512+ 21

456

S(1)=0.31+45.6

t
(b) Solve the equation S(t) = C(t) to determine the period during which the savings exceed
the maintenance costs, and shade the area which determines the net savings during this
time.
Solution: Visualizing two functions i.e. Savings S(t) and Cost C(t).
The intersection point of the two functions S(t) and C(t) shall exist at a certain t. It can be found
by equating the two functions, i.e. S(t) = C(t).
0.5t> + 2t = 0.3t + 45.6
0.5t> +2t—0.3t—45.6 =0
0.5t> +1.7t—45.6 =0=>t>*+3.4t—91.2 =0
t> + 3.4t — 91.2 = 0 is comparable with ax?> + bx + c = 0

—b+vVb2-4ac

This implies: x =t,a=1,b =3.4and c = —91.2. and using x = o

(3.4 +{/(3B.4?2-4(1)(-91.2)
t= 2(1)
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_ —3.41+v11.56 +364.8

2
. -3.4+£+v376.36

2
~—3.4+19.4 -3.4+19.4 -3.4-19.4

= = ,
2 2 2
t=8,-11.4
t'=8|[-t<0]

Putting t* = 8 in S(t) or C(t), we get their common value C*(t*) = S*(t*):
0.5(t)% +2t* = 0.3t" + 45.6
0.5(8)%2 +2(8) = 0.3(8) + 45.6
32+16=2.4+45.6
48 =48 = C*(t") = S*(t")

A G{L=0.51+2t

St ]=S" =48

45.6 Sitm0.3t+45,6

Al |

(c) Use integration to find the exact value of net savings
Net Savings: Net savings is the shaded area, which is the difference of the two integrals:

A

Het Savings

45.6 — S(t)=0.31+45.6

=

Area under
Savings curve

Area under
T Cost curve

>

t
i.e. Net Savings = Area under Savings curve — Area under Savings curve

t'=8

©Copyright Virtual University of Pakistan 69

vulearninghub.xyz | by VU Learning HUB



Mathematical Economics I (ECO607) VU

Mathematically:

8 8

AOEA = f S(t)dt — fo c(t) dt

1]

8 8
AOEAzf (0.3t +45.6) dt — f (0.5¢2 + 2t) dt
8 0 8 0 8 8
AOEA:O.sf (t)dt+45.6f (1)dt—{0.5f (tz)dt+2f (t)dt}
0 0 0 0

8 8 8 8
AOEA:O.sf (t)dt+45.6f (1)dt—{0.5f (tz)dt+2f (t)dt}
0 0 0 0

AOEA=0.3 <t2—2]:) +45.6(t]§) - {0. 5 <t3—3]:> +2 (%1:) }

AOEA=0.3{¥—$}+45.6(8—0) —[0.5{%-%%2{“‘2_)2_%}]

AOEA = 0.3(32) + 45.6(8) — {0.5(170.67) + 2(32)}
AO0EA = 225.065

A C{t)=0. 51221

Net Savings=$225065

45.6 S(1)=0.3t+45.6

o >

t

Since given data is in $1000s per year, then answer shall be 225.065 x 1000 = $225065.
Interpretation: Net savings in installing a new rooftop solar power system, during 8 years, shall

be $225065.

t'=8

TOPIC 050: NET EXCESS PROFIT ANALYSIS USING INTEGRALS

The area between curves can sometimes be used as a way of measuring the amount of a quantity
that has been accumulated during a particular procedure. For instance, suppose that t years from
now, two investment plans will be generating profit P{(t) and P,(t), respectively, and that their
respective rates of profitability, P (t) and P5(t), are expected to satisfy P5(t) = P} (t) for the next
N years; that is, over the time interval 0 <t < N. Then E(t) = P,(t) — P{(t) represents the
excess profit of plan 2 over plan 1 at time t, and the net excess profit NE = E(N) — E(0) over
the time interval 0 < t < N is given by the definite integral:
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N
NE = NE = E(N) — E(0) = f E'(t)dt

0
E(t) = P,(t) - ljv1(t) = E'(t) = P(t) — P1()

NE = [ (P50 - Py}t
0

Graphically:

1 (dollars per vear)

A

| -
N ! (years)

Numerical Example: Suppose that t years from now, one investment will be generating profit at
the rate of P} (t) = 50 + t? hundred dollars per year, while a second investment will be generating
profit at the rate of P5(t) = 200 + 5t hundred dollars per year.
a. For how many years does the rate of profitability of the second investment exceed that of the
first?
From the diagram, before the intersection point one of the rates of profit is greater than other.
Therefore, we need to find the point of intersection.
Mathematically speaking; P3(t) = P5(t)

50 +t2=200+5t=>t*+50—200—-5t=0

t2—-5t—-150=0

Factorization:
t? —15t+ 10t —150=0
t(t—15)+10(t—15)=0
(t+10)(t—15)=0
(t+10)=00R (t—15) =0
t =-10 OR

Negative value of time (t < 0) is meaningless in current analysis.
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b. Compute the net excess profit for the time period determined in part (a). Interpret the net excess
profit as an area.
Given the formula of Net Excess Profit:

N
NE = [ (P5© - Py}t
0
Substituting values of P5(t), P;(t) and N, we get:
15

NE = f {(200 + 5t) — (50 + t*)} dt
0

\15 34415
NE = {zooa) + S(Zt) }] _ {50(1:) 4 Q}]
0 0

3
(15 -0)3
=5

5(15 — 0)2
2

NE = {200(15) + 5(2225)} 1 {50(15) + %75}

NE = {3000 + 562.5} — {750 + 1125}
NE = 3000 + 562.5 — 750 — 1125

[NE = 1687.5] hundred dollars OR [NE = $168, 750

v (hundred dollars)
F |

NE = {200(15 —0)+ } L {50(15 -0)+

¥ = F3(r) = 200 + 51

200

E168.750

Pl(in=50+¢#

.'I.

’ - i { Vears)
i 15

Interpretation: Thus, the net excess profit (EN) is $168,750. The graphs of the rate of
profitability functions P3(t) and P,(t) are shown in Figure. The net excess profit can be
interpreted as the area of the (shaded) region between the rate of profitability curves over the
interval 0 <t < N.
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Lesson 13
FIRM’S ANALYSIS USING INTEGRALS (CONTINUED 3)

TOPIC 051: GINI INDEX USING INTEGRALS

Area also plays an important role in the study of Lorentz curves which is used by economists to
measure income inequality. It's a graph of the function L(x):
3

A
14+ Complete equality
line v = x ~
.,
= —
— —
S 2
| —
E =
s =
L(x)
— X
Fraction of 1
wage-earners
A Lorentz curve vy = L(x) lies below
the complete equality line v = x

The ratio of area R4 to the area of the region R, under the complete equality line y = x over 0 <

x < 1is used as a measure of the inequality in the distribution of wealth in the society.
» BE

- -~

arca ol &,
area ol K-
This ratio, called the Gini index, denoted Gl (also called the index of income inequality).

The Chint imdex 1s the ratio Gl =

area b/w y=L(x) & y=x
area under y=x over 0sx<1

fol[x — L(x)] dx
fol(x) dx

More precisely, GI =

GI =
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fol[x —L(x)] dx
1

fm%&wx
_J0
_FW;W}

fol[x —L(x)] dx
1

- 2
GI = Zf {x—L(x)}dx
0

Gl =

Numerical Example: A governmental agency determines that the Lorentz curves for the
distribution of income for dentists and contractors in a certain state are given by the functions

L;(x) = x17 and L,(x) = 0.8x? + 0.2x respectively. For which profession is the distribution of
income more fairly distributed?

Solution: Gini Index, for both dentists and contractors, needs to be calculated and compared.

<
Gldentists S Glcontractors

Here L, (x): Lorenz curve for the distribution of income for dentists.
and L, (x): Lorenz curve for the distribution of income for contractors.
Firstly, calculating Gini Index for dentists:

1
Glgontists = 2 j (X — L0} dx
0

1
Glgentises = zf {x - (x)1'7} dx
0

2\ 2\
Gl gentises = 2 {(7) . N (ﬁ) 0}
(1% - (0)? (D27 - (0)27
Glgentises = 2 2 - 2.7
1 1
Glaendsis =2[{3} ~ {57
Glgentists = 0.2593
Secondly, calculating Gini Index for contractors:

1
Gl ontractors = Zf {x - (0. 8x% + 0. Zx)} dx
0
1
Gl ontractors = 2 f {x —0.8x% — 0. Zx} dx
0 1
Gl ontractors = Zf {0- 8x —0. 8x2} dx
0

1
Gl ontractors = 2 X 0. 8-[ (x - xZ) dx
0

1 1
Gl ontractors = 1.6 {f (x) dx — j (xZ) dx}
0 0
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s =15[(5) (5]

2 _ 3
GIcontractors =1.6 [{(1) (0 } {(1) (O) }]

1 1
GI contractors = {E} 3

Gl ontractors = 2-66

\l

Interpretation: As Glj.niists = 0.2593 and Gl pniractors = 2.667, and it is evident that
Gl jontists < Glcontractors- It is straightforward to suggest that income inequality is higher among
contractors as measured through Gini Index.

TOPIC 052: SALES ANALYSIS USING INTEGRALS

A manufacturer determines that t months after introducing a new product, the company’s sales
will be S(t) thousand dollars, where

750t
St) = —
V4t? + 25
What are the average monthly sales of the company over the first 6 months after the introduction
of the new product?
Solution:

Given sales function:
750t

4t2 + 25

Time span is first 6 month: [0, 6].
Average monthly sales are to be calculated, so using the integral for the average function:
b

1
Favg@ =5~ | £ dx

a
Substituting the values in the general formula above.

1
Savg(t) = mfs(t) dt
0

S () = 1]( 750t >dt
avg - g T—
0 Va4t + 25

S, (t) = 1_[ 750t dt
we 6 H VAt? + 25
6 tdt 1

Let|X = 750 [; (W) then Syg(1) = £ (X)
_ 6 tdt . . . e
X =750 fo Tacizs requires integration by substitution:

Derivative Limits Conversion
Let u = 4t% + 25 If Lower Limit: t = 0 = u = 4(0)% + 25
Thenu = 25
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du du If Upper Limit: t = 6 = u = 4(6)% + 25
af ~8t= g =tat Then u = 169

tdt

Substituting the tabulated values in X = 750 f06 ( Nrrorer ) we get:

169 /| du 169
g 750
X =750 = |=>—
Vu 25

1 1
—187.5 {(169)7 - (25)2}
X = 1500
Putting value of X back in S,,4(t) = %(X)
1
Savg(t) = g (1500)
|Sm,g(t) = 250| thousand dollars

Interpretation: Thus, for the 6-month period immediately after the introduction of the new
product, the company’s sales average $250,000 per month.

TOPIC 053: EFFICIENCY ANALYSIS USING INTEGRALS

After t months on the job, a postal clerk can sort Q(t) = 700 — 400e~%5¢ letters per hour. What
is the average rate at which the clerk sorts mail during the first 3 months on the job?

Solution: Given the sorting-efficiency function, Q(t) = 700 — 400e~%5¢, we can find the average
sorting-efficiency function between the lower and upper limits [0,3] by general formula for
average of a function using definite integrals:

1 b
favg(x) = mff(x) dx

3
1
Quvg() =3— f (700 — 400e°>t) dt
0
3

3
Qavg(t) =% 700f(1) dt — 4.()0f(e—0.5t) dt
0 0

1 3 e—0.5t
Qavg(t) = 3 700(t]g) — 400 <_0_ 5)]0
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Qavg(®) = %{700(t]3) + 800(e‘0-5t)]3}
Quvg(®) = %[700(3 —0) +800{e 05®3) _ ¢=05(0}]
Qavg(®) = %{700(3) +800(e~15 — ¢)}
Qavg(t) = %{700(3) +800(0.223 — 1)}
Quvg(t) = %{700(3) +800(—0.777)}
Qavg(t) = %(2100 —621.6)

1
Qavg ®) = 3 (1478.4)
|Qm,g(t) = 492, 83|

Interpretation: The average efficiency of the clerk in sorting mail during the first 3 months is
492.83 letter per hour.

TOPIC 054: ADVERTISEMENT ANALYSIS USING INTEGRALS

An advertising agency begins a campaign to promote a new product and determines that t days

later, the number of people N(t) who have heard about the product is changing at a rate given by
N'(t) = 5t* —% people per day. How many people learn about the product during the first
week? During the second week?

Solution: Given the rate at which people hear about the new product: N'(t) = 5t —

Analysis for first week implies that lower limit is 0 and upper limitis 7; i.e. [0, 7]
Using this information, we can express the situation mathematically:
7

Of %{N'(t)} = (f (5t2 - fz' 14;) dt

7 7
t
N(t) = sf(tz)dt—o.o4f(t2 +3)dt
0 0
In attempt of applying: f: {;g))} dx = In|f(x)]||, introducing (3)
7
[ ()«
t?+3
0
7

N() = Sf(tz)dt— 0.04 x (E>
0
7
N() = sl(tz)dt—o.ozof(tzzj?’)dt

0.04t
t243’

2
3\]’ 7
N(t) =5 (§>L —0.02 ([in]¢? + 3] )]0

N(t) = g{(7)3 - (0)3} — 0.02{In|(7)? + 3| — In|(0)? + 3|}

N() = ;(343) — 0.02{2.85}
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approximately

Interpretation: During the first week (seven days), approximately 572 people will learn about the
new product.
If we want to know about the same number during next week [7, 14], the mathematical formation

will be:
14

14
2 v [ (s 0.04t> e
f ar V)= f ( t2 +3
7 7
[{N(©)}2nd weer = 4002 | approximately

Percentage increase in the number of people getting aware during first and second week:
[{N(t)}an week — {N(t)}lst week]
%AN(t)} = x 100
’ { ( )} {N(t)}lst week
4002 — 572
=—x100

572
_ 3430 x 100
~ 572

%A{N(t)} = 600%

i Number of
People learning
about product

Exponential
Growth in
awareness due
to
advertisement

Days

Interpretation: It is noticeable that there is a rapid increase in the number of people getting aware
of the product during 2" week. The advertisement campaign appears a success.

TOPIC 055: PROFIT OVER USEFUL LIFE OF MACHINE USING INTEGRALS

Suppose that t years after being put into use, a machine has generated total revenue R(t) and
that the total cost of operating and servicing the machine up to this time is C(t). Then the total
profit generated by the machine up to time t is P(t) = R(t) — C(t). Profit declines when costs
accumulate at a higher rate than revenue; that is, when C'(t) > R’(t). Thus, a manager may
consider disposing of the machine at the time T when C'(T) = R'(T), and for this reason, the time
period 0 <t < T is called the useful life of the machine. The net profit over the useful life of the
machine provides the manager with a measure of its value.

Numerical Instance: Suppose that when it is t years old, a particular industrial machine is
generating revenue at the rate R'(t) = 5,000 — 20t? dollars per year and that operating and
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servicing costs related to the machine are accumulating at the rate €’(t) = 2,000 + 10t? dollars
per year.
a) What is the useful life of this machine?
b) Compute the net profit generated by the machine over its period of useful life.
Solution: Visualizing two functions i.e. Revenue R(t) and Cost C(t).
¥ Cdollars per vear)
F
¥ Uiy = 2,000 + 102

< (W)

o= RO S0 208
2000

: 3 [ [ Y2005

The intersection point of the two functions R'(t) and C'(t) shall exist at a certain point on f x-axis
(). It can be found by equating the two functions, i.e. R'(t) = C'(t).
5000 — 20t = 2000 + 10t>
20t% + 10t — 5000 + 2000 = 0
30t — 3000 = 0
t>?-100=0
t> =100

[t < 0]
Interpretation: Useful life of machine is till 10 years. This information gives us lower and upper
limit; i.e. [0,10]
To find the profit over the same interval, we evaluate the profit function {m(t) = R(t) — C(t)} over
[0,10].

10 10
f n(t) dt = f {R(t) — C(t)}dt
10 0 10 0
f n(t) dt = f {(5000 — 20t?) — (2000 + 10t?)} dt
0 0
10 10

f n(t)dt = f (5000 — 20t> — 2000 — 10t?) dt

0 0
10 10
j w(t) dt = f (3000 — 30t%) dt
0 0
10 10 10

j w(t) dt = 3000! (1) dt — 30! (t?)dt

0
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10 t3 10
f n(t) dt = 3000{()]3°} — 30 <§>]
010 °
f m(t) dt = 3000{(1)]3°} — 10(¢3)]
10 0
f m(t) dt = 3000(10 — 0) — 10{(10)3 — (0)3}
0 10
f n(t) dt = 30000 — 10000
° 10
f (t) dt = 20000
0

v (dollars per vear)
4

¥ = C'(N= 2,000+ 10:2

3,000

$20,000

¥ = R'(H = 5,000- 202
2.000

T [ YEArs)
10
Interpretation: Profit generated by the machine over its useful life (10 years) is $20,000.
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Lesson 14
FIRM’S ANALYSIS USING INTEGRALS (CONTINUED 4)

TOPIC 056: FUND-RAISING NET EARNINGS ANALYSIS USING INTEGRALS

It is estimated that t weeks from now, contributions in response to a fundraising campaign will be
coming in at the rate of R(t) = 6,537e %3¢ dollars per week, while campaign expenses are
expected to accumulate at the constant rate of $593 per week.

For how many weeks does the rate of revenue exceed the rate of cost?

What net earnings will be generated by the campaign during the period of time determined?
Solution: Visualizing two functions i.e. Rate of Revenue R’(t) and Rate of Cost C'(¢t).

R'{E), C'it}
10000
\
5
8000
6000 .
4000
LY
—
2000 ™G
- tl
- i t(Weeks)
To find t* mathematically, equate R'(t) and C'(t).
R'(t) =C'(t)
6537e7 %3t =593
-0t _ 593
6537

Introducing natural logarithm to eliminate exponential term (e).
In e=%3% = 1n|0.0907|
—-0.3t=-2.4
2.4
‘=03
t'=8
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R(t), C'(t)

10000 |
8000
60 ut;. \
4000

2000 |

G —
| E——— t{Weeks)

5 10

Interpretation: For 8 weeks, the rate of revenue exceeds the rate of cost. While the difference
between the net earnings during these first 8 weeks can be found as follows:

B(t),

10000
L

L)
Het Earnings
Area under

xE Revenue Curve
Area under
Cost Curve

A G E!"'-Tal
= t{Weeks)

Net Earnings = Area under Revenue Curve — Area under Revenue Curve

Mathematically speaking,

{NE(t) = R(t) — C(t)} over [0, 8].

4ABC = 6537(

8
AABc=JkRa)—candt
8 0
4ABC = f {(6537e703t) — (593)} dt
0 8 8
4ABC = 6537 f (e703t) dt — f (593) dt
0 0

ef (0
')

-0.
-0.3

o—03t18 8
]0 —593t]; [ [ef@dx =
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6537
AABC = —W{e-“(*’) — e 030} _593(8 — 0)
" 6537
4ABC = — o {e724 — €%} — 593(8)

AABC = —21790{0.0907 — 1} — 4744
[4ABC = 15069.647 |
Interpretation: Net earnings in fund raising during first 8 weeks shall be $15069.647.

TOPIC 057: RETIREMENT ANNUITY ANALYSIS USING INTEGRALS

Suppose money is being transferred continuously into an account over a time period 0 < t < T at
a rate given by the function f(t) and that the account earns interest at an annual rate r
compounded continuously. Then the future value FV of the income stream over the term T is

given by the definite integral
T

FV = f f(t) e"T-Odt
0

T
FV = erij(t)e_rT- e "tdt
0

T
FV = e_”ff(t)e‘”dt

0
Economic Application: At age 25, Tom starts making annual deposits of $2,500 into an
Individual Retirement Account (IRA) that pays interest at an annual rate of 5% compounded
continuously. Assuming that his payments are made as a continuous income flow, how much
money will be in his account if he retires at age 60?7 At age 65?
Tom is undergoing a process of continuous compounding.
Annual rate of compounding = 5% = 0.05
Annual deposits in the account = $2,500
Upper limit of time (T) is (60 — 25 =)35
Lower limit of time is = 0
Resorting to formula of continuous compounding:
T

FV = erTff(t) e "dt
0

35
FV = £(005@35) f (2500) e~ (009t qy

0
35

FV = €75 x 2500 j (e7095%) d¢
0

. e—005t1135
FV = el7% x 2500
¢ (—o.os)] .
2500 35
— -0.05t
FV = 5.7546 x ——— (e7005¢] *)

FV = —287730{e %0535 _ ¢=005(0)}
FV = —287730(e" 17> — &?)
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[FV = 237730.02]
Interpretation: Tom, at age 25, starts making annual deposits of $2,500 into an Individual
Retirement Account (IRA) that pays interest at an annual rate of 5% compounded continuously.
At the age 60, when he retires, $237730.02 will be in his account.

TOPIC 058: WAGE DIFFERENTIAL USING INTEGRALS

Assume that an individual has a choice of either going for work with only high school education
or going for work after obtaining an undergraduate degree in economics, business, or finance. If
the individual decides to go for work with only high school education, the salary (in dollars) over
the years will be given by the function g(t) = 8000e°%5¢; and if the individual decides to go for
work after obtaining a degree, the salary over the years will be given by the function f(t) =
12000e005+0.02)t £ the individual works for 25 years, what will be the difference in total salary
earned over the entire period of work?

Solution:

Visualizing the two possible time paths of salary i.e. g(t) and f(t).

g whls Jmuu-uu.u.n._.-" Wi Figh Srhzay
Educadon Edbicaan

;
flt' =-!2W|:|Bjr AT+N :.'-ll-._.'

ar.

AT =R Qe e

T glo)=$Enan

EIFRA)
Finding the initial condition of the time paths, we introduce t = 0 in g(x) and f(x), respectively.
Initial condition with High School | Initial condition with Undergraduate
Education Education

g(x) = 8000005t
g(0) = 8000005
g(0) = 8000(e®)
g(0) = 8000(1)
g(0) = 8000

f(x) — 12000e(0.05+0.02)t
f(o) — 120003(0'05+0'02)(0)
f(0) = 12000(e?)
£(0) = 12000(1)
£(0) = 12000
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Wk i Uinkeig o dowts .'.I Wik High Aokl
4 Lducwaon K —ducsbon
ﬂ_p:]-‘l?ﬂﬂﬂd':'-[ﬁ"":'-m.f::__.-" gix)=8000s1=35¢
.-"'f
&
-
= e
ot
: 7 t{oy=512000
e
T T gpy=sanoo
il " bivaars|
Interpretation

Starting job with High School Education
will get the individual lower starting-wage
i.e. $8,000

Starting job with Undergraduate Education
will get the individual higher starting-wage
i.e. $12,000

Determination of Time Path

Applying the limits on both of the functions
25

Since the job is done for 25 years, the lower and upper limits will be 0 and 25.

25
j gt dt = J 8000e(099)t gt
0 0
25
= 8000 J e(0:05)t g¢
0

£(0.05)t 25
= 8000 L}

_ 8000 {e(O.OS)t](Z)S}

0.05
= 160000{e*05)(25) _ (005}

=160000(e'?> — e?)
=160000(3.49 — 1)

= 160000(2.49)
25

f g(t) dt = 398400
0

25 25
f f®) dt = f 12000e(0-05+0.02)t 44
0 0

25
= 12000 f e(0.05+0.02)t g¢
0

e(0.07)t 25
o7,
_ 12000 fe0on)

0

0.07
= 171428.57{e(007(25) _ £(0.07)(0)}

= 171428.57{e!75 — €%}
=171428.57{5.75 — 1}

= 171428.57{4.75}
25

f f(t) dt = 814285.71
0

=12000

Wage Differential = Wage Time Path with Undergraduate Education - Wage Time Path
with High School Education
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25 25
WDy = f F@de— f gt dt
0 0

WDgy = 814285.71 — 398400
WD;y = 415885.71
Interpretation: Obtaining Undergraduate Education before starting job, instead of starting
after High School Education, earns the individual additional 415885.71 dollars.

TOPIC 059: DEPLETION OF ENERGY RESOURCES ANALYSIS USING INTEGRALS

Oil is being pumped from an oil field t years after its opening at the rate of P’ (t) = 1.3e%%4 billion
barrels per year. The field has a reserve of 20 billion barrels, and the price of oil holds steady at
$112 per barrel.

a) Find P(t), the amount of oil pumped from the field at time t. How much oil is pumped from the
field during the first 3 years of operation?

b) For how many years T does the field operate before it runs dry?
Solution: Visualizing the rate of oil pumping P'(t) = 1.3e%04¢:

P'(1)

10

Ln

t
20 40 60 80

To find how much oil is pumped during first 3 years, we apply lower and upper limits [0, 3].
3 3

f P'(t)dt = f (1.3e%94) dt

0 0

3 3

f P'(H)dt=1.3 f (e%04) dt
0

0
3

sl

1.3

_ 0.04(:)]3}
0.04 {e 0
- 32 5{e°'°4(3) _ e°'°4(°)}
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= 32.5(e%12 — ¢9)
=32.5(1.127—-1)
=32.5(0.127)
3

fP’(t) dt = 4.13
0
Interpretation: The amount extracted from the oil field during the first year is 4. 13 billion barrels.

To find the time when the field is used up all of its reservoir (20 billion barrels) it holds, we
need P(t) function.

P(t) = fP’(t) dt = f(1.3e°'°‘“) dt

P(t) =13 f (e%0%) dt
e0.04t
P(t) =1. 3{ + c’}

0.04

1.3
P — 0.04t 4 1. 3¢’
(t) T {e%0% + 1.3¢'}

P(t) = 32.5e%04 + 32.5¢ [+ 1.3c¢ =]
P(t) = 32.5e%0%4 4 ¢ [+ 32.5¢" = ]
Substituting the initial condition (t = 0), for getting rid of arbitrary constant c.
P(0) = 32.5e004(0) 4 ¢
Since at the beginning of pumping process, no oil is pumped out, P(0) = 0
0=132.5e+¢

0=32.5+c
Substituting the value of ¢ in general time path P(t) = 32.5e%%* + c:
P(t) = 32.5e%%4 + (—32.5)
|P(t) = 32.5e%04 — 32.5]

Now substituting the 20 billion barrels in place of oil pumping function P(t).

20 = 32.5e%04" —32.5

20 + 32.5 = 32.5e004¢

32.5e%04" = 52.5

) 32.5
e%04" — 1 615

In(e%%*") = In(1.615)
0.04t* = 0.479
y 0.479

~0.04
t* = 11.975 = 12 years|

Interpretation: It will take approximately 12 years to pump out the oil field till no more oil is left.

*

TOPIC 060: PRESENT VALUE OF GOLD MINE USING INTEGRALS
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Given the function of income earned from a gold mine is P(t) = 600e~5¢. If money is discounted

at 10% a year within a period of 20 years, what is the present value of the gold mine?

As already known, that: T = f(fR(t) e "tdt
Here t = 20, R(t) = P(t), r =10% = 0.1, T = PVgy.
Therefore, substitution of values gives:

20
PVey = f (600e~05) e=01t gy
0

20
PV¢y = 600 f e 05te 01t gy

0
20

PV;y = 600 f e 0%t dt
0

PV = 600{(8__(::”20}
PVon = =5 {(e*)];'}

PVgy = —1000(e 0620 — =06(0)
PViy = —1000(e 12 — e?)
PV = —1000{(6.14 x 107¢) — 1}
PVgy = —1000(—0.99999386)
[PV = 999.99 = 1000

Interpretation: The present value of the gold mine that mined for 20 years, is $1000 thousands

of dollars i.e. ($10,00,000).
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Lesson 15
FIRM’S ANALYSIS USING INTEGRALS (CONTINUED 5)

TOPIC 061: LOTTERY PAYOUT ANALYSIS USING INTEGRALS

The winner of a state lottery is offered a choice of either receiving $10 million now as a lump sum
or of receiving A dollars a year for the next 6 years as a continuous income stream. If the prevailing
annual interest rate is 5% compounded continuously and the two payouts are worth the same,
what is A?
Solution: Winner of the lottery has two options:
Option -1 Option -
Receiving $10 million now as a lump sum. ‘A’ dollars a year for the next 6 years as a
continuous income stream (annual interest
rate is 5%)
The unknown in the two options is ‘A": i.e. how much should be given to the individual for next
6 years so that he remains indifferent between two options.
Mathematically, we can use equation to represent the indifference of the individual between
two options. i.e.

$10 million now = ‘4’ annually for 6 years
10 = [ Ae0%5tde
10 = A [; e 095t dt

Do (e—0.0St)]Z

-0.05

A —o0. 6
10=T05 e 005t)]0

—0.05 x 10 = A{e™005(6) — ¢=0.05(0)}
—0.5 = A(e7 %3 — %)
—0.5=A4(0.741-1)
—0.5 = A(—0.259)
e -0.5
~ —0.259
A = $1.931 | million
Interpretation: Present value analysis shows the lottery winner can be kept indifferent
between Option — | and Option — Il, he can be given $1.931 for next 6 years.

TOPIC 062: BALANCE OF TRADE ANALYSIS USING INTEGRALS

The government of a certain country estimates that t years from now, imports will be increasing
at the rate I, and exports at the rate E,, both in billions of dollars per year, where I' (t) = 12.5e%%¢
and E'(t) = 1.7t + 3.

The trade deficit is D(t) = I(t) — E(t). By how much will the trade deficit for this country change
over the next 5 years? Will it increase or decrease during this time period?

Solution: Visualizing the given functions:
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'@, E' @ ()
60
40+
20+ E.(t)
+ t years

We are given the rate of import and export functions i.e. I'(t) and E'(t). While in the trade deficit
D(t) formula needs the original functions i.e. I(t) and E(t).

I'(z), E' (z)
' I’(t)
60| Budget
r Deficit D(t)
40|
= 5 t years

Therefore, we integrate the two functions, respectively, w.r.t time (t).
Moreover, we need to apply the lower and upper limits [0, 5]. As deficit is to be quantified for five
ears.

I'(t) =12.5e%2%¢ E(t)=17t+3
5 5 5 5
f I'(t) dt=f 12.5e%2t dt f E'(t) dt=f (1.7t +3) dt
0 0 0 0
5 5 5, 5 5
f I'(t) dt = 12.5] 02t gy o E'@®dt=1.7[((®)dt+3 [(1)dt
5 _ 2026115 f E'(t)dt = 1.7{(—)] }+3(t](5))
[STr@®de=12. 5{(W)]0} o o 2 )],
5r@dt =12 5{M} L E®dt=17(2—")+3(5-0)
0 ' 0.2

L E®adt=17{Z}+3(5)
[JE'(®)dt =1.7(12.5) + 15
[ E'(t)dt = 21.25 + 15
E(t) = [, E'(t) dt = 36.25

[T @®dt = 62.5(e! — e°)
[ST(®)dt = 62.5(2.718 — 1)
[ST'(®)dt = 62.5(1.718)
I(t) = [, I'(t) dt = 107.375
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With both I(t) and E(t) available, we can find the value of deficit D(t):
D(t) = I(t) — E(t)
5 5

D(t):LI'(t)dt—LE'(t)dt

=107.375 — 36.25
|D(t) = 71.125|

I'(), E' (1)
60
- D(t)=$71.125 billion
40

E'(t)

20+

I years
5 y

Interpretation: During the next 5 years, the trade deficit D(t) shall be 71.125 billion dollars.

TOPIC 063: TICKET SALES ANALYSIS USING INTEGRALS

The promoters of a county fair estimate that ¢t hours after the gates open at 9:00 A.M. visitors will
be entering the fair at the rate of —4(t + 2)3 + 54(t + 2)? people per hour. How many people will
enter the fair between 10:00 A.M. and noon?
Solution: Primarily one can assume that ‘number of tickets sold = visitors entering’.
Therefore, Rate of Ticket Sales TS'(t) function is same as that of Rate of visitors entering VE'(t)
function, i.e.

VE'(t) =TS'(t) = —4(t + 2)3 + 54(t + 2)*
Visualizing the function:
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TS'(f)

R

TS )= - 4{f+2)7 + S4(t+2)2

=
I

=

t (hours)

i 8

As mentioned, the Ticket Sales are to be found between 10:00 A.M. till noon.
Since county fair starts from 9:00 A.M., therefore, at 9:00 A.M.,t =0
Accordingly, 10:00 A.M., therefore, at 10:00 A.M., t = 1
At noon, 12:00 P.M., therefore, at 12:00 A.M., t = 3

Summary Table:
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9:00AM.=2t=0
1:00 AM.=>t=1
11:.00AM. >t =2
1200 AM. =t =3
Therefore, the lower and upper limits of the function are [1, 3].

3 3
f TS'(t)dt = f {—4(t+2)3 + 54(t + 2)%} dt
1 1

3 3 3
f TS'(t)dt = f {—4(t+2)3}dt + f {54(t + 2)%} dt
1 1 1

3 3 3
fTS’(t)dt:—llf (t+2)3dt+54f (t+2)%dt
! 3 ! 413 ’ 313
f TS'(t)dt = —4{“ :2) ] }+54{(t J;Z) ] }
1 1 1

3
fl TS (O de = — 3 (¢ + 20} + 5 {0 + 7))

f:TS’(t) dt =—{B+2)*-1+2)"}+18{3+2)3 - (1+2)3}
J T8/ dt = ~((5)* - (3 + 18((5) - 3)7)
f:TS’(t) dt = —(625 — 81) + 18(125 — 27)
jl 3Ts'(t) dt = —(544) + 18(98)

3
f TS'(¢) dt = —544 + 1764
1

3
f TS'(t) dt = 1220
1

Interpretation: Hence, between 10:00 A.M. till noon (12:00 A.M.), the Ticket Sales will be 1220
in number. In other words, 1220 people will be entering the country fair.

TOPIC 064: DEMAND ANALYSIS OF OIL USING INTEGRALS

It is estimated that t years from the beginning of the year 2005, the demand for oil in a certain
country will be changing at the rate of D’(t) = (1 + 2t)~! billion barrels per year. Will more oil be
consumed (demanded) during 2006 or during 20097 How much more?
Solution: Rate of change of demand in certain country for Oil is D'(t) = (1 + 2t)~1.
Analysis of demand for oil starts from year 2005, therefore, during 2005 A.M.,t =0tot = 1.
Demand for oil during year 2006, willbe; t =1tot = 2.

Summary Table:
Demand for oil during 2005 =t =0tot =1
Demand for oil during 2006 =t =1tot =2
Demand for oil during 2007 =t =210t =3
Demand for oil during 2008 =t =3tot =4
Demand for oil during 2009 =t =4tot=>5
Therefore, the lower and upper limits of the function, for year 2006 are [1, 2].
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2 2
f D'(t)dt =f {1+20)71}dt
1 1 2

LZD'(t)dtzfl (1:2t>dt

Setting stage for application of: f{;’((;))} dx = In|f(x)|.

As derivative of (1 + 2t) is 2, we can multiply and divide by [2].

z 2l %2/ 1
le(t)dtzfl (1+2t>dt
2 , 1 2
LD(t)dt—fl <1+2t>dt

jdx = n|f (o)

2
j D'(t)dt = {ln|1 + 2t|13}
1

2
f D'(t) dt = (ln|1 +2(2)| = In|1 + 2(D))
1

2
1
f D'(t)dt = (ln|5| —In|3|)
1

D(2006) = ff D'(t) dt = 0.2554 billion barrels approximately.
Interpretation: The Demand for oil in a certain country during 2006 shall be 0.2554 X
1,000,000,000 =|2,55,400,000| barrels.
Similarly, for the year 2009 same analysis can be done. However, the lower and upper limits will
be [4,5]:

Applying the rule: f{’;g))

2 2
f D'(t)dt =f {(1+20)"1}dt
1 1

2 2
LD'(t)dtzfl (1+12t)dt

Setting stage for application of: f{ff’((xx))} dx = In|f(x)|.

Borrowing the solution of integral from above, as the function is the same.

5 1 5
D'(t)dt =|= dt
L ® L <1+2t>

Applying the rule: [ {Z®) dx = In|f(x)|

f(x) ;
fD’(t)dt={ln|1+2t|]i}
4 2
5
fD’(t)dt=(ln|1+2(5)|—ln|1+2(4)|)
4

5
1
f D'(t)dt = (ln|11| —In|9])
4

D(2009) = ffD’(t) dt = 0.1003 billion barrels approximately.
Interpretation: The Demand for oil in a certain country during 2006 shall be 0.1003 x
1,000,000,000 =[1,00,300,000] barrels.
Comparative Analysis:

©Copyright Virtual University of Pakistan 94



Mathematical Economics I (ECO607)

VU

D(2006) = 2,55,400,000 > D(2009) = 1,00,300,000

Demand for QOil in the country under consideration is higher during 2006 as compared to that in

20009.

TOPIC 065: MARGINAL TO TOTAL UTILITY USING INTEGRALS

2
If the marginal utility of a consumer is MU, = —3" +6x+20

Solution: Given the marginal utility function: MU, = “Lf”o
FAILF {Pfeut s LNy }
40- |
1
a5 |
1
-
2
IEL"_ 2 ] i 4 ': T ['jl'll.'ll.'l]
Additional total utility from 16th to 100" unit is to be found.
Mathematically, it will be: f "TUu(x) dx = [M*° (3" +6W+20) dx
100 100 3x2 100 6\/_
J TU(x)dx = f dx + )dx
i6 16 x
100 100 100 ( )2
f TU(x)dx=3f (x)dx+6f f dx
16 16 16

100

100 100 1
f TU(x)dszf (x)dx+6f 2 dx+20f
i6 16 16

, Where x is the number of units consumed
of a good, find the increase in his total utility when x goes up from 16 to 100 units.
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Total Utility
600 | /
, A
400 | //
200 - //
//
" 5 10 15 goca
—200 |
00 2+ 1100 1\ 110
X x2 100
TU(x)dx =3 -5 +61| 1 + 20{(In|x)]10
16
(100)? (16)? 1 1
=3 -2 {(100)2 - (16)2} 4+ 20(In|100| — In|16])
=3(5000 — 128) + 12(10 — 4) + 20(4.6052 — 2.7726)
= 3(4872) + 12(6) + 20(1.8326)
100
J TU(x)dx = 14616 + 72 + 36.652
16
100
f TU(x) dx = 14724.652
16
Interpretation: The total utility of the good from 16" to 100" unit is equal to 14724.652.
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Lesson 16
FIRM’S ANALYSIS USING INTEGRALS (CONTINUED 6)

TOPIC 066: REAL ESTATE ANALYSIS USING INTEGRALS

In a certain community the fraction of the homes placed on the market that remain unsold for at
least t weeks is approximately f(t) = e~%2t, If 200 homes are currently on the market the function
for existing unsold homes will be g(t) = 200e~%2¢. Now, if additional homes are placed on the
market at the rate of 8 per week, approximately, the function for unsold new houses will be h(t) =
8e02(10-0 How many homes will be on the market 10 weeks from now?
Solution: The total number of unsold homes will be sum of existing and new ones, i.e.:
Total Unsold = preexisting unsold + New unsold
After 10 years, the existing unsold houses: g(10) = 200e~2(10)
Caveat: g(t) function didn’t use limits as homes are pre-existing and no integration over time is
needed.
After 10 years, the new unsold houses: folo h(t) dt = f010{8e"°'2(10‘t)}dt
Caveat: In case of h(t), integration over time is needed as the new homes are being added on
weekly basis (as a stream).
Resuming the function:

Total Unsold = preexisting unsold + New unsold
10

U(t) = g(10) + f h(t) dt
0
10
U(t) = 200702010 f {8702(10-D} g

0

10

U(t) =200e %2+8 f (e72%02t) dt

0

10

—-2+0.2t
e
U(t) =200e %2+8
0.2 /|,

8 10
— -2 —-2+0.2t
U(t) = 200e% + o= (e M,

U(t) = 200e2 + 40{e—z'+0.2(10) _ e—2+0.2(0)}
U(t) = 200e72 +40(e’ — e72)
U(t) = 200(0.135) + 40(1 — 0.135)
U(t) = 27 + 40(0.865)

Uit) = 27 + 34.6

N [ ——
Total preexisting New
unsold unsold unsold

U(t) =61.6
unsold homes approximately.

Interpretation: If 200 homes are currently on the market the function for existing unsold homes,
27 will be left unsold after 10 weeks. If additional homes are placed on the market at the rate of
8 per week, approximately 34.6 homes will be left unsold after 10 weeks. Consequently,
(27 + 34.6 = 62) will be left unsold on the whole at the end of 10 weeks.
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TOPIC 067: DYNAMICS OF LABOR COST USING INTEGRALS

The marginal labor cost function is given by the equation MLC = 3 + 4L.
(a) Find the equation of the total labor cost function if total labor cost is zero when L = 0.
(b) Calculate the cost of employing successive labor units fromL = 1toL = 7.
Solution: Initial condition of Marginal Labor Cost (MLC) can be found at L = 0.
MLC(L) =3 +4L
MLC(0) = 3 + 4(0)
MLC(0) =3

Successive labor cost of employing 1 to 7 units of labor is found using the definite integral with

lower and upper limits [1, 7].
7 7

f MLC(L)dL = f (3 +4L)dL
1 1

7 7 7
fMLC(L)dL = 3[(1) dL+4f(L) dL
1 1 1
7

7 LZ
f MLC(L)dL = 3(L)]] + 4 (7>]
1 1

7
f MLC(L)dL = 3(L)]] + Z(LZ)]Z
1

7
fMLC(L) dL =3(7 - 1) + 2{(7)? — (1)?}
1

7
f MLC(L)dL = 18 + 96
1

7
f MLC(L)dL = 114
1
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Marginal Labor Cost
MLC=3+4L

Sum of Marginal
a5 Labor Cost of first 7
Labor

T

1 T * 7 T Labor
Interpretation: The Marginal labor cost of higher first 7 labor sums to 114.

TOPIC 068: DEPRECIATION ANALYSIS USING INTEGRALS

The resale value of a certain industrial machine decreases over a 10-year period at a rate that
changes with time. When the machine is x years old, the rate at which its value is changing is
220(x — 10) dollars per year. By how much does the machine depreciate during the second year?
Solution: Let V'(x) be the rate of change of value of machine, then:

V'(x) =220(x—10)

fifsis VK)=2200x-10)

L0 ko] e

= [Fie]
= (years)
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2 2
V(2)—-v(Q) = f V'(x)dx = f{ZZO(x —10)}dx
1 1

2 2 2
fV(x)dszZO{fxdx—10!(1)dx}

1 1
2

f V'(x)dx = 220 [{(J;:)U - 10{(x)]i}]

1
2 2 2
f V'(x)dx = 220 [{Q - Q} —10(2 - 1)]
2 2
1 2 \
fV'(x) dx = 220 (E - 10)

1
2

f V' (x) dx = 220(—8.5)
1

2

fV’(x) dx =-1870
1

Interpretation: Change in value of machine is —1870, which means a decline of $1870 in the
value of machine. In other words, the machine depreciates by $1870 during the 2" year.

TOPIC 069: COST EFFECTIVENESS DECISION USING DIFFERENTIAL EQUATIONS

A hospital is considering the installation of two alternative heating systems. The rate of increase
in costs for each system is given by the equations

Z1=0.01t and 2 = £025

(a) Derive expressions for the total cost of each system at any time t given that cost = £50000 at
t = 0.

(b) Which system is more cost effective in the next 10 years.

Solution: Rate of increase in costs for each heating system are % =0.01t and % = 025,

respectively. Lower and upper limit can be [0, 10]
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% =0.01t % = ¢025
Definite Integral |mpI|es
10
dCl dCz
(0.01¢) dt (t92%) dt
Of ( flo J t0{5+1 L0
C,(t) = 0.01[ () dt C,(t) = {(mﬂo }
0 £2\ 110 1251110
Ci(t) = 0.01{<?)] } C,(t) = {(1.25>L
0 125 _ ()1.25
60 = 224 (@)} RO ——
C;(t) = 0.005{(10) — (0)?} _17.7828-0
' C1(t) = 0.005(100) C2(8) 1.25
(€, = 0.5] 1C,(t) = 14.226)|

Clearly |C4(t) < C,(t)| therefore, 15t heating system is more cost effective. Same is visible in
the graph.

Costs

Ca=(t1-25)/{1 25)

Less Cost Effective

Mare Cost Effect|ve

-

Ci=0.00582 -

.--.

1k

1{years)
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Lesson 17

DOMAR GROWTH MODEL

TOPIC 070: DOMAR GROWTH MODEL: FRAMEWORK

PREMISES:

Stimulus: A change in the rate of investment will affect both aggregate demand and the
productive capability of an economy: (Ak « [AI] > AAD)

Here Kk is the Productive Capacity and I & AD are investment and aggregate demand as usual.
Purpose: A Time path of investment I(t) is needed along which an economy could grow while
maintaining full utilization of its productive capacity (k).

(AI) Change in Investment causes dual change:

AY (Change in Income/Aggregate
Demand)

Ak (Change in Productive Capacity)

Keynes Investment Multiplier Theory
suggests that:

dy K 1
dr s
OR
dy (1)
dl ~\s
Rearranging for dY:
1
dy = (—) X dl
- . S -
Change in — Change in
Income Multlpfler Investment
For instance:

500 = 5 x 100
N—— (W) N——
Change in Multiplier Change in
Income Investment

Dynamize the changes in national
income (dY) and investment (dI):

(dY &dI) = (dY & dl)
dt ~dt

Differentiating w.r.t t on both sides
the equation, dY = %dl, we get:

dy 1\ dI
dt _ (E) dt
Here s (Marginal Propensity to Save)
is assumed to be constant.

‘Productive capacity per unit of capital’ is:

p.
Here k is the Productive Capacity and K is

K
K

capital. Numerically speaking Productive
Capacity-Capital ratio:
K 5
P=k=571

Each unit of capital is capable of producing 5

units of output.

p is assumed to be constant as technology is

assumed to be constant.

Rewriting Productive Capacity-Capital
K

from, p = e

ratio

Kk = pK
For dynamic analysis, we need to dynamize the
equation.
Differentiating k = pK w.r.t. t:
dk dK
at Pat
Since rate of change of capital is investment;

dK ,
=1 We get:

dlC_
dt

pl

utilized:
Y

Static sense of Equilibrium Condition: At equilibrium, productive capacity is fully

[S99)
Current Income(production)

= K
[S99)
potential production

Dynamic sense of Equilibrium Condition: If economy starts from this (initial &
equilibrium) condition, then respective changes should be balanced, i.e.

dY_dlC
dt  dt
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dy dk
dt dt
o (]
Rate of Change of Income Rate of Change of Productive Capacity

over time over time

Above mentioned is the condition for dynamic equilibrium in the economy under Domar
Growth model.

TOPIC 071: DOMAR GROWTH MODEL: SOLUTION

From the framework of Domar Growth Model, productive capacity remains fully utilized over time:

dy _ dx
dt dt
day _ dk
d ) dt
Rate of Change of Income Rate of Change of Productive Capacity
over time over time
In the framework, we found:
dy 1dl
dt  sdt
dx _ 1
dat P
Substituting the values in 3 %, we get:
1dl| [
sdt| —
Rearranging for I in terms of ¢:
al dt
1= Ps

Introducing integral on both sides:

In|I| + ¢; = pst + ¢,
In|I| = pst + ¢c; — ¢
In|I| = pst+c [~ c; —c; = c (yet another constant)]
We need solution as a function of I and not of its logarithm (In|Il).
Therefore, raising both side to natural exponent (e).
eln|I| — epst+c

I=ePste

I =ef'A [+ e¢ = A(another constant)]
Rearranging R.H.S and writing I as function is in terms of t:

Indeterminate/General Time Path of investment due to A.

Introducing initial condition to definitize arbitrary constant A, i.e. t = 0
1(0) = AePs®

Substituting value of arbitrary constant 4 in general solution, I(t) = Ae”st
I(t) = 1(0) ePst
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Here I(0) is the initial investment. Moreover, marginal propensity to save (s) and productive
capacity-capital ratio (p) are already assumed to be constants.
Therefore, the definite solution of the time path of investment is:

[1(t) = 1(0)e?"|

TOPIC 072: DOMAR GROWTH MODEL: NUMERICAL

From the solution of Domar Growth Model, we got the definite solution of time path of
investment: I(t) = 1(0)e?st

It's an exponential function and when compared with standard form e™, we get r = ps

So, the growth of investment depends on the expression ps.

Assuming values of pands:p=2ands=0.01100.5.

Time Path | s ps | I(t) = I1(0)ePst | I(t) = ePst [ 1(0) = 1]
A 0.01 | 0.02 1(0)e®02t I(t) = %02t
B 0.05| 0.1 1(0)e®1t I(t) = e%1t
C 0.1 | 0.2 1(0)e%2t I(t) = e%2t
D 02 | 04 1(0)e4t I(t) = e%%
E 0.3 | 0.6 1(0)e%0t I(t) = %6t
F 04 | 0.8 1(0)e08t I(t) = e8¢
G 0.5 1 1(0)et I(t) = et
Plotting the numerical form of definite solution of time paths; A, B, C, D, E, F, G:
It ntent 1] L] - :
: il W= gz 7 e
|
15[ =t ®
i MIIE'I
yET
saaenT - 41
ILG;I;-.-'—:':.'--... -, - s Eq::-.
T

Observations: The composite graph shows 7-time paths. These time paths are generated due
to alternative values of Marginal Propensity to Save (s). However, all time paths have a common
initial condition I1(0).

It is observable that increase in value of s uplifts the time path. Specifically, increase in marginal
propensity to save increases the rate at which the investment takes place. As increased savings
lead to increased investment, the rate of growth of investment also increases.
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Lesson 18

FIRST ORDER DIFFERENTIAL EQUATIONS

TOPIC 073: FIRST-ORDER DIFFERENTIAL EQUATIONS: INTRODUCTION

A differential equation is an equation which expresses an explicit or implicit relationship between
a function y = f(t) and one or more of its derivatives or differentials. For example:

dy

— =10

dx x

It is a First-Order differential equation, since the highest derivative is a first-order derivative.
y' = 12y is also a First-Order differential equation as it contains y'.
y'" —2y"+ 19 = 0 is a Second-Order differential equation as it contains second order derivative

yll.
In addition to order of differential equation, degree can also be noted. It is the power of the highest

order of the derivative in the equation.

Differential Equation Order Degree
Y_2x+6 1t Order | 15! Degree
dt

OR
(ﬂ)1 —2x+6
a) ¥
dyn* 1st Order | 4" Degree
(—) —5t°=0
dt . . t
d%y | (dy 2 _ 2" Order | 1°' Degree
a2 + (Eg +x=0
R
d? !
Yy Yy 2 _
(ﬁ) + (dt) txt=
a2y’ | (a3 34 Order | 5" Degree

(&) +(617F:) =75y

d%y 7 d3y ;

(@) + (F) =73

Solution: Solution of such an equation will be y = f(x), where no derivative term would be

present.
A standard form of First-Order Differential Equation:
dy
dt +u(t) y=w()

L. is the derivative of dependent variable y w.r.t independent variable t.

dt
u(t): Coefficient of y. A function in terms of t.
w(t): Term. A function in terms of t.
Caveat: Here we assume u(t) and w(t) are constant. Therefore, using constant symbols for u(t)
and w(t):
ult) =a
w(t)=D>b

Therefore, the standard form % + u(t) -y = w(t) becomes:
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dy
— . =b
e Y=b

dy
d_ + a y = b
ol )
t constant depe\-rv{dent constant
coefficient o iable term

TOPIC 074: FIRST-ORDER DIFFERENTIAL EQUATIONS: HOMOGENEOUS CASE

Standard Form of First-Order Differential Equation
d
d_}tl +a-y=»b
Depending on the values of a and b, we get 3 possible cases:

Case —I: a # 0,b = 0 [Homogenous Case]
Case —ll: a # 0, b # 0 [Non-Homogenous Case — ]
Case —lll: a = 0, b # 0 [Non-Homogenous Case — Il]

Case - |I: Homogenous Case: a + 0, b =0

Standard form of First-Order Differential Equation % + ay = b, becomes:
dy
—+ay= 0
dt homog\*e‘neous
case
dy
a Y
ldy
ydt
(@)
dt

y
Integrating w.r.t. t

(&) s [a

flé
f(dy—”=-jadt
[ (S fea

Inly| +cy = —at+c,
Inly|=—-at+c; — ¢4 [ ¢y —c3 =]
Inly| = —at+c

To get rid of natural logarithm, raise exponent on both sides:
elnlyl = e—at+c

y= e—atec
y(t) = e ™A [ e = A] yet another constant
y(t) = Ae~* (General Solution)
Introducing the initial condition to definitize the arbitrary constant; (t = 0): y(t) = Ae™*
becomes
y(0) = Ae™%©®
y(0) = Ae°
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y(0)=A4
A=y(0)
y(@) = y(0)e™*
It is Definite Solution as the arbitrary constant A is determined.

TOPIC 075: FIRST-ORDER DIFFERENTIAL EQUATIONS: NONHOMOGENEOUS CASE -1

Case - ll: Non-Homogenous Case —l: a + 0, b # 0. (NHC ;)
Standard form of First-Order Differential Equation % + ay = b, remains:
dy
—+ay= b

dt b
Non—Homogenous
case

As no term is equal to zero (b # 0) in this case, Non-Homogenous case is also termed as
Complete Equation.

In the Complete Equation of time path, there is equilibrium value and the deviation from it.
As in graph of time path, 50 is equilibrium value and +40e~2¢ is the deviation from equilibrium.
Time path convergences towards equilibrium (50) in either case. i.e. when deviation is positive

+40e~2%t or negative —40e~2¢,

— I. -'\_ _—

;:é'-;:;-— 0% | 507

=+

Therefore, solution has two components i.e. Complementary Function (J’c = i40e‘2t) and
Particular Solution (y, = 50).

Complementary Function (y,.) is complementary (¥'s —.S s - 1w%3) to the Equilibrium value
(yp) of the time path.

Equilibrium value (y,) is called Particular Solution as it is one Particular (u=s=3<) value of y out
of infinite values on whole of the time path.

Case of Positive y, (y, = 40e™%) Case of Negative y. (y. = —40e™%!)
y() =+ 40e~2t +50 y(t) = — 40e~2%t +50
Ye[too,y~0y0)-y,]  Yp Ye[too,lyc=20.y(D)-yp]  Ip

Mathematically, addition decreases Mathematically, deduction decreases
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Graphically, converges from above the Graphically, converges from below the
equilibrium. equilibrium.

Complementary Function (y.): is equivalent to the general solution of homogenous case.
YInue = YO}uc

Yenue = ée_at
— —a
yi)=4e " +y,

Particular Solution (y, ): of the Non-Homogenous Case is as follows:

Two possibilities of particular values of y: constant and non-constant.
1. Can be a constant (say k) when (a # 0):

Let,
y=k
dy
- 0
Substituting value of % in (% +ay = b), we get:
0+ ay =b
b
yb— a
In proper notion as per the definition is: y,, = -
Substituting the value of y,, in y(t):

y(t) = de™ + Z (General Solution of Non-homogenous Case with a # 0)
For Definite Solution: Put t = 0 in y(t) = Ae™* +Z
b
y(0) = Ae™® +—
(0) = 4e° + b
y = de a
0=4+ b
SN
a={yo) -}
Putting value of 4 in y(t) = Ae™™ +§
© =y 2l 42
> - a € a

(Definite Solution of Non-homogenous Case with a # 0).
What if, a = 07
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TOPIC 076: FIRST-ORDER DIFFERENTIAL EQUATIONS: NONHOMOGENEOUS CASE - i

Case - lll: Non-Homogenous Case —ll: a = 0, b # 0. (NHC,—()

Standard form of First-Order Differential Equation % + ay = b, at a = 0 becomes:
dy
at )y =b
y
PTi b
Solution y(t) has two components:
y) =y + Yp
Complementary Function (y.): is equivalent to the general solution of homogenous case.
Inue = yO}nuc
(YeInue = Ae™™
However here a = 0 therefore y. reduces to:
y. = Ae
y. = Ae®
Ye=4
y)=A+y,
Particular Solution (yp): If y is considered as a constant k as in case of NHC .o, y =k

dy
=0

Substituting value of % in (% = b), we get:

0=0>b
0+b
So, equality is not established and some other value of y should be experimented.
Therefore, we experiment a non-constant (y = kt) can be experimented.
y =kt

-(0)t

Taking derivative w.r.t t:
dy dt
k(e
dt;l dt
Y _
ﬂ -
We already have the NHC ,— differential equation % = @

(k] = [B]

Therefore, y = kt can be written as y = bt.
More properly, it is the proper solution: y,, = bt.

Substituting the value of y, in y(t) = A + y,:
y(t)=A+ bt

y(t) = A+ bt|is the General Solution of NHC,,_,.

Definite Solution: Put ¢t = 0 in

y(t) = A+ bt
y(0) = A+ b(0)
y(0)=4+0
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y(0)=A4
A=y(0)
Putting value of A in General Solution of NHC,_,.
ly(t) = y(0) + bt|
Definite Solution of Non-homogenous Case with a = 0.

TOPIC 077: VERIFICATION OF SOLUTION OF FIRST-ORDER DIFFERENTIAL EQUATIONS

The validity of all solutions of differential equations can always be checked by differentiation.
Consider the definite solution of First Order Differential Equation where a # 0:

y(®) = fy(©) - et + 2

Differentiating w.r.t t:
d d b b
— - _leat —
dt b®) dt [{y(O) a} e+ a]

@~ alt© -]+ &)

Y o - D Can) e +o
2y -2 —ate
Y o —afy© - e

Recalling standard form of First Order Differential Equation + a[y] = b and substituting boxed
values:

b —at b —at b
—a{y(O)—E}e +a{y(0)—a}e +E =b
b
—afyor—le=t v alyoy—"le=t rax = b
a
b=>b
L.HS=R.H.S

Numerical Example: Veriy if {y(t) = 4(1 — e™)} the definite solution of (% +y = 4) is true:

Definite Solution: y(t) = 4(1 — e™%)
Differentiating w.r.t t.

d d )
E{J’(t)} = 3{4(1 —e )}
dy

_4_d(1 —t)
dt dt €

=40~ {50}
Y al-Dey

ay _

dt

Substituting values in the First Order Differential Equation, +[y]=4;
—4e t|+|41—-eH)|=4

©Copyright Virtual University of Pakistan 110

—4et




Mathematical Economics I (ECO607)

VU

—4et+4(1-eH =14
—det+4—4e~t=4
4 =4
LHS=RH.S

TOPIC 078: FIRST-ORDER DIFFERENTIAL EQUATIONS: SUMMARY & NUMERICALS

1. GRAPH of % — 2y = 0: AHOMOGENOUS CASE:

ST

Solution: Comparing the given differerﬁial equation with the standard form

dy
——-2y=0
5,
y
- =p
di + ay
a=-2,b =0 (aHomogenous case)
Formula for General Solution of Homogenous case:
y(t) = Ae™®

Substituting value of a:
y(t) = Ae” 2"

(General Solution)

y(t) = ‘f‘.‘fit + 0| (General Solution)
Ye Yp

Interpretation: The graph verifies, that there is an exponential growth term in the solution (e%").
While A remains the arbitrary element, which can be determined by introducing the initial

condition.
Definite Solution: requires the introduction of initial condition; t = 0:
y(0) = Ae*®

y(0) = Ae°
y(0) = A(1)
A=y(0)

Substituting the values of A in General Solution: y(t) = Ae*®
y(t) = y(0)e?
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|y(t) = y(O)eZtl is the definite solution of the differential equation % —2y=0.
2. GRAPH of % + 4y = 12: ANON-HOMOGENOUS CASE: with (a # 0,b # 0)

| -3
Solution: Comparing the given differential equation with the standard form

dy
—+4y =12
i

Y _
dt+ay—b

a=4,b =12 (aNon — Homogenous case with a # 0)
Formula for General Solution of Non-Homogenous case:
b
t) = Ae™ " +—
y() = Ae a
12
y(t) = Ae=@Wt + =

Substituting value of a:
(General Solution)

y(t) = Ae ™ + 3
Ye Yp
Interpretation: In the graph it is visible with a red horizontal line that value of particular integral

is 3. However, the complementary function has an exponential decay that leads to its

convergence towards equilibrium (y,).
Definite Solution: For its sake, we introduce; t = 0:
y(t) = Ae ™ +3

y(0) = Ae~*©® + 3

y(0) = Ae® + 3
y(0)=A4(1)+3
y(0)=A4+3
y(0)—-3=A4
y(0)—-3=A4
A = {y(0) — 3}

Substituting the value of arbitrary constant in general solution: y(t) = Ae™*¢ + 3
112
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y(®) = {y(0) —3}e* +3
[y(® = {y(0) — 3}e~* + 3]is the definite solution of the differential equation 2 + 4y = 12.

3. GRAPH of % = 23: ANON-HOMOGENOUS CASE: with (a = 0,b # 0)

Solution: Comparing the given differential equation with the standard form
dy
— =2
dt 3

Rewriting for comparability

dy
— =2
T (0)y =23

dy
at +ay=»>b
a=0,b =23 (aNon— Homogenous case with a = 0)
Formula for General Solution of Non-Homogenous case:
y(t) =A+ bt
Substituting value of b:
y(t) = A+ 23t
y(t) = A + 23t (General Solution)
Yc Y,
Interpretation: In the graph it is visible withpa red horizontal line that value of particular integral
is 3. However, the complementary function has an exponential decay that leads to its
convergence towards equilibrium (y,,).
Definite Solution: For its sake, we introduce; t = 0:
y(t) =A+23t
y(0) =4 +23(0)
y(0)=A+0
y(0)=A4
A =y(0)
Substituting the value of arbitrary constant in general solution: y(t) = 4 + 23t
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(&) = y(0) + 23t

y(® = y(0) +23t|

y(t) = y(0) + 23t is the definite solution of the differential equation % = 23.
Summary of Homogenous and Non-Homogenous Cases of First Order Differential

Equations:
dy
- =b
: + ay
" £ -
= c o tc ® =
58 . 58 | S§ 85 25
2¢ | 5 | 88 23| &3 £5
3838 2 e | £ 63 og
o
& 3
a b Ye Yp Y(®)ex0 Y(®)i=o
HC a+0 b=0 Ae ™ N.A. Ae ™ y(0)e
a+0 b+0 Ae ™ b _ b by _ b
NHC R I T R L B
a=0 | b0 A bt A+ bt y(0) + bt
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Lesson 19
DYNAMICS OF MARKET PRICE

TOPIC 079: DYNAMICS OF MARKET PRICE: FRAMEWORK

Famous Microeconomic Model: Demand and Supply equations are given.
Qd:a_ﬁp [a:ﬁ>0]
Qs =-y+ 4P [)/,6>0]

Static Sense of Equilibrium: In Static Sense the equilibrium shall be:

Q4= 0Qs
Substituting values of Q4 and Q in equilibrium condition:
Qi=0s

a— P =—-y+ 6P
a+7y=pfP+6P
a+y=P(B+6)
at+y
B+6
a

*

+y
B+
Parametric Interpretation: Since a,f,y and & are positive constants by given parametric
stipulations, the answer of their addition and division shall give rise to yet another positive
constant. i.e. P* = constant (> 0).

Dynamic Sense of Equilibrium: In dynamic sense, the price shall follow a time-path P(t), rather
being limited to a single equilibrium (P*). So, we write the expression of definite time-path for
price.

P(t)=P.+P,
Here, particular solution of price P, is the static equiliorium value of price (P*). P(t) = P, + P*
P(t) =P, + P*
Possibilities of Initial Conditions: Time path of price can start {P(0)} either from above, at or
below the equilibrium value of price (P*):
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.

P} = P [Slarted Tram L

abowve tha Equilibrium, ) P. [Deviation from
20 hesd for adjustment / Equilibriurm]

over Lime]
131 = bk

P0y = P* [Already at
Equilibrium, =& no nead for
adjustment awar time]

F* [Equilibrium]

T {5 = 50
"'\.\I\l
P01 = P* [Staried from below Fe [Devlation from
the Equilibrium, 50 nasd for Equilibirium]
10 adustment over fime]
{10 = 50)

Putting all 3 cases summarily: [P(0) S P*]

Case - |: [P(0) = P*] requires no adjustments over time. However, [P(0) s P*] do.

Case - lI: [P(0) > P*] requires adjustments over time.
Case - lll: [P(0) < P*] requires adjustments over time.

TOPIC 080: DYNAMICS OF MARKET PRICE: THE TIME PATH

Price Adjustment over time: Price adjustments over time can be measured by the rate of change

of price over time (Z_I;)'

Mathematizing the shortage/surplus in static sense:

Shortage Surplus

Qq > Qs Qq < Qs
(Qg — Q) > 0 {positive} | (Qq — Q) < 0 {negative}
Excess Demand Negative Excess Demand

Greater the shortage/surplus in the market, more responsive will be change in price and vice

versa.

(Price Adjustments) are directly proportional to (Excess demand)

Mathematically speaking:

dp
(E) x (Qq — Q5)
Developing an equation and brining the constant of proportionality (j).

2 [=7l@a- 05

Here j > 0, which means that the relationship between % and (Q4 — Q) shall be positive.

j is, suitably, called the ‘adjustment’ coefficient.
d

T AR 2 D)
-2
—~ Adjustment Market Clearing
Intertemporal L.
Sense Coefficient Sense
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At equilibrium, no need for adjustment in price over time in equilibrium. i.e. (d—P
At equilibrium, there is no excess demand in the market. i.e. (Q4 — Q5 = 0)

0)

Putting the two values in ‘;—f =jx(Qq— Qs):
0=jx(0)

0=0
Therefore, the adjustment equation makes sense for market equilibrium both in dynamic
sense as well as static sense.

Now substituting the values of Q4 and Q, in Adjustment equation:
dpP

2 =i *(ea-0,)
Z—f;f {(a=pP) - (cr+sp)]

a; —J(@—BP +y—45P)
Gathering terms containing P.
d

—=j — BP — &P
a jla+y—BP—4P)

=@+ )— (B+ &P}
=@+ —jB+ P

o HIB+8P=ja+y)
Comparing with the standard form of First Order Differential Equation:
dpP

E"‘](ﬂ:—t?)

P=jla+y)
dy

y b
dt
Here 2 =22y =P,a=j(B+6),b=ja+y)
Choice of Case of the Differential Equation:
b=j(a+1y);asjaandy are positive, the value of b shall be some positive constant. i.e.

b + 0 — Non-Homogenous Case.
a=j(B+38);asj, B and é are positive, the value of a shall be some positive constant. i.e.

a # 0 — Non-Homogenous Case with a + 0.
Therefore, using the definite Solution of time-path of NHC,..¢:

y® =y ~Jem 42

Emphasizing on the values to be substituted:

y(®) = {m - %} et 4 2

@
Substituting values of y, @ and b, respectively:
Ha+ : f(a +
P(6) = {Pm) . } T
F(B +95) B +90)
= _ &V —j(B+EE | Y
= {P0) - 52} eitB+t 4

B+6

P(t) = (P(0) — P}e 1D 1 p et {j(B+8)} =k
P(t) = {P(0) — P*}e "kt + p*
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P(t) = {P(0) — P*}e *t + P
PC Pp
Definite Time-path for the Market Equilibrium in Dynamic Sense.

TOPIC 081: DYNAMICS OF MARKET PRICE: DYNAMIC STABILITY

For the dynamic stability of the time-path of First Order Differential Equation, it should converge
towards equilibrium. We know that equilibrium is particular solution (Pp). Whereas convergence
happens when deviation from equilibrium fades to zero. In a differential equation, deviation
component is measured by (P.). Therefore, for dynamic stability; P, - 0 as t — oo.
Using the Definite Time-path for Market Price in Dynamic Sense.
P(t) = {P(0) — P*}e *t + p*
P(t) = {P(0) — P*}e * + P
P Pp
Need for time path of price {P(t)} to converge to equilibrium price (P*) i.e. P(t) - P* as P, —
0 when t — oo.

P.—0
{P(0)-Ple >0

( {;g”n ((B+8)>0)
S e

{P(O)— el 50
e ———

P(0)=P* Decays
k J over time

L Deviation (+ve or—ve)
Therefore,
P(t) = {P(0) — P*}e "t + p*
-0

Interpretation: It can be said that provided «, 8,8,y and j are positive, regardless of initial price
P(0) is greater or smaller than equilibrium price (P*), the time-path of market price shall converge
towards equilibrium price as time is allowed to pass indefinitely. Hence the time-path is
dynamically stable.

©Copyright Virtual University of Pakistan 118



Mathematical Economics I (ECO607)

VU

P(t) = +40e % + 50

P(t) = 40e~* + 50

P(t) = —40e * 4+ 50

Complementary Complementary
Function Time-Path Function Time-Path
(Deviation) (Deviation)
t P, = 40e™ P(t) = 40e * + 50 P.=—40e* P(t) = —40e~* + 50
0 40 90 -40 10
0.732625555549 | 50.7326255555494 | -0.7326255555493 49.2673744444506
1 3
0.013418505116 | 50.0134185051161 | -0.0134185051161 49.9865814948839
2 1
0.000245768494 | 50.0002457684941 | -0.0002457684941 49.9997542315059
3 1
0.000004501406 | 50.0000045014070 | -0.0000045014069 49.9999954985930
4 9
0.000000082446 | 50.0000000824461 | -0.0000000824461 49.9999999175539
5 1
0.000000001510 | 50.0000000015101 | -0.0000000015100 49.9999999984899
6 0
0.000000000027 | 50.0000000000277 | -0.0000000000276 49.9999999999723
7 6
0.000000000000 | 50.0000000000005 | -0.0000000000005 49.9999999999995
8 5
Remarks
Positive Time-path slides Negative Time-path rises and
deviation and converges to deviation decays converges to
decays over time | equilibrium (P* = 50) over time equilibrium (P* = 50)

gy = F LT e
abces e RoLidnien
= el b pdpamirari
e ]
[

V.

Py [Di o e
A [evibnar]

e

;|

= [ Bl e |

i

fa Eavifibriam,

6 2

FIE] = [k o By
wr: apad for
wdpnirarh aeer tirad

P, [Dreaticen froami
TR

TOPIC 082: DYNAMICS OF MARKET PRICE: NUMERICAL

Consider the Market Model:

Q,=3P—4
Q= —-5P +20
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dp
—=0.2(Qq4 — Q)

dt
Find expressions for P(t), Q4(t) and Q4(t) when P(0) = 2. Is this system stable or
unstable?
Solution: Given the adjustment equation ';—I: =0.2(Qq — Q,), values of Q; and Q, can be
substituted.
dP
2= 02(-0,)
ap = 5P + 20 3P -4
e 0.2{(-5P +20) - (3P — 4)}
=0 2{(20 +4) — (5P + 3P)}
dp
— =0.2{(24) — (8P)}
dt
dp _ 0.2(24 - 8P)
dt
ap =4.8—-1.6P
a0
dpP
—+1.6P =4.8
dt

Comparing with the standard form:

dp
—+1.6P=4.8
dt — ——

E; a b
dt
Hereﬂ=2—’;,y=P, a=1.6b=4.8
Choice of Case of the Differential Equation:
b # 0: Non-Homogenous Case.
a # 0: Non-Homogenous Case with a # 0.

Therefore, using the definite Solution of time-path of NHC,..¢:

by ., . b
y(®) ={}’(0)—E}e 2
Emphasizing on the values to be substituted:
@} [B]
t) ={y(0) - =tel@ + =
20 {y—( ) [a] [a]

Substituting values of y, a, b and y(0) respectively:

4.8

P(t) = (2-3)e 1% +3
P(t) = (-1e 1% +3
|P(t) = —e 16t 4 3|
It is the definite Time-Path of market price.
Dynamic Stability: The expression; P(t) = |—e 1%¢| + 3 has an exponential decay term. i.e.

Complementary Function .
(Deviation) Time-Path
t P. = —e 16t P(t) = —e 16t + 3
0 -1.0000000 2.00000000
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1 -0.2018965 2.79810348
2 -0.0407622 2.95923779
3 -0.0082297 2.99177025
4 -0.0016616 2.99833844
5 -0.0003354 2.99966453
6 -0.0000677 2.99993227
7 -0.0000137 2.99998632
8 -0.0000027 2.99999723
9 -0.0000005 2.99999944
1 2.99999988
0 -0.0000001

Remarks

Negative deviation decays over

time

Time-path rises and converges to equilibrium (P* =

3)

Ast—> oo, P, -0

And when P. - 0, (P,)Converges(P")

Graphically

-2

a

Lesy

Red line shows the equilibrium value of market price (P*), while green line shows the
deviation from equilibrium (P.), which decreases over time and leads the time-path to

convergence.
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Lesson 20
PRICE DYNAMICS USING DIFFERENTIAL EQUATIONS

TOPIC 083: CONSUMER'S RESERVATION PRICE USING DIFFERENTIAL EQUATIONS

Given the direct demand function Q(P), if you know that the own price elasticity of demand is

M where Q =50 and P =10. What is the highest reservation price
consumers are willing to pay?

given by €4

Solution: The general formula of elasticity of demand: €4 = % xg we can rewrite the given
= 2
expression of elasticity of demand €; = %.
dQ P|_ —(3P +2P?)
ar 9|~ Q
dQ B —-(3+2P)R
— X —_—_=
dp @ Q
dQ
g =-3-2P
FT 2[P]=—

Standard form requires dependent variable @ Instead, we have the independent variable @

So, we cannot use the usual formula for first order differential equation. An alternative approach
to solving the differential equation is to integrate it, so the derivative gets cancelled with integral

and value of dependent variable (Q) comes out as a result.

Keeping derivative term Z—g on L.H.S.

+2@=
dQ
%4'21)——3
E=—2P—3

Integrating the result w.r.t. P:
—dP f (—2P —3)dP

j%#:j(—ZP)dP—f(?’)dP
Q=—2f(P)dP—3f(P°)dP

PZ
Q:—z<7>—3p+c

lQ(P) = —P% —3P + (|
General Solution as c is still indefinite.
Using the given information that at equilibrium Q@ = 50 if P = 10.
Putting the given information in General Solution.
50 = —(10)2 - 3(10) + ¢
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50 =-100-30+c
50+100+30=c

Substituting the value of ¢ = 180 back into the General Solution; Q(P) = —P? — 3P + c.
|Q(P) = —P? — 3P + 180/

We get the Definite Solution.
Reservation Price: Price at which no demand for good/service doesn't start.
Mathematically speaking, reservation price is: Pp = (P)g=o. Therefore, putting @ = 0 in the
Definite Solution; Q = —P% — 3P + 180:
0=-P2-3P+180
—P?2-3P+180=0
P?+3P—-180=0
Quadratic Formula is applicable: x =P, a=1,b =3, c = -180
—b +Vb? — 4ac
B 2a
-3+,/(3)% —4(1)(-180)
F= 20)
-3 +729
-2(1)
-3+ 27
21
Either

_ —3;27 ORP — —3;27
24 -30

P=120RP=-15
Dispelling the ‘unrealistic’ negative value of P, we get the Reservation Price (Pg).
Verification: Since Reservation Price is one at which demand doesn'’t starts (Q = 0). Therefore,
putting Reservation Price should make demand equal to zero:
Q(Pr)=0
Q(PR) = —PR?> — 3Py + 180
Q(12) = —(12)? - 3(12) + 180
Q(12) = —144 — 36 + 180
Q(12) = —180 + 180

Interpretation: Hence its evident that when price is 12, demand for the good doesn'’t exist.

X

P

TOPIC 084: DYNAMICS OF PRICE & MONEY MARKET USING DIFFERENTIAL EQUATIONS

Money supply M is fixed at a level determined by the government.
Transaction demand for money L is positively related to prices P(t) and real output Y:
L= f{P(t) x Y}
As given that the relationship is positive — direct proportionality () exist.
Lo {P(t) XY}
Introducing the constant of proportionality () to develop equation.
L = aPY [a > 0]
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Constant of Proportionality is positive which will keep the relationship between variables
positive.
If inflation is the increase in the overall price level with time ‘;—1: , it depends on excess money
supply. Excess Money Supply is the difference between Money-Supply and Transaction Demand
for Money. The model then becomes:
= jM,—1) j > 0]
j > 0 implies that price level rises with excess money-supply.

Time-path of the price level in the economy can be found by substituting values in the given
information.

a‘f(%‘L)
dP—' M PY
E—J(_s a )
ap M PY
E‘]( s & )
ap M jYP
dt_] s—aj
dpP . .
E+a]YP=]Ms

Comparing with the standard form of the differential equation; % +ay=»>b

ap
ac tYrE=1s
- a ¥y b

dt
Here 2 =2y = P,a = aj¥,b = jM
Choice of Case of the Differential Equation:

b = jM; ; as j is positive constant, and money-supply (My) is fixed (some positive number)
by the government, the product will be non-zero positive constant. i.e. b + 0 — Non-
Homogenous Case.

a = ajY; as a and j are positive constants, and Y is national income (some positive
number), the value of a shall be some positive (non-zero) constant. i.e. a # 0 — Non-
Homogenous Case with a # 0.

Therefore, using the definite Solution of time-path of NHC,..¢:

b b

y(@) = {}’(0) - E} e % + P
Emphasizing on the values to be substituted:
@} [B]
t) ={y(0) - =tel@ + =
Y® {y—( )@ [@

Substituting values of y, a and b, respectively:

P(t) = {@ - } e l9vh 4

(oo P M
P@t) = {P(O) a}Y} € Ty

M, . M
— Sl (gt 4 S
P() {P(O) ay} e (@t 4
Definite Time-path for Market price in Dynamic Sense.
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Interpretation: Since, M appears in numerator, it has positive relationship with price level. Y is
in the denominator, and has negative relationship with price level. If money-supply increases in
economy, it will increase the prices in the economy. If output in the economy increases, it shall
decrease the price level due to increased supply of goods/services.

Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
it should converge towards equilibrium. We know that equilibrium is particular solution (P,).
Whereas convergence happens when deviation from equilibrium fades to zero. In a differential
equation, deviation component is measured by (P.). Therefore, for dynamic stability; P, = 0 as
t - .

Using the Definite Time-path for Price level in Dynamic Sense.

M , M
P(t) = {p(O) - a—;} e~ (@Nt 4 =3

M 7
P(t) = __S} ~(@jnye 4 Ls
® {P(O) aY € +aY
S~

P, P

p
Need for time path of price {P(t)} to converge to equilibrium price (P*) i.e. P(t) » P* as P, —
0 when t — oo.
P.—»0

M .

{M,,a,Y>0}

Jhati ey {aj,Y>0}
PO) - | 2 |t 1l 50
Exponential
P(0)2Py Decay
Deviation (+ve or—ve)  Overtime
Therefore,

Mg , M
P(t) ={P0) — ||} e=(aV)t 4 |5
® { ©) ay} u

-0

P() = {P(0) = [P,]} e~ @"" +
-0

P(t) = {P(0) — [P J}e~@")t ¢

-0
Interpretation: It can be said that provided «, j, Mg and Y are positive, regardless of initial price
P(0) is greater or smaller than equilibrium price (P*), the time-path of market price shall converge
towards equilibrium price as time is allowed to pass indefinitely. Hence the time-path is
dynamically stable.

TOPIC 085: PRICE DYNAMICS & EQUATION OF EXCHANGE USING DIFFERENTIAL
EQUATIONS

Borrowing the equation of exchange:
M;x V=PXY
M, is the Money Supply, V is the velocity of Money, P is general price level in the economy and
Y shows the Aggregate Output.
Rewriting for M:
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PXxY
N
Other side of money i.e. demand for money L is assumed to have transactive component only
and is considered constant.
The price level shall make adjustments due to differences between (transaction) demand and
supply of the money (L # M):

ap =j M, —L
dt =J 4Tt
Excess

]
Price Adjustment Money—Supply

over time
The price adjustments over time are directly proportional to Excess Money- supply.

j is the adjustment coefficient which is positive (j > 0) that implies that price level rises with
excess money-supply.
Time-path of the price level in the economy can be found by substituting values in the M.

ap .
ar =M~ 1)
dP _(P XY
at I\ v
dP PXxY
( L)
dt V
, - _iL
dg (V) J
Heredt t,y:P,a:—j(;),b:—jL
Choice of Case of the Differential Equation:
b = —jL ; as j is positive constant, and (transaction) demand for money (L) is fixed (some

positive number), the product will be non-zero positive constant. However, b = [=JjL, so the
final answer will be negative but still not zero i.e. b # 0 — Non-Homogenous Case.

=—j (Z) as j is positive constant. Y is Aggregate Output (some positive number) and V is

—-L

velocity of money (some positive number). The ratio ( ) when multiplied by j will give a

positive answer. However, a = [=Jj (;) so the final answer will be negative but still not zero.
i.e. a # 0 — Non-Homogenous Case with a = 0.
Therefore, using the definite Solution of time-path of NHC,..¢:
b b
y(®) = {0 - et + 2
Emphasizing on the values to be substituted:
y(®) = {y(O) - @} s 1
= — [qa] [a]
Substituting values of y, a and b, respectively:
( )
—jL (=¥ —jL
p@ = {poy - el

U &) (i)
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P(t) = {p(o) - Li)} )

—L } (Y, L
P(t) = { P(0) — e \v +—

P(t) = {P(O) - —}

Reciprocalizing

<|"<

)

P(t) = {P(O) _ —L}e )t +

Y)t

P(t) = {P(O) _ —}e v

| ~

+

Definite Time-path for Market price in Dynamic Sense.
Interpretation: Since, V and L appear in numerator, they have positive relationship with price
level. Y is in the denominator, and has negative relationship with price level:
Velocity of Money (V): The faster money circulates in the economy, the higher the prices;
(PxV).
Transaction Demand for Money (L): The higher the transaction demand for money, the higher
the price level is; (P « L).
Aggregate Output (Y): If the economy produces greater aggregate output, this will reduce prices;
(Pos3). |
Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
it should converge towards equilibrium. We know that equilibrium is particular solution (P,).
Whereas convergence happens when deviation from equilibrium fades to zero. In a differential
equation, deviation component is measured by (P.). Therefore, for dynamic stability; P, — 0 as
t > oo,
Using the Definite Time-path for Price level in Dynamic Sense:
VL) (o), VL
P(t) = {P(O) - —}e vt
P, P,

Need for time path of price {P(t)} to converge to equilibrium price (P*) i.e. P(t) > P*as P, —> 0
when t — oo.

P.-0
{P(O) - %}e(;)t -0

However, on hair splitting, we don’t get the desired result.

{V.LY>0} (Y,v>0}
5
VL @ |t
N~—— —
~————— ) Exponential
P(O)EPP Growth
Deviation (+ve or—ve) °Vertime

Therefore,
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VL) (%), [VL
P(t) :{P(O)— 7}e VS

—00

P = {P(0) - [F]} e +

P(®) = (P(0) —[PlJe) +

Since addition of (P*) in oo shall have no effect on infinity;
P(t) > o

P(t) » P*
Interpretation: It can be said that provided V,Y and L are positive, regardless of initial price P(0)
is greater or smaller than equilibrium price (P*), the time-path of market price shall diverge away
from_equilibrium price as time is allowed to pass indefinitely. Hence the time-path is

dynamically unstable.

©Copyright Virtual University of Pakistan 128



Mathematical Economics I (ECO607) VU

Lesson 21
INCOME DYNAMICS USING DIFFERENTIAL EQUATIONS

TOPIC 086: INCOME DYNAMICS & MONEY MARKET USING DIFFERENTIAL EQUATIONS

On the money market, money supply My is fixed by the government. Furthermore, transaction
demand for money L depends on income but is also positively related to its incremental increase

dY

L=a Y +p

s dt
National SO
Income Incremental
increase in
national
d income
Y
L=a¥Y+B 0<a<1,B>0

Find the time path of aggregate national income that ensures equilibrium on the money market,
and check whether this time path is dynamically stable.
Solution: Since equilibrium in money market is to be ensured in finding the time-path for
aggregate national income, we equate demand and supply of money:

L=M;

Y + ar _ M
a¥ + B g =Ms
dyY
aY + BE = Ms
Rearranging for developing the first order differential equation:
dy
B—-+aY =M

dt
Dividing by g to get the % alone as found in first order differential equation.
day a M
a'p "R
Comparing with the standard form of first order differential equation % +ay = b.
day a M
@' "B
o gy
Here%:%,y =Y,a =%,b =%

Choice of Case of the Differential Equation:

b= % ; as money-supply (M) is fixed (some positive number) by the government g > 0 (positive

constant), and the ratio will be non-zero positive constant. i.e. b # 0 — Non-Homogenous Case.
a= %; as0 < a <1andp > 0, both can be considered positive constants, their ratio is the

value of a which will also be some positive (non-zero) value. i.e. a # 0 — Non-Homogenous
Case with a # 0.
Therefore, using the definite Solution of time-path of NHC,..¢:

y(® = fy(©) ~ 2J et 42
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Emphasizing on the values to be substituted:

o oo e

Substituting values of y, a and b, respectively:
(

Y(®) = {¥(0) - =

\

Y(t) =4Y(0) -

My —(%) M
Y(t) = {Y(O) = }e (B :
Definite Time-path for National Income in Dynamic Sense.
Interpretation: Since, Mg appears in numerator, it has positive relationship with aggregate
national income Y.
Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
it should converge towards equilibrium. We know that equilibrium is particular solution (¥,).
Whereas convergence happens when deviation from equilibrium fades to zero. In a differential
equation, deviation component is measured by (Y.). Therefore, for dynamic stability; ¥, — 0 as
t — oo,
Using the Definite Time-path for Income level in Dynamic Sense.

®IR| %S =] w=
N—_——
ESIENERNE ERRE

Y(t) = {Y(O) - %} e (B) 4 %
Y(® = {r© - M7} e (B) M7

Y. Yp
Need for time path of income {Y(t)} to converge to equilibrium income (Y*) i.e. Y(t) » Y* as
Y. > 0whent - co.
Y. —O0
a

{Y(O) — %} B o

{Mg,a >0} {ap>0}
] () |
ro - [ = bl WL
Exponential
Y(O)Eyp Decay
Deviation (+ve or—ve) over time J
Therefore,
M _(z)t M,
Y(t) ={Y(0) —|—|te \B) +|—
(®) { (0) p } -
-0
(B
ve) = {r(0) - [V, ]} e\ +[7,]
-0

As particular integral is also the equilibrium value of the variable .
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[24
Y(t) = {¥(0) - }e‘(ﬁ)t +
-0
Interpretation: It can be said that provided a, 8 and M, are positive, regardless of initial
income Y (0) is greater or smaller than equilibrium price (Y*), the time-path of national income
shall converge towards equilibrium income level as time is allowed to pass indefinitely.
Hence the time-path is dynamically stable.

TOPIC 087: INCOME DYNAMICS & INCOME TAX USING DIFFERENTIAL EQUATIONS

If national income model is modelled by following system of equations:
Y=C+1
C=a+pY a>0,0<pB
a is the autonomous consumption and B is the marginal propensity to consume.
1=6v+y(5) v>06<1
If an income tax is introduced, the Consumption function becomes:
C=a+p(1-1)Y <1
T is the income tax rate. Find the time path and the intertemporal equilibrium level of national
income.
Solution: Expenditure approach to National income is:
Y=C+1
Substituting values of € and I.

dt

dY
Y=a+ﬂ(1—r)Y+8Y+y<E)

Y=a+ﬂ(1—r)Y+8Y+y<ﬂ)

Rearranging to conform to a first order differential equation:
dY
—y(E)—B(l—t)Y—8Y+Y= a

dY
—y(E)—ﬂY+rﬁY—6Y+Y=a

dy
—y(E)+Y—BY+rBY—8Y=a

dY
—)’(E)+(1—ﬂ+rﬁ—6)Y=a
Dividing by —y throughout to normalize the differential equation.

- %)(1 _B(:)B - =
(G0 + (L) ==y
a

dy 1-B+Tp—-6
N
dt -y Y
Comparing with the standard form of first order differential equation; % +ay=>b.
dY 1-B+tf-6
(@ (5=
dt -y Y

dy a b
dt
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dy _dy _ (1-B+1p-8 N
Here i =Gy =¥, = (75), b= (-5)
Choice of Case of the Differential Equation:

b= (— %) As a > 0 and y > 0 (both positive constants), their ratio will be non-zero positive

constant. However, the value of b = (—%) has a negative sign. The answer will be negative,
though still non-zero. i.e. b # 0 — Non-Homogenous Case.

a= (L;B_s); the numerator (1 — B+ B — &) can be non-zero if (B+TB —8) # 1. Also y is
positive value. Therefore, value of a will be some positive/negative (non-zero) value. i.e. a # 0 —

Non-Homogenous Case with a + 0.
Therefore, using the definite Solution of time-path of NHC,..¢:

by _ b
y(®) = {y(©0) et + 2
Emphasizing on the values to be substituted:
@} [B]
t) =4{y(0) — =te @t + =
y() {y( ) @ @

Substituting values of y, a and b, respectively:
)

Y(e) = (Y(o) - ) i )
- _{— (1—ﬂ+tﬂ—6 ¢ 1-B+1B-6
\ 4 ) ( -y )
(=3) 1-prep-s (=%)
(o) = Y(O)‘(1—[;+rﬁ—5)’ea( R 1-3+fﬁ—5)
W ) s, @
Y(t):{y(o)_(l—ﬁ+rﬁ—6)}e R E2 D))
p 1-B+78—6 P
Y(t)z{y(o)_(l—ﬁ+rﬁ—8)}e( ' )t+<1—ﬁ+rﬂ—6)

Definite Time-path for National Income in Dynamic Sense.
Interpretation: As expected the national income (Y) is negatively related to tax rate (7). lts due

to presence of T in the denominator of the expression. Therefore, ¥ « %

Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
it should converge towards equilibrium. We know that equilibrium is particular solution (¥,).
Whereas convergence happens when deviation from equilibrium fades to zero. In a differential
equation, deviation component is measured by (Y.). Therefore, for dynamic stability; ¥, — 0 as
t — oo,
Using the Definite Time-path for Income level in Dynamic Sense.
Y Y(0 * () a
t) = — 14
® {() (1—B+Tﬁ—6)}e +<1—ﬂ+tﬁ—6)
Y, Yy
Need for time path of income {Y(t)} to converge to equilibrium income (Y*) i.e.Y(t) - Y*asY, -
0 when t — oo.

Y.~ 0
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1-B+1B—5

{Y(O)_(l—ﬁfrﬁ—é‘)}e( "o

However, on hair splitting, we don't get the desired result.

( {a,8,6,7>0} \ M
— SR s
Y(0) — (L) e(f) 150
1_ﬁ+Tﬁ_8 S——
Exponential
k Y(O)zyp Growth
iati over time
Deviation (+ve or—ve)

Therefore, . (1—B+rﬂ—6)t .
Y(t):{Y(O)_(l—B+TB—6)}e ' +<1—ﬁ+rﬁ—6)
¥(e) = {Y(O) -|(= B v B - 5) }e(l-ﬂ;ﬂf-&)t (= B S B - 5)

—00

1-B+1B-6

Y(t):{Y(O)—}e( v )t+

—00

As particular integral is also the equilibrium value of the variable .
1-B+18-5

Y(t)={Y(0)—}e( Y )‘+

—00

Since addition of (¥Y™) in oo shall have no effect on infinity;

Interpretation: It can be said that provided > 0,6 <1,y > 0 and t < 1, regardless of initial
national income Y (0) is greater or smaller than equilibrium national income (Y*), the time-path of
national income shall diverge away from equilibrium level of national income as time is allowed
to pass indefinitely. Hence the time-path is dynamically unstable.

TOPIC 088: DYNAMICS OF CONSUMPTION USING DIFFERENTIAL EQUATIONS

The consumption function of an individual grows with time at a rate given by the equation: % =
—2C + 100. Find the time path of this person’s consumption given that C(0) = 10.

Solution: Given the equation for rate of consumption % = —2C + 100; we can rearrange to
compare with the standard form of differential equation.

dc

—+2C =100
dt

dac
—+2C=100
dt “ ——
— a b
dy

dt
Here 2 =% y =, a=2,b=100,y(0) = C(0) = 10
Choice of Case of the Differential Equation:
As b =100, so b # 0: Non-Homogenous Case.
As a = 2, so a # 0: Non-Homogenous Case with a # 0.

Therefore, using the definite Solution of time-path of NHC,..¢:
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by ., b
y(® = {y©@ e +=
Emphasizing on the values to be substituted:

Y0 =ho-Bem s 2

[a]

Substituting values of y, a, b and y(0) respectively:

100 100

100 100
€@ =10~ e+ -
C(t) = {10 — 50}e %2t + 50
C(t) = {10 — 50}e 2t + 50
|c(t) = —40e7% + 50|
It is the definite Time-Path of Consumption of the individual.
C(t) = —40e72%t + 50
Cc Cy

Dynamic Stability: The expression; C(t) = + 50 has an exponential decay term in the

box. i.e.:
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Complementary Function .
i (Deviati‘c’m) UIERE

t C.=—40e % C(t) = —40e7 2t + 50

0 -40 10

1 -5.41341133 44.58658867

2 -0.73262556 49.26737444

3 -0.09915009 49.90084991

4 -0.01341851 49.98658149

5 -0.00181600 49.99818400

6 -0.00024577 49.99975423

7 -0.00003326 49.99996674

8 -0.00000450 49.99999550

9 -0.00000060 49.99999939

10 -0.00000008 49.99999992

Remarks
Negative deviation decays over | Time-path rises and converges to equilibrium
time (€* =50)
Ast—> o, C. -0 And when C, - 0, (C,)Converges(C*)
Graphically
~ B -,
i mf}:—:-_:.-;.
L]
= 1H |

Cieh—  40e™* 1 50

1

L i

The straight line shows the equilibrium value of consumption (C*), while curve shows the
deviation from equilibrium (C.), which decreases over time and leads the time-path to
convergence.
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Lesson 22
NATIONAL INCOME DETERMINATION USING DIFFERENTIAL EQUATIONS

TOPIC 089: NATIONAL INCOME DETERMINATION USING DIFFERENTIAL EQUATIONS

If national income model is modelled by following system of equations:
Y=C+1
C=a+pY a>0,0<pB<1
a is the autonomous consumption and B is the marginal propensity to consume.
1=6v+y(5) v>06<1

Find the time path and the intertemporal equilibrium level of national income.
Solution: Expenditure approach to National income is:

Y=C+1
Substituting values of € and I.

dt

day
Y:a+ﬁY+6Y+y(E)

Rearranging to conform to a first order differential equation:

av Y-6Y+Y =
v (ge) Y-8V +Y=a
(dY) Y-O6Y+Y =

dy
—y(—dt)+Y—ﬁY—5Y=a

dy
—y(dt>+(1—ﬁ—8)Y=a

Dividing by —y throughout to normalize the differential equation.
dY 1-B-96) a

-Soll@ B =

() (2t

() (-

Comparing with the standard form of first order differential equation; % +ay = b.

(@) 5 -(5)

dy
Y:a+BY+6Y+y(—)

Here%:%'y: Ya= (l_f;_s)’b - (_%)

Choice of Case of the Differential Equation:
b= (— %) As a >0 and y > 0 (both positive constants), their ratio will be non-zero positive
constant. However, the value of b = (—%) has a negative sign. The answer will be negative,
though still non-zero. i.e. b # 0 — Non-Homogenous Case.
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a= (l_ﬂy_a); Both g and & are less than 1. The numerator (1 — 8 — 8) can become 0 only if g +

6 = 1. So, we assume that the g + 6 # 1 and (1—B—6¢0),so(ﬂ¢0) i.e. a # 0 — Non-

-y
Homogenous Case with a + 0.
Therefore, using the definite Solution of time-path of NHC ,-.¢:

b b
y(®) = {y© —fe + =
Emphasizing on the values to be substituted:
y(t) = {y(O) - @} e + 5]
U= a

Substituting values of y, a and b, respectively:

o 3 | ey, [CF
e L Y| R 7wy 2y
( 4 ) ( -y )

=z 5 a
Y(t) = Y(O)—%ma(l = 6)t+%
( = ) s ( =W )
Y(t)={Y(O)—(1_(;+)_6)}e( v )t+$

Y(t) = {Y(O) - (ﬁ)} L) (#7_5)

Definite Time-path for National Income in Dynamic Sense.

Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
it should converge towards equilibrium. We know that equilibrium is particular solution (¥,,).
Whereas convergence happens when deviation from equilibrium fades to zero. In a differential
equation, deviation component is measured by (Y.). Therefore, for dynamic stability; ¥, — 0 as
t > oo,

Using the Definite Time-path for Income level in Dynamic Sense.

Y(t) = {Y(O) — (ﬁ)} e(l‘f“?)t + (ﬁ)

Ye Yy
Need for time path of income {Y(t)} to converge to equilibrium income (Y*) i.e. Y(t) » Y* as
Y. —> 0whent— co.

Y.—O0
v — (— % NelTF ) Lo
o - (=55

However, on hair splitting, we don’t get the desired result. )

{a,,6 >0} (B5y>0
L -
« (=)
¥(0) - e o
l_ﬁ_a —
Exponential
Y(0)2Y, Growth
iati over time
L Deviation (+ve or—ve) ]

Therefore,
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Y(t) = {Y(O) - (1

a
B -
)| ( =3
—_— e —_—
ﬁ 5 1-B8-6
—8
Y(t) = {Y(O) n} e [Vy]
As particular integral is also the equilibrium value of the variable .

1-B-6
Y(t):{Y(O)—}e< ) 7]

Since addition of (Y™*) in o« shall have no effect on infinity;

Y(£) = {Y(O) - (

Interpretation: It can be said that provided g > 0,6 < 1 and y > 0, regardless of initial national
income Y (0) is greater or smaller than equilibrium national income (Y*), the time-path of national
income shall diverge away from equilibrium level of national income as time is allowed to pass

indefinitely. Hence the time-path is dynamically unstable.

TOPIC 090: NATIONAL INCOME DETERMINATION: NUMERICAL

Considering a two-sector economy; we have following structural equations:

4 0.5 I-Y
T (c+ )
C =0.8Y +400
I =600
Find the time-path of national income of the economy; ¥(0) = 7000.
Solution Given the equation for rate of national

s =0.5(C+ I —-Y); we can substitute equations of € and I.

dy
E:o.s(gﬂ—y)

dy
il 5(0.8Y + 400 + 600 — Y)

dy
—=; = 0-5(0.8Y — Y + 400 + 600)

— =0.5(-0.2Y + 1
= = 0-5(=0.2Y +1000)

dy

— =-0.1Y + 500
dt

dy
—+0.1Y =500
dt

First Order Differential Equation for National Income.

dy

—+0.1Y =500
dt —— ———
—~ a b
dy
dt

income
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Here % = % y=Y,a=0.1,b =500, y(0) = Y(0) = 7000
Choice of Case of the Differential Equation:
As b = 500, so b # 0: Non-Homogenous Case.

As a = 0.1, so a # 0: Non-Homogenous Case with a # 0.

Therefore, using the definite Solution of time-path of NHC,..¢:

by ., b
y(® = {y©@ et +=
Emphasizing on the values to be substituted:
y(t) = {y(O) — @} e @+ b
= — [q] [a]
Substituting values of y, a, b and y(0) respectively:
Y(t) = <y(0) - > e 101 4
—

Y(t) = (7000 500) Sl 500
“\="01/°¢ 0.1

Y(t) = (7000 — 5000)e%1t + 5000
Y(t) = (2000)e %1t + 5000
Y(t) = 2000 et + 5000
It is the definite Time-Path of National Income of the economy.

Y(t) = 2000e~%1t + 5000
Y. Yp

Dynamic Stability: The expression; Y(t) =|2000e~%1¢|+ 5000 has an exponential decay term

in the box. i.e.:
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Complementary Function (Deviation) Time-Path

t Y. =2000e 01t Y(t) = 2000e"%1t + 5000

0 2000 7000

1 1809.675 6809.674836
20 270.6706 5270.670566
40 36.63128 5036.631278
60 4.957504 5004.957504
80 0.670925 5000.670925
100 0.090800 5000.090800
120 0.012288 5000.012288
140 0.001663 5000.001663
160 0.000225 5000.000225
200 0.000004 5000.000004

Remarks

Positive deviation decays over time | Time-path slides and converges to
equilibrium (Y* = 5000)

Ast— 0, Y. >0 And when Y, - 0, (Y,)Converges(Y™")
Graphically
L 9
7000 ¥{(t) = 2000e1t+ 5000

5000 Y= = 5000
The straight line shows the equilibrium value of national income (Y*), while curve shows
the deviation from equilibrium (Y.), which decreases over time and leads the time-path
to convergence.

TOPIC 091: INCOME DYNAMICS & INDUCED GOVERNMENT SPENDING USING
DIFFERENTIAL EQUATIONS

If national income model is modelled by following system of equations:
Y=C+I+G
C=a+pY a>0,0<p
a is the autonomous consumption and B is the marginal propensity to consume.
Following is the investment function:

1=6v+y(3) v>0.6<1

Government Spending is included as the 3" sector:
G=gY g<1
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g is the proportion of national income spent as government expenditure.
Find the time path and the intertemporal equilibrium level of national income.
Solution: Expenditure approach to National income is:

Y=C+I+G
Substituting values of C, I and G.

dy
Y=a+ﬁY+6Y+y<E)+ﬂ

day
Y=a+ﬁY+6Y+y<E>+gY
Rearranging to conform to a first order differential equation:

dy
—y(a>+Y—BY—8Y—gY=a

dy
v(3)+a--6-g¥=a
Dividing by —y throughout to normalize the differential equation.
Y (Mv 1-p-6-9) a
(—p)|\dt (=v) -=v)
dy 1-p-6—g (14
— — T Tly = —
)+ ( Jr-=y
dy 1-B—-6—
() (25 r=
dt -y Y
Comparing with the standard form of first order differential equation; % +ay = b.
dy 1-B-6-—
(@5 =5)
dt -y Y

dy a b
dt

dy _ dy _ _ (1-B-d6—-g _ a
Here > =—,y=Y,a= (——y)b = (_;)
Choice of Case of the Differential Equation:

b= (— %) As a >0 and y > 0 (both positive constants), their ratio will be non-zero positive

constant. However, the value of b = (—%) has a negative sign. The answer will be negative,
though still non-zero. i.e. b # 0 — Non-Homogenous Case.
a= (@); the numerator (1 —fB — &6 —g) can be non-zero if (B+d6+g) #1. Also y is
positive value. Therefore, value of a will be some positive/negative (non-zero) value. i.e. a # 0 —
Non-Homogenous Case with a + 0.
Therefore, using the definite Solution of time-path of NHC,..¢:
b b
y(®) = {0 - et + 2
Emphasizing on the values to be substituted:
y(®) = {y(O) - @} o 1
= — [qa] [a]

Substituting values of y, a and b, respectively:

{ (-%) \L RE= (-%)

Z(t)=!@— — T
(=59 (=59
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] &) | s, ©5)
Y(®) =1Y(0) - (M) ¢ ¥ (w)
Y(t)={Y(0)—(1_g—6—g)}e " "a-p-s-9

Y = {v(o (—“ ) (50, (—“ )
( _{() 1—B—6—g}e 1-B-6-g
Definite Time-path for National Income in Dynamic Sense. And g has positive effect on the
national income, via its negative sign in denominator.
Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
it should converge towards equilibrium. We know that equilibrium is particular solution (¥,).
Whereas convergence happens when deviation from equilibrium fades to zero. In a differential
equation, deviation component is measured by (Y.). Therefore, for dynamic stability; ¥, — 0 as
t — oo,
Using the Definite Time-path for Income level in Dynamic Sense.
O e e A e =
- 1-pg-6-g/f° 1-f-6-g9
Y, Yp
Need for time path of income {Y(t)} to converge to equilibrium income (Y*) i.e.Y(t) » Y*asY, —
0 when t — oo.

Y. —O0
1-B-é-g

fro - (=== )} -0

However, on hair splitting, we don't get the desired result.

(@psg>0} \ _Bors0)
| [(i=F=5-9)|,
o - (1—1:6—9) Ly_), -0
Exponential
Y(O)%Yp Grow_th
| Deviation (+ve or—ve) over time |
Therefore,
1-p-6-g
v© = {ro) - (s el 7 P ()
a = M)t a
o= (o g} i)
® {() ) o [——

—00

1-p-6-g

Y(t)={Y(0)—}e( v )t+

—00

As particular integral is also the equilibrium value of the variable .
(1)
Y@ ={r©@-[rllet v/ +

Since addition of (Y™*) in o shall have no effect on infinity;
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Interpretation: It can be said that provided > 0,6 <1,y > 0 and g < 1, regardless of initial
national income Y (0) is greater or smaller than equilibrium national income (Y*), the time-path of
national income shall diverge away from equilibrium level of national income as time is allowed
to pass indefinitely. Hence the time-path is dynamically unstable.

TOPIC 092: DYNAMICS OF INVESTMENT USING DIFFERENTIAL EQUATIONS

A principal of $60 is invested. The value, I(t), of the investment, t days later, satisfies the

differential equation %= 0.002I + 5. Find the value of the investment if the initial level of
investment y(0) is 2000.

Solution: Given the equation for rate of investment %: 0.0021 + 5; we can rearrange to
compare with the standard form of differential equation.

di
— =0.002I +5

dt

dI 0.002I =5

dat B
dil
s 1 (0.002)I=5
dt ~— “
N a b
dy

dt

Here ‘;—'{ =2 y=1,a=0.002, b=5,(0) = 1(0) = 2000.
Choice of Case of the Differential Equation:
As b =5, so b # 0: Non-Homogenous Case.

As a = 0.002, so a # 0: Non-Homogenous Case with a # 0.

Therefore, using the Definite Solution of time-path of NHC ,..¢:

b b

y(®) = {y(©0) - et + 2
Emphasizing on the values to be substituted:
y(®) = {ym) - %} e 4 2

[a]
Substituting values of y, a, b and y(0) respectively:

!(t)=(@— [5] >e—0.002t+ [5]

0.002 0.002
5
16 = (2 _ ~0.002t
(&) (M o.ooz)e +0.002

I(t) = (2000 — 2500)e~2002t 2500
[1(t) = —500e~0992¢ 1 2500
It is the definite Time-Path of Investment.
I(t) = —500e70002t ;. 2500
I, I

Dynamic Stability: The expression; I(t) = + 2500 has an exponential decay term
in the box. i.e.:
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Complementary Function (Deviation) Time-Path
t I, = —500e~0002 I(t) = —500e" %902t + 2500
0 -500.0000 2000.0000
1 -499.0009 2000.9990
2 -498.0040 2001.9960
3 -497.0089 2002.9910
4 -496.0160 2003.9840
5 -495.0249 2004.9751
6 -494.0359 2005.9641
7 -493.0488 2006.9512
8 -492.0637 2007.9363
9 -491.0805 2008.9194
10 -490.0993 2009.9006

Remarks

Negative deviation decays over time

Time-path rises and converges to equilibrium
(I' = 2500)

Ast—> oo, I, >0

And when I, - 0, (I,)Converges(I*)

Graphically

2500

e ] !
._\.J-- = zﬁl-]u'_.__l

O

2000

Ift) =500 e 02 + 2500

"

t

path to convergence.

The straight line shows the equilibrium value of consumption (I*), while curve shows the
deviation from equilibrium (I..), and this deviation decreases over time and leads the time-

TOPIC 093: DYNAMICS OF INTEREST RATE IN CAPITAL MARKET USING DIFFERENTIAL

EQUATIONS

The demand and supply for borrowed capital in
and savings functions, respectively:

I=a—pi+ps

. di
S=-y+éit+to-.

the capital market are given by the investment

(a,B.v.6)

Determine the intertemporal equilibrium level and time path of interest rate i(t). What values of
the parameters p and o ensure dynamic stability?
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Solution: Equilibrium in the market requires equality of Investment and Savings: (S = I).

. di . di
a—ﬁl+pa:—y+6l+aa

Rearranging to compare with the standard form of differential equation.

i — i+ di di

Bi i pa aa— a—-y
di di 0=
pdt a_dt Bi i=—a—vy

di
(p-0) g~ B+8)i=—(a+y)
Dividing by (p — &) for normalizing the differential equation.
p—e¥di_(B+8) _ (a+y)
p—edt (p-—o) (p—o)
di_(B+8) _ (a+y)
dt (p—o0)  (p—o)
Comparing with the standard form of the differential equation, % +ay = b.
di {_(B+5)} __(a+y)
dt p-0)= (p—o)
b

dy
G a

dy _di . ( (B+9) _{_(a+y)
Here dt dt’y =tLa= { (p—o)}'b - { (p—o)}
Choice of Case of the Differential Equation:

b= {— (‘””;}; As a > 0 and y > 0 (both positive constants), their ratio will be non-zero positive

(p—o
constant. However, the value of b = {— EZ:’S} who’s denominator should be non-zero to avoid

undefined answer (). The answer will be negative, though still non-zero. i.e. b # 0 — Non-
Homogenous Case.
= {— (BM)}; Both B and & are less than 1. The numerator (B + &) shall be a non-zero positive

(p-o0)
constant. However, a = {— Eﬁfg} so value of numerator (p — ¢) should be non-zero to avoid

- Eﬁfg} + 0] i.e. a # 0 — Non-Homogenous Case with a =+ 0.

Therefore, using the definite Solution of time-path of NHC,..¢:

b b
y(®) = {0 - et + 2
Emphasizing on the values to be substituted:

o - B

Substituting values of y, a and b, respectively:

l
[}
y

undefined answer (). So [{

{_M \ s {_M}
16 = @_ﬁle_{_(”‘“)}t ISCEN
&) (Bro)

' (@+y)] ) CEZ))

i(t) = i(o)_m eE{E%}t+M
1 = I3|(B+5) El(ﬁJ”s)}
(p=a))] (p—o0)
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{ a+ y)} pes {(a +7)
i(®) = |i(0) —% o) +%
{Gﬁ-—-e}} ) {69-—-6}

i© = {i©) - (55%) M= (&)
i = {i0 - (555) et 4 (nza

Definite Time-path for Interest rate in Dynamic Sense.

Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
it should converge towards equilibrium. We know that equilibrium is particular solution (i,).
Whereas convergence happens when deviation from equilibrium fades to zero. In a differential
equation, deviation component is measured by (i.). Therefore, for dynamic stability; i, — 0 as

t > oo,
Using the Definite Time-path for interest rate in Dynamic Sense.
. . a+y (ﬂ)t (a + y)
= — | — p—0O
(o) {’(0) (/z n 5)}6 VY

i ip

Need for time path of income {i(t)} to converge to equilibrium level of interest rate (i*) i.e.

i(t)y »i*asi, > 0whent — oo.

i.—>0
o - ()l

(ﬁ +5) is the rate of growth/decay of the exponential expression. Therefore, its negativity shall

ensure its decay. i.e. (ﬂ

) < 0. It's already known that g and & are positive and their sum

(Numerator; B + &) will also be positive. So, denominator (p — ) must be negative. i.e.
(p — o) < 0. In comparative terms, (p < a). Therefore, the condition for dynamic stability of

the time-path of interest rate i(¢) is (p < 0):

{a,B,6,y >0} (B,6>0 &(p< 0)}

B+d

i aty (5=2)

i0- |(53) e ==
) Exponential

t

Y(O)%YP Decay
| Deviation (+ve or-ve)  °V€T time
Therefore,
a+y (ﬂ)t a+y
lt—lO—(—)}ep—a +( )
© { © B+4é B+
-0

i) = {i(m -G }e(,’%s)t HET

B+6

B+6

-0

i(®) = {i(0) -[(ip) }e(ﬁ)t +[(ip)
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B2,
i(t) = {i(0) - .} =) 4[]

As particular integral is also the equilibrium value of the variable [i
i(t) = {i(0) — }e<ﬁ) +

-0
Interpretation: It can be said that provided g > 0,6 > 0 with p < g, regardless of initial interest
rate i(0) is greater or smaller than equilibrium interest rate (i*), the time-path of interest rate shall
converge towards equilibrium level of interest rate as time is allowed to pass indefinitely. Hence

the time-path is dynamically stable.
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Lesson 23
VARIOUS ECONOMIC DYNAMICS USING DIFFERENTIAL EQUATIONS

TOPIC 094: DYNAMICS OF VALUE OF OIL WELL USING DIFFERENTIAL EQUATIONS

The value of an oil well, which is explored, initially is V(0) = $2700, and is decaying at the rate
2 +0.04V(t) =28.

a) What is the general time path that describes the value of this well?

b) What is the future value of the well al time t = 107?

Solution: Given the equation for rate of value of oil-well % + 0.04 V(t) = 28; we can rewrite to
compare with the standard form of differential equation:

dav
—+0.04V = 28

dt
dv

= 1 (0.04)V =28
at  ——==
dy @ 7

dat
Here ‘;—f =2 y=V.a=0.04,b =28, y(0) = V(0) = 2700.
Choice of Case of the Differential Equation:
As b = 28, so b # 0: Non-Homogenous Case.
As a = 0.04, so a # 0: Non-Homogenous Case with a # 0.
Therefore, using the Definite Solution of time-path of NHC ,..¢:

b b
y(®) = {y(©0) - et + 2
Emphasizing on the values to be substituted:
[b] [b]
() = { (0) - —} e @ + =
Y A ]
Substituting values of y, a, b and y(0) respectively:

28 28
V() = {V(O) - }e-"-"“ +
—
28 28
_ _ ~0.04t
V(o) (2700 0.04>e t0.02

V(t) = (2700 — 700)e~2% + 700
V(1) = (2000)e~%% + 700
It is the definite Time-Path of Value of Qil-Well.
V(t) = 2000 e 004 4 700
Ve A

Dynamic Stability: The expression; V(t) =[2000 e~%%4¢|+ 700 has an exponential decay term
in the box. i.e.:
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Complementary Function .
P Deviation) U

t V. =|2000 e~ 004 V(t) =|2000 e %%| + 700
0 2000 2700
1 1921.58 2621.58
40 403.793 1103.79
80 81.5244 781.524
120 16.4595 716.459
160 3.32311 703.323
200 0.67093 700.671
240 0.13546 700.135
280 0.02735 700.027
320 0.00552 700.006
340 0.00248 700.002

Remarks

Positive deviation decays
over time

Time-path slides and converges to equilibrium

(V* = 700)

Ast 500, V.- 0

And when V. - 0, (V,)Converges(V*)

Graphically

F00

V(t} = 2000 <041 + 700

v =700

The straight line shows the equilibrium value of Value of Qil-Well (V*), while curve
shows the deviation from equilibrium (V.), and this deviation decreases over time and

leads the time-path to convergence.

TOPIC 095: DYNAMICS OF VALUE OF GOLD MINE USING DIFFERENTIAL EQUATIONS

The value of a gold mine is initially G(0) = $1,400 and is decaying at the rate % +0.04G(t) =

16.

a) What is the general time path that describes the value of the gold mine?
b) What is the future value of the gold mine at time t = 107?
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Solution: Given the rate of change of value of Gold mine ‘;—f + 0.04 G(t) = 16, we can rewrite
to compare with the standard form of differential equation:

—+0.04G6G =16
dt +
T (0.04)G = 16
dy @ vy
dat
dy dG

Here 22 =—" ¥ =G, a=0.04, b = 16, y(0) = G(0) = 1400.
Choice of Case of the Differential Equation:

As b = 16, so b # 0: Non-Homogenous Case.

As a = 0.04, so a # 0: Non-Homogenous Case with a # 0.
Therefore, using the Definite Solution of time-path of NHC ,..¢:

y(®) = [y ~ et 42

Emphasizing on the values to be substituted:

y(®) = {m - %} o 4 2]

[a]
Substituting values of y, a, b and y(0) respectively:

G(t)={G(0)— }e‘°'°4t+
B —

16 16
_ _ ~0.04t
G(o) = (1400 0. 04) € 002
G(t) = (1400 — 400)e~"%4 1 400

|G(t) = (1000)e~%% + 400|
It is the definite Time-Path of Value of Gold-Mine.

G(t) = 1000 e 004 ¢ 400

G, Gp
in the box. i.e.:

Dynamic Stability: The expression; G(t) = [1000 e~%%4| + 400 has an exponential decay term
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Complementary Function .
i (Deviati‘c,)n) e
t G, =[1000 004 G(t) =(1000 e~ 04|+ 400
0 1000 1400
1 960.79 1360.789
40 201.90 601.8965
80 40.762 440.7622
120 8.2297 408.2297
160 1.6616 401.6615
200 0.3355 400.3354
240 0.0677 400.0677
280 0.0137 400.0136
320 0.0028 400.0027
360 0.0006 400.0006

Remarks

Positive deviation decays
over time

Time-path slides and converges to equilibrium
(G* = 400)

Ast— o, G.—> 0

And when G, - 0, (G,)Converges(G*)

Graphically

L

1400

400

G{t) = 1000 40041t + 400

G*= 400

The straight line shows the equilibrium value of Value of Oil-Well (6*), while curve
shows the deviation from equilibrium (G.), and this deviation decreases over time and
leads the time-path to convergence.

TOPIC 096: HOTELLING'S RULE USING DIFFERENTIAL EQUATIONS

Hotelling’s rule is named after statistician and economic theorist Harold Hotelling.
It studies the net revenue of extraction from a nonrenewable natural resource as a function of

time m(t).

Hotelling found the optimum point to be where net revenue grows exactly at the rate of interest r.

Thus, the simple rule is:

m'(t)
\Tt(t), rat:of
Net Interest

revenue
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Rewriting the Hotelling’s Rule:

m'(t)
nt)
' (t) = r x n(t)
d{m(t
{di )}=rxn(t)
In simple terms:
dn _
E =TT
Rewriting to compare with standard form:
dn _o
T
dn B
g}; \-Eg T
dy Y

Here%z%,y =ma=rb=0
Choice of Case of the Differential Equation:
b = 0 - Homogenous Case.
a = r; interest rate is usually a positive number r > 0 i.e. a # 0 — Homogenous Case with a +
0.
Therefore, using the definite Solution of time-path of HC:
y(@®) ={y(0)}e~*
Emphasizing on the values to be substituted:
y(® = {y(@)} e
Substituting values of y and a, respectively:
n(t) = {m(0)} e T

() = {m(0)}e "]

Definite Time-path for net revenue in Dynamic Sense.

Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
the deviation expression should fade. In homogenous case (HC), the particular solution is zero;
m, = 0. Therefore, the convergence should take place towards zero (0). In this case, we have a
negative exponent m(t) = {m(0)}e="twhich shall approach to zero (0), when t - . In a
differential equation, deviation component is measured by (m.). Therefore, for dynamic stability;
n,—>0ast - .

[
| >0 |
| (m)} £t | 5o
—_— ~—_————
Deviation Exponential
Decay

over time
Therefore, the time-path of net revenue shall converge towards equilibrium as time is allowed

to pass indefinitely. Hence the time-path is dynamically stable.
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Pi(0)
Pi(t) = Pi(0) e
0 Pi*=

TOPIC 097: FUTURE VALUE OF INVESTMENT USING DIFFERENTIAL EQUATIONS

An initial amount D(0) = $1, 300 deposited in a bank is growing according to the equation:

db 0.05D(t) = 15
dt B

a) What is the general time path that describes the growth of this account?
b) What is the future value of this account at time t = 6?

Solution: Given the rate of change of value of deposit ';—lt) —-0.05 D = 15, we can rewrite to

compare with the standard form of differential equation:

dD
—+0.05D =15
dt

4D | 0.05)D =15
dt (_',—)/w_\-«-l
:1-3-; a y b
D dt
Here % =2, y=D,a=0.05, b =15, y(0) = D(0) = 1300.

Choice of Case of the Differential Equation:
As b = 15, so b # 0: Non-Homogenous Case.
As a = 0.05, so a # 0: Non-Homogenous Case with a # 0.
Therefore, using the Definite Solution of time-path of NHC,.¢:

b b
y(®) = {y(©0) - et + 2
Emphasizing on the values to be substituted:

y(®) = {m _ %} o, %

Substituting values of y, a, b and y(0) respectively:
D(r) = {D(O) = }e‘ 005k +
—
D(t) = (1300 — 300)e %95t + 300
D(t) = (1300 — 300)e%95¢ 1+ 300
|D(t) = (1000)e~095¢ + 300
It is the definite Time-Path of Value of Deposit.
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D(t) = 1000 e~ %95t + 300
5 5
Dynamic Stability: The expression; D(t) =|1000 e~%%5t| + 300 has an exponential decay term
in the box. i.e.:
Complementary Function

(Deviation) UIREREHIE
t D, =[1000 e~005¢ D(t) =[1000 e~°%¢| + 300
0 1000 1300
1 951.2 1251.22
30 223.1 523.130
60 49.78 349.787
90 11.10 311.108
120 2.478 302.478
150 0.553 300.553
180 0.123 300.123
210 0.027 300.027
240 0.006 300.006
270 0.001 300.001
Remarks
Positive deviation decays | Time-path slides and converges to equilibrium
over time (D* = 400)
Ast—» o, D, -0 And when D, — 0, (D,)Converges(D*)
Graphically
L
1000
Dit) = 1000 e-®031 + 300
300 *=300
The straight line shows the equilibrium value of Value of Deposit (D*), while curve
shows the deviation from equilibrium (D), and this deviation decreases over time and
leads the time-path to convergence.

TOPIC 098: DYNAMICS OF MONTHLY SALES USING DIFFERENTIAL EQUATIONS

A model predicts that monthly sales, S(t), of a new product after t months satisfy the differential

equation:
% = k(M — S) with initial condition S(0) = C.
Where k, M and C are positive constants.
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Solution: Given the rate of change of monthly sales; % = k(M — S), we can rewrite it for the sake
of comparison with first order differential equation.

ds—kM S
Frin ( )
dS—kM kS
dt

as
—+kS=kM
ac vy 5
dy Y

at
Here X =22y = S,a=kb=kM,y(0) =5(0) = C
Choice of Case of the Differential Equation:

b =kM; As k > 0 and M > 0 (both positive constants), their product (k x M) will be non-zero
positive constant. i.e. b # 0 — Non-Homogenous Case.

a = k; k > 0 (non-zero positive constants). i.e. a # 0 — Non-Homogenous Case with a + 0.
Therefore, using the definite Solution of time-path of NHC,..¢:

b b
y(®) = {y©@ —fe + 2
Emphasizing on the values to be substituted:

X(t) ={&—%}e‘@t+@

[a]
Substituting values of y, a and b, respectively:
kM kM
S(t) = {5(0) - } ekl 4
—

S@t) = { — %} ekt + -
s@) = (c]-m)e ¥ +m
1S(t) = (C— M)e™™ + M|
Definite Time-path for Monthly Sales in Dynamic Sense.
Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
it should converge towards equilibrium. We know that equilibrium is particular solution (S,).

Whereas convergence happens when deviation from equilibrium fades to zero. In a differential
equation, deviation component is measured by (S.). Therefore, for dynamic stability; S, — 0 as
t —> oo,
Using the Definite Time-path for Income level in Dynamic Sense.
S(t) = (C— M)e™* + M
Sc Sp
Need for time path of Monthly Sales {S(t)} to converge to equilibrium income (5*) i.e. S(t) -
S*asS. - 0whent — oo,

S:.—0
(C-—Me ™ -0

{M >0} {k>0}

=
C— ekt | 50
R . N——
{s(0)=c}=s, Exponential

—_— Decay

Deviation over time

L (+ve or-ve)

©Copyright Virtual University of Pakistan 155



Mathematical Economics I (ECO607) VU

Therefore,
s(t) =(C- M)e-’“-‘ +M

s@) =(c- -)e—’“+-
50 = (c-[5) 4[5y

As particular integral is also the equilibrium value of the variable .
S@®) = (€= [ST])e ™ +

-0
Interpretation: It can be said that provided € > 0, k > 0, regardless of initial national income S(0)
is greater or smaller than equilibrium monthly sales (§*), the time-path of monthly sales shall
converge towards equilibrium level of monthly sales as time is allowed to pass indefinitely.
Hence the time-path is dynamically stable.

TOPIC 099: DYNAMICS OF POPULATION USING DIFFERENTIAL EQUATIONS

The population, N, of a small country is currently 5 million. It is expected that this population will
grow according to the differential equation.

dN
— =0.015N
dt

where t is measured in years.
Solution: Current population of the country is 5 million. It implies; N(0) = 5,000, 000.

Given the rate of change of population; Z—IZ = 0.015N, rewrite to compare with standard form:

dN
— =0.015N
dt

dN
——0.015N =0
dt

dN
d_ +(—0.015)N =0

i +(—-0.015)N = 0
ap 001N
dy a Y
dt
Here d{ = Ny =N,a=-0.015b = 0,y(0) = N(0) = 5000000
Choice of Case of the Differential Equation:
b = 0; - Homogenous Case.
a=-0.015;i.e. a # 0 — Homogenous Case with a + 0.
Therefore, using the definite Solution of time-path of HC:
y(@) = {y(0)}e
Emphasizing on the values to be substituted:
y(® = {y@} e @
Substituting values of y and a, respectively:

N(t) = {N(0)} £=[ERI15)

IN(t) = (5000000)e°075]
Definite Time-path for net revenue in Dynamic Sense.

©Copyright Virtual University of Pakistan 156



Mathematical Economics I (ECO607) VU

Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
the deviation expression should fade. In homogenous case (HC), the particular solution is zero;
N, = 0. Therefore, the convergence should take place towards zero (0). In this case, we have a

positive exponent N(t) = (5000000)etwhich shall approach to infinity (), when t — . In
a differential equation, deviation component is measured by (N.). Here, there is dynamic
instability; N, = o0 as t — co.

(r>0)

I{soooooo} el(0015)]¢

Deviation Exponential

Growth
over time

Therefore, the time-path of population shall diverge away from equilibrium as time is allowed
to pass indefinitely. Hence the time-path is dynamically instable.
12000000

N(t)

-0

TR0

N(t) = 5000000 el0.015)t

10000000

B AT (A

AOOCKCH

N(0) = 5000000

-A00 2P0 200 aQ0 &0
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Policy Problem: From policy perspective, its important to know about the time the population
will take to get double. i.e. {N(T) = 10,000,000},
Using the solution N(t) = (5000000)e%°15 for substitution, we get:
N(T) = (5000000)e®015T)]
10000000 = (5000000)e°°15T]
10000000 _ 5,7

5000000
e0-015T] — o

Raising both sides to exponent:
n(e0015MT]) = In(2)

0.015[T] = 0.6931471805599
0.6931471805599
=

0.015
Interpretation: It will take 46.2 years approximately for the population of the country to get
double i.e. from 5,000,000 to 10,000, 000.
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Lesson 24
VARIOUS ECONOMIC DYNAMICS USING DIFFERENTIAL EQUATIONS (CONTINUED)

TOPIC 100: DYNAMICS OF GOVERNMENT SPENDING USING DIFFERENTIAL EQUATIONS

Government expenditure, G, satisfies the differential equation:
de

E = —0. OSG
Where, G is measured in billions of dollars and time t is in years. The initial condition is G(0) =
500.
(a) Solve this equation to express G in terms of t.
(b) Find the value of G when t = 6. Round your answers to three significant figures.
Solution: Given the rate of change of Government Expenditure; % = —0.05G, rewrite to compare

with standard form:
de

E:_OOSG
dG
—4+0.056=0
dt
dGe
—+0.056=0
dt

dG (0.05)G =0
dt ~——+ =
dy a y b

Here 22 =22y = G,a = 0.05,b = 0,y(0) = 6(0) = 500
Choice of Case of the Differential Equation:
b = 0; — Homogenous Case.
a = 0.05;i.e. a # 0 — Homogenous Case with a # 0.
Therefore, using the definite Solution of time-path of HC:

y(@®) = {y(0)}e~
Emphasizing on the values to be substituted:
y(®) = {y@} e @
Substituting values of y and a, respectively:
6(t) = {G(0)} e [0k
G(t) — (w)e—0.0St
|G(t) = (500)e095¢|
Definite Time-path for Government Expenditure in Dynamic Sense.
Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
the deviation expression should fade. In homogenous case (HC), the particular solution is zero;
G, = 0. Therefore, the convergence should take place towards zero (0). In this case, we have a
negative exponent G(t) = (500)e‘twhich shall approach to zero (0), when t - . In a
differential equation, deviation component is measured by (G.). Therefore, for dynamic stability;
G.—>0ast— oo,
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| (500} =005 l 5o

Deviation Exponential
[ Decay

over time

Therefore, the time-path of Government Expenditure shall converge towards equilibrium as

time is allowed to pass indefinitely. Hence the time-path is dynamically stable.

Y A

500
G(t) = 500 e-0-051t

0 G*=0

Policy Problem: From policy perspective, it's important to know about the level of government
expenditure after some time.
For example; after 6 years: {G(6) =7}
Using the solution G(t) = (500)e~%95¢ for substitution, we get:
G(6) = (500)e05©)]
G(6) = (500)e703
|6(6) = $370.409 billion|

TOPIC 101: DYNAMICS OF FUEL CONSUMPTION USING DIFFERENTIAL EQUATIONS

Let F(x) denote the number of litre(s) of fuel left in an aircraft’s fuel tank if it has flown x km.
Suppose that F(x) satisfies the following differential equation: F'(x) = —aF(x) — b. Here, the fuel
consumption per km is a constant b > 0. The term —aF(x), with a > 0, is due to the weight of the
fuel.
Numerically speaking, the differential equation is: F'(x) = —0.001F(x) — 8. The initial level of fuel
in the plane is F(0) = 12000:
Find the solution of the equation with F(0) = F,.
Solution: Rate of change of remaining fuel; F'(x) = —0.001F(x) — 8.
Rewriting equation to compare with the standard form:

F'(x) =—-0.001F(x) — 8

F'(x) + 0.001F(x) = -8

dF
——+(0.001)F = -8

45 a y 7;
ay
dx

Here 22 =" y = F, a = 0.001, b = 8, y(0) = F(0) = 12000.
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Choice of Case of the Differential Equation:

As b = —8, so b # 0: Non-Homogenous Case.
As a =0.001, so a # 0: Non-Homogenous Case with a # 0.
Therefore, using the Definite Solution of time-path of NHC ,..¢:

by ., b
y(® = {y©@ et +=
Emphasizing on the values to be substituted:

oo e

Substituting values of y, a, b and y(0) respectively:

F@© = IF(O)— }e—mn
— [0.001 0001
F(t) = {IZOOOEFOi} —(0. 001)t. (()lzolgi

8
F(t) =412 —(0.001)¢
) = { 000[F] 001}3 Elgos
F(t) = {12000 + 8000}e~(0001t _ 8000
[F(t) = (20000)e~(*00D _ goo0
It is the definite Time-Path of remaining Fuel.

F(t) = 20000 =200t _gp00
F, Fp

Dynamic Stability: The expression; F(¢) = [20000 e=°%01¢| + 8000 has an exponential decay
term in the box. i.e.:

Complementary Function \
P Deviation) UIEEa s
t =(20000 ~0001¢] F(t) =(20000 e~*°1¢| 1 8000
0 20000 28000
1 19980.0 27980.0
2 19960.0 27960.0
3 19940.0 27940.0
4 19920.1 27920.1
5 19900.2 27900.2
6 19880.3 27880.3
7 19860.4 27860.4
8 19840.6 27840.6
9 19820.8 27820.8
10 19800.9 27800.9
Remarks
Positive deviation decays over | Time-path slides and converges to equilibrium
time (F* =8000)
Ast—> o, F. -0 And when F, - 0, (F,)Converges(F*)
Graphically
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L
20k
Fit) = 20000 e+20018+ 000
3000 F*= 8000
I
The straight line shows the equilibrium value of remaining Fuel (F*), while curve shows
the deviation from equilibrium (F.), and this deviation decreases over time and leads the
time-path to convergence.

TOPIC 102: DYNAMICS OF UNEMPLOYMENT USING DIFFERENTIAL EQUATIONS

If unemployment data is measured in thousands, unemployment in a small economy is measured
by following differential equation:

du
—=-3U+180
dt

Here U is the unemployment level (in thousands) and t is time in years. If unemployment is 150
(in thousands) at the beginning of analysis, find the time-path of unemployment in the economy.
Solution: Given the rate of unemployment in the economy;

du

—=-3U+180

dt

we can rewrite compare it with the standard form of differential equation.

du

—+3U =180
dt

du

—+3U =180
dt “ ——
\c—i«-l ay b

dt
Here % = Z—’t’ y=U,a=3,b=180, y(0) = U(0) = 150.
Choice of Case of the Differential Equation:
As b = 180, so b # 0: Non-Homogenous Case.
As a = 3, so a # 0: Non-Homogenous Case with a # 0.
Therefore, using the Definite Solution of time-path of NHC ,.¢:

y(@®) = {y(O) - g} e+ g
Emphasizing on the values to be substituted:
y(t) = {y(O) - @} ek + b
= — [qa] [a]

Substituting values of y, a, b and y(0) respectively:

Ut = {m _ } e 3l +

180 180
[ — _t -|— —_—
vw {150 }e @

U(t) = (150 — 60)e~3t + 60
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U(t) = (90)e~3t + 60

lU(®) = (90)e3! + 60

It is the definite Time-Path of Unemployment.

U(t) =90e3 + 60
N—— ("

Uc

Dynamic Stability: The expression; U(t) = + 60 has an exponential decay term in the

box. i.e.:
Complementary Function .
P Deviation) ETEREE

t U.=[90e 3¢ U(t) =[90 e 3+ 60
0 90 150

1 4.480836153108 64.480836153108
2 0.223087695900 60.223087695900
3 0.011106882368 60.011106882368
4 0.000552979112 60.000552979112
5 0.000027531209 60.000027531209
6 0.000001370698 60.000001370698
7 0.000000068243 60.000000068243
8 0.000000003398 60.000000003398
9 0.000000000169 60.000000000169
10 0.000000000008 60.000000000008

Remarks

Positive deviation decays over time
(U* = 60)

Time-path slides and converges to equilibrium

Ast—> oo, U, -0

And when U, - 0, (U,)Converges(U*)

Graphically
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The straight line shows the equilibrium value of Unemployment (U*), while curve shows
the deviation from equilibrium (U.), and this deviation decreases over time and leads the
time-path to convergence.

TOPIC 103: LIMITED GROWTH USING DIFFERENTIAL EQUATIONS

Situations where growth of a variable is fast initially but levels-off (stabilize) just short of a
maximum limit. Examples include mobile adoption, wireless internet etc.

Using differential equations of the type % = 1r(A — y) represent a similar situation where A4 is the
maximum limit. Graphically it is:

Limiting value = A
¥ T

Solution curve: vy = A(l — &™)

I i - I Time
() 2 4 b 8 10 12 14
The rate at which the volume of sales (Q) for a new type of printer increases after an advertising
campaign is given by the equation ‘;—f = 0.04(700-Q), giventhat@ = 0 att = 0. Q is the number
of printers sold, t is time in years.
(a) Solve the differential equation to obtain an expression for Q in terms of t.
(b) Sketch the solution curve, hence describe verbally how the volume of sales should increase
in time.
Solution: Given the rate of change of Volume of Sales; Z—f = 0.04(700- Q), we can rewrite it to
compare with standard form of differential equation.

dQ

—; = 0.04(700-Q)
a0 _ 28 -0.04
dt 040
dQ

—~40.04Q =28
dt —_— —
— a y b
dy

dt

Here%=‘;—f,y= Q,a=0.04, b =28, y(0)=Q(0) =0.

Choice of Case of the Differential Equation:
As b = 28, so b # 0: Non-Homogenous Case.
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As a = 0.04, so a # 0: Non-Homogenous Case with a # 0.
Therefore, using the Definite Solution of time-path of NHC,.¢:

by _ b
y(®) = {y©@ - _fe +2
Emphasizing on the values to be substituted:

Loy BN @, (2]
X“)‘{m @}" NG

Substituting values of y, a, b and y(0) respectively:

— —{0.04]¢
9“)‘{@‘}3 *[o.04
28 _oou . 28
0 ={0 ~ 552} o™ + 502

Q(t) = (0 —700)e~%%4 + 700
|Q(t) = (~700)e~%* + 700
It is the definite Time-Path of Quantity Supplied.
Q(t) = =700 e~ %% 1+ 700
0. 0,

Dynamic Stability: The expression; Q(t) = + 700 has an exponential decay term
in the box. i.e.:

Complementary Function .
P Deviation) UTERE
t Q. =[-700¢~0%%] Q(t) =[-700 e~°%%] + 700
0 -700 0
1 -672.552 27.447392
50 -94.7346 605.26530
100 -12.8209 687.17905
150 -1.73512 698.26487
200 -0.23482 699.76517
250 -0.03177 699.96822
300 -0.00430 699.99569
350 -0.00058 699.99941
400 -0.00007 699.99992
450 -0.00001 699.99998
Remarks
Negative deviation decays | Time-path rises and converges to equilibrium
over time (Q* =700)
Ast—> Q. ~0 And when Q. — 0, (Q,)Converges(Q*)
Graphically

©Copyright Virtual University of Pakistan 165



Mathematical Economics I (ECO607) VU

700 Q* = 70

Vil

The straight line shows the equilibrium value of Sales (Q*), while curve shows the
deviation from equilibrium (Q.), and this deviation decreases over time and leads the
time-path to convergence.

-

TOPIC 104: DYNAMICS OF ORE MINING USING DIFFERENTIAL EQUATIONS

The rate at which an ore is mined is given by the differential equation 2—1‘: = 0.02M. Solve the
differential equation, if the total reserves of ore in 1989 were 400 million tons.

Solution: Given the rate of change of Ore Mining (‘fi—": =0. OZM), we can rearrange it to compare
with the standard form of differential equations.

dM—OOZM
dt

am
——-0.02M =0
dt

dM
——=0.02M=0
& =5
dy Y

Here % = “;—"t‘,y =M,a=—-0.02,b = 0,y(0) = M(0) = 400
Choice of Case of the Differential Equation:
b = 0; - Homogenous Case.
a=-0.02;i.e. a # 0 - Homogenous Case with a + 0.
Therefore, using the definite Solution of time-path of HC:
y(@) = {y(0)}e*
Emphasizing on the values to be substituted:
y(®) = {y©@} e @
Substituting values of y and a, respectively:

M(t) = {M(0)} =[ =002

|M(t) = (400)e°0%|
Definite Time-path for Ore Mining in Dynamic Sense.
Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
the deviation expression should fade. In homogenous case (HC), the particular solution is zero;
M, = 0. Therefore, the convergence should take place towards zero (0). In this case, we have a

positive exponent M(t) = (400)etwhich shall approach to infinity (), when t - «. In a
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differential equation, deviation component is measured by (M.). Here, there is dynamic instability;
M, > o ast— .
[ ]

| {400} @02

Deviation Exponential
Growth
over time

Therefore, the time-path of Ore Mining shall diverge away from equilibrium as time is allowed
to pass indefinitely. Hence the time-path is dynamically instable.

-0

M(t) = 400 ef0.02)

1000

/ M(0) = 400

20 4l R a0 o0

TOPIC 105: DYNAMICS OF POLLUTANT USING DIFFERENTIAL EQUATIONS

The amount of sulphur dioxide (in tons) present in the atmosphere is given by the equation % =

=0.2P (t is in hours). If 50 ton(s) is released into the atmosphere (i.e., P = 50 at t = 0), derive
an expression for the amount of sulphur dioxide present at any time t.

Solution: Given the rate of change of Sulphur Dioxide (50,): % = —0.2P, we can rewrite it to
compare it with the standard form of differential equation.

d(P)
dp +0.2P=0
dt 7
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dP
—4+0.2P =
dt —_—— “
oo Y
dt

Here X =2 y = P,a=0.2,b = 0,y(0) = P(0) = 50
Choice of Case of the Differential Equation:
b = 0; — Homogenous Case.
a=0.2;i.e. a+ 0-Homogenous Case with a + 0.
Therefore, using the definite Solution of time-path of HC:
y(@) = {y(0)}e
Emphasizing on the values to be substituted:
y(®) = {y@] e
Substituting values of y and a, respectively:
P(t) = {P(0)} e 0Dk
P(t) — (S_O)e—O.Zt
|P(t) = (50)e"%|
Definite Time-path for Government Expenditure in Dynamic Sense.
Dynamic Stability: For the dynamic stability of the time-path of First Order Differential Equation,
the deviation expression should fade. In homogenous case (HC), the particular solution is zero;
P, = 0. Therefore, the convergence should take place towards zero (0). In this case, we have a

negative exponent P(t) = (50)e‘twhich shall approach to zero (0), when t - c. In a
differential equation, deviation component is measured by (P.). Therefore, for dynamic stability;
P.—>0ast— oo,

[ {EQ} et‘|_)0

_,_./
Deviation Exponential
Decay
over time

Therefore, the time-path of Pollutant shall converge towards equilibrium as time is allowed to
pass indefinitely. Hence the time-path is dynamically stable.
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&0

P(0) = 50

41

20

P(t) = 50 e-0.02t

TOPIC 106: DYNAMICS OF FISH STOCK USING DIFFERENTIAL EQUATIONS

The rate at which the fish stocks increase in an inland lake is given by the equation % =

0.12(80 - F), where F is in thousands, t is in years. (a) Derive an expression for the total number
of fish present at any time t given F =0 att = 0.

(b) Graph the total fish stock as a function of time from t = 0 to t = 30. Does the lake appear

to have a maximum carrying capacity?

(c) Calculate the number of years taken for the fish stocks to reach 40000.

Solution: Given the rate of change of fish stock; % = 0.12(80 - F), we can rearrange it to

compare with the standard form of differential equation.

dF
— =0.12(80- F)

dt

dF

—=9.6-0.12F

dt

dF

—+0.12F =9.6

dt —— Y ——
a y b

dy

Here%=%,y= F,a=0.12,b = 9.6, y(0) = F(0) = 0.
Choice of Case of the Differential Equation:
As b =9.6, so b # 0: Non-Homogenous Case.

As a = 0.12, so a # 0: Non-Homogenous Case with a # 0.

Therefore, using the Definite Solution of time-path of NHC ,.¢:
b b
— — _{,—at _
y(®) = {y©@ - Jeor 42
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Emphasizing on the values to be substituted:

oo e

Substituting values of y, a, b and y(0) respectively:

- —
F(t) = {0 9.6} ~o012¢ | 9.6
1= T 0.12)¢ 0.12

F(t) = (0 —80)e %1%t + 80
|F(t) = (-80)e~%12¢ + 80|
It is the definite Time-Path of Fish Stock.
F(t) = —80 e 012t 4 80

F. F,

Dynamic Stability: The expression; F(t) = + 80 has an exponential decay term in
the box. i.e.:

Complementary Function .
i (Deviati‘c,m) RS

t F, =[-80 e~012] F(t) = [-80 e~012t] 1 80
0 -80 0

1 -70.95 9.0464
10 -24.10 55.904
20 -7.257 72.743
30 -2.186 77.814
40 -0.658 79.342
50 -0.198 79.802
60 -0.060 79.940
70 -0.018 79.982
80 -0.005 79.995
90 -0.002 79.998
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Remarks
Negative deviation decays over time | Time-path rises and converges to equilibrium
(F* = 80)
Ast—> o, F. -0 And when F,. - 0, (F,)Converges(F*)
Graphically
(81
80 _ F* = &0
f"f_d_d_ i
= il
ff F(t) = 80 giM12" + BQ
i
i x 1= 4
/S F=0
f;
The straight line shows the equilibrium value of Fish Stock (F*), while curve shows the
deviation from equilibrium (F.), and this deviation decreases over time and leads the
time-path to convergence.
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Lesson 25

EXACT DIFFERENTIAL EQUATIONS

TOPIC 107: FIRST-ORDER DIFFERENTIAL EQUATIONS: VARIABLE TERM & VARIABLE
COEFFICIENT: HOMOGENEOUS CASE

Standard Form of First-Order Differential Equation
dy
2 tu® - y=w@

Here, u(t) and w(t) are functions of time and not constants i.e. t* when n # 0.
Depending on the values of u(t) and w(t), we get 2 possible cases:
Case — I: u(t) # 0,w(t) = 0 [Homogenous Case]

Case - lI: u(t) # 0,w(t) # 0 [Non-Homogenous Case]

Case - I: Homogenous Case: u(t) # 0,w(t) =0
Standard form of First-Order Differential Equation % + u(t)y = w(t), becomes:

d
d—y +  u(t) y =0
t vamw depe?fdent
coefficient yaraible
Y o u®
o
y —_ —
vt~ u(t)
(@)
\dt) _ —u(t)

Integrating w.r.t. t
(@,
T = —fu(t) dt
f@ = —fu(t) dt

f(%) dy = —fu(t) dt

Inly|+c= —fu(t) dt
In|y| = —fu(t) dt — c

In|y| = —fu(t) dt — c

To get rid of natural logarithm, raise exponent on both sides:
elnlyl — e{—fu(t) dt — ¢}

y = e—fu(t) dte_—c
y(t) = e~ Judtg [- e=¢ = A] yet another constant

y(t) = Ae~J#® dt| (General Solution)
Finding definite solution can be easier once [u(t) dt has a specific form of u(t).
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Numerical Example: Find the general solution of the equation % + 3ty =0
Solution: Comparing the general form of first order differential equation (variable coefficient)
with given specific form:

dy _
E+Mxy—w(t)

dy
—+3t2xy=0
dt+_><y

Here, u(t) = 3t%, w(t) = 0.
Using the formula for general solution:

y(t) = Ae
Solving the exponent [ u(t) dt, separately before substituting, will avoid clutter:

[ uwar
=f3_t2dt
:Sftstzdt
:3(§>+c

fu(t)dt=t3+c

—fu(®) dt

Substituting the value of exponent back into formula of General Solution:
y(t) = Ae” MO
y(®) = A"
y() =Axe v
y(t) = A X e e
y(t) = A X e~et’
y(t) = A X e e t’
y(&) = AxA xe™
y(t) =B xe* [~ AxA = B]
y(£) = Be™®

Interpretation: |y(t) = Be t|is the general solution of first order differential equation with

variable coefficient % + 3ty =0|.

TOPIC 108: FIRST-ORDER DIFFERENTIAL EQUATIONS: VARIABLE TERM & VARIABLE
COEFFICIENT: NON-HOMOGENEOUS CASE

Standard Form of First-Order Differential Equation
dy
at +u(t)-y=w(

Here, u(t) and w(t) are functions of time and not constants i.e. t" when n # 0.
Depending on the values of u(t) and w(t), we get 2 possible cases:
Case — I: u(t) # 0,w(t) = 0 [Homogenous Case]

Case — II: u(t) + 0,w(t) # 0 [Non-Homogenous Case]
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Case - lI: Non-Homogenous Case: u(t) + 0,w(t) # 0
dy
< Hu®y =w®

General Solution of this case can be derived using Exact Differential Equations which is yet to
be studied in this course. Therefore, we borrow the General Solution:

y(6) = e JHO A 1+ w(e) [/ “O dt gy}
For simplicity, we may use u and w instead of u(t) and w(t), respectively.
y(t) = e Jud A+ w[elud dr)

y(t) = e‘f”dt{A+wfefudtdt}

Definite Solution can be found by substituting initial condition
Numerical Example (p.# 485): Find the general solution of the equatlon + 2ty = t.

Solution: Comparing the general form of first order differential equation (varlable coefficient &
variable constant) with given specific form:

d
d—f; u(®) x y = (o)
y _

Here, u(t) = 2t, w(t) = t.
Using the formula for general solution:

y(t) = e~ Ju®at {A + w(t) f e/ u® dt dt}
Solving the exponent [ u(t) dt, separately before substituting, will avoid clutter:

- [ u@at

- [2ear
=2ftdt
2

=2(—
<2>+c

fu(t) dt = t*> + ¢,

Substituting the value of exponent back into formula of General Solution:
y(t) = e~ [u®dt {A + w(b) f elu®) dt dt}

y(t) = e‘(‘z’“—‘l) A +§f (e dt}
y@© =e i fare | el
yit)=e* ‘Cl{ f et’ect dt}
y@® =e" ‘Cl{ f e’ ec1 dt}
y(t) = e e {A + el Xt X f et’ dt}
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f(x)
Recalling Natural Exponential Function Rule: [ e/® dx = ;,(x)
t2
Here f(x) = t?, so f'(x) = 2t. Therefore, [ e/®) dx = ez—t
et’
y(t) = e e 1A+ el x X (E) +c;
et’
y(t) = e e {A + e‘1 X <7> + cz}

tZ
(t) = Ae e =1 + e tPe~C1 X ef1 X <e_> +ete1xc
yi) = e et 2 € e " XO

1
y(t) = Ae et + e=c1ec1 x [e~t* | x | e?’ (E) +e e 1 xc,
1
y(t) = Ae e 1 4 1x|1|x (E) + et x e ‘ic,
1\
y(t) = Ae 1 + (E) +e ¥ xecic,
y(t) = Aec1e " + e~C1c, x e + =
1
y(t) = Ae~1e™ + e1c, x et + >

1
_ —c —t2 , =
y(t)—(Ae 1+c3)><e +%
_ —c —t2 , =
y(t)—(Ae 1+c3)><e +2

y(t) = (B) x et +%

1
y(t) = Be™ + >
Interpretation: |y(t) = Be ™t +% is the General Solution of the first order differential

equation % + 2ty = t|.

TOPIC 109: NON-LINEAR DIFFERENTIAL EQUATION: EXACT DIFFERENTIAL EQUATIONS

Nonlinear differential equation can have power of dependent variable [here, (y) ] greater/other
than (1). Nonlinear differential equations can be solved using either of three (3) methods:

I- Exact Differential Equation Method

- Separable Variables Method

- Bernoulli Equation Method
Caveat: Even though our immediate purpose is to use it to solve & linear differential equation, an
exact differential equation can be either linear or nonlinear by itself.

| — Exact Differential Equations
Given a function of two variables F(y, t) = k, its total differential is:

d{F(y,t)} = d(k)
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(5F>d +(6F)dt—0
ay) Y " \ae) T2
Since both variables (y &t) are on one side of equation, the differential of other side (some
constant) will be equal to zero:

(5F> dy + (2F) a 0

) ()= o
5y ot dif ferential of
total dif ferential of a constant (k)

the function {F(y,t)}

Interpretation: The function {[F(y,t)] = k} represents an Exact Differential Equation (EDE) as its
total differential satisfies the equation, (i—i) dy + (%) dt| = 0}:

Development of Exactness Test: A test can be developed to check if a differential equation is
an Exact Differential Equation or not.
Borrowing the result of total differential of F(y,t) = k:

s
(5) @+ (5¢) ae = 0

(6F) dy + (SF) dt = 0
ay)|“Y T et )| ™ T

As (i—g) and (‘;—f) are given in every specific form of EDE, we develop condition around these

derivative terms.
Resorting to Young’s Theorem for a function; F(x, y):
F xy = Fyx

5 (5F> _ o ((S‘F)
8x\8y) &8y \éx

However, in current case, Young’s Theorem is for function; F(y, t):
Fty = Fyt

8 (8F\ & (6F
52 (sy) =y )
8 [(8F\| & [/8F
51 y)] = ()

Substituting (2—5) =M and (%) = N in two of the following equations:

Young’s Theorem Exact Differential Equation
1) <8F) ) (8F) <8F) dv + (SF) dt =0
st|\ay)| " 8y|\at ay)|®Y T |\ee)|* T

8 )
EZE [(D)]dy +[(N)]dt = 0

Fy o
52 (M) = 5 () [(M)dy + (N)dt = 0]

Interpretation:
Following Young’s theorem, the Exactness Test is | Exact Differential Equation is molded
developed for Exact Differential Equation. for Exactness Test.
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TOPIC 110: EXACT DIFFERENTIAL EQUATIONS: NUMERICAL

Given a differential equation: 2yt dy + y? dt = 0.
Comparing with the standard form of exact differential equation:
Mdy+Ndt=0
2ytdy +y*dt =0

Here, M = 2yt and N = y%, we can employ Exactness Text: %(M) = diy (N):

d d
E(M) = d—y(ﬂ)

(@) =2 ()

d d
2y—(t) = —(y?
Y5 ® dy(y)

2y(1) =2y

2y =2y

Interpretation: Since Exactness Test is met on the differential equation 2yt dy + y* dt = 0, it is
Exact Differential Equation.

Solution (4-Step Procedure): Exact Differential Equation requires a 4-step procedure for its
solution:

Step - I: Writing the Preliminary function F(y, t) in terms of derivative and integral w.r.t y, with a
merger of possible constant of integration and variable t:

integral
S(F ,E integration constant
F(y,t) = f—{ ((sy ) dy + ¢ +  f@®
y term(s)
derivative containing "t"
Combining ¢ and f(t) into one term ¥(t) and substituting:
integral

integration constant

S{F(y.t ——
F(y,t)=fwdy+ 0

term(s) containing "t"

derivative
P(t) can have two components:

1) Additive constant(s) or terms containing t only reduce to zero (0) when function F (y, E)
gets differentiated w.r.t. y. )
2) Constant of integration generated due to f‘s{%z’t)}dy.

Recalling that %f)} = M, therefore:

Fno) = [ May + (@
Substituting value of M:

Fn0) = [ 2ytdy + 9@

Fy,t) = 2t f ydy + ()
2

F(y,t) = 2t <yz> + e+ (D)
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To avoid excessive terms, merge c in Y(t), as P(t) already contains an integration constant
from Step - I:

F(y,t) = y*t +¥(t)
F(y,t) = y°t + (t)| A Preliminary Result
Step - lI: Differentiate F(y, t) w.r.t t:

S(F(,0) &
{ g D} _ s )
S(FG,0) _

) )
o =y = 0] + S o)

WO _ yeqy + w0

&t
SF _ 2w
5V Y
Since value of ¥’ (t) is not known, so we try to substitute (%) to find it.

We know that = N, therefore, we putitin = y2 +'(0).
oF| LY
=y +¢'(0)

Further |[N| = , so putting this value in the equation above:

=y +9' (D)
yE=32+9'(0)
0=y'(t)
Step — lll: We have found the value of derivative ¥'(t) and not the value of original function ¥ (t).
Therefore, taking integral to restore the original function ¥ (t) from ¥'(t):
Pp'@)=0
zero (0) can be derivative
of a constant (k)

Integrating on both sides w.r.t t:

f Y (0 dt = k

[S99)
a constant is primitive of
a derivative ' (t)=0

d
f @) dt =k

Step — IV: Substitute the result from Step — Il in Step —I.
Result from Step — I: F(y,t) = y*t + ¥(t)

Result from Step - lll: Y (t) = k

F(y,t) = y*t+k
Recalling definition of an Exact Differential Equation:
d{F(y,t)} = 0, implies F(y,t) = cp(a constant)
0 is differential of a constant (cg).
cr=yit+k
cr=y*t+k
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cr—k =y’

yit=cr—k
Since difference of two constants is yet another constant: cr—k=c
y't=c
This implicit function is synonymous to , and can be considered as the solution.

However, its conventional to find the time path, i.e. y(t), therefore, we convert it into an explicit
function:

y* =

y(® =

~| o
a) =

y() =

=

| &

y(®) = [+ Ve = c]

N =

t

1
yt)=ct?
Interpretation: General Solution of Exact Differential Equation 2ytdy +y?>dt=0 is

1
y(t) =ct 2|

TOPIC 111: EXACT DIFFERENTIAL EQUATIONS: INTEGRATING FACTOR

What if Exactness Test fails and we have an Inexact Differential Equation:
) )
5t (M) 3y (N)
Since Exactness Test depends of given values of M and N:
S [D]2 —[)]
ot < oy

As per definitional requirement, L. H. S of should be exact total differential of the given function
F(y,t) = k. However, in Inexact Differential Equation, this condition is violated:

(M)dy + (N)dt = 0
Not equal to total dif ferential of

differential of the  @constant (k)
function {F(y,t)}
We can try to change the values of M and N to get the equality in Exactness Test. This can be
done simply by multiplying a term (F,,;)_throughout the equation.

(Fine) X {(M)dy + (N)dt} = (Fppe) X 0

This will have a dual effect:
1. Change values of M and N.
2. Equality, in differential equation, remains;i.e. LLH.S =R.H.S

{(Fme) x (M)} dy+ {Fpn) x(N)} dt = 0

— s = S— — e’ .
Value of M changes Value of N changes equality
by a factor (Fine) by a factor (Fing) remains
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This term is called Integrating Factor (F,,) as it's a ‘multiplicative factor’ that converts L. H. S of
the differential equation F(y, t) into Exact Differential d{F(y, t)} = (‘;—5) dy + (3;) dt. After which,

the differential equation becomes integrable — hence, Integrating Factor.
Integrating Factor, if any, can be found by using two methods:

| — Integrating Factor by Trial & Error Method.

Il — Integrating Factor by Formula.

| — Integrating Factor by Trial & Error Method:

Integrating Factor can be found by experimenting different values of Integrating Factor in the
Inexact Differential Equation and selecting one that makes Exactness Test Valid on post-
multiplication differential equation — Trial and Error method:

Numerical Example: Given the differential equation; 2t dy + y dt = 0.

We employ Exactness Test:

é é
5t (M = 5™
Comparing the given differential equation: 2tdy +ydt =0
with standard form of differential equation: (M)dy + (N)dt = 0.
2tdy+ydt=0
w N
Here, M = 2t and N = y, so substituting these values:

0 (2t 2 0 6]
otV <5y
2>1
Exactness test doesn'’t get satisfied, so we have an Inexact Differential Equation.

To convert it into Exact Differential Equation, we employ Trial and Error method: multiply
throughout by 'y’:

y2tdy+ydt)=yx0
2tydy +y*dt =0
To check if it is converted into an Exact Differential Equation, employ Exactness Test again:
2ty dy +y* dt =0
N g
After introducing the potential integrating factor, M = 2ty and N = y?, so substituting these values
again:

o o
— = 2
2y =2y

Interpretation: After introducing 'y’ as a factor, Exactness Test is met. So, we can call it
integrating._factor. (F;,..=3).0f the Inexact Differential Equation 2t dy + y dt = 0. The Exact

Differential Equation form of it is 2ty dy + y?* dt = 0. E

Note: If 'y’ doesn’t work, then ‘t’ can be experimented as a potential integrating factor. Higher
powers of 'y’ and ‘t’ (y% t%,y3,¢3,y% t% ..) can be used if both 'y’ and 't’ fail to serve as
Integrating Factor.

Il - Integrating Factor by Formula:
In addition to Trial and Error method, (F;,:), if any, can also be found by using these rules of
formula:

1
Rule 1. Ifﬁ

(‘;—1:' - ‘;—1;) = f(y) alone, then e/ fM9Y is the integrating factor (Fip,,).
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6N &M

Rule 2. If = (— - E) g(t) alone, then e/ 904t is the integrating factor (Fip).

Numerical Example: Given 5yt dy + (5y% + 8t) dt = 0, We employ Exactness Test:
) )
3t M) = 3y (N)

Comparing the given differential equation: 5yt dy + (5y% + 8t) dt=0

with standard form of differential equation: (M)dy + (N)dt =
5yt dy + (5y* + 8t) dt =

Here, M = 5yt and N = (5y* + 8t) S0 substltutlng these values:

6(5 t) 2 (5 + 8t)
5t DY <5y Y
5y # 10y

Exactness test doesn’t get satisfied, so we have an Inexact Differential Equation.
Applying Rule 1:

If —(6—M - S—N) f(y) alone, then e/ f®9Y is the integrating factor (Fi,,):

ot
B 1 LG 5(5y% + 8t)
~ (5y% + 8t) ot 8y

x {5y — 10y}

- Gy 78 < ()
= 5y2+8t # f(y)|alone.
Since Rule 1 could not be satisfied, we resort to Rule 2:

If — (‘;—1; — i—":) g(t) alone, then e/ 94t js the integrating factor (Fip).

6N oM
=35y~ 5t)

L{S(Sy + 8t) _ 8(5yt)}

- (5y2 + 8t)

~ 5yt 5y 5t
1
= 5—{103’ — 5y}

- 567

= ; = g(t)|alone.

Since Rule 2 is met, the integrating factor (Fy,,) is e/ 9%
Fine = ef@dt

Fi; = ef@dt

Constant of integration is dropped c for the sake of convenience:
Fy, = e(lt)

— plin|t
Fint_ It
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Fine =1t
Interpretation: Integrating factor (F;,.) for the Inexact Differential Equation 5ytdy +
(5y* + 8t) dt = 0 is 't’. Multiplying it throughout the given equation, it becomes exact differential
equation: 5yt dy + (5y*t + 8t%) dt = 0. Test of Exact can be applied to verify the answer.
Caveat: Once the Inexact Differential Equation is converted into Exact Differential Equation, it
can be solved using the 4-step procedure already explained before.
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Lesson 26
ECONOMIC APPLICATIONS OF EXACT DIFFERENTIAL EQUATIONS

TOPIC 112: PRODUCTION FUNCTION USING EXACT DIFFERENTIAL EQUATIONS

A firm uses L number of workers and K number of machines as two inputs in its production
process. The marginal products of the two inputs are given as:

2 1
MPy =2(3)’ and MP, = 4(7)°
Express the total product function of this firm assuming it stays on the same isoquant. What kind
of production function obtains?
Solution: A Production process is mathematized via a production function:

QK,L)=k

Its Total Differential:

d{Q(K,L)} =0
3Q aQ\ .
() ax + (2 s - o

()dK + ()dL =0
1

2

2L3dK 4K3 dL =0
(E) + (Z)> =

Comparing with the standard form:
M)dy+ (N)dt=0

L\3 K\3
z(—) dK + 4(—) dL =0
dy dt

2

Itimplies: M =2 (£)°, N = 4 (%); dy = dK and dt = dL.

6 6
Exactness Test: 3 (M) = 5~ (N)
2
6 2 L\3| & 4
5L (K) - 6K (

2 (2 2w} -5 ()
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4( 1 > 4( 1 )
3\ 21|73\ 21
3\k313/ 3\kiLs

Exactness test is met, so the given equation is an Exact Differential Equation.

Solution (4-Step Procedure): Exact Differential Equation requires a 4-step procedure for its
solution:

Step — I: Writing the function Q(K, L) in terms of derivative and integral w.r.t K, with a merger of
possible constant of integration and variable L:

integral
I integration constant
Q(K,L) = WdK + c +  f(L)
derivative term(s)

containing "L"

Combining ¢ and f(L) into one term (L) and substituting:

integral

integration constant

6 —_—
Q(K,L) =f {QgK L)} dK + P(L)

ini L
term(s) containing "L"
derivative () 9

P (L) can have two components:
1) Additive constant(s) or terms containing L only reduce to zero (0) when function

Q ( ) gets differentiated w.r.t. K.

2) Constant of integration generated due to [ Q(iL)} dK.

6{Q(K D) = M, therefore:

QK L) = f Mdy + (L)

2
Q(K,L) = f {2 (%)3} dK + (L)

2

2 1\3
Q(K, L) = 2(L)3 f (E) dK + p(L)
QUK. L) = 2(L)3 | (K) 3 dK + (L)

Solving the integral while merging the constant of integration into Y(L).

Recalling that

Substituting value of M:

Q(K,L) = 2(L)3 {( ) : }HIJ(L)

—§+1

3
Q(K,L) = I(L)s X |=|x (K)3 + (L)

Q(K,L) = @(L)E(K)§ + (L)

Q(K,L) = 2(L)3 {( i } +P(L)
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Q(K, L) = 6(L3(K)3 + (L)
Step - lI: Differentiate Q(K, L) w.r.t L {to evaluate P(L)}:
) K, L
AUL) _ 2 fewyiaos + v

51Q(K,L 6
setn) H—(K) Sx o {6(L)}+—{¢(L)}

;‘L’} 6 % (K)z{ 4 (m—l x —(L)} +'(L)
%e|_ 6 % z X (K)é{(L)‘% X —(L)} +9'(L)
SL| 3 oL

5Q

Since we already know; |—- = N/, therefore L. H.S:

oL

=4x (K)%{l1 X 1} + ' (L)
L3

, SO we substitute:

ks
N——
Wik

Moreover, |N = 4 (—

4(%)% S 4Q+l[) (L)

1 -1—
K
4—H»L = 4—H»L +9'(L)
0=vy'(L)
Y'(L)=0
Step — lll: We have found the value of derivative ¥’ (L) and not the value of original function ¥ (L).
Therefore, taking integral to restore the original function ¥(L) from ¥'(L):
Y'(L)=0
zero (0) can be derivative
of a constant (k)

Integrating on both sides w.r.t L:

f Y (L)dL = k

()
a constant is primitive of
a derivative ' (L)=0

d
E{wa)}cu =k
Step — IV: Substitute the result from Step - III in Step -l
Result from Step - I: Q(K,L) = 6(L)3(K)3 +yd)
Result from Step — lll: Y(L) =
- 2 1
Q(K,L) = 6(L)3(K)3 +k
Recalling definition of an Exact Differential Equation:
d{Q(K,L)} = 0, implies Q(K, L) = cy(a constant)
0 is differential of a constant (¢q).

2 1
g =6(L3(K)3 +k
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co = 6(LYIK) + k
co— k = 6(LI(K)3

2 1
6(L)3(K)3=co—k
Since difference of two constants is yet another constant: ¢y — k = ¢

Developing Functional expression on R.H.S:

1 2
Q(K,L) = 6(K)3(L)3 — ¢
This expression is synonymous to Cobb-Douglas production function, with the exception of
addition term 'c’
In absence of either or both of inputs (K, L), the output will be zero:

o}) = 6@ W - | (B = 6@ - c | o@lfE) = (@)D -«

1 2
Q(0,L) = 6(0)3(L)3 — ¢ Q(K,0) = 6(K)3(0)3 -c Q(0,0) = 6(0)3(0)3 — ¢
Q,L)=—c#0 QO,L)=—c#0 Q(0,0)=—c+#0
Which is a paradox. Q should be equal to zero if either or both K or L are zero.
Therefore, ¢ should be equated to 0, for making ‘economic’ sense of Production Function.

QK. L) = 6(0)%@)% -
Q(K,L) = 6(0)3(L)3 —[0]
Q(K, L) = 6(0)3(L)3

2 1
Interpretation: General Solution of Exact Differential Equation 2(%)3dK+4(%)3 dL=0 is

1 2
Q(K,L) = 6(0)3(L)3[. It makes economic sense of a Cobb-Douglas Production Function.

TOPIC 113: UTILITY FUNCTION USING EXACT DIFFERENTIAL EQUATIONS

A simple utility function of a consumer buying two goods x and y is denoted by the differential
equation 4xy dx + x?> dy = 0. Express this consumer’s total utility function using integrating
factors.
Solution: Given Utility function, in general form is:
Ux,y) =
[ () ar o

Comparing with the standard form:
(M) dy + (N) dt =

(M) dx + (.) dy (]

g dat
It implies: M = 4xy, N = x?, dy = dx and dt =dy.

6 )
Exactness Test: -~ (M) = - (N)

55 (19) = 52 (@)
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el )= ()
4x{1} = Zx
4x + 2x

Exactness test doesn’t get satisfied, so we have an Inexact Differential Equation.
Applying Rule 1:

If = (S—M - 6—”) f(x) alone, then e/ f™dx is the integrating factor (Fiy,):

at
1 y {8(4xy) B 6(x2)}

- (x2) 85y 5x

1
ZmX{‘l'x—ZX}

= X 2%

[€D)

3
1(‘;—;’—%) = ; = f(x)|alone

Since Rule 1 is met, the integrating factor (Fy,) is e/ f&%*:

Fine = ef@dx
f 2)ax
Fint = Q
Fint — e(ln|x|)+c

Constant of integration is dropped c for the sake of convenience:

F, . = o)

Fint = e-(‘l'n|x2|)
Interpretation: Integrating factor (F;,,) for the Inexact Differential Equation 4xy dx + x* dy = 0
is (xz). Multiplying it throughout the given equation, it becomes exact differential equation:
4xy dx + x4 dy = 0.
After introducing the integrating factor (x?), M = 4x3y and N = x*, so substituting these values
. .8 _ 8
in Exactness Test again: 5~ (M) = -~ (N)

= (4) =5 <x4>

6y

@)= o

wf )

4x3{1} = 4x
Exactness test is met, so the given equation is an Exact Differential Equation which can be solved
using 4-Step Procedure.
Solution (4-Step Procedure): Exact Differential Equation requires a 4-step procedure for its
solution:
Step — I: Writing the function U(x, y) in terms of derivative and integral w.r.t x, with a merger of
possible constant of integration and variable y:
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integral
S{U(x, y)} integram?: constant
UGy = | T ¢ + o)
L ——
derivative term(s)

containing "y"

Combining ¢ and f(y) into one term ¥ (y) and substituting:

integral
— integration constant
6{U(x; }’)} -
Ulx,y) = de + Y(y)
—_— term(s) containing "y"
derivative

P (y) can have two components:
1) Additive constant(s) or terms containing y only reduce to zero (0) when function

U (x, ) gets differentiated w.r.t. x.

2) Constant of integration generated due to [ SWEY) gy

(
ox
Uy}
ox

= M, therefore:

U(x,y) = f M dx + ()

Recalling that

Substituting value of M:
U@y = [ () dx + p)

U@y =4y [ () dx + p)

Solving the integral while merging the constant of integration into ¥ (y).

3+1
Ulx,y) = 4y{3 i 1}+¢(y)

4

Uxy) = 4y (xz) +PG)

U(x,y) = x*y + ()|
Step - lI: Differentiate U(x,y) w.r.t y {to evaluate ¥ (y)}:

o{U(x, o
RO Sy o)
s{U(x,y)}  , & 5
TS{U}— x4§ O + 5{1/)(}’)}
oy () +¢'(y)
oU 4 ,
Sy| = * +9'(y)
Since we already know; ‘;—ly' = N|, therefore L.H.S:

=x*+9'(y)
Moreover, , SO we substitute:
=+ 9 (9)
0=9'(y)
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Step - lll: We have found the value of derivative ¥’(y) and not the value of original function ¥ (y).
Therefore, taking integral to restore the original function ¥ (y) from y’(y):
Py =0

SN——— —_—
zero (0) can be derivative
of a constant (k)

Integrating on both sides w.r.t y:

[vmay- K
a constant is primitive of
a derivative, ' (y)=0

d
f S WoNdy =k

Step — IV: Substitute the result from Step — lll in Step -I.
Result from Step - I: U(x, y) = x*y + ¢ (y)
Result from Step - lll: Y(y) = k
Ux,y) =x*y+k
Recalling definition of an Exact Differential Equation:
d{U(x,y)} = 0, implies U(x,y) = cy(a constant)
0 is differential of a constant (cy).
cy=x'y+k
cy =x*y+k
cy — k=x*y
xty=cy—k
Since difference of two constants is yet another constant: c; —k = ¢
xty=c¢
xty=c
Developing Functional expression on R.H.S:
U(x,y) =x*y—c
Interpretation: General Solution of Exact Differential Equation 4x3ydx+x*dy=0 is

|U(x, y) = x*y — c|. It makes economic sense of a Utility Function.

TOPIC 114: POINT ELASTICITY FORMULA USING EXACT DIFFERENTIAL EQUATIONS

The point elasticity of demand a firm is faced with is E; = —2. Use the exact differential equation
approach to find the demand function of this firm.
Solution: Since no differential equation is given, we develop one from given data:

Ed=_2
dP P
d P
&x—=—2
dpP Q4
dQ, Qa
T _2|==
dpP P

Cross Multiplying, we get:
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de _, Pl
P
de — 0

@ " P

1 2
(Q—)de +( )dP —0
Comparing with the standard form:
(M)dy+ (N)dt=0

<i>dq +<>dP—0
Qal) =22 p ;,“;_

I— ady

M N
It implies: M = i N = 3 dy =dQ, and dt = dP.

Exactness Test —(M) = 50: 2_(N)

§(1\ 6 (1

6P\Qa) 6Qq\P
Exactness test gets satisfied, so we have an Exact Differential Equation.
After verification of Exactness test, given Exact Differential Equation can be solved using 4-Step
Procedure.
Solution (4-Step Procedure): Exact Differential Equation requires a 4-step procedure for its
solution:

Step — I: Writing the function F(Q, P) in terms of derivative and integral w.r.t Q4, with a merger
of possible constant of integration and variable P:

integral
S(F Qd'ﬁ integratit::l constant
FQaP) = | Q2 P) 4o, 4 ; FfP)
6Q,
term(s)
derivative containing "P"
Combining ¢ and f(P) into one term ¥ (P) and substituting:
integral
integration constant
Qd, P —_——
FQaP) = | Male r P

term(s) containing "P"

derwatwe
P (P) can have two components:

1) Additive constant(s) or terms containing P only reduce to zero (0) when function
F (Qd,) gets differentiated w.r.t. Q4.
2) Constant of integration generated due to f%‘;”)}dqd.

M = M, therefore:

F(Qa,P) = f MdQy +p(P)

Recalling that

Substituting value of M:

FQuP) = [ (5) d@a+v(®)
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Solving the integral while merging the constant of integration into ¥ (P).

[F(Qa, P) = In|Qq| + P(P)]
Step - lI: Differentiate F(Qq4, P) w.r.t P {to evaluate Y(P)}:

0iF(Q,4 P
% 5p UnlQal + ¥(P))
8{F(Qu.P)} _ 5
— 8P " 3P (ln|Qd|) + S_y{lp(P)}
o) } =0+9'(P)
8§y
6U .
Sy~ Y'(P)
Since we already know; i—g = N|, therefore L.H.S:
=y'(P)
Moreover, |N = %, S0 we substitute:
] YP'(P)
Y'(P) =
Step - lll: We have found the value of derivative ¢’ (P) and not the value of original function Y (P).

Therefore, taking integral to restore the original function ¥ (P) from ¢’ (P):

Integrating on both sides w.r.t P:
2
fl/)'(P) dP = f (ﬁ) dapr

C;LP{IIJ(P)}dP _2 xf (%) ap

[Y(P) = 2 x In|P| + ¢4]
Step — IV: Substitute the result from Step — Il in Step —I.
Result from Step — I: F(Q4, P) = In|Q,4| + Y (P)

Result from Step — lll: Y (P) = Y (P) = 2 X In|P| + ¢,
F(Qg4 P) = In|Q4| + 2 X In|P| + ¢4
Recalling definition of an Exact Differential Equation:
d{F(Qg4 P)} = 0, implies F(Qq4, P) = cp(a constant)
0 is differential of a constant (cp).
¢p = In|Qg| +[2] x In|P| + ¢,
cp — ¢ =In|Qq4| + lan@l
¢z = In|Qq| + In|P?|

In|Qq x P?| = c;
Raising to exponent on both sides, to get rid of natural logarithm.

el-n|Qd><P2| — eCZ

QuxP*=c¢

[
Qd=ﬁ
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Interpretation: The Differential Equation (Qid) dQ, + (%) dP = 0 has General solution Q4 = %. In

economic terms, the solution @, = % represents a demand function; Q4 = f(P).

TOPIC 115: NON-LINEAR DIFFERENTIAL EQUATION: SEPARABLE VARIABLES

The Concept: If f(y,t) dy + g(y, t) dt = 0 has the convenient property that function f and g can

be written in terms of y and t only. i.e. f(y)dy + g(t) dt =0

Variables y and t are said to be separable, as f(y,t) is consolidated into f(y) and g(y,t) is

consolidated into g(t).

y is mathematically separated from ¢.

Solve using (simple) integration.

Example # 1: (p. 492): Solve the following differential equation:
3y’dy—tdt=0

Rearranging we get: 3y* dy = t dt

Introducing integral on both sides:

ijZdy:jtdt
2

3 t
Y+a=5+a
2
3-8 e,
=5 te—a

+c, [vepa—ep=C]
1
t? 3
r=(7+)
tZ
y() = (? + C)

Example # 2: (p. 493): 2t dy + y dt = 0 is a differential equation.
Rearranging it, we get:

y? =

N[N e

In functional form of a time-path:

1
3

2tdy = —y dt,
Needs more rearrangement, therefore cross-multiplying;
dy dt
y 2t
dy 1dt
y 2t
Introducing integrals on both sides:
dy 1dt
y 2]t

1
In|y| +c1= —Elnltl +c
1
In|y| +Eln|t| =Cc;—Cq

1
t2

Inly| + In

=c’
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1
In |y X t7| =c
Raising to exponent on both sides, to get rid of 1natural logarithm:
yxt2 _
: exponent of a constant ¢’ shall be yet another constant c.
y X e =

1
2

n
e

y=ct
In functional form of a time-path:

1
y(t)=ct 2

TOPIC 116: DYNAMICS OF CAPITAL USING SEPARABLE VARIABLES METHOD

Let X = X(t) denote the national product, K = K(t) the capital stock, and L = L(t) the number of
workers in a country at time t. Suppose that, for all t > 0 (a) X = VKVL, (b) K = 0.4X, (c) L =
e%%4t_Derive from these equations a single differential equation for K = K(t) and find the solution
of that equation when K(0) = 10000.

X = VK+/L; is a Cobb-Douglas production function.

K = 0.4X; shows that investment is proportional to output

L = e%%; depicts the exponential growth of labor.

Solution: Starting with the equation of rate of change of capital; |[K| = 0.4X
dK
dt
Borrowing value of X from equation (a): K = 0.4X

dK
— =0.4xVKVL
dt —
dK

——0.4><\/R

dt

Borrowing value of L from equation (c):

= 0.4X

dK

ar - A xVK
1 dK

— X ——=0.4 x/e00%
vK dt ¢

1 dK
K2zx E =0.4 X+ (e°-°2t)2

1 K
K2Zx—=0.4x %02t
dt

Cross-multiplying for separable variable situation:
1
(K‘i) X dK = 0.4 (e®%?")dt

in terms of intermsof

(K) only (®) only

f (K‘%) dK = f 0.4 (e%0%t) dt
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K—%+1 e0.02t
1 +cxk=0.4 a4 . + ¢,
-zt 1 at (0.02¢)
K% e0-02t
T = .4(0.02>+Ct—CK
2 1 0.4
2Kz = —— (e%920) 4 ¢,

0.02

K(t)% = %l x 2 (e%02) + ¢ x 2
0.02 -
K(t)% = (—0'4 ) (e20%2t) + ¢,
0.02 x 2 =

VK () = (10)(e%%%) + ¢,

Introducing the initial condition; t = 0, in the equation above:

— (10){30'02(0)} +c,
= (10)(1) + ¢,

100 = 10 + ¢,
100-10=c,
CZ=90

Substituting the value of ¢, in /K(t) = (10)(e®°2) + ;.
JK@® = (10)(e%°2) + 90
K(t) = {10(e%%2) + 90)°
K(t) = [10{(e®02) + 9}]*
K(£) = 10%(e%92t 4 9)*
K(t) = 100 (%02 + 9)°

1
Interpretation: Non-linear differential equation for capital (K‘E> x dK = 0.4 (e®%2%)dt| has

solution |K(¢) = 100 (e%92! + 9)2 which represents the time-path of capital (K) over time (t).
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Lesson 27

ECONOMIC APPLICATIONS OF EXACT DIFFERENTIAL EQUATIONS (CONTINUED)

TOPIC 117: NON-LINEAR DIFFERENTIAL EQUATION: UNDERSTANDING BERNOULLI’'S

EQUATION

A certain type of nonlinear differential equation, attributed to Jacob Bernoulli who was a Swiss
Mathematician in 17" century (1654 — 1705).

If the differential equation % = h(y, t) has the specific nonlinear form:

d_y + Ry =Ty™
dt
Salient Feature of this form:

d

cd + R y = T X ym

dt . &Y . —

function (y) appearson L.H.S  function  (y)appears onR.H.S
of (t) with power (1) of () with power
other than 0 or 1

R: function of t.
T: function of t.
m(m=0)Vv@m=1).

With these conditions fulfilled we get a Bernoulli Differential Equation.

Caveat: whatifm=0orm =17

differential equation.

m=20 m=
at + Ry =Ty ac + Ry =Ty
dy +Ry=Tx1 dy +Ry=T
at YT at YT
dy dy
a+R=T E-F(R—T):O
Differential equation doesn’t remain | Differential equation doesn’t remain
nonlinear, rather becomes linear | nonlinear, rather becomes linear

differential equation.

Solution: Bernoulli Equation (nonlinear differential equation) can be reduced to a linear
differential equation and be solved as such.

. . . . .. dy _
Reduction to linear form: Standard form of Bernoulli Equation: =* + Ry =
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Since is the cause of

Boxed terms, if substituted will free equation from nonlinear term of y.

nonlinearity, we reduce it to 1 by self-dividing:
dy
(@ + ®) 1]
ym
T.

dy
XE‘F =

1
ym

dy
m DY
T
N
dt

S —
Substitution—I1

y
Rym
+R(yxy"") =T

en ]

D ——
Substitution—I

6% =T

Substitution I:
Introducing a shorthand
notation z for y1=™:

Substitution — II: z depends on y, which further depends on t: z =
f(y) and y = g(t); combining the two function: z = f{y(t)}

We get a composite function, which if differentiated, calls for Chain

-
z=y ™ Rule: E N
. . dy dt
Nonlinear term of y will A Ferentiate
be substituted by linear dif ferential — dif ferential
term of z term of new term of new
e - equation z=f(t) wrty equation y=f(t)
~ —_—— —_——
dz (dZ) (dy)
—_— fd JR— X R——
dt dy dt

dz _
dy

Substituting value of

d
_dyy

Differentiate z = y1™™ w.r.t y:
ﬂ) = (1—_m) % (yi—_m—i) % 4

& €]

dz

dy

=1-m)x ™)

dz

dz| . . dz
—|in chain rule; = =
dy dt

dz
dy

d
x &
dt

dt

=1 -m)x (y'"‘)|><

‘<

dt

1

a-m

dz

=|(y

Sy D

©Copyright Virtual University of Pakistan

196



Mathematical Economics I (ECO607) VU

Combining the Substitution — | & Substitution — II:
. . _ dy 1-— _
Now we can surrogate z instead of y in| [(y™) = TR =T

— ——
Substitution—II Substitution-I

1 ><dz
(1-m) dt

S——
Substitution—II

+R [z =T
Substi;;lttion—l
X dz +Rz=T
A—m) dt 27
dz + Rz(1 - m)dt _
1-m)dt
dz+ Rz(1-m)dt =T x (1 —m)dt
dz+ Rz(1-m)dt—T(1—-m)dt=0
dz+{(1-m)x (Rz—-T)}dt =0
Obijective of replacing a nonlinear term y™ with linear term z™,

z instead
of y
dz+{(1-m)x|(R Z —T|;dt=0
~——————
linear
term

TOPIC 118: NON-LINEAR DIFFERENTIAL EQUATION: BERNOULLI'S EQUATION
NUMERICALLY

Solve the equation % + ty = 3ty>.
Solution: It is Bernoulli equation as we compare it with standard from:

ddt
d—y +ty=3ty2
t % T mZ2
Here;R=1t,T =3t, m = 2.
Substitution to replace z instead y1~™:
7= yl—m
z=yl2
z=y!

Recalling the linearized form of Bernoulli Equation, in terms of z instead of y:
dz+{(1-m)x (Rz—-T)}dt =0
Substituting the given values of m, R, and T.
dz+{(1-2)x(tz—3t)}dt=0
dz+{(-1)xt(z—3)}dt=0
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dz+ (—zt+3t)dt =0
Transforming into standard form of first order differential equation % +u(t) xy = w(t):
{dz + (—zt + 3t)dt} 0

dt T dt
dz +(-t)z+3t=0
dty ( )Z -

dz @ (—tz=-3¢
— [— zZ = —
dt :6 ;&-)’
Using the General Solution of FODE-variable coefficient & variable term:

Il = e 112 (A + f @edt)
Solving the separately to avoid the clutter:

fudt=f(—t)dt

dropping c
for ease
—

tZ
fudt= —?

Returning the value of [u dt in general solution equation:
tZ

z(t) = e_(_—7> (A + fe_—gdt)

t? _t?

2(t) = e(7> {A +3 f(—t) X e< 7>dt»

Since here f(x) = —%, f'(x) = —&:
ef ™)

t2> f'@) 3

z(t) =e<7 A+3fxe(_7)dt}
J{f (x)xef®D}dx

i

— <2 ) +
Z(t) e {A 3e
ef(®

z(t) = Ae<§> +3 e(§>e(_§>

t2

=Ae(7> +3

Time-path of z in terms of time, however, given information was in terms of y. So, we restore
the y to find its time-path y(t).

1

= y_
tZ
_aelt) 1

After substitution:

©Copyright Virtual University of Pakistan 198



Mathematical Economics I (ECO607) VU

1
yt) =——7F—
Ae<7> +3
Interpretation: Using Bernoulli equation method, we substituted z in place of y to linearize the
nonlinear differential equation. Then used procedure of solving FODE to find time-path (however,

of z). Finally, we restored y from z and found time-path y(t).

TOPIC 119: AVERAGE COST FUNCTION USING EXACT DIFFERENTIAL EQUATIONS

The unit cost of a production firm is AC, while the number of units produced within the firm is Q
such that the following relationship exists:

d(AC) AC
—— +—=(4C)3
a0 0 (40)
(46 + (1)AC = (A4C)3
dQg \@/7"
Solution: It is Bernoulli equation as we compare it with standard from:
d ACdt 1 ’ (
ag *(g)as - e
Q Q 5 TT
dy R
dy _ d(AC) T
v — -0 Y_ 1r_ =
Here; y = AC, t = Q, %= do ,R—Q,T—l,m—3.

Substitution to replace z instead (AC)1~™:

z=(A0)13

Recalling the linearized form of Bernoulli Equation, in terms of z instead of (AC):
dz+{(1-m)x(Rz—T)}dQ =0
Substituting the given values of m, R, and T.

dz + [(1 ~3)x {(%)z— 1}] dQ =0
dz + [—z {(%) 2dQ + dQ}] —0
dz — 2(%)de —2dQ =0

Dividing by d@ throughout, to get the standard term of :—Z:

g_z(%)”@_me_g

dQ deQ d@  dqQ
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dz + (-2 (1> 2=0
E (-2) 6 z =
Transforming into standard form of first order differential equation % +u(t) xy = w(t):
< )2 (1) 2
R —_ — zZ =
Q0 | __ WIS wnIwe
dy_dy u(®)=u(Q)
dt—dQ
dy _d
Here: & = S,y = 2.t = Q. u(®) = u(Q) = (~2) (5). w(®) = w(@) = 2.
Using the General Solution of FODE-variable coefficient & variable term:
(t) = e_(A + fedt)
Here the symbols are economic in nature, y = AC & t = Q.
[AC](Q) = e[/ 2@ dq] (A + fedQ>
Formula General Solution is also expressed in economic variable:
dz —2) (1) )
_ — — zZ =
@ |5 W
Z_z u(Q)
Solving the | [ u(Q) dQ| separately to avoid the clutter:
1
[u@ae=[¢2 (g) e
1
[u@de =2 | (5)de
dropping ¢
for ease
[u@ae=(-2x i
[ u@ de = -2) x miel
Returning the value of [u(Q) dQ in general solution equation:
[AC|(Q) = e /»@ 40| (A + f edQ)
@) = ¢ T (4 1 [ [2]C2elgq)
2(Q) = e@xtnleD (A + f 2 x e(—2)xtn|0|dQ)
2(Q) = "%l (4 +2 % [ e dq)
z(Q) =Q_Z<A+2fo‘2dQ)
omitting
integration
constant
2 2 Q_l
z = XA+ X 2 X
@ =@? Q? s =y
z(Q)=Q*xA+——=xQ*x Q1!
@ =@? < xe
©Copyright Virtual University of Pakistan 200



Mathematical Economics I (ECO607) VU

2(Q) = AQ* -2x @'

2@)]=4¢* ~2Q

It is the solution of z in terms of Q, however, we started the analysis in terms of (AC); returning
value of z in terms of (AC): |z(Q) =z= (AC)‘2|

[(a0) 2] = 40> - 20

(A0~ =4Q* - 2Q
1
(AC) = (AQ* -2Q) ?

ACQ=—7
(AQ* —2Q)2
Interpretation: (AC(Q) =;1 is the General solution of the Bernoulli type differential
(4Q%-2Q)2
. |ddo) | (1 N 3
equation 10 +(Q)AC— (AC)°|.
ACQ) = ;1 depicts a negative relationship between average cost and output, provided
(4Q%-2Q)2

A>0.

In economic sense, AC is declining over the range of Q. This shows that AC must be predominantly
in the form of fixed cost (FC). This usually happens in case of Natural monopoly, where the FC
constitute a large share of overall cost and declining trend of its average (AFC) dominates the
shape of AC curve. A long-run situation is plotted here:

AC, MC
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TOPIC 120: QUALITATIVE ANALYSIS: PHASE DIAGRAM

There is a Qualitative aspect of a time-path — Phase Diagram.

Phase Diagrams convey the dynamic properties of differential equations.

Let y(t) denote an autonomous differential equation, so that y'(t) is just a function of y and
independent of ¢t.

Mathematically its functional form is: % = f(y)

Similar but not the Same
Differential Equation Phase Diagram Time-Path
(Autonomous) Differential
Equation
dy _ dy _ y=Ff®
TR FTIRAL
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dy dy
=Y Tt EVy=7
a b
13
1#
10
{dwiet = 0z
HEF_EHﬁT ¥ igereascs

w5 :
=
-
=

2 8 G 1D 11 12 13 14 15 16 17 18 19 20 21

g |

= {iyidt < 0):
¥ decreases
-10 | ¥
Before x — intercept After x — intercept
Phase line is below x — axis Phase line is above x — axis
(dy <o) (dy >0)
dt dt
dy dy .
(E < 0) = y | = move leftwards (E > 0) = y T = move rightwards
Repulsion from x — intercept (Repellor): Divergence/Dynamic Unstability
Unstable Intertemporal Equilibrium

Verification: To check if qualitative (graphical) analysis has correct diagnosis regarding the time-
path, we recall the qualitative method.

dy convergent if (a>0) dy
E+ay—b E-l_ (—7)}7—3
a<0 b
divergent

Hence verified that qualitative method has the correct diagnosis.

dy —y dy (1) B
- T27aT\3)r e
a
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4 {dyrdt = 0}
¥ imCremsey

2

£
=
e A
g -2

| eyt = 0

-4 v decrenses

<, I

B il

¥
Before x — intercept After x — intercept
Phase line is above x — axis Phase line is below x — axis
(dy >0) ("y <0)
dt dt
dy . dy
(E > 0) = y T = move rightwards (E < 0) = y | = move leftwards
Attraction towards x — intercept (Attractor): Convergence/ Dynamic Stability
Stable Intertemporal Equilibrium OR Steady-State Equilibrium

Verification: To check if qualitative (graphical) analysis has correct diagnosis regarding the time-
path, we recall the qualitative method.

dy convergent if (a>0) dy 1
- — b _ — =
ac " Y P (2) y=2
e b
a>0
convergent

Hence verified that qualitative method has the correct diagnosis.

TOPIC 121: SOLOW GROWTH MODEL: QUALITATIVE ANALYSIS

Attributed to Robert M. Solow — a Nobel Laureate.
Model was built on Domar’s growth model questioning the need for ‘delicate

balancing’.

&

Given the qualitative result k = s ¢ (k) — Ak we can qualitatively analyze the Solow growth model.
k =s ¢k - Ak
rate of MPS prtmzt/mn depr:gation
(change of) ( function )
cepital (investment)
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§=s¢(k)—/1k

k =sk)— ik

k>0 s p(k)>Ak k=0 s p(k)=Ak fe<0 s p(k)<Ak

k1| kqto K k| already at K kl| kpto K
steady state steady state steady state
(equilibrium) (equilibrium) (equilibrium)

lg=s¢(k)—lk

This equation shows that investment-depreciation gap leads to investment. This causes capital
to grow and remove the gap. Investment (& hence capital) shall decrease if there is depreciation

is greater than investment.

Solow Growth Model:

Investment and

depreciation Depreciation

................................

Investment

i !
kl /ﬂ k* A kZ Capital

/ ‘ N\ perworker, k
Capital stock Steady-state \ Capital stock
increases because level of capital ~ decreases because
investment exceeds per worker depreciation
depreciation. exceeds investment.
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Solow Growth Model: Phase Diagram

kA

(dk/dt)>0

k:l

Steady-State k : P R—
Equilibrium ERCLUNEY k2
\ & (dk/dt)<0

In second panel of the Solow Growth Model, phase diagram shows an x — intercept.

Before x — intercept (k") After x — intercept (k)
Phase line is above x — axis Phase line is below x — axis
(‘“‘ >0) (‘"‘ <0)
dt dt
dk ] dk
(ﬁ > 0) = k T = move rightwards (E < 0) = k | = move leftwards

Attraction towards x — intercept (Attractor): Convergence/ Dynamic Stability
Stable Intertemporal Equilibrium OR Steady-State Equilibrium suggested by Robert
Solow in this Growth Model.

TOPIC 122: SOLOW GROWTH MODEL: QUANTITATIVE ANALYSIS

After understanding the qualitative analysis of the model, we conduct a quantitative analysis by
assuming a linearly homogeneous Cobb-Douglas function:
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Q=f(KL) Q=K*“L'"“
Taking L as common: Q=K*LL™“
K K
QzL{f(Z'1>} e=Lz
As (% = k), f in terms of K and L while ¢ in 0= L( )“
terms of k. L
Q = L{¢p(k)} Q= Li"
Comparing the two results:
o (k)
Q=L Kk =[pk) =k*

First Order Differential Equation of Solow Growth Model in terms of k is:
k=s¢k) — Ak
k=s ¢pk)— 1k
ka
k = sk® — 2k
k + Ak = sk®

dk
— + Ak = sk*
dt

We have a First Order Differential of nonlinear nature due to k% with @ # 1. This makes a
Bernoulli equation:

Solution: Bernoulli Equation (nonlinear differential equation) can be reduced to a linear
differential equation and be solved as such.

Here;%=%,y=k,R:A,T=s,m:a.
Reduction to Linear Form: Standard form of Bernoulli Equation:

dy linearization
TRy = Ty™|————|dz + [(1 - m)Rz — (1 — m)T]dt = 0|
Linearization of Solow’s Growth Differential Equation can also be done by recalling the linearized
form of Bernoulli’s equation and putting the values:

dz+[(1-m)Rz— (1-m)T]dt=0
dz + [(1 - [m])[R[z] - (1 - m][T]|dt = 0
dz + [(1 - [a][Alz] - (1 - [@][s]]dt = 0

dz+[(1—-a)lz— (1—a)s]ldt =10

Linearized form of Solow's Growth
Dif ferential equation

Dividing throughout by dt and rearranging to develop the standard form of First Order
Differential equation.

‘i y) =0
dz 1 y! 1 =0
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dz
dt
Comparable with % +ay=»>b
a=1-awiandb=(1-a)s
Zrl-wiz=1-a)s
b

+1-a)iz=1A—-a)s

Defrnite Solution:
=y —oleot s
y(@®) =1y e+

1-a)s) oy A—a)s
2(t) = {Z(O) —m}e o G2
z(t) = {z(()) — %} e (1-a)t +%

Time-path of z. However, the original function was k.
Therefore, recalling z = k=% and substituting in z(t) = {z(O) - %} e(1-mat 4 2

1-a _ 1-a _ 5 —a-wat . S
K = | (R(0)) 7 — | e (ot 4

Here k(0) is the initial value of capital-labor ratio.
Dynamic Stability:
Arbitrary constant
intermsof

L. 2 exponential
initial condition

expression

ST ———— S
1-a _ 1-a _ _ -(1-a)At
k = [{k(O)} @ A] e @At 4

K. K
{e=(=®2t}  explains the dynamic stability of time path.

~———
Time dependent
exponential expression

For dynamic stability, , ast— oo

Unraveling the Exponent (1 — a)4 > 0:
As already known, that (0 < a < 1) and 4 > 0 (assumed in the model).

(>0,<1) (i?)
<1— a >A >0

(>0,<1)
>0

o exponential
multiplicand of decay

expoential decay term
S — >0)

S —_— S
1-a _ 1-a _ > -t 4 2
k-« [{k(O)} a /1] e (mit 4+~

—>§)a5t—>oo
k% > Last— o

Since we need the Original value of z, we shift its power to R.H.S
1

k(t) -» G)ﬁ ast — oo.
Interpretation: Capital-labor (k) ratio assumes a constant value at equilibrium. Which varies
directly w.r.t. s and indirectly w.r.t. 4.
Appendix: Linearization via Derivation:
However, linearization can be derived via following steps:
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Since [k“] is the cause of nonlinearity, we reduce it to 1 by self-dividing:
dk
(T + k) _ ofe]
k« k%
1 dk k _ s|kE]

e TR T
k‘“xdk+/1(k><k‘“) =s
dt B

w9 12 [/ =s
dt

——
Substitution—I

—
Substitution—II
Boxed terms, if substituted will free equation from nonlinear term of z.

Substitution - I: Substitution — II: z depends on k, which further depends on t: z =
Introducing a shorthand f(k) and k = g(t); combining the two function: z = f{k(t)}
notation z for k*~: We get a composite function, which if differentiated, calls for Chain
Rule: & = & , 4k
7z = ki@ dt  dkdt
linoor  nonlhrar dif ferential dif ferentiate dif ferential
term term term of new term of new
Nonlinear term k1~ will equation z=f(t) w.r.tk equation k=£(t)
be substituted by linear dz dz dk
term of z. dt = (ﬁ) X (z)

Differentiate z = k1~ w.r.t k:

dz _d ,, .. a1y &
dz 1 K
ﬁ_( —a) X ( )

- dz| . . .dz _[dz|  dk
Substituting value of in chain rule; i Q X

& A x| x X
dt a dt

1 ><dz_
1-a) dt

k) dk
dt
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Combining the Substitution — | & Substitution — II:

Now we can surrogate z instead of k in (k"")% +1 |[kK'¢ =5

———
Substitution—I

S——
Substitution—I1

1 o dz 42 _
1-a) dt lg] ~=s
Substitution—I
Substitution—I1
X dz + Az =
A-—a dt " #75
dz +2z(1 - a)dt _
1-a)dt

dz+ 2z(1 —a)dt =s X (1 — a)dt
dz+2z(1—a)dt —s(1 —a)dt =0
dz+{(1-a)x (Az—s)}dt=0
Objective of replacing a nonlinear term k% with linear term z(V

z instead
of k

dz+{(1—-a)x| A2 Z —s]|;dt=0

linear
term

Numerical Evidence
k(0) =100,s = 0.2, = 0.7, 2 = 2.5%(= 0.025)

0| emon | [tk(o)ye - Zemt-n | ke = [k(0))7e - 2] e i 42
0 1 -4.019 3.981
1 0.993 -3.989 4.011
100 0.472 -1.898 6.102
200 0.223 -0.897 7.103
300 0.105 -0.424 7.576
400 0.050 -0.200 7.800
500 0.024 -0.095 7.905
600 0.011 -0.045 7.955
700 0.005 -0.021 7.979
800 0.002 -0.010 7.990
900 0.001 -0.005 7.995
998 0.001 -0.002 7.998
Exponential . s
decay k. fading to 0 as t —» o Nearing k* =~ =8

Exponential Decay causes k. to decay which converges the k'~%(t) to k,(=k") =8.
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1
Kl-a % ork —» G)l_“ ast — oo.

In economic terms, (k*) represents the Steady-State equilibrium suggested in Solow’s Growth
Model. So, the model shows Convergence towards Steady-State equilibrium.
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Lesson 28
SECOND ORDER DIFFERENTIAL EQUATIONS

TOPIC 123: HIGHER (SECOND) ORDER DIFFERENTIAL EQUATION

In economic analysis, Rate of change of the rate of change can be question regarding economic
variables e.g. income, profits etc.
Such situations can be mathematized in second (higher) order differential equations; e.g.

d?y
— =k
dt? Y
d X d () =k
dt at Hydd t -
rateof  rateof ssﬁ;biz

change change
Since derivatives can have any order higher than second order, we generalize the higher order
differential equations:
Linear Differential Equation with n* Order:
Leibniz Notation:

dan dn-1 a2 d
(52) + a x(2)+ @ x(53) + taax (2) + a4y 4 = b
dtn ¢ ) dtn d ) dtn dt " ] d \.w.:i \w-t{
~— s — — — t cons
nth order 1c o ecj?ﬁz fgg: (n-1)th 2n COTFSF‘IT (n—2)th 5t order T cons_tar;t sgreir;bizt |
Derivative order coefficien order Derivative ~ Coefficien
Derivative Derivative

Lagrange Notation:
Y™ () + ary™ V() + ay™ D (&) + - + a1 yV(®) + any = b]
Order: n'" (due to nt" derivative)
Degree: Linear/First degree (due to highest power ‘1’ of the nt" derivative)
Constant Coefficients (a's) and constant term (b).
Delimitations:

1. For simplicity variable coefficients and variable term are not considered.

2. This course deals with linear cases only.

3. Cross terms — product of function 'y(t)" and its derivative y'(t) — are not included.
(n = 2) = Second Order Differential Equation (SODE):

For (n = 2), Standard Form of Second-Order Differential Equation reduces to:

d*y N dy
a2 M e
y'@® +a,-y (@) +a;-y=b|
Possible Cases: Depending on the values of b, we get 2 possible broad cases:
Main Cases based on value of (b)

+a,-y=b>b

Identification b=0 b+0
Terminology Homogenous Case Non-Homogenous Case
Components of Yp=0 Yp#0
Solution
Sub-Cases based on values of (a,) and/or (a,)
Identification a, 0, a, =0, a, =0, a, 0, a, =0, a, =0,
(ay #0) a; #0 a; =0 (aq #0) a, #0 a; =0
ko) et ol
(a; =0) (a; =0)
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Particular Solution - _ O, Yy = _b _b _bo
= - p Yp = Yp=ot | ¥p=3t
(yp) p az p aq % tz p ap p aq p 2

TOPIC 124: SECOND-ORDER DIFFERENTIAL EQUATION: PARTICULAR INTEGRAL

Particular Integral (y,): Any particular solution (containing no arbitrary constants) of complete
equation. y,, provides equilibrium value of y(t), in intertemporal sense:

y) = Ve + Yp
—— A o —
Time Path Deviation from Equilibrium
equilibrium value of y(t)
value of y(t)
Subcase - I: Since the particular integral (y,) can be any solution, i.e., any value of y that

satisfies this nonhomogeneous equation, we should always try the simplest possible type;
namely, y = a constant. If y = k, it follows that:

y=yt)=k
y®) =0
y'®) =0

Substituting the values of y(t), y'(t) and y''(t) in the general form y""(t) + a, - y'(t) + a, -
y(t) = b:

Since k is a particular value of y, that satisfies the differential equation, we can call it Particular
Solution (y,):

b
)’p=a—2
b
}’p=a—2

Interpretation: Particular Solution has actually a constant value as b and a, are constants and
so will be their ratio.

Subcase - lI: If a, = 0, the formula of particular solution (yp = ) shall give undefined answer.

i.e. (yp = % = oo). Therefore, we need some other formula for (y,,). For another formula, we need

another assumption regarding solution value of y(t). Instead of considering constant a solution
y, we try a nonconstant (variable); i.e. y = kt.

y(t) = kt
y @)=k
y'®)=0

Substituting the values of y(t), y'(¢), ¥"(¢) and a, in the general form y"'(t) + a, - y'(t) +[az]
y(@) = b:

0+a; k+[0] kt=b
a1-5+0=b
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b
"=2

a
Since the assumed solution value of y was y = [k]t, we substitute the value of k to get the
solution value of y:
=|—1|t
y a
Since solution value is actually the Particular Solution (y,,):

=(a):
Yp = a,
Interpretation: Particular Solution has actually a nonconstant value regardless of b and a4

being constants. It is due to t that gets multiplied with their ratio (a%)

Subcase - lll: If a; = 0 and already a, = 0, we check if Subcase — | and Subcase - Il formula
of particular solution are applicable:
Subcase - | Subcase - I
b b .
Yp = a Yp = 2
Substituting values of Subcase —lll (a; = 0,a, = 0)
b b
Therefore, the particular integral using both Subcase — lll give an undefined answer.
We need another formula to find the value of y,,.

Building on the assumptions y = k and y = kt, we use y = kt? in Subcase — lIl.

y(t) = kt?
y'(t) = 2kt
y"(t) = 2k

Substituting the values of y(¢), y'(¢¥), " (t), a; and a; in the standard form: y" (¢) +[a4]-
y'(®) +[az]- y(@) = bt

2k +[0]- 2kt +[0]- kt = b

2k+0+0=h
2k =b
b
k=7

Since the assumed solution value of y was y = [k|t?, we substitute the value of k to get the
solution value of y:

y = [kl¢?
Since solution value is actually the Particular Solution (y,,):
b
%= (5)"
Interpretation: Particular Solution has actually a nonconstant value regardless of b being

constant. It is due to ¢? that gets multiplied with their ratio (g)
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TOPIC 125: SECOND-ORDER DIFFERENTIAL EQUATION: PARTICULAR INTEGRAL
NUMERICAL

Second-Order Differential Equation: Particular Integral Numerical
Non-Homogenous Subcases

(a, #0)
Non-Homogenous Subcase - I: b # 0, a, # 0, { \Y }
(a; =0)
Example: Consider a Second Order Differential Equation:
y'®+y @) —-2y=-10
Comparing with the given specific equation with the standard form:
y'(@®) +ay @) +ay=>b
y'(®O+ @) xy' () +(=2)xy =10
aq ay b
Non—Homogenous
Subcase—I Case

Here; (a; =1+#0),(ay =—-2+0), b=—-10+0 .
Suitable Formula for Particular Solution: y,, = ai
2

-10
Y= 5
yp=5

Interpretation: is particular solution of the Non-Homogenous Subcase - | of Second

Order Differential Equation |y (t) + ¥'(¢) — 2y = —10|.
Non-Homogenous Case - ll: b + 0, a, = 0, a; # 0.
Example: Consider a Second Order Differential Equation:
y'@®+y' @) =-10
Comparing with the given specific equation with the standard form:
y'®) +tay @) +ay=>b

self
generated
—t—
12 ! —_
YO+ 1)xy'©+ O x[] = 210
aq a

Non—-Homogenous
Subcase—I1 Case

Here; (a; =1+#0),(a;=0), b=-10+0 .
Suitable Formula for Particular Solution: y,, = ait
1
-10

yp:TXt

Interpretation: is particular solution of the Non-Homogenous Case - Il of Second
Order Differential Equation [y (¢) + y'(t) = —10|,

Non-Homogenous Case - lll: b # 0, a, = 0, a; = 0,
Example: Consider a Second Order Differential Equation:
y'(t) =—-10

Comparing with the given specific equation with the standard form:
y'®)+ay'®)+ay=>b
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self generated

y'®+©x DO ©xp= <19
b

a az

Non—Homogenous
Subcase—I11 Case

Here; (a; =0),(a; =0), b=-10+0 .
Suitable Formula for Particular Solution: y,, = gtz

yp=—2 x t?

yp = —5t?

Interpretation: |y, = —5t?|is particular solution of the Non-Homogenous Case - lll of Second

Order Differential Equation |y"'(t) = —10|.

Summary: Non-Homogenous Case
Subcase - | Subcase - Il Subcase - llI
Y' ) +y@®)—2y=[-10|| y'(®) +y'(®) =|-10] | y"(¢) =[-10
Yp 2 Yp a =75
In Non-Homogenous case, |b = —10
)
Y, =5 y, = —10t y, = —5t%
HOMOGENOUS SUBCASES

Since formulae of all subcases of y,, have b in numerator:
Summary: Homogenous Case
Subcase — | Subcase - Il Subcase - llI

y'®+y@®-2y=[0]|y'®+y@®=[0] y'@®=[0]
[B] [b] [b]

= — ==t = — 2

Yp s Yp a, yp=35t
In Homogenous case, |b = 0

_[o] _[o] _[o] ,

=5 Yp=7¢t yp=35t

yl’:O yp=0 yp=0

All subcases have a zero value of particular solution; i.e. (y, = 0).

TOPIC 126: SECOND-ORDER DIFFERENTIAL EQUATION: STANDARD FORM &
COMPLEMENTARY FUNCTION

Complementary Function (y.): General solution (containing arbitrary constants) of reduced
equation. y. provides deviation of time path y(t) from equilibrium value, at every point in time.

yit) = Ye T Y
N—r . e [
Time Path Deviation from Equilibrium
equilibrium value of y(t)
value of y(t)
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This is why, for dynamic stability, we want y. term to disappear. So that y(t) reaches y,: y(t)—

Yp When y.— 0.

Derivation of the Complementary Function (y.):
Exponential expressions (4e™) served well in complementary functions for differential equations

as first order differential equations.

Experimenting with a comparison numerical instance:

y(t) = Ae™ , For simplicity; A = 1 y(t) = t?
y@) =e" y'(t) =2t
y@) =re™ y'(t) =2
() = r2e™
Assuming a second order differential equation:
y'(@®)+a,y () +ayt) =0

r’e™ + a;re™ + aze™ = 0

2+a,2t+at’ =0

Reduction of L.H.S to zero (0) is possible as
all variable expression e" are same. This, off
course, will happen with the help of certain
values of r, a; and a,.

Reduction of L. H. S to zero (0) is not possible
as there are two different functions i.e. linear
(2t) and quadratic (t2). Here, values of ay
and a, cannot help in reducing of R.H.S. to

zero (0).

Therefore, we can develop Characteristic Equation, by substituting the value of y(t), y'(t) and

y'(®):

y(t) = Ae™
y'(t) = rAe™

y'(t) =

rde™t

y'@®) +ary'(t

) +azy(t) =0

r’de™ + a rde

"+ aAe™ =0

Ae"(r’ +a;r +az) =0

r? + air
Comparing ax> + bx+c=0wegetx=r,a =
paring g

b+ b2 —4ac
2a

Quadratic Formula: x = — becomes:

+a2=0
1,b=a4, c=a,.

—a, + /a% —4a,

Tr =

—-ai+ ,a% —4a,
rq = -2

Two Relationships to verify the Roots (r,7;)

and r, =

2

-ai— ,a% —4a,

2

Relationship — I: Sum of the two roots equals (—ay).

—-a;+ ,a% —4a; —-a— /a% —4a;
— N |4 ———

a? -4a;

»

a? -4a,

= _a _a)_ _a_a
Ttz = 2 2 2|7 2 t3 2 2 2
Relationship — lI: Product of the two roots equals (a,).
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/a1+ fa1—4a2\ —a, — Ia%—4a2\ a2 / \

X = J— —_ - —
R /\ I
- a_% - 4a2 —a+4a, - 4a,

4 4 4 4

TOPIC 127: SECOND-ORDER DIFFERENTIAL EQUATION: DISTINCT REAL ROOTS

Characteristic Equation of second order differential equation is (rq,13):

—a; + /a% — 4a,
2
— 2 _ —aa— a2 —
ai+ /al 4a, aq /al 4a,
— - N

2
Nature of characteristic roots depends on value of discriminant (af — 4a,):
It can have three possibilities: (a3 — 4a,) 20

Tr =

r= andr, =

Case - | Case -l Case -l
(af —4a;)>0 (af —4a;)=0 (af —4a;)<0
a? > 4a, a? = 4a, a? < 4a,
Distinct Real Roots Repeated Real Roots Complex Roots

Here, we consider the Distinct Real Roots (a$ — 4a;) > 0:

—a; + /ai — 4a,
r =
2
added
—t—
= + -4
+ aj — 4a,

ry,Ty = subtracte; =71 + Ty

The complementary function in case of Distinct Real Roots shall have two and distinct
exponential terms:

Ye=Y11tY2
|yc =Ae"t + Azer2t| (ri #17)

Numerical Example: Solve the differential equation: y"'(t) + y'(t) — 2y = —10, if y(0) = 12 and
y'(0) = —2.
Comparing with the standard of second order differential equation:
y' ) +ay(® +ay=»b
y'®O+ @y )+ (=2)y =10
b

a az

Nature of Roots: |(a$ — 4a;) 20
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{(D2-4(-2)}=0

9>0
S
Distinct
Real Roots

9>0

S

Distinct

Real Roots

Calculation of Roots:

—a; + fa% — 4a,

ry,r; = 2
-1 ty(1)%2-4(-2)
ry,Tr; = 2
-1+9
ryTr ZT
-1+3 -1-3

2
|ry = 1|or|r, = 2|
These roots can be substituted in the formula of Complementary Function (y.):
Complementary Function: y, = A el"l' + 4,2
ye = Agelllt + 4,22

|yc =A.et + Aze‘2t|

General Solution: y(t) = y. + y,

y(t) = Ase' + Aze”? + 5

I
Definite Solution: For definite solution, we substitute t = 0 in the General Solution; y(t) =
Ajet + Ae ?t +5:

y(0) = A;e©® + A,e7% + 5
——
Given
y(0) = A1 (1) + A,(1) + 5
12
12 == A1 + AZ + 5
7 = Al + AZ
As there are two unknowns A, and 4,, we need two (simultaneous) equations to evaluate them.
Second equation can be the derivative of y(t), as y'(0) is given.
y(t) = Aet + 4,72 + 5
y'(t) = Ajet + A,(—2)e 2t + 0
y'(t) = Ajet — 24,e7 %
Introducing the initial condition t = 0 in y'(t) = A;et — 24,e7%¢:
y'(0) = A;e©® — 24,e72(0)
N’

Giv’en
y'(0) = A1(1) — 24,(1)
(=2)
—2 = Al S 2A2

Solving simultaneously: 7 = A; + 4, and —2 = A; — 24,

7= A1+ 8, > [Ty = 4]
—2=[A4]-24, > -2 =7 - 4] - 24,
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A2+2A2:7+2

Returning value of 4; and A4, in General Solution y(t) = [A;]e’ +[A4z]e ' + 5 to get the Definite
Solution:

y(t) =[4let +[3]e 2t +5

Interpretation: Definite Solution of  Second Order Differential Equation
|y”(t) +y'(t) -2y = —10| with case of Distinct Real Roots is |y(t) =4e' +3e 2t + 5|
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Lesson 29
SECOND ORDER DIFFERENTIAL EQUATIONS (CONTINUED 1)

TOPIC 128: SECOND-ORDER DIFFERENTIAL EQUATION: REPEATED REAL ROOTS

Characteristic Equation of second order differential equation is (14, 13):

—a; + /a% — 4a,
2
— 2 _ —aa— a2 —
ag+ /al 4a, aq /al 4a,
— - N

Nature of characteristic roots depends on value of discriminant (af — 4a;):
It can have three possibilities: (a3 — 4a;) Z 0

Tr =

r= andr, =

Case - | Case -l Case -l
(af —4a;)>0 (af —4a;)=0 (af —4a;) <0
a? > 4a, a? = 4a, a? < 4a,
Distinct Real Roots Repeated Real Roots Complex Roots

Here, we consider the Repeated Real Roots (af — 4a;) = 0:
Ty ++0
2
rq, T =T=)T1 =Try,=r

The complementary function in case of Repeated Real Roots shall have two but Repeated
exponential terms:

|yC = Age™t + A4ter2t|
Numerical Example: Solve the differential equation: y''(t) + 6y'(t) + 9y = 27, if y(0) =5 and
y'(0) = 5.
Comparing with the standard of second order differential equation:
y'®)+tay®)+ay=>b
y'®+©6)y'®)+(9)y =27

aq az b

Nature of Roots: |(a — 4a,) 20

©Copyright Virtual University of Pakistan 221



Mathematical Economics I (ECO607) VU

{(6)>—4(9}=0
36-36=0
36-36=0
0>0

N——
Repeated
Real Roots

—a; + fa% — 4a,
ryrz2 =

2
S —(6) +/(6)2 —4(9)
e 2
-6 ++0
ryry=—(5"

-6 -6
227

|r1 = —3|and|r, = 3|
These roots can be substituted in the formula of Complementary Function (y.):
Complementary Function: y, = Aze™ + A,te™!

y. = Aze=3l + A, tel=3l

|yc = Aze 3t + A4te‘3t|
General Solution: y(t) = y. + y,
y(t) = Aze 3t + Aste 3t + 3

e Yo

Definite Solution: For definite solution, we substitute t = 0 in the General Solution; y(t) =
Ase 3t + Ayte™3 + 3:

Calculation of Roots:

r =

y(0) = A;e3@ + 4,(0)e™30 + 3
Given
X@) =A3(1)+0+3
5
5 = A3 aF 3
There is another unknown constant (4,). Value of y'(0) is given, so take derivative of y(t) =
Aze 3t + A te”3t + 3:
y(t) = Aze 3t + Ayte™3t + 3
y' () = A3(—3)e 3t + A, {(De 3t + t(—3)e 3} + 0
y(®)=-3 4 e 3t + Ay(e73 — 3te™3Y)
given

'(t) = —3A3e 3 + Ae73 — 34,te™
Y £3

2
y'(t) = —3(2)e 3t + A,e73t — 34,te3t
Introducing initial condition t = 0 in y'(t) = —3(2)e 3! + A,e 3t — 34,te™3t:
Y'(0)=-3(2)(1) +A4,(1) -0
given
y'(0)=-6+4,
-5
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Returning value of A; and A, in General Solution y(t) =[Azle™3! +[A,]te 3" + 3 to get the

Definite Solution:

Interpretation:

Definite

ly” () + 6y’ (t) + 9y = 27| with case of Repeated Real Roots is |y(t) =2e 3t + te 3t 4+ 3|

y(t) =[2]e 3t +[1]te 3t + 3
y(t) =2e 3 +te 3 +3
Solution of Second

Order

Differential

TOPIC 129: SECOND-ORDER DIFFERENTIAL EQUATION: COMPLEX ROOTS

Characteristic Equation of second order differential equation is (r4,13):

r

—a; + /a% — 4a,

2

Tr =

-ai+ /a% —4a,

> andr, =

2

-ai— /a% —4a;,

Nature of characteristic roots depends on value of discriminant (af — 4a,):

It can have three possibilities: (a3 — 4a;) 2 0

Equation

Case - | Case - Il Case - lll
(af —4a;)>0 (af —4a;)=0 (af —4a;)<0
a? > 4a, a? = 4a, a? < 4a,
Distinct Real Roots Repeated Real Roots Complex Roots

Here, we consider the Complex Roots (af — 4a;) < 0:

—a; + fa% — 4a,
2

J (4az — a?) x (~1)

2
—aq + ’(4‘“2 —1 a%) X
2

—aq + (4‘(12 —1 a%) X |z|

2
’ 2
—a, . 4a,; — aj .
Ty, Ty = + X i
1,72 2 2
/4az—a§ —a a%—ll-az
ry=—=+ xi|land|r, = = —

2 2 2 2
Using shorthand notations h and v.
|r1 = h+vi|and|r, = h — vi|
In the form of Conjugate Complex Roots:

ry,Tr2 =

ry,Trz =

JED

ry,Trz =

ryTrz =

X i
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ry,Ty = ﬁ + i

real
part

. g
imaginary
part

Borrowing these roots to put in the Complementary Function:
Ye=Y11tY2

y. = Age"t + Agem?!

Yo = A5€(h+vi)t +A6e(h—vi)t
Yo = Aseht+vit +A6eht—vit
Yo = Asehtevit +Aﬁehte_”it
Ve = eht(ASevit +A66'_Uit)
The complementary function in case of Complex Roots shall have two but Complex exponential

terms:

Ve = eht(Asevit +A6e—vit)

Involvement of imaginary component (i) in the expression requires attention. An alternative form
in terms of trigonometric ratios is:

|yc = eM (A5 cos vt + Ag sinvt )|

ETRGINAry aas

{-1,0]

THE LIMIT CIRCL
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Imaginary
Axis
C(h,v)
l-\
R
\ov
p theia Real Axis
- ."‘I
i A
2 i
h
Argand Diagram: Graphical Representation of a Complex number
R? = h? + v? (Pythagorean Theorem)
R =/ h? + v?

Numerical Example: Solve the differential equation: y''(t) + 2y'(t) + 17y = 34, if y(0) = 3 and
y'(0) = 11.
Comparing with the standard of second order differential equation:
y'@®) +tay @) +ay=>b
y'®O+@)y'®+A7)y =34
a, as b

Here,a; =2,a, =17, b = 34
Nature of Roots: |(a% — 4a;) 20
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-64=0

—-64 <0

D —— ——

Complex

Roots

—-64<0
N———m——
Complex

Roots

Calculation of Roots:

—a; + ’a% — 4a,

ry,Tr; = 2
—(2) £V(2)2 -4(17)
ry,rz = 2
—-2++V-64
T1,Tz=f
—2+v64 xvV-1
ry,Tr = 2
_—2i8i
1"1,1"2— 2
—-2+8i —-2-8i
n=—p =7
_ Z+8, _ 2 8.
M= k=575t
ri=—1+4i|jr,=—-1—-4i
o L N L
h v h v

From the roots, we extract: h = —1 and v = 4.
Substituting in the formula of Complementary Function y,. = et(AS cos[v]t + Ag sin[v]t):
Complementary Function: y, = el (4 cos[]t + A¢ sin[U]t)
ye = e (A5 cos[4]t + Ag sin[4]t)
|yc = e '(Ag cos 4t + A4 sin 4t)|
After developing complementary function, we get general solution by adding particular integral
Yp = 2.

|y(t) = e (A5 cos 4t + Ag sin4t) + 2|

After attaining the General Solution, we get Definite Solution by definitizing the arbitrary
constants As and 4.

Introducing initial condition; t = 0 in the General Solution:

y(0) = e {45 cos 4(0) + A sin4(0)} + 2
y(0) =1 X% (A5 cos0 + Agsin0) + 2
¥(0) = {45(1) + 46(0)} + 2
3

3 =(4s) +2

To substitute y'(0), we take the derivative of general solution y(t):
d d
—_ = — -t i
i {y(t)} 1 {e7'(A5 cos 4t + Agsin4t) + 2}
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d d

y'(t) = {e‘t (Ag cos 4t + Ag sin 4t)} +—(2)
g(t) h(t)

Product Rule of differentiation: %{f(t)} = %{g(t)} x h(t) + %{h(t)} x g(t)

y'(t) = %{(e‘t)} X (Ag cos 4t + Ag sin4t) + %{(As cos 4t + Agsin4t)} x (e7t)

Y (£) = (=1)(e™t) X (A cos 4t + Ag sin 4t) + {% (As cos 41) + 2 (4 sin 4t)} x (et

d d
y'(t) = le?) x (A5 cos 4t + Ag sin 4t) + {AS i (cos4t) + Ag a (sin 4t)} x (e™h

y'(t) = (e7") x (5]145 cos 4t[=]4¢ sin 4t) + {As(—4)(sin4t) + Ag4(cos 4t)} X (e7Y)
y'(t) = (e™t) x (—Ag cos 4t — Ay sin4t) + {—4As(sin4t) + 4Ag(cos 4t)} X (e7h)
Introducing the initial condition (¢t = 0) in this derivative:

y'(0) = {e~ @} x {—A45 cos 4(0) — A sin4(0)} + {—4A45 sin4(0) + 444 cos 4(0)} x {e~ ¥}
¥'(0) = (1) x (—A5 cos 0 — A 5in 0) + {—445(sin 0) + 44(cos 0)} x (1)

given

¥'(0) = {-45(1) — 45(0)} - 445(0) + 444(1)
11 o o N o
11=—-A5—0— 0 + 44,
11=— As +44,
ah;;dy
found

11 = — A + 444
T
11 = —1 + 44,
12 = 44,
Returning the values of 45 and 4 in the general solution y(t) = e~*([As]|cos 4t +[A]sin 4t) +
2:

y(t) = e7([1] cos 4t + [3]sin4t) + 2
y(t) = e !(cos 4t + 3 sin4t) + 2
ye Vo
Interpretation: Definite Solution of  Second Order Differential Equation
[y (®) + 2y’ (t) + 17y = 34] with case of Complex Roots is |y(t) = e"*(cos 4t + 3 sin4¢t) + 2|,

TOPIC 130: SECOND-ORDER DIFFERENTIAL EQUATION: SUMMARY OF
COMPLEMENTARY FUNCTION

As we have developed the characteristic roots before:

—a, + /a% — 4a,

2
Discriminant (a$ — 4a,) determines the nature of roots.
Possible Cases for Complementary Solution (y.) of (SODE)
Condition | a? —4a, >0,a% >4a, |a3—4a,=0,a3=4a, |a%?-4a,<0,d%<
4(12
Remarks +ve Discriminant. zero Discriminant. —ve Discriminant.

r=7T.,Tr=
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Distinct Real Roots Repeated/Equal Real Complex Roots
Distinct: Roots Complex:
+(+ve Discriminant) Repeated/Equal: +(—ve Discriminant)
ST #ET, +(zero Discriminant) =",
S1ry=ry=>r
Root(s)’ cait a? —a ri=r,=r=—2 (Conjugate Roots)
Formula Ty = # 2 r1,72 = htvi
Where h = _Ta‘
/4-a2—a%
v = 5
Verification rit+r,=—aq ri+r, =—aq ri+r, =—aq
1 XTry=a; 1 XTry =a; r1 XTry =ap
(ye) y. = Aje"t + Aye'2t y. = Aze™ + A te™ y. = Age(htvit 4
Formula Agevit
¥, = eht(Agevit +
A6e—vit)
Ve
= e (A5 cos vt
+ Ag sinvt)
Dynamic ri&r,; <0 r<o h<O0
Stability
two distinct two equal two distinct
real roots real roots complex roots

TOPIC 131:

SECOND-ORDER DIFFERENTIAL EQUATION: DYNAMIC STABILITY OF

DISTINCT REAL ROOTS

Recalling the under Distinct Real Roots case:
y(@) = Ae"t + At + y,

Y b b b
¢ D Db D2
aya; 2t

Yp

equilibrium

y(t) = Aje™t + A,e™2t +
deviation from
equilibrium
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Try to mitigate it
Alerlt + AZeTZt
—_—

deviation from
equilibrium
arbitrary independent  arbitrary independent
constant variable constant variable

4, el T 4 7, ol T
deviation from equilibrium
A4 and A, are constant and their values depend on initial conditions. t is independent variable
spanning (0 — o). Deviation from equilibrium will depend on roots (rq,13).
Hair Splitting:

AT O 4 4,672 ®
rq1 & r,, determine the dynamic stability.
If both r; & r, are —ve, then the exponential terms (4;e"1* & A,e™2!) will fade away due to
exponential decay. Automatically their sum also fades away:

-ve -ve

Ay x et 4+ 4,x et - 0whent— o, ..y, - 0.
N—— N——
exponential exponential
decay decay

Caveat: Both r; and r, should be negative, else convergence may not take place.
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Numerical Example:

y(t) = 4e' +3e** +5

y(t) =4e' +3e7 % +5

y(t) =4e t+3e %t +5

4et + 3%t 4et +3e7% 4e ' +3e7%
Mg My Mgl Aer |y (AT ARy,
t 4e(T)‘ Se(?)t 4e€ﬁt 3e(-2)t 40Dt | 30Dt
0 4 3 7 4 3 7 4 3 7
1.471 | 0.406
1 10.9 22.2 33.0 10.9 0.4060 11.3 5 0 1.8775
0.541 | 0.054
2 29.6 | 163.8 193.4 29.6 0.0549 29.6 3 9 0.5963
1210. 0.199 | 0.007
3 80.3 3| 1290.6 80.3 0.0074 80.3 1 4 0.2066
8942. 0.073 | 0.001
4| 218.4 9| 9161.3 218.4 0.0010 218.4 3 0 0.0743
66079 0.027 | 0.000
5| 593.7 4 | 66673.1 593.7 0.0001 593.7 0 1 0.0271
1613. | 48826 | 489878. 0.009 | 0.000
6 7 4.4 1 1613.7 0.0000 | 1613.7 9 0 0.0099
I (Are™] (Aze™']  (¥.) (A1€™Y) (Aze™Y) e (A1e™"] (Aze™'] ()
1 1 I 1 l 1 l J J
Both Deviati | 15t exponential term | Deviati Both Deviati
exponential on increases, 2" one on exponential on
terms increas decreases increas terms decreas
increase es es decrease es
Divergence Divergence Convergence

Dynamically Unstable

Dynamically Unstable

Dynamically Stable

Hence it is numerically confirmed that for Dynamic Stability, BOTH the roots must be
—ve:.(ri{Ary) <0
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Lesson 30
SECOND ORDER DIFFERENTIAL EQUATIONS (CONTINUED 2)

TOPIC 132: SECOND-ORDER DIFFERENTIAL EQUATION: DYNAMIC STABILITY OF
REPEATED REAL ROOTS

Recalling the under Repeated Real Roots case:
y(t) = Aze™ + Aste™ + Yo

Ye bbb,
ay’a; 2
— rt rt
y(t) = Aze™ + Aste” +  y,
S— e
deviation from equilibrium

equilibrium
Try to mitigate it

—_—
Aze™ + Ayte™
~—_ — —
deviation from
equilibrium

arbitrary independent  arbitrary independent independent
constant variable constant  variable variable
~ m ~ ~ m
A3 e t + A4, t e t

deviation from equilibrium
A3 and A, are constant and their values depend on initial conditions. t is independent variable
spanning (0 — «). Deviation from equilibrium will depend on root (r).
Hair Splitting:

A3e_? ® 4 A4te_? ®
r, determine the dynamic stability.
If r is —ve, then the exponential terms (4;e™! & A,te"2!) will fade away due to exponential decay.
Though, the second term (4,[tle"2!) has an additional term t being multiplied, yet it doesn’t

reverse the dynamics of this exponential term. Eventually, sum of the two exponential terms also
fades away:

multiplicand

—ve (0,1,2,..00) — 5

~ ~ ~
Az x et + Ayx t ert - 0whent - o, ..y, —0.
N — N ———’ ——
exponential Neu_tra_l exponential
decay multlplLeT decay

Numerical Example:

y(t) = 2e3' + te3' + 3 y(t)=2e 3 +te 3 +3
2e3t + tedt 2e7 3t +te”3t
AzeT | Agte” e Age™ | Agte” e

t Ze(?)t te(?)t 2¢(-3)t te-3)t

0 2 0 2 2 0 2
1 40.2 20.1 60.3 0.0996 0.0498 0.149361
2 806.9 806.9 1613.7 0.0050 0.0050 0.009915
3 16206.2 24309.3 40515.4 0.0002 0.0004 0.000617
4 325509.6 651019.2 976528.7 0.00001 0.00002 0.000037
5 | 6538034.7 | 16345086.9 22883121.6 0.0000006 0.000002 0.000002

| (43e™)1 (Aste™)1 €A (4ze™)| (Aste™)] ol
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Both exponential terms Deviation Both exponential terms Deviation
increase increases decrease decreases
Divergence Convergence
Dynamically Unstable Dynamically Stable
Hence it is numerically confirmed that for Dynamic Stability, the repeated root () must
be —ve:r <0

TOPIC 133: SECOND-ORDER DIFFERENTIAL EQUATION: DYNAMIC STABILITY OF
COMPLEX ROOTS

Recalling the under Complex Roots case:
y(t) = e"(As cosvt + Agsinvt) +  y,
Ve b b.b,,

Hair Splitting:
y(t) = eM(Ascosvt + Agsinvt) +  y,

deviation from equilibrium
equilibrium
Try to mitigate it

et (As cos vt + Ag sinvt)
deviation from
equilibrium
multiplicand

arbitrary independent  arbitrary independent
constant variable constant variable

~ - ~ R ~
el As cosv t + Ag sinv t
———
multiplier

I'u" '\_.-'I '«,_.-'I ) .

deviation from equilibrium
The multiplicand (Ag cos vt + Ag sinvt) has the knack of having a wave-like graph as shown
above. This shall have uniform amplitude above and below the equilibrium. So, convergence shall
not take place. However, multiplier e"* can mitigate the amplitude of the graph if it’s value declines
with time (t):i.e. e®® - 0 ast - oo.
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Numerical Example:

y@®)
e'(cos 4t + 3 sin4t) + 2 e®t(cos 4t + 3 sin 4t) e '(cos4t + 3sin4t) + 2
+ 2
eWt(cos 4t e®t(cos 4t e("Dt(cos 4t
+ 3 sin4t) + 3 sin4t) + 3 sin 4t)
et | (Agcosut (As cos vt et | (Agcosut
+ Agsinvt) e et | + A sinvg ¢ + Agsinvd ¢
e (cos 4t zero | (cos 4t = (cos 4t
t | e®' | 1 3sin4e) e @t | 3sin4r) e@" | | 3sin4t)
0 1 1 1 1 1 1 1
2.7 29| -7.9 0.3678 2.9 | —1.0757
1 1 -2.9 -2.9 8
7.4 2.8 20.9 0.13583 2.8 | 0.3820
2 1 2.8 2.8 4
20.1 -0.8 -15.4 0.0497 -0.0381
3 1 -0.8| -0.8 9 -0.8
54.6 -1.8 -99.4 0.0183 -0.0334
4 1 -1.8 -1.8 2 -1.8
148.4 3.1 467.0 0.0067 0.0212
5 1 3.1 | [3.1] 4 3.1
403.4 -2.3 -924.9 0.0024 -0.0057
6 1 -2.3 -2.3 8 -2.3
1096.6 -0.1 -164.4 0.0009 -0.0001
7 1 -0.1 -0.1 1 -0.1
2981.0 2.5 7418.1 0.0003 0.0008
8 1 2.5 2.5 4 2.5
8103.1 -3.1 | —25146.] 0.0001 —0.0004
9 1 -3.1 | [3.1] 2 -3.1
1 | 22026. 1.6 | [34546.3 0.0000 0.00007
0 5 1 1.6 1.6 5 1.6
ht +ve +ve —ht +ve +ve ht +ve +ve
I (e )T (—ve) (—ve) (e ) (—ve) (—ve) (e )l (—ve) (—ve)
) 1 ) ) ) l
";‘i’r"‘;a Fluctuati | Explosi | SO | Fluctuati | Unifo | Decre | Fluctuati | 2P
on ve nt on rm | asing on

Explosive Fluctuation

& Divergent

Uniform Fluctuation
& Neither Divergent
nor Convergent

Damped Fluctuation

& Convergent
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Dynamically Unstable Neither Dynamically Stable
Hence it is numerically confirmed that for Dynamic Stability, in Complex root; (h < 0).

TOPIC 134: ALTERNATIVE FORMS OF COMPLEX ROOTS

Complex Roots are:
ry,r, = htvi
However, two more alternative forms exit: 74,7, = R(cos@ + i sinf) = Re*®
Therefore, three forms are there:
1. Cartesian Form (h + vi): Based on Quadrant — | of cartesian coordinates, with h on x-
axis and v on y-axis.

Examples: 3, 308

E+Tl

4(vV3 +1i)

2. Polar Form {R(cos@ * isin®@)}: Based on Polar Functions which have angles (0)
involved in them. Aka Triangular Form.

[ . . T
Example: 2 (cosg +isin E)

3. Exponential Form {Re*%}: Based on exponential function {e/®}.
Examples: 4e3

in
V2e F
De Moivre’s Theorem: If complex number has a power n other than 1, then all three forms can
be rewritten as follows:

Cartesian Form with (n # 1): It is easy as we simply raise the power of (h + vi) to n:
Exponential Form with (n # 1): It is also easy as we simply raise the power of (R e*?) to n:
— (R eiie)"
— (R)n(eiie)"
|Rnei(i9)n _ Rneiin9|
Observation: In Exponential Form, via De Moivre’s theorem, R is raised to R™ and et jg
raised to et(On
Polar Form with (n # 1): Using observations from Exponential form, raise R to R™ and 6
becomes n#:
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R no no
~ ~ Y )
R (cos 0 +isin 0)

|R" {cos (nB) + isin (n0)}|
Summarizing: Gathering all forms of Complex Number(Roots) under De Moivre’s theorem:

(h+vi)® = R"e*® = R"{cos (nO) +isin (nB)}
e —— N——————
Cartesian form  Exponential form Polar form

TOPIC 135: ALTERNATIVE FORMS OF COMPLEX ROOTS: INTERCONVERSION

Inter-conversion should be easy while remembering the basic trigonometric ratios:

Iragran:
Aals

er \base] i
= sin@ = cosfO 1 !
hypt ]
v
=siné = cos @
Rearranging;
= sin@ ,= cos 0:

l[u = R sin8|,|h = R cosf
Extracting value of @ from both

]
—

equations
0 = sin-1 (g) |6 = cos1 (ﬁ) Moreover, Pythzagorean Thzeorem also gu'ides: ,
R R (Hypotenuse)“ = (Base)“ + (Perpendicular)
v h 2 _p2 2
0 =sin~?! (—) = cos™! (—) R =h"+v
R R R =/ h% +?

3in
Example 6 (p-520): Find the Cartesian form of the following Exponential form 5e2 .
Solution: Rewriting the given Exponential form to compare with the standard form:

B2

Reiiﬂ

HereR:5,0=37”.

Cartesian Form: (h + vi); however, we don’t have values of h and v.
As already known: v = R sinf & h = R cos@

v = R sin[0] & h = R cos[8]; putting values:

, |3 3n
v=§sm&h:§cos

v=5(—-1)&h=5(0)
[v=-5|]&[h=0|
Returning values of v & h in (h + vi):

=04+ -5i
[Cartesian Form = —5i|
In addition to Cartesian form, Polar form can also be found:
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= { R (cos 0 +tisin 0 )}
el had had
given given given

5\ & 3
2 2
3 3
Polar Form = |5 {cos (7) tisin (7)}] @

Note: This equation can be further simplified to two numerical values, due to (1).

Example 7 (p-520): Find Polar and Exponential forms of the following Cartesian form (1 + v/3i).
Solution: Labelling the given Cartesian form and comparing with the standard form:

(W +13h)

(h £ i)
Here h =1, v = 3.

PoIarForm:{ R <cos (7] t+isin 0 >}

Ll L L
unknown unknown unknown

we have values of h and v to find value of R = / h2 + v2:

R= /(1)2 +(V3)"

R=2

{ 5 <cos g tisin g )}
unknown unknown
It's possible to find value of @ as well using [0 = sin™! () = cos™! ()

[R] [R]
0 = sin! <> = cos™1 ()

2]

0 =|sin™! <§> = cos™! (%)

6 =[60°] = 60°

{ R <cos (7] +isin 0 )1
e Ll L
calculated calculated calculated

R(cos 0 tisin 0)}

e oo
|Polar Form = {2 X (cos 60° + i sin 60°)}|

Note: This equation can be further simplified to two numerical values, due to (1).

In addition to Polar form, Exponential form can also be found:

Exponential Form (Re*'?):

calculated calculated
”~ . -
R eit [’}
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= Zeii
0 can also be written in terms of , as (60" = % = g)

= Zeii()

+i(3)
Exponential Form = 2e—\3

Hence, interconversion among the three forms (Cartesian, Polar & Exponential) is possible using
the formula given above.
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Lesson 31

A MARKET MODEL WITH PRICE EXPECTATIONS

TOPIC 136: A MARKET MODEL WITH PRICE EXPECTATIONS: FRAMEWORK

In a simple market model:

Q =f P) Q;, =f (P)
— —— —— —
Current current Current current
quantity price quantity price
demand supply
Current quantity demanded depends only on Current quantity supplied depends only on
Current Price. Current Price.

However, in real-life, trend of price-change can affect the Q4. Trends help in forming (price)
expectations which affect the current Q.
Trends show how the changes in variable takes place. i.e.

1. (%)>0 1. (£)>0
2 (‘fo) >0 2. (‘f;f) <0
il &)

Trand:
1 Percoalng ouer dhe

2 Imcraasing cver ime ak
Dz iaanriinng iila

Trend:
1. Increaasdng ovar ime

2. incaanung over ime ai
Ineaueing ia

o i o3
‘.-‘
k
| L
dpP dpP
o (G) - (G)
a <0 dr <0
d-p da-p
2 (Gz)>0 2 (qz)<0
R Trand: P
\\\-‘ 1 Decraming cowr Bms Trirsd:
2. Diecneasing over dme ot 1. Deoreacing oewrtime
Insrearing rvie 3. ODuzreumnyg oeur bme ai
-, Cecreasng raie
i
5 ¥

So, the Trend can be understood from 2 points.
o . . . . (dP

1. Is price increasing or decreasing over time — Rate of change of price (E)'

2. Is Rate of change of price increasing or decreasing over time — Slope of Rate of

change of price {% (';—’:)}.
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Mathematically, the trend is measured can be measured via 1%t order and 2" order
derivatives and the new demand and supply functions will be:

’
Price—Trend
dP(t) d2P(t)
Q =f{Py, =2 , 0 4
— N——
Cuu;;tei?t a;zs:t Rate of Slope of Rate
qdemamji] price—change of price—change
\ over time over time
’
Price—Trend
dP(t) d2P(t)
o, =f{P@p, =&, FB
— = N — N——
Cuu;;tei?t a;zs:t Rate of Slope of Rate
a . y price—change of price—change
supplied L X .
over time over time
Current quantity demanded and quantity demanded depend not only on Current Price, but
also the Price-Trend.

Writing the general equations of the price expectations augmented @, and Q; functions:

effect of
current effect of
price Price—Trend

—~ —P
Qi=a —pP +mP +nP"” |(apf >0)
—_ — ———_—

Simple Demand Pprice expectations

function augemented
effect of
Current effect of
Price Price—Trend

Qs =—-y +6P +uP +wP’ | (y,6>0)
Simple Supply  DPrice expectations
function augemented
a, B, vy, 8 are the conventional parameters, however, m, n, u and w are parameters generated
by terms of price expectations.
Assuming price expectations in demand function only and not in supply function:
simple buyers have
demand function  price expectations
— _ ! "
Qi=a—pP + U}P +n p
#0 #0

Effect of m and n: If m > 0, @41, as buyer is expecting the price to increase over time and
consider it cheaper to buy now.

Similarly, if n > 0, Q4 will 1 even faster as rate of price-increase is increasing over time.
simple suppliers have no
supply function price expectations

Q;=-y+ 6P+ EP’+‘3P”
=0 =0
Therefore, we have modified market model with price expectations:

Qs=a— [P+ mP' +nP"
Qs =—y+ &P

TOPIC 137: A MARKET MODEL WITH PRICE EXPECTATIONS: SOLUTION

Assuming Market-Clearing at all points in time (Q4 = Q).
a|—BP|+ mP’ + nP" = —y|+8P
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@P" + mP'[-pP — 8P| = ~a—y

Normalizing the equation by dividing by n.
P + ( )PI { (B+8)}P — —('1+Y)

Comparing with the standard form of First Order Differential Equation
y'+ay +ay=>b
P+ (%)I:J’ + {— @}5 = ( “+y) comparable with
yoogTy T yo T
Here;y =P,y' =P',y" = P", al—— a, = (BZ‘S) b——(‘HY)
Particular Solution: Particular squtlon of a Second Order Differential Equation y,, has three

cases. Starting from 1% case; a, # 0.
>0 >0
(7+%)

(n # 0), since buyer is assumed to have price-expectations. Therefore, the expression —

0. Therefore, we use the Case — | of the y,, = L

Here; a; = —

; B and & are already known to be positive. n is considered to be non-zero

Y=

(B+5) +
n

_(a+y)
_ n
» =" (B +o
_aty
»“81s

Interpretation: Since all parameters; a, B, y and & are positive constants, so y, will also be a
constant value. Therefore, a Stationary Equilibrium will be there.

TOPIC 138: A MARKET MODEL WITH PRICE EXPECTATIONS: POSSIBLE CASES

Depending on the value of discriminant, the nature of roots of characteristic equation gets defined.
This gives rise to three cases of complementary functions:

—a, + | a% —4a,
| S —
discriminant

2
aj —4a, Z 0 OR a? 2 4a,

Y =rTrr =

1. Distinct Real Roots (a? > 4a,): Here; a; = %,az =— (B:‘s) , b=— (“:y) so substituting
the values, we get:

> 4]

2 +46

(%) S a4l (Bn )
my2 +6
(;) S 4 B * )

Forming the complementary function with Distinct Real Roots:

P, = Ael 4+ 4,el2)

Boxes avoid clutter:
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2
where, )= {2+ () +4(59)]
Accordingly, General Solution is:

a+
P(t) = Alerlt + Azerzt + (ﬁ—y>
F e B

PC N— ———
Pp
m (B+6) a+y
2. Repeated Real Roots (a? = 4a;): Here; a; = —ay=—"——, b= ( . ) so substituting
the values, we get:
= 4[]

m, 2 +48
(_) _ 4l B +98)

n n

m, 2 +4

(_) _ 4 (B +9)

n n

Forming the complementary function with Repeated Real Roots:
P, = Aze™* + A te™t

Where,r:% _%i\/(%)2+4(¥)

0

n
m
= “2n
Substituting the value of r in the complementary function (y.):

P, = Aget + Ay 2l

— ( Znt) + ( Zn)
PC = Age A4_te
ACCOldilleg, Ge||e|a| SOIUtion iSZ

_mt _mt a+y
P(t) = A3e( Zn) -|I:A4te( Zn) + (ﬂ = 5)
c —P,—/p

3. Complex Roots (a? < 4a,): Here; a, —% a,=—89 p_ (“Zy) so substituting the
values, we get:
< 4[]

my2 +6

(_) <4 B+

n

my? -|1—l6
( ) < 4B+

Forming the complementary function with Complex Roots:
P, = el (4 cos[ult + Ag sin[U]t)

Where, h = — ! 4@z - (@)’

hz_@,v=;j—4%”—(@)2
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_m _1 B+8 m\2
h=—5ab[? _E\/_4(T) -(7)
Accordingly, General Solution is:

a+
P(t) = et(AS cos[v]t + Ag sin[v]t) + (ﬁ +)¢;)

Pe AL
Py

_m a+
P(t) = et(A5 cos[v]t + Ag sin[v]t) + <ﬁ +]¢;)
P, h_/Pp

Parametric Interpretation for Dynamic Stability:
Parameters involved: , §, m and n

Given stipulations: > 0,6 >0

Therefore, the dynamic stability depends on values of m and n.

As n is in all of the terms i.e. (%) (%)2 and {—4 (%)} its importance is pivotal in determining

the nature of roots as well as dynamic stability.
Dropping the possibility n = 0, as the result of terms given above will become undefined.

Pivotal Role of (n) and secondary role of (m) in Dynamic Stability

n>0

n<o

Only Distinct Real Roots can exist.
(rl > 0, r, < 0)
(Dynamically Unstable)

All Cases can exist:
1. Distinct Real Roots, dynamically
stable if (m < 0).

Can be Dynamically Stable only if (4; = 0). 2. Repeated Real Roots,
P.=A.e"t + A,e™?! dynamically stable if (m < 0).
+ve —ve 3. Complex Roots, dynamically
Pi=A;x et! +A4,x ™! stable if (m < 0).
-0 =0 exponential +0 exponential
growth decay
=0 -0

Conclusion: Dynamic Stability is ensured if {(n < 0) A (m < 0)} with the exception of where

TOPIC 139: A MARKET MODEL WITH PRICE EXPECTATIONS: NUMERICAL

Example 1 (p. # 530): Let the Demand and Supply Functions be:

Qi:=42—-4P—-4P' + P"

Q,=—6+8P

With initial conditions P(0) = 6 and P'(0) = 4. Assuming market clearance at every point of time,
find the time path P(t).
Recalling the standard form of expectations-augmented demand and supply functions:

Qi=a—pBP+mP +nP"

Q;, = -y + 6P+ uP' +wP"
Comparison gives:

a B m n
~ ~ —_— ~
Q:=42-2P+ (4P +(1)P"
Qs=—g+§P 9P'+2P”
14 ) u w
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Therefore,herea =42, =4,y=6,6=8,/m=-4<0||{[n=1>0|,u=0,w=0.

Double Boxed value of shows that only Distinct Real Roots are possible. It also
confirms that r; > 0 and r, < 0.

So dynamic unstability is present unless A; = 0.

Therefore, we solve the system to get definite solution which evaluates A; and 4,. Consequently,
possibility of A; = 0 can be checked as well.

Distinct Real Roots: r, 1, = %{_E + \/(2)2 +4 (@)}

n n

1| (-4 —4))®  (4+8
-G (G Y

Accordingly, General Solution is:

a+y
P(t)=Ae"t+ A e72t+(—)
() = 417" + Ape™ B+6

Pp
42+ 6
P(t) = A1e®t + A,eCDt + { }

4+8
Pc
Py

[P(t) = A5 + Aye2" + 4]
Definitizing the General Solution by introducing the initial condition; (t = 0):
P(0) = A,e%©® + 2,e72® 1 4
——

given

P(0) = A€’ + A,e® + 4
N——r

6
6—4=A1+A2

Differentiating the General Solution for introducing P’'(0).

d d
E{P(t)} = E(Aleﬁt + Aze_Zt + 4)

d d d
’ _ 6t _ -2t —
P'(t) = dt(Ale )+ T (A7) + 7@

P'(t) = A1(6)e® + A,(—2)e® + 0

P'(t) = 64, — 24,e%
Substituting the initial condition for First Derivative of General Solution; P'(0):
P'(0) = 64,e°® —24,¢%®

P'(0) = 6A4,e° — 24,¢€°

given
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P'(0) = 64,(1) — 24,(1)
4

|4' — 6A1 - 2A2|
Simultaneously solving the resultant equations:
2:A1+A2,4':6 Al —ZAZ
N ——————

=
A1=2-4, substituting
value of Ay

4=6(2-A4,) 24,
4=12 - 64, — 24,
4-12 = -84,
To find A4, plugin the value of 4, in A; = 2 — Ajy:
Aj=2-1
Returning the values of A; and 4, in General Solution:
P(t) =[A|e® +[A]e " + 4
P(t) =[1]e% +[1le7%t + 4

[P(t) = €5 + e72 + 4|

Interpretation: As already observed, (n > 0)A(4; # 0), only dynamic unstable price time-path

with Distinct Real Roots is possible. Specifically, the dynamic unstability in Definite Solution is
due to the presence of a +ve root (r; = 6).
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Example 1 (p. # 531): Let the Demand and Supply Functions be:

Qs=40-2P 2P —P"

Q,=—-5+3P

With initial conditions P(0) = 12 and P’(0) = 1. Assuming market clearance at every point of
time, find the time path P(t).
Recalling the standard form of expectations-augmented demand and supply functions:

Qs=a—BP+mP' +nP"

Q;, = -y + 8P+ uP' +wP"”
Comparison gives:
n

« B
Q:=40-2P+(=2)P' + (—1)P"
=-3
Y

E

+3P+2P’+9P”

u w

>{

Therefore, herea =40, =2,y=5,6=3,im=-2<0||[n=-1<0|,u=0,w=0.
Double Boxed value of shows that any of three types of Roots are possible.
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Single Boxed value of in addition to (n < 0) shows Dynamic Stability in any of the
cases. For deciding which case is present here, we apply the test for nature of roots.

Therefore, we apply the test: a3 = —4ay. However, here the given parameters are m, n, g and
8, so the test will appear as follows:

m 2 B+ 6)
(—_2)25 4(21-13)
( )5_4 —1
16 < 20

complex
roots

e (@) +4(59)

1| (-2 [(=2)*  2+3
Ty ‘——nij{m} ()

2|3

Complex Roots: r,r, = h+ vi = %{_

Substituting the values:

Extracted values: |h = —1|and [v = 2].
Accordingly, General Solution is:

a+
P(t) = e (A;5 cos[u]t + Ag sin[U]t) + (B +):$)
P. T
P(t) = et(As cos[2]t + Ag Sint) +9
P. P

|P(t) = e {As cos(2t) + Ag sin(2t)} + 9|
Definitizing the General Solution by introducing the initial condition; (t = 0):
P(0) = e~ [A45 cos{2(0)} + A sin{2(0)}] + 9
given
I:@ =1 X {As cos(0) + A sin(0)} + 9
12

12 = {As(1) + 44(0)} + 9
12 =A5+9

Differentiating the General Solution for introducing P’'(0).

2 (P(0)) = 2 {le~)As cos(2t) + A sin(26)} + 9}
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h(x) g(x) h(x) g9(x)
—~—— —~——
P'(t) = = |[e] {45 cos2D)} | + = |[e ] {6 sin(20)} | + 5 (9)
product rule product rule

d d
P'(t) = a(e‘t) x {As cos(2t)} + As E{cos(Zt)} x (e™h)

—et —2xsin(2t)
d_ _ . d_ . _
+ i (e™)) x {Agsin(2t)} + A6E{sm(2t)} x (e™h

—et 2xcos(2t)
P'(t) = [—e t x [{A5 cos(2t)}] + As{—2 x sin(2t)} X (e™Y)]
+ [—e7t X {Agsin(2t)} + Ag{2 X cos(2t)} x (e7Y)]
Substituting the initial condition for First Derivative of General Solution; P'(0):
P'(0) = [{=e=@} x [45 cos{2(0)}] + A5[—2 x sin{2(0)}] x {e"@}]
+ [{—e~ @} x [46 sin{2(0)}] + Ag[2 x cos{2(0)}] x {e~V}]

P'(0) = [(Z11) X [As5 cos{2(0)}] + As[—2 x sin{2(0)}] x (1)]
given
+ [(E11) % [Ag sin{2(0)}] + Ag[2 x cos{2(0)}] x (1)]
P'(0) = |[=145 cos(0) + A5 {—2 X sin(O)}] + [{EAG sin(O)} + Aq {2 X cos(O)}]
' 1= [(—1145 x 1)+ Ag(—2 ><00)] + [(—A4g X 0) -EAE,(—Z X 1)] '
1=(-As+0)+ (0 —24¢)
[1=—A5-24,]
Simultaneously solving the resultant equations:

As = 3|,[1=—A45 — 24,
.=

3

To find 4, plugin the value of A5 in 1 = —A5 — 24,:
[45 = 3] [1 = -3 — 24]

—24¢=-3-1

Returning the values of A5 and 44 in General Solution:
P(t) = e *{[A5]cos(2t) +[4¢]sin(2)} + 9
P(t) = e7t{[3]cos(2¢) +[2]sin(2t)} + 9

P(t) = e: 3 cos(2t) + 2sin(2t); + 9

dampening \ wave like fluctaution equilibrium

Interpretation: As already observed, (n < 0) A (im < 0), dynamic stability is present in the
price time-path. Specifically, the time-path will be fluctuating as well as dampening.

©Copyright Virtual University of Pakistan 247



Mathematical Economics II (ECO607) VU

21
15
1
5
-Ti b 3 10
©Copyright Virtual University of Pakistan 248

vulearninghub.xyz | by VU Learning HUB



Mathematical Economics I (ECO607) VU

Lesson 32
PHILLIPS CURVE: THE PHILLIPS RELATION

TOPIC 140: PHILLIPS CURVE: THE PHILLIPS RELATION

The Interaction of Inflation and Unemployment

An application of the second-order differential equation with a macro model dealing with the
problem of inflation and unemployment.

Phillips relation is the most widely used concepts in the modern analysis of the problem of inflation
and unemployment.

Original Phillips Relation:

Its original formulation depicts an empirically based negative relation between the rate of growth
of money wage and the rate of unemployment:

10-

- Curve fitted to 18611913 data

1]
|

o

(percent per year|
N b

Rate of change of money wage rates

Unemployment (percent)
@) <o
Here, w: Rate of Growth of Money Wage (W).

w =

SIS

U: Rate of Unemployment.

Adapted Phillips Relation:

Unemployment pertains to labor market. However, later version of Phillips Relation uses inflation
rate instead of wage rate.

Its intuitive as, increasing w increases the cost of production, which causes (cost push) inflation

(P):

lw 1= 1 (cost of production) = 1 p|

Here; p is the rate of growth of ianation(P = Z—’:).

P
p= P
Dual Effect of Increased Money-Wages:
w1
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\(}
Productivity [T] = (%) 7
U
Per unit Cost (%) ! U

U

Cost of Production (C) |
y

m m

Effect of Productivity on Inflation | Effect of money-wage on Inflation

prl pw

pPriZpw’t
Outcome of Off-setting between inflation increase & inflation decrease

Therefore, introducing the role of productivity (T) in the link between money-wage (w) and
inflation (P):
1
wew)  (px)
p= - I
exogenous  exogenous
Original Phillips Relation: w = f(U). Assuming a linear relationship, we get:

w=[a=p0

p=a—pBU-T
lp=a—T—BU| (a, B > 0)
Interpretation: From the Original Phillips Relation, we have derived the Adapted Phillips
Relation. Where, Productivity (T) and Unemployment rate (U) can negatively affect the inflation-
growth rate (p).

Substituting value of win p = [w]—-T:

TOPIC 141: PHILLIPS CURVE: EXPECTATIONS AUGMENTED PHILLIPS RELATION

More recently, economists have preferred to use the expectations-augmented version of the
Phillips relation:

|w=f(U)+g1't| (0<g<1

enchanced ef fect
of inflation
expectations
onwages

w=fU)+g n

expected rate

of inflation
Nobel laureate Professor Friedman, suggests that if an inflationary trend has been in effect long
enough, people are apt to form certain inflation expectations which they then attempt to
incorporate into their money-wage demands. Thus w should be an increasing function of .
Inflation Expectations can also be incorporated in the Adapted Phillips Relation (p = a — T — BU):
p=a—T-BU
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inflation
expectations

p=a-T—-BU+ gn 0<g<1)

Formation of Expectations — Adaptive Expectations:

After introducing m, it's meaningful to assess how m are formed. Here, we assume Adaptive
Expectations hypothesis instead of rational expectations hypothesis.

Note: Adaptive Expectations are when one makes forecasts of future values of a variable using
only past values of the variable. Rational expectations are when forecasts of future values are
made using all available information.

Adaptive Expectations can be assessed by rate of change of expectations. Therefore, we
calculate the derivative of Expectations variable (r):

actual rate expected rate
of inflation of inflation
dr = fingl f infl
I P - 4
dt
N
Rate of
change .Of discrepancy
expectations

dnt _ .
= L |e-m 0<j<1)
adjustment
coefficient
The discrepancy term (p — ) can have following possibilities:
Actual Inflation exceeds Actual Inflation equals Expected Inflation exceeds
Expected Inflation Expected Inflation Actual Inflation
(p > m) (p=m) (p <m)
Upward revision of Expected | No adjustment needed. Downward revision of
Inflation needed. Expected Inflation needed.

Interpretation: Inflation Expectations are incorporated in the form of Expected rate of inflations
(). While Adaptive Inflation Expectations is introduced using the derivative of m.

TOPIC 142: PHILLIPS CURVE: FEEDBACK FROM INFLATION TO UNEMPLOYMENT

Expectations-augmented Phillips Relation & Adaptive Expectations Hypothesis, can serve as a
two-equation system with two endogenous variables ([p] &])and one exogenous (U):

[p]=a—T—-BU + g[m] (0<g=<1)

Expectations—augmented Phillips
Relation

B j@-m ©0<js1

Adaptive Expectations
Hypothesis

U can also be explained like p and m, so the model becomes richer in behavioral characteristics.
Feedback Effect of U: Explaining U can help us understand the feedback effect of inflation on
unemployment (U 2 p).
1. U - p: Expectations-augmented Phillips relation is based mostly on supply side and deals
with U - p:
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w (labor
cost)

—_——
BU —
D
supply
side

p=a-

inflation
expectations
~
gm
Eoad
supply
side via
w—increase

productivity
~
T
supply
side

_|_

supply side ef fect on inflation

2. U < p: However, the Feedback effect on unemployment on inflation can be through:

Feedback Effect: |U < p

Demand Side

Government Intervention

Fiscal Policy

Monetary Policy

p?t

AG 1: (given p)

AM T: (given p)

U

U U

A(Consumption-Saving
Pattern)

A(Real-Expenditure)

A(Real Money)

U

U U

A(AD)

A(AD) A(AD)

U

U U

A(U)

A(D) AU)

U p

For simplicity sake, we consider Monetary Policy channel only.

Let M be the nominal-money balance.

m= % be the rate of growth of nominal money balance.

Recalling the Monetary Policy channel:

« A(AD) < [A(Real Money)| < A(M)

|A(U)| « |A(Real Money)|

Mathematizing the same:

(

du 1
E) “m—p)

du
dt

rate of change

of unemployment

M
(7)
~ umt—
:_’f (m —p)
N e’
constant of  rate of growth
proportionality of real money

k>0

Expression (m — p) can be explained as follows:

(m—-p)=

Rate of growth of real money = T(M)
P

Interpretation: Feedback effect of inflation on unemployment is developed: 'z—l:

a-1la~2

M
M
=Tm—Tp

Negative relation exists between the two variables.

—k(m —p).

TOPIC 143: PHILLIPS CURVE: TIME PATH OF EXPECTED RATE OF INFLATION

After developing feedback effect (monetary policy) of inflation on unemployment, we have a
system of equation, rich in behavioral characteristics:
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du

g = k@ -—p)
Including Expectations-augmented Phillips Relation:

p=a-T-pU+gn

we get a system of equations with the three variables r, p and U.
Time Path: Two of the three variables need to be removed to get a time-path of the remaining
(single) variable. We remove p and U in step — | and step — Il, respectively.
Step — | (Remove p):

Given the Adaptive Expectations Hypothesis: % =j([p]-m), we substitute
Ip=a—T—-BU+ gn|

le—,tt=j(|a—T—ﬁU+g1t|—n)

am  i@-T—pu+ )
a2 - J@ BU + g —m

dnmt
5 =ja—T-pU+(g-Dm)
dn
7 ~J@—T-pU)+jlg-Dm
p is removed,U remains
Step - Il (Remove U): Substitution of U is not straightforward, as value of U is not available.

Instead, we have ('Z—Z). So, we create (‘Z—It]) by differentiating the given equation with U:

d’n  d ,
T a{](“ —T - plU]) +j(g - D}
d parameter 39509:”0“5 =££t) d (/parameter =f(®)
=jxo a - T -p][U] +]XE{< g —1) n}
d’m . d . d
ez X (—ﬁ)a(U) +jx(g9— 1)5(”)
d’m . |dU ritg—1) dn
az - P |a 1g dt
femck
effectof
ponU
dZTl' p reintroduced dr
e - B k|im- [p] tilg-D;
U removed
d’n dm

<z = IBkm — jBKP]+j(g -V

To remove p again, we recall ‘;—': = j(p — m) and rearrange to get p in terms of T & %.

E7=(P—ﬂ)
dm1
E]—_-Fﬂ,':p

dm1
p=E]—,+n'
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Substituting the reintroduced p to replace it with T & ‘;—7:
2

dn__k _k<dn1+)+_( 1d1‘l’
gz ~JBkm —jBk|(_ -t )|+ jlg -1

dt j
d’n ] dm1 ) ] dm
2z = ipkm — ik ()| s +is - D g
JE)) f(x) JC))
Cr_ lem — Bl dn 'kfg)+'( 1 dn
iz —JBkm—Bk| — | —jBk| W |+j(g ) qr

potential second order dif ferential equation
d*n

dt2+ﬁk(d> —Jj(g - 1)( )+]Bk1r jBkm

n
P O 0y (5 )+mk (m) = jpm
Here, a; = {Bk — j(g — 1)}, a; = jBk, b = jBkm
Particular Solution: y,, = L2 |f a, # 0.
>0>0>0
Herea, = j B k # 0. So, we can use y, = —
>0

j—Bkm
Bk

a;

Here m, =
Tl'p =m

Interpretation: Thus, in this model, the intertemporal equilibrium value of the expected rate of

inflation () hinges exclusively on the rate of growth of nominal money (m).

Complementary Function: For choosing among the three cases of complementary function, we
test for the nature of roots.

Nature of Roots: Deploying |a3 = 4a,

Bk —j(g - 1} 2| 4GBk)
Perhaps it is not possible to confirm one of the three possibilities , given the parametric

restrictions of symbols B, k, g and j. So, we assume the possibility of any of the nature of roots
i.e. Distinct Real, Repeated Real and Complex Roots.

Formula for Roots: r;,r, = %(—al + /a{ - 4a2>

( +ve

+ve

Here,a, ={Bk—j| g —1 |} > 0and a, = 4(jBk) > 0
<1

—-ve

\ J
Dynamic Stability: It all boils down to question of dynamic stability of all three cases:
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<a,
( ’——\
-a, % a: — 4a,

ry(—ve) +ve /

Since, both r; and r, are —ve, the time-path will be dynamic stable.

~

Ii- Repeated Real Roots: 14,7, :% -a; + a3 — 4a,

=
r=—3<0 =0
2

Since, r; and r, are equal and —ve, the time-path will be dynamic stable.

N | =

i- Distinct Real Roots: r,,7, =

v

h —— |
a1
ii- Complex Roots: ry, 1, = | -5+ ai — 4a,

—————
—ve

real
part N —
\ imaginary /
part
Since, h = —= < 0, the time-path will be dynamic stable.

Caveat: In this derivation, time-path of expected rate of inflation was calculated. However, one
can do it for other variables (U&p) as well.

TOPIC 144: PHILLIPS CURVE: TIME PATH OF EXPECTED RATE OF INFLATION -
NUMERICAL

Example: Let the three equations of the model take the specific forms:
Expectations-augmented Phillips Relation: [p = a — T — BU + gm|

1
p=(—)—§U+(1 /4
B

-
)

a
Adaptive Expectations Hypothesis: dm _ jlp—m)

Feedback effect of Inflation on Unemployment: Z—g =—k(m—p)
du (1)( )
a~~\2)" P
k

The givendata; 3 =3,g=1,j = % and k = % Values of a4, a, and b can be found by using:
a,=pk+j1-g) a, = jBk and b =jBkm
a=@G)+:a-0  &=()®F wmd b=(@Fm

alzg azzg and b=(§)m

Particular Integral (m,): m, = a% as (az = % + 0)
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)m

Tl'p:—

o= RN)

N—

£
8

Interpretation: Thus, in this model, the intertemporal equilibrium value of the expected rate of
inflation () hinges exclusively on the rate of growth of nominal money (m).

Complementary Function: For choosing among the three cases of complementary function, we
test for the nature of roots.

Nature of Roots: Deploying |a? = 4a,

Complex Roots are present in this case.

Formula for Roots: 1,1, = %(—al + /ai - 4a2>
2

=3{-Q) (&40

i
1 /3y N3 -
rure=-(5) () £(G)7 7
3 3
T1,T2=—Ziz\ﬁ
" v

Substituting the extracted values h = —% andv = % in the complex root case of y,:

. = el (A; cos [v]t + Ag sin[v]t)
T, = et (As cost + 4¢ sint)
T, = e(_%)t {As cos G t) + Ag sin (% t)}
General Solution 7(t): We already know; m(t) = T + , S0 by substituting:

(t) = e(_%)t {As cos (Z t) + Ag sin G t)} +[m]

Interpretation: The time-path of Expected Rate of Inflation-growth (@), is

n(t) = e(_%)t {As cos G t) + Ag sin G t)} + m|. It is dynamically stable as h = —% < 0. It has

a fluctuating time-path converging towards equilibrium value of m.
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TOPIC 145: PHILLIPS CURVE: TIME PATH OF INFLATION - NUMERICAL

Time-Path of Inflation (p): Easiest possible method of finding p(t) should be based on simplest
equation containing p and already solved variable (m). i.e. % = j(p — m).

dnl_( )
dtj_p T
dn1+ _

dt j T=p
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Not given already
calculated
dT[ —
p@®) = || T+ _m@®
time—path — time—path
of p derivative of w
of m(t)

Therefore, we need to calculate ( ) before finding p(t), by differentiating m(t) w.r.t ¢t.

a{n’(t)} =1 [e( 3) {AS cos G t) + Ag sin (% t)} + m]

9(x) h(x)

d{n(t)} d| ( ) 3\ d
dt _ dt {AS cos (4 t>} T
darm product rule
dt -

r g(x) h(x)

t e(_%)t{'% sin (i >}

product rule

Z—'z = %{e(_%)t} X {AS cos G t)} + %{As cos G t)}

X {e(_%)t} +

%{e(—%)t} % {A(, sin G t)} + %{A(, sin G t)} X {e(_%)t} +0

dr_|(-3) e(=3)t| x {ascos (Ft)} +|as{(—3)sin (5¢)}|x {e(_%)t} "

exists in m(t)

(=2) el x {agsin (2)} + [ac B o5 C))| x e ]

2 (2ol fron ) s (G (D

exists in (t)

() acm G+ 4e{ () on ) [+

exists in (t)

exists in w(t)

= () e x fas cos (50)) + () ) x [agsim (o)) + [

fel- 1 4 {(3)[cos (o) x el

common exists in t(t)

exists in n(t) 'l

dt 4

@z(_i)e<—%>tll{,45cos(;t)} tgsin2 Jl

common

e[ f(-3)

devoid
IS
J dt

(-2)[sin

ar = () [fascos (G1)) + esin G

) (B )

D<o G

Recalling the main purpose i.e. p(t):
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recently

calculated previously
calculated

dT[ ——

p®) = |57 x-+ m(®)
= dt —_—
time—path — time—path

of derivative of

p of m(t)

p(t) =

] [ ‘{45 cos(3t) + Agsin (3t }+m]

w(t)

p(t)

(=)l [{ascos Go)} + {assin GO + el [ac {(-2) sim (o)) + 4c {2)cos (o)}

3
4

- [<_ 2]) el (a5 cos (o)) + faasin Ge)f] + e s (- B sin G o)+ e f (3] cos G

ol

g e {ascos (5) + agsin G} +m
e e e ] N e D R e

(_é)t 3 . (3
+e\ 4 {As cos (Zt> + Ag sm(zt)} +m

g B e e R )

{As cos (4 )} ( ) {A6 sin (Zt)}+m
p() = - {As cos G t)} - e( ) {A6 sin G t)} —e(_%)t {AS sin (% t)} + e(_%)t {A(, cos G t)} +
e( W)t {AS cos( )} ( W) {Aﬁ sin (4 t)}

p(t) = —e(_%)t {AS sin G t)} + e(_%)t {A6 cos (Z t)}

common

p(© = el [[agsin (o)} + {agcos (o)) + m
p(t) = e(_%)t {A6 cos (; t) — Ag sin G t)} +m

Interpretation: The time-path of Actual rate of inflation-growth (p), is

p(t) = e(_%)t{AG cos G t) — As sin G t)} + m|. It is dynamically stable as h = —% < 0. Like

time-path of Expected rate of inflation-growth, p(¢t)has a fluctuating time-path converging

towards equilibrium value of m as well.
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TOPIC 146: PHILLIPS CURVE: TIME PATH OF UNEMPLOYMENT — NUMERICAL

Time-Path of Unemployment (U): Feedback effect of Inflation on Unemployment is: p =
3U +m.
Rewriting it for U, we get: 3U = %+ T—p

=

1 @™ p

U=1873"3
U= 1( )+ 1
“3 TP Ty
Given the time-paths of w and p, we can get time-path of U.
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1 1
U=3@-P)+3

converted to

time—path =
IT(B = %[ e('Z)t {As cos( ) +A6sm(it)} +m|—
e(_%)t {A6 cos G t) — A; sin G t)} +ml|| + 1—18
00 =310 a5 cos () + Agsin () +m — Ao cos (1) ~ i (30) -] 5
U(t) —§ (-2 [Ascos(i ) A6cos( )+Aasm(i ) Assm(3 )] +—
common
u(e) =% (=3)e (4s —A6)cos( )+ (Ag — A5)sm( t) +—
“common
_1 (3 3 . (3 1
U = 3¢ 2 [(As — Ag) {cos (Z t)} + (44 — Ag) {sm (Z t)}] + 1—3
U, U
Interpretation: The time-path of Unemployment ] ) is

3
Uut) = %e(‘Z)t [(A5 Ag) {cos( )} + (A — As) {sm( )}] + —|. It is dynamically stable as
h= —% < 0. Like time-paths of Expected & Actual rates of |nflat|on-growth {r(t),p(t)}, U(t)has

a fluctuating time-path converging towards equilibrium value of (%)
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-30 =40 -1 1] 20 30
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U converges to the constant (1—18) regardless of the rate of growth of nominal money (m) and

hence regardless of the equilibrium rate of inflation. This constant equilibrium value of U is referred

to as the natural rate of unemployment (Uyg).
Replotting, the Phillips Relation using Uyg. We get vertical straight line parallel to the p-axis.
That vertical line relating the equilibrium values of U and p to each other, is known as the long-

run Phillips curve.
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Long-Run
tiflatict Phillips Curve
Short-Run
Phillips Curve
‘lll.-.-_-___
Unr=(1/18) Unemployment
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Lesson 33
HIGHER ORDER DIFFERENTIAL EQUATIONS

TOPIC 147: DIFFERENTIAL EQUATION WITH VARIABLE TERM

Second Order Differential Equation with constant coefficient and constant term:
y'o+ e y®O+ a y= b

constant constant constant
coef ficient coef ficient term

What if: instead of b, there is a variable term {f(¢t)} in terms of ¢.
constant—coef ficient variable—term dif ferential equation

y'o+ a yO®O+ a y= f@

constant constant th:n=0
coefficient .coefftczent (yp) Shall
no change on L.H.S = (y;) remains unchanged, change

as it always depends on r2+a1r+a2.

Solution: Such situation calls for a certain method, known as Method of Undetermined
Coefficients.

Pre-condition: Method of Undermined Coefficients requires that the variable term and its
successive derivatives together contain only a finite and distinct types of expressions:

Function & its | Finite & Distinct | Infinite & Repetitive Type of Expressions
Derivatives Type of
Expressions
y(t) 6t2 —t—1 2e 4 sin(t)

y'(t) 12t -1 —8e # cos(t)

y'® 12 324 —sin(t)

y'"'(®) 0 —128e~* —cos(t)

y'""'(t) —

Numerical Example: Find the Particular Integral of:
y'®+5y@®)+3yt)=6t>—-t—1
;: E; variable term
f@®
Here,a; =5,a, =3 and f(t) = 6t> —t — 1.
Here, particular integral (y,) is calculated differently due to change in L. H.S.

must
LHS be equal R.H.S

y'O|+5y®+3y®)| = 62—-t—1
y(&),y' ()& yr1(t) interms of (t) in?etf:i?;‘t)t}lfc(t)

Both sides are in terms of (t), however, the degree of polynomial on L. H. S is not explicit.
Equality (=) requires that if R. H. S is quadratic in terms of (t), then L. H. S should also be quadratic
in terms of (t). So, we assume a (trial) general quadratic function that could satisfy

[y(@®),y'(®) &y"(D)] on L. H.S to satisfy equality: |y(t) = B1t? + Byt + Bs]
Developing y'(t) and y"' (¢) for the given (y” (®)|+ 5|y’ (®) |+ 3|y(D)| = 6t —t — 1).

y'(t) = 2B,

Since y(t), y'(t) and y''(t) are now symbolized, we substitute them on L. H.S:
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L.H.S
R.HS

ly"@®|+ 5y’ ®|+3y@®|=6t2—t -1
L.H.S

R.H.S

[2B1]+ 5[2B1t + B;|+ 3|B1t? + Byt + B3| = 6t2 —t — 1
L.H.S R.H.S

2B, + 10B t + 5B, + 3B t> + 3Bt + 3B; =6t —t — 1
LH.S R.H.S

3Bt? + 10B;t + 3Bt + 2B, + 5B, +3B; = 6t2 —t— 1

LH.S R.H.S
(3B)t?* + (10B; +3B,)t + 2B, + 5B, +3B; = 6t2 —t — 1
L.HS R.H.S

(3B)|t? + (10B; + 3B)t + (2B, + 5B, + 3B3) = [6]t? + (1)t + (1)
Comparing the coefficients of t? & t and the constants on both sides of?uation:
(10B; + 3B,) = (-1) (2B; + 5B, + 3B3) = (1)
B, =2 10[2]+ 3B, = -1 2[2]+5(=7)+3B3 =—1
B, =2 20+ 3B, = -1 4—-35+3B;=—-1
B;=2 B, = -7 B; =10
So, the Undetermined coefficients are now determined.
Substituting B,, B, and B in y(t) = B{t? + B,t + B3 assumed above as the (particular) solution.

y(®) = )" + (=7t + (10)
Yp

yp =2t2 =7t +10
Interpretation: So, the particular integral of the ‘constant-coefficient and variable-term second
order differential equation’ |y"'(t) + 5y'(t) + 3y(t) = 6t> —t — 1|is Yp = 2t — 7t + 10|,
Method used to find (yp) is Method of Undetermined Coefficients. Whereas, (y.) can be found

using methods same as ‘constant-coefficient and constant-term second order differential
equation’.

TOPIC 148: DIFFERENTIAL EQUATION WITH VARIABLE TERM — A MODIFICATION

Sometimes, ‘constant-coefficient and variable-term second order differential equation’ {y" (t) +
ay'(t) + a,y = f(t)} lacks term(s) on L. H.S. Under this situation, the Method of Undetermined
Coefficient is applied with a Modification: We experiment with a numerical example:
Numerical Example: Find the Particular Integral of:
y'(®)+5y' () =6t>—t—1

Labelling the given differential equation:

Y'®O+5y®+0y®) = 6t> —t—1

a; a, variable term
f@®

Here,a; =5,a, = 0and f(t) = 6t> —t— 1.
However, particular integral (y,,) is differently calculated due to change in L. H.S.

must
LHS be equal R.H.S

y'O|+ 5y ®|+0y®)| = 6t2-t—1

7 - quadratic
y(@),y' ()& yr1(¢) interms of (t) interms of (£)
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Both sides are in terms of (t), however, the degree of polynomial on L. H. S is not explicit.
Equality (=) requires that if R. H. S is quadratic in terms of (t), then L. H. S should also be quadratic

in terms of (t). So, we assume a general quadratic function that could satisfy onL.H.S to
satisfy equality:

|y(t) = B4t* + B,t + B
Developing ¥'(t) and y" (¢) for the given (y” (©)|+ 5|y’ ()| = 61> —t — 1).
ly'() = 2Byt + B, |

y'(t) =2B;

Since y(t), y'(t) and y"'(t) are now symbolized, we substitute them on L. H. S
L.H.S

R.H.S
ly"@®|+ 5y’ ®|+0y®|=6t2—t—1
L.H.S

R.H.S
[2B,]+ 5[2B1t + B3|+ 0|Byt? + Byt + B3| = 6t2 —t — 1
L.H.S R.H.S
2B; +10B;t+5B,+0+0+0=6t2—-t—1
L.H.S R.H.S
10B,t+2B;+5B, =6t —t—1
LH.S R.H.S
(0)t? + (10By)t+2B;+5B, = 6t> —t—1
L.HS R.H.S

(0)|t2 + (10By)t + (2B + 5B,) =[6]t? + (—1)t + (-1)
Extracting the coefficients of t* & t and the constants on both sides of equation:
0 =6 (10B4) = (-1) (2B1 +5B3) = (-1)
ILLOGICAL
Comparison gives an illogical coefficient, which rejects |y(t) = B t?> + Byt + Bg| as the

(Particular) Solution of differential equation — need for Modification.
Modification: The trick is to experiment |y(t) = (B1t? + Byt + B3)| as the trial (Particular)

Solution. The multiplicative term increase the degree of y(t), y'(t) and y"(t) by 1. In the last
comparison, t? was missing a coefficient. This might be fixed due to this modification.

So, we assume a (trial) general quadratic function (after modification) that could satisfy on
L. H.S to satisfy equality: |y(t) = t x (Byt*> + B,t + B3)
y(t) = (B1t3 + B,t* + B3t)
Developing y'(t) and y"' (¢) for the given (y” (®)|+ 5|y’ (©)| = 61> —t — 1).
y'(t) = (3B1t* + 2Bt + B3)

ly”(t) = 6B1t + 2B,|

Since y(t), y'(t) and y''(t) are now symbolized, we substitute them on L. H. S
L.H.S

RHS
ly"@®|+ 5y’ ®|+0y@®|=6t2—t—1
LHS

R.H.S
6Bt + 2B,|+ 5((3B1t% + 2Byt + B3)|+ 0{(B1t3 + Byt? + B3t)|= 612 —t — 1
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LHS RH.S
6Bt + 2B, + 15Bt? + 10B,t + 5B; = 6t —t — 1
LHS RH.S

(15B,)t? + (6B; + 10B,)t + (2B, + 5B3) = 6t> —t— 1

The Modification has served its purpose. As t? has non-zero coefficient. Now the comparison is
foolproof.

Extracting the coefficients of t? & t and the constants on both sides of equation:

By=— 6I+1032_ ~1 2(-3) +5B; = -1
2 34
By =2 Z+10B, = -1 ~2_5B;=-1
2 17 8
Bi=3 B:= % Bs="%s

So, all of the Undetermined coefficients are now determined.
Substituting B;, B, and B in y(t) = B{t? + B,t + B3 assumed above as the (particular) solution.

70 = (5)¢ +(~5)t+ (- 125)
4 50 125
Yp
- @)+ (50)t+ (1)
Y~ \5 50 125
Interpretation: So, the particular integral of the ‘constant-coefficient and variable-term second-
" f . 2 8
y'(O)+5y'() =62 —t—1| is |y, = (E)t2+( )t+( 125).
Method of Undetermined Coefficients was applied with a Modification which was to multiply the

trial (quadratic function) solution with (¢). Complementary Function (y.) can be found using
methods same as ‘constant-coefficient and constant-term second order differential equation’.

order differential equation’

TOPIC 149: HIGHER-ORDER DIFFERENTIAL EQUATION: PARTICULAR INTEGRAL

After comprehending Second-Order Differential Equation, we can extend the order of the
differential equation to nt* (higher) order. It is synonymous to an n** degree polynomial with
degree of polynomial replaced with order of derivative:

order of derivative increases {y(t),y' (t) to y*(t)}

agy"(t) + a,y® V(@) + -+ a1y @) +a,y=hb

coef ficient—subscript increases (ag to an)

Solution: For higher order differential equation, we need Particular Integral (y,) and
Complementary Function (y,).
Particular Integral (y,):

Since second order differential equation is also a higher order differential equation, we adopt the
Particular Integrals from it:

2" Order Differential Equation | nt* Order Differential Equation
Order n=2 n>2
Yp a, #0, a, =0, a, =0, a, 0, a, =0, a,=0,a, 1=0
(aq #0) a; #0 a; =0 (ap-1 # 0) an_1 #0
R o
(a; =0) (a,_1=0)
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_ i Yp Yp _ 2 Yp Use y = kt? as trial
=@, | b .| b, = __b | solution, as usedin
_ay 2 T 4 SODE.

Numerical Example: Find the Particular Solution of:
yP®+6y" () +14y" (1) +16y'(t) + 8y = 24

a, a, as a, b
Here;a; =6,a;, =14,a,_1=a3 =16,a,=a,=8+*0and b=24+#0
b non—homogenous
sza case
_ b
Yp = a,
24
yp = ?
Interpretation: The 4th (higher) order differential equation,

|y(4)(t) +6y"'(t) +14y"(t) + 16y'(t) + 8y = 24| has a particular integral . It is a static
equilibrium as y, is a constant value.
Numerical Example: Find the Particular Solution of:
yY'®+y"®)+3y (1) =1
Y'O+1y ®+3y®+0y=1

aq ar as \2;
Here;a, =1,a,_1=a;=3,a,=az3=0and b=1+#0
b non—homogenous
=an_1t case
b t
yp an—1
1
Yp = §t

Interpretation: The 3" (higher) order differential equation, |y”’(t) + ") +3y'(t) = 1| has a

particular integral |y,, = Itl tisa moving equilibrium as y,, contains variable (t).
14 3 p

Numerical Example: Find the Particular Solution of:

1

Y@ +3y" () =3
1
YO +3y'O+0Y©+0y=3
a, a; as "5’

Here;a; =3,a,.1=a;=0,a,=a3=0and b=1+#0

b non—homogenous

b= t

an—1 case

Experiment with trial solution y = kt? which implies y'(t) = 2kt, y"'(t) = 2k and y'"'(t) = 0.
Substituting all of these values in given equation will give us k:

0 + 3 (2k) + (0)2kt + (0)kt? = %

6k—1
3
k_1
" 18
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Returning back the value of kin, y  =[k]t?:

trial
solution

Since trial solution has satisfied the differential equation, it can, now, be called particular solution
of the differential equation.

1
= |— tz
J 18

()
becomes
particular
solution (yp)

1 2
yp:Et

Interpretation: The 3™ (higher) order differential equation, [y’ (t) + 3y"'(t) = % has a particular

1

integral |y, = Etz . It is @ moving equilibrium as y,, contains variable (t).

TOPIC 150: HIGHER-ORDER DIFFERENTIAL EQUATION: COMPLEMENTARY FUNCTION

For Higher Order Differential equations, the complementary functions can be built upon those of
Second (Higher) Order Differential equations. We consider the following numerical example:
Numerical Example: Find the Complementary Function of:
yB () + 6y (t) + 14y (t) + 16y'(t) + 8y = 24
YyP®+6y" () +14y" (1) +16y'(t) + 8 y = 24
a, a, as ay, b
Here;a, =6,a, =14,a,,_1=a3 =16,a,=a,=8+*0and b=24+0 .

non—homogenous
case

For Second Order Differential equation, the characteristic equation was:
r’+a;r+a,=0
Accordingly, for Fourth Order Differential equation, the characteristic equation will be:
r*+ar®+ayr*+asr+a, =0
To find the roots (), we need to solve the characteristic equation, therefore, factorizing
r* + a;13 + ayr? + agr + a4 = 0, we get:

r+2)x@F—-2)x(r?+2r+2)=0

linear linear quadratic
function  function

equation
Either;
r+2)=0|(r-2)=0 i LA
(Dr*+2r+2|=0
U U —b +Vb? — 4ac
r3, Ty = 2
U U —2+/22—4(1)(2)
r3, Ty =
2
|r1:—2| |T2:2| r3,r4:;1i\_%i
h v

Summarizing the (hybrid) group of roots:
r, = —Z,Tz = 2,T3 =-1+ Zi,r4 =—-1-2i
distinct real roots conjugate complex roots
Accordingly, the complementary function will also be hybrid:
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Hybrid nature of complementary function
y.= Aje"t+ A,e 2t + eht(Azcost+ Aysint)
Distinct Real roots segment Complex roots segment

Interpretation: Complementary Function in case of higher order differential equations can be
hybrid. Here, it is a combination of Distinct Real roots and Complex roots.

TOPIC 151: CONVERGENCE AND THE ROUTH THEOREM

In Higher Order Differential Equations, the roots are more than 2 as well
as the nature of roots can be hybrid. i.e. Distinct Real Roots, Repeated
Real Roots and Complex Roots. As the number of roots increase, the
complexity in the calculations also increase. A simpler method for
ascertaining the dynamic stability without getting entangled in calculation
of roots can be instrumental. English Mathematician Edward Routh
(1831-1907) did just that by giving a qualitative method of judging the
dynamic stability of higher order differential equations.

Limitation: Routh Theorem doesn'’t allow to plot time path, as it doesn’t calculate the roots.
Formation: It is based on the Characteristic Equation of Higher Order Differential Equation:
(=1
ay M+ a1 +a "%+ +a_r+a,=0

power of root (r) increases

apgr* +ayr*t+ a2+ -4+ a, yr+a,=0
coef ficient—subscript increases

All roots will be negative (rq,1, ...,,) < 0, only if first n of the following determinants are
positive:

a; az as as

a; az Aas
a; as Ay a; asg Qag
|a1|'|a0 a2|’a° @ o a, a3 as| ™
0 aq as

0 Ay Q; au

all determinants should be positive

Pattern of Development:

a; as as||as

a; as \as| [oo
a,; la % Ay~ a, a4 |ag
1 13 lag~a,l |a N
lay], g , QoA Q4 :

a;

|
-

0 a;y-a;z |ag|’™

0 a;a :
1 3 0 Ay A, 4y

1. Number of Determinants = Order of Differential Equation. e.g. For n =4, four
determinants shall be evaluated.

2. Red Arrows: A (V) like shape occurs from principal diagonal to the last column. It contains
coefficients from ay, ... .

3. remaining elements are filled in such a way that vertically there exists an
ascending order from bottom to top.

4. Zero(s) (0) are used where elements are below (ag).
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5. Subscript of coefficient can be greater than order of given differential equation. e.qg. if order
of given differential equation is 4. There will be 4 determinants. However, in these 4
determinants, we can see elements with subscripts greater than 4. i.e. as, ag, a;. See final
column of (4 x 4) determinant.
Numerical Example 1: Apply Routh Theorem and find the dynamic stability of the time-path
(without calculating the characteristic roots):
yP () + 6y (t) + 14y"(t) + 16y'(t) + 8y = 24
W y®P®)+6y"(t)+14y"(t) +16y'(t) + 8y = 24
a a @ @ & b
Here; ap=1 ,a4 =6,a, =14,a3 =16,a, =8 and b = 24
coefficient
of y® (1)
Routh Theorem States:
a; as ap
a; a, ag
10 aqy a3 as|’
0 Ay Qp; ay
all determinants should be positive
a; az as

a3a1a3aoaza4

a;
|a1 |, | y|Qo Az a |,
a a
0 2 aq as 0 a; as
0 ap ap a,
For order (4),only four determinants shall be evaluated
Substituting the coefficient values and aligning vertically:

u llall = |66| T6-6 >0
1 3
ao az|:|1 14/ =[68>0]
a,; as 6 16 [0]
Gy a; a|=(1 14 8=
0 a; ajz 0 6 16
[0] is substituted as this coefficient doesn’t exist in the given differential equation.

a; az [as] [47]] 16 16 [0] [0]

Ay Az Q, =114—8@:

0 a a3 0 6 16 [0]

0 ag a; ay 0 1 14 8
[0]is substituted , , as these coefficients don't exist in the given differential equation.
Interpretation: For the given Fourth order differential equation, four determinants were
evaluated under Routh Theorem. All turned out to be positive (6,68,800,6400). Hence, without
finding the roots, we have found that the time-path of given differential equation

ly® (@) + 6y (t) + 14y" (t) + 16y’ (t) + 8y = 24|, is dynamically stable.

a, az das
Ay a; Qay
0 aq as

a
a as Qo
a1l |qs a0l

Numerical Example 2: Apply Routh Theorem and find the dynamic stability of the time-path
(without calculating the characteristic roots):
y'®-2y")-y®+2y=4
Wy" O+ 2y O+ DY (O +2y=4

Qo a; a, as b
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Hack
—

Here; ag=1 , [a; = -2 ,a;=-1,a3=2andb =4

———
coefficient

 ——
ot aq=15tdeterminant
of Y'"'(®) |q,|<0=Dynamically Unstable
a, az as a,

a; as T 43 a5 Ay a; a4 Qag
Routh Theorem States: |a,|, | a | Qo Az Q4,fo
0o Ay a a a; asz as
1 3

0 apg Q; au

all determinants should be positive

(-ve) a, aj
~ a, aj
a |, a, aj|’ aQy a;
0 aq as

For order (3),only three determinants shall be evaluated
Since a, gives the value of 1%t determinant and it is —ve. One can already guess that time-path
is dynamically unstable due to negativity of one (i.e. 1%!) determinant.
Nevertheless, we evaluate all of the determinants to put a stamp of validity on this hack.
Substituting the coefficient values and aligning vertically:
. |c211| = |—22| :-2_2 <0
1 3 -

Qo az|=| 1 —1|=

a, as -2 2 @

ap a; |a4f(=[1 -1 @:

0 aq as 0 -2 2
[0]is substituted and as these coefficients don’t exist in the given differential equation.
Interpretation: For the given Third order differential equation, three determinants were
evaluated under Routh Theorem. 15! is negqative, while 2" and 3" are non-positive(= 0).
Precisely speaking, the value of determinants are (-2, 0, 0). Hence, without finding the roots, we

have found that the time-path of given differential equation y"’(t) — 2y"(t) — y'(t) + 2y = 4, is
dynamically unstable.
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Lesson 34
FIRST ORDER DIFFERENCE EQUATIONS
TOPIC 152: DISCRETE TIME: FIRST ORDER DIFFERENCE EQUATION
Till now, dynamic analysis has been conducted assuming time as a continuous variable.

However, there can situations in which time might be taken as non-continuous (discrete) variable.
Now, variable t will be allowed to take integer values only.
Comparison of Continuous Time and Discrete Time Analysis:

Criterion

Continuous Time Analysis

Discrete Time Analysis

Etymology (Latin Origin)

Uninterrupted

Separate

Nature of Time (t)

(t) is a continuous variable

(t) is a discrete variable

Nature of Values

Decimals as well as Integers

Integers only

Successive Gaps

Not Necessarily Equal

Equal

Possible Values of (t)

0,0.5,1,1.6,2,2.9,...

0,1,23,4,5,..

AKA

Point Analysis

Period Analysis

Tool of Analysis

Derivatives & Differentials

Difference, Lags & Leads

Symbolization

aw). {52} 60, (5

AW, e-1)s De+1)

Type of Equation

Differential Equations

Difference Equations

Examples

Stock Market Activity

Price of Seasonal crops.

Exclusive Features of Period Analysis:
Period doesn’t necessarily relate to calendar rather than analytical sense.

A period is merely a length of time that elapses before the variable y undergoes a change.
(A—y) is the discrete-time counterpart of (%).

Ax

Consecutive time periods = At = 1 or First Difference of y.
|A}’t =Ye+1 — )’t|

Symbology:

Use of subscript t for discrete-time.
¥, is the value of y in time period t.

Y41 IS the value of y in time period immediately following t.

¥V¢+1 1S known as ‘lead’ variable of y;,.
Y:_1 is kKnown as ‘lag’ variable of y,.

Common Terminology: Unlike book of A. C. Chiang, most widely used terminology is not
Difference Equations, rather its Recurrence Relations.

Examples:

(instead of dy = 2)

Ayt=2

Ayt = _0 1 yt
(instead of dy = —0.1y)

Equivalent Forms

Ay, =2 Ay, =—-0.1y;
Yer1—Ye =2 Yer1—Ye=-0.1y,;
Yer1 =Y +2 Yer1— Y 0.1y, =0

Yeix1— 09y, =0

Standard Form:

Yer1 t Ay =¢

Here, a and c are two constants.
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y; is the value of the y in current time period t.

¥:+1 is the value of the y in next time period (t + 1).

Solution Methods: Difference equations can be solved either by lterative (Crude) Method or by
General (Formula) Method.

TOPIC 153: SOLVING DIFFERENCE EQUATION USING ITERATIVE METHOD

Like differential equation, difference equations can also be solved to get time-path. A crude
method of solving the first order difference equation involves repetition. It can be understood with
the help of an example.

Example: Solve the following difference equations by iteration, while yo = 10:

Yerr =Y +1 _ _
Solution: Experimenting different values of t in the given differential equation:
|y|ﬂ+1 =Ygt 1|
Value of ¢ Substitution Simplification Final Form
t=0 Yot =Yo+1 Y1=Yo+1 |yg=yo+[]
t=1 |ygui= +1 |y, =[yo +1]+ 1| ygz =0 +[2]
Y1=Yo+1
(=2 |yga= D2 *1|ys=pot2]+1|yg=o+0]
Y2=Yo+2
t=3 |Ygu1= +1 |y, =[yo+3]+1| ¥z =y0+[4]
Y3=Yo+3
t=t | Generalizing, we get: Y = Yo+
Interpretation: So, we have found the Definite Solution b7 =y, + t| of the given
cur\?‘ent
value of (y)
difference equation| y;;1 =y + 1| We can also find its numerical value by substituting the
fme
value of (y)
initial condition (yo = 10).
Y = +t
ye =[10]+¢

Example: Solve the following difference equations by iteration, while y, = B:

Yiv1 = AY¢
Solution: Experimenting different values of t in the given differential equation:

Value of t | Substitution Simplification | Final Form
t=0 Yol+1 = @Yo Y1=ayo Vi = ayo
t=1 | ygu=a Y2 = ofaye] | yg = aZly,

Y1=aYq
t=2 |z =@ y3 = alay, )’:“)’0
Y2=a2yq

©Copyright Virtual University of Pakistan 274



Mathematical Economics I (ECO607) VU

t=3 | =a ya = dady,| | yg = ¥y,
y3=a3yg
t=t Generalizing, we get: Y = aly,
Interpretation: So, we have found the Definite Solution Ve = altly,| of the given
cur?lent
value of (y)
difference equation [ y,;1 = ay;| We can also find its numerical value by substituting the
fme
value of (y)

initial condition (yo = B).
Ve = “t
Ve = atlzl

TOPIC 154: SOLVING DIFFERENCE EQUATION USING GENERAL METHOD: A#-1

In addition to lterative Method, we can use a General (Formula) Method to solve difference
equations to get their time-paths. General Solution contains two components:

Y = Yc + Yp
R e "~
Time Path Deviation from Equilibrium
equilibrium value of y;
value of y;

Homogenous Case: Consider the following homogeneous difference equation:

my;. —ny, =0
Normalizing it, we get:

n

Yis1 — (E) y:e=0

Rearranging to apply iteration method:
n
Yis1 = (E) Vi

Experimenting different values of t in the given differential equation:

Y1 = (r%) Y
Value of ¢ Substitution Simplification RimalIEGT
t=0 3’@+1=(E)3’0 yl:(ﬁ)yo y:(n%)y“
S E R Y PR (| S
o .
= n 3
t=2 Y21 = (E) y3 = (%) (%)2 Yo| | VB = (n%) Yo
()
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t=3 (1 ny |, n\3 n
Y31 =\ Y3 — (== = (—=
an =) D |ye= ()| @) 3| | va= () ¥
)’3=(ﬁ) Yo
t=t Generalizing, we get: n
Yg = (E) Yo
. . : n :
Interpretation: So, we have found the Definite Solution Yi = (;) yo| of the given
Cur?ent
value of (y)
. . n
difference equation| y;.q = (;) Vel
fme
value of (y)

m
serves the same role as did in the differential equations.
(r) played a pivotal role in the dynamic stability of the time-path of a differential equation. In case
of difference equations, (b) plays the same role.
Recalling the standard form of first order difference equation:

Yesptay,=c
Complementary Function: Reducing the standard form of first order difference equation to
(homogeneous) Reduced form to get the complementary function:

]+ afye] =0

As we found y, = Ab*, we can also guess its lead form, y,7q, = A1l

Pest] + oy = 0

[4b*+1] + a[Abf] = 0
Ab*™1 + aAbt =0
Ab'(b+a)=0
b+a=0
As the General Solution of reduced form of complete equation is the complementary function, i.e.
WORF = Ye.
Returning the value of b in y, = Abt, we get:

Yc

Ye = A(_a)t
Particular Integral: It is a solution that satisfies the difference equation, so we experiment with
the simplest (constant) trial solution, i.e. y; = k.

ye=k
Extending the time period by 1, leaves constant unchanged:
Yer1 =k
Substituting y; and y,,4 in standard form of first order difference equation:
Yera tay,=c¢
k+ak=c
k(1+a)=c

. . n t .
Consolidating the |y, = ( ) yo|into |y, = (b)t4|or |y, = Abt|

Substituting values of y, and y,,:
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k =
()
was opted as
a solution of y;

1+a

c
" 1+a
General Solution: Summing the expressions of y. and y,,:
Ye=YctYp

ye =A(—a)' +

1+a
Interpretation: We have derived the General Solution of First Order Difference equation, with a
parametric restriction of a # —1. As if a # —1 is allowed then the general solution will become

undefined:|y, = A(—a)t + 1;3
*—1

Definite Solution: To find the definite solution, we introduce the initial condition, (t = 0) in the
general solution, yg = A(—a)¥ + o

c

1+a
c

1+a

¥ = A(-a)® +

Yo=Ax(1)+
c

Yo

— =4
1+a

c
A=yo—

1+a
Returning the value of arbitrary constant (A4) in the general solution |y, =[4](—a)! + :Ca to get

the definite solution:

( )t
—a)" +
1+a

Yt =1Yo —

_ _ (4 Nt (4
yt_(yo 1+a)( a)+1+a
Interpretation: We have derived the Definite Solution of First Order Difference equation, with a

parametric restriction of a # —1. As if a # —1 is allowed then the definite solution will become

undefined: |y, = (yo - )(—a)t + =

1+ a 1+ a |
b b
#21 #21

TOPIC 155: DIFFERENCE EQUATION USING GENERAL METHOD: A#-1 NUMERICAL

Solve the first-order difference equation:
7
Yer1 — 5y =1 (YO = Z)
Recalling standard form of First-Order Difference Equation:
Y1 — Ay =C
Comparing the given specific form, we extract values:
Yer1 + (=5)y: = 1

a c
Here, a=-5+ —-1,c=1.

c . .
Yp=17a 'S suitable
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Definite Solution: The equation can be solved for the definite solution of time-path by using the

formula:

definitized formof
arbitrary constant (A)

_ c )t + c
Ye = Xg 1+a a

1+
given —
Yp

Yc
7 1
Ve = {Z - T(—S)} {(—=(=5)}+
7 1

re=(5-1=5) " +i3

7 1 1
ye=(3-55)®' 5
e Gror-d

1
ye=2)(5)" -7

4

=26 +(-3)
Ve = )
Ye y"_p

1+ (=5)

Interpretation:

_ t 1
Ye = 2(5) 2l

The definite solution of the first order difference equation |yt+1 -5y, = 1| is

_1 . .
Yp =3 represents a static equilibrium.
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TOPIC 156: SOLVING DIFFERENCE EQUATION USING GENERAL METHOD: A=-1

General Solution of First Order Difference equation, with a parametric restriction of a # —1 is
y: = A(—a)t + ﬁ However, if a = —1 is allowed then the general solution will need revisit.

[
+—1

Complementary Function: As found before, |y, = A(—a)t|. If we allow a = —1 in it, y. will not

breakdown. So, we can use the same y, even if a = —1 Reducing
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Particular Integral: The simplest (constant) trial solution, should not be useful as it was with a #
—1. Therefore, we try next possibility (a variable function). i.e. y, = kt.
y: = kt
Extending the time period by 1:
Yer1 = k(t+1)
Substituting y; and y,,4 in standard form of first order difference equation:
Yes1 tay=c¢
k(t+1)+akt=c
kt + k+ akt = ¢
k(t+1+at)=c
c

k=—————
t+14+ at
[}

=1
c

S Y)Y
[

k:£+1—£
k=c
)’t=t

y =l

was opted as
a solution of y;

yp =ct
General Solution: Summing the expressions of y. and y,,:
Ye=Yct+Vp
|yt =A(—a)t + ct|
Interpretation: We have derived the General Solution of First Order Difference equation, without

the parametric restriction of a # —1.
Definite Solution: To find the definite solution, we introduce the initial condition, (¢ = 0) in the

general solution, y = A(—a)¥ + d[t].
¥ = A-a)¥ + 0]
Yo=Ax1)+0
Yo=4
Returning the value of arbitrary constant (4) in the general solution |yt =[A](-a)! + ct| to get the
definite solution:

Ye = [Yo](—a)* +ct

e = 0 +ctf
Interpretation: We have derived the Definite Solution of First Order Difference equation, without
the parametric restriction of a # —1.

TOPIC 157: DIFFERENCE EQUATION USING GENERAL METHOD: A=-1 NUMERICAL

Solve the first-order difference equation:

Yer1 — Ve = 2 (¥o =0)
Recalling standard form of First-Order Difference Equation:
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N Yty1 —AY =C
Comparing the given specific form, we extract values:
Yer1 T+ (D Yy = %
a (o}
Here, a=-1 ,c=2.
yp=ctis suitable
Definite Solution: The equation can be solved for the definite solution of time-path by using the

formula:
definitized formof
arbitrary constant (A)

Ve = o) (@) +ct
given Yp

Ye
ye = (O){-(-D} +2t
ye = (0){1}* + 2t

time—path

no deviation already at

from equilibrium  equilibrium
~ ~
Ve = 0 + 2t
Yc Yp

ye =2t

Interpretation: The definite solution of the first order difference equation |y, — y, = 2|is |y, = 2t|.
Yp = 2t, represents a moving (jumping/stepped) equilibrium.

S, |

|

s Bl AL
Ll ]
e
Em———
rm——
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Lesson 35
DYNAMIC STABILITY OF FIRST ORDER DIFFERENCE EQUATIONS

TOPIC 158: DYNAMIC STABILITY OF FIRST ORDER DIFFERENCE EQUATION: NON-
OSCILLATORY CASES

Like differential equations, the dynamic stability of difference equations also depends on
complementary function (y.). Here, y. = A(b)%, we consider (A = 1) = y. = (b)'. This means

that expression (b)t shall determine the dynamics of y..
Understanding (b)‘Expression: (b)* contains b which further is composed of a (b = —a).

b a
Base in Solution of First Order Differential | Coefficient in First Order Differential
Equation: Equation:
Ve = A(@)t +¥p yet[aly,1=c¢
ye=A=ad' +yp
Determines Dynamic Stability Determines formula for y..
(b)t is an exponential expression, behavior of which is tabulated below by broadly using +ve,
zero and —ve values:
(b)*
t b=2>0 | b=0 b=-2<0
Non-negative Negative
0 1 0 1
1 0.5 0 -2
2 4 0 4
3 8 0 -8
4 16 0 16
5 32 0 -32
6 64 0 64
7 128 0 -128
8 256 0 256
9 512 0 -512
10 1024 0 1024
RETAETRE Exponentially growth Neither Growth Exponential change with
with +ve signs. nor Decay. Alternative (+ve/—ve) signs.
1st Quadrant, Smooth Horizontal 1st & 4" Quadrants, Ups &
Outcomes graph Straight line Downs in the grapﬁ
Terminology Non-oscillatory when (b <« 0) Oscillatory when (b < 0)
Interpretation: We observe that First Order Difference Equation, have an additional feature of
attern (i.e. Non-oscillatory or Oscillatory):
Time-path Pattern Nature
First Order Differential Equation | Non-oscillatory or Oscillatory | Convergent or Divergent

Narrowing down, we focus on the role of b only. Using number line to visualize various regions of
b:
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1] [III] [V] V1]
b=2 b=0.5 b=-(1/2) =2
|h| =12 |b| = 0.5 |b| = 12 |b| =2
2 1 05 0 -05 -1 -2

| L] [T¥] [W1]

b=1 h=0 h=-1

bl =1 |b| =1 b =1

The above-mentioned seven values of b: (=1 > b > 1) include all possible patterns of graph of
(b). Therefore, for First Order Difference Equations, these values are used to portray

cases(regions) of time-paths. Out of seven cases (VII) cases, first Four (I-IV) are non-oscillatory
(b « 0), which are depicted below:

Region — | ye=b)} | t=0 | t=1] t=2 ] t=3 | t=4
(+ve)(0t°4-) = tye values only: non-oscillatory.
b>1 | |b|>1 |egiy.=(@2)¢ |1 [ 2 | 4 | 8 [ 16
]

Dynamic Stability: Time-path is divergent & hence dynamically unstable.
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Region - II ye=bt [t=0]t=1]t=2]t=3]|t=4
(+ve)@t4-) 5 +ype values only: non-oscillatory.
b=1] |b|=1 [egiy.=(1)" [1 K K K K

] ]

Dynamic Stability: Time-path is neither divergent nor convergent.

Region - llI y. = (b)* | t=0 [ t=1 [ t=2 | t=3 | t=4
(+ve)(0t %) = tye values only: non-oscillatory.
0<bhb<1 |b| <1 1\! 1 1 1 1 1
e.g.: == — — — —
-'c (2) 2 4 8 16

Dynamic Stability: Time-path is convergent & hence dynamically stable.

Region - IV y. = (b)* | t=0 | t=1 | t=2 | t=3 | t=4
(+ve)©t°4-) = tye values only: non-oscillatory.
b=0 | |b|=0 |[eg.:y.=(0)*" |0 |0 0 I [0
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Dynamic Stability: Time-path is neither divergent nor convergent. Infact it is pre-converged
at equilibrium. However, since y. is 0, it means that time-path is already on equilibrium.

Summary: Cases (Regions) I-IV have non-negative b. A non-negative number when raised to
any power generates a positive number, which gives rise to a graph (time-path, here) in 1¢t
Quadrant only — hence non-oscillatory.

|b « 0 = Non — oscillatory|
Only when |b| < 1, the time-path is convergent.
||b| <1= Convergent|

Tabulating the observations:

Region — | Region — Il Region - 1lI Region - IV
<2>1>V(b<0) <Q:1>V(b<z:0) 0<b< <2=0>V(b<z:0)
2 non— 1 non— ol 0 non—
oscillatory oscillatory (%) oscillatory
1)V (b<x0)
Thon=_
oscillatory
<|£| <|£| <|£| = 0) V(b < 1)
2 1 0 < |b| 0 pre—
T Ve=0 converged
> 1>V (Ib] < 1) = 1>V (Ib| < 1) (7) no deviation
Tnon= Thon=
convergent convergent
(divergent) (neither) <1]|V(bl<1)
convergent

TOPIC 159: DYNAMIC STABILITY OF FIRST ORDER DIFFERENCE EQUATION:
OSCILLATORY CASES

After explaining first four (I-IV) cases(regions), we explain the remaining three (V-VII)

cases(regions). Out of seven cases (VII) cases, last three (V-VII) are oscillatory (b < 0), which
are depicted below:

Region — V y,. = (b)* | t=0 | t=1 | t=2 | t=3 | t=4
(—ve)0t4) = t+ype/—ve (alternative signs): oscillatory.
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— 0 1\¢ 1 1
1<b<0 |b| < e-g-yc=(—5)

0| =
Y
=)}

E

i

L
Dynamic Stability: Time-path is convergent & hence dynamically stable. It moves above
and below (oscillates) the equilibrium with decreasing vertical distance.

Region — VI y. = (b)* [ t=0 | t=1 | t=2 [ t=3 | t=4
(—ve)(0to%-)  ye/—ve (alternative signs): oscillatory.
b=-1 | |p|=1 |[eg.:y =(-1) 1 [ -1 1 [ -1 [1

e

s

Dynamic Stability: Time-path is neither divergent nor convergent. It moves above and
below (oscillates) the equilibrium with uniform vertical distance.

Region - VII y. = (b)* | t=0 | t=1 [ t=2 | t=3 | t=4
(—ve)(0t94-) = type/—ve (alternative signs): oscillatory.
b<-1 | |bl<1 |eg.:y.=(=2¢ [1 | -2 | 4 | -8 | 16
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Dynamic Stability: Time-path is convergent & hence dynamically unstable. It moves above
and below (oscillates) the equilibrium with increasing vertical distance.

Summary: Cases (Regions) V-VIl have negative b. A negative number when raised to any power
generates numbers with alternative signs(+ve/—wve), which give rise to a graph (time-path,

here) in 15t and 4" Quadrants — hence oscillatory.

|b < 0 = Oscillatory|

Only when |b| < 1, the time-path is convergent.

Tabulating the observations:

||b| <1= Convergent|

Region -V Region — VI Region — VII
b=—1>V(b<0) b <-1|V (b<0)
-1< Q <0 |V (b<O) <—1 oscillatory <(:”2) oscillatory
(_%) oscillatory

Llll <1 |V(b|<1)
1 convergent
2

——

1

Nl
non— 2
convegent

(neither)

(lbl = 1>V(|b| < 1) <|b| > 1>V (Ib| « 1)

non—convergent
(divergent)
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TOPIC 160: DYNAMIC STABILITY OF FIRST ORDER DIFFERENCE EQUATION: ROLE OF 4

Recalling

ye= A

(b)*

coefficient

. Out of seven cases, we treat the convergent ones, as they are

the desired cases —

Non-oscillatory

Oscillatory

Case -

III & Case- V. In this selection, we get both of the patterns of

convergent
time-path (Non-oscillatory and Oscillatory). However, remaining (undesired) 5 cases can also

be treated in the same fashion.
(A) being a coefficient can affect y in either or both of the two ways:

Dual Effect Value of Aon y,
Magnitude Sign
[A] =0 |A] <1 A =1 |A] > 1 A>0 A<0
Nullify Minify Neutral Amplify Retain Reverse
ye =[0l(B)" | y. =[0.5]b)" | y. =[1B)" | y. =[2]B)" |yc=A4 (B) | yc= A (B)
>0 <0
yc:@ YC: yc: yc: Ye>0 Ye<0
- Noteworthy - Noteworthy - Noteworthy
Scale Effect Mirror Effect

1. Scale Effect:

Case - lll (Convergent & Non-oscillatory):

Three time-paths of complementary functions are plotted:

1. Original y,
2. Doubled y,
3. Halved y,

t
Original Complementary function: y, = A4 (%) : [Case - 1lI]

i = o i

a1 [ =

L o
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t
Doubled Complementary function: y,. = G) : [Case - 1lI]

-

1

t
Halved Complementary function: y,. = E‘(E) : [Case - 1ll]

[ s

e

Interpretation: Original y, starts from 1, however, Doubled y. from 2 and Doubled y,. from 0.5
respectively. It is evident that magnitude of A(= 1) affects the scale of y. by upscaling or
downscaling the time-path. Its, therefore, called the Scale Effect of A.

Case — V (Convergent & Oscillatory):
Three time-paths of complementary functions are plotted:
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1. Original y,
2. Doubled y,
3. Halved y,
t
Original Complementary function: y, = A (— %) : [Case - V]
1 i
: E :
: | !
= |' IF i i F
: i
: !
! i
. 1\¢
Doubled Complementary function: y,. = (— E) : [Case - V]
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t
Halved Complementary function: y,. = E‘(— %) : [Case - V]
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Interpretation: Original y,. starts from 1, however, Doubled y,. from 2 and Doubled y. from 0.5
respectively. It is evident that magnitude of A(= 1) affects the scale of y. by upscaling or
downscaling the time-path. It's, therefore, called the Scale Effect of A.

2. Mirror Effect:

Case — lll (Convergent & Non-oscillatory):

Two time-paths of complementary functions are plotted:
1. Original y,
2. Reversed y,

t
Original Complementary function: y. = 4 (%) : [Case - 1ll]
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o e

[ ——

-

E

. 1\!
Reversed Complementary function: y, = (5) : [Case - 1Il]

T

Interpretation: Both y, start from 1, however, +1 and —1 respectively. It is evident that —ve sign
of A(< 0) reverses the shape of y,. by making a mirror-image of the original time-path. It’s,

therefore, called the Mirror Effect of A.

Case — V (Convergent & Oscillatory):

Two time-paths of complementary functions are plotted:
1. Original y,
2. Reversed y,

Original Complementary function: y, = A (— %)t: [Case — V]
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t
Reversed Complementary function: y, = (— %) : [Case - V]

Interpretation: Both y start from 1, however, +1 and —1 respectively. It is evident that —ve sign
of A(< 0) reverses the shape of y. by making a mirror-image of the original time-path. It’s,
therefore, called the Mirror Effect of A.

TOPIC 161: DYNAMIC STABILITY OF FIRST ORDER DIFFERENCE EQUATION:
NUMERICALS

t
Example # 1: Check the dynamic stability the time-path y, = 2 (— g) +9?

t
Sincey, =2 (— g) + 2 , the formula in the background is: y, = A(b)t + ﬁ
=f(£)
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Breaking-up the definite solution into complementary and particular solutions:
Yc
it Ip

—2( 4) +9
yt_ 5

b
Dynamic stability of time-path depends on original and absolute values of b.

Interpretation: Here, b = — % & |b| = g [< 0] Therefore, time path is oscillatory

oscillatory convergent

in pattern and convergent in nature. The time path is dynamically stable.
r 98

)

TR

-

L CE T T

P ————————————

a0 -}

Note: E

t t
Time-path of y, = 2 ~3) +9vs. Time-path of y, = -2 3 +9
5 5

Example # 2: Check the dynamic stability the time-path y, = 3(2)* + 4?
Since y, = 3(2)' + 4 , the formula in the background is: y, = A(b)" + .
=f(£)
Breaking-up the definite solution into complementary and particular solutions:
Ve Yp

yt=3@t+2

b
Dynamic stability of time-path depends on original and absolute values of b.
Interpretation: Here, b =2 & |b| =2 . Therefore, time path is non

non-oscillatory non—convergent

oscillatory in pattern and non convergent in nature. The time path is

dynamically unstable.
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Lesson 36
INCOME DYNAMICS OF DIFFERENCE EQUATIONS

TOPIC 162: LAGGED INCOME DETERMINATION MODEL: FRAMEWORK

Unlike simple income determination model, we can introduce lags in consumption function:
Ct = CO + CYt—l
Income of last time—period
determines current consumption

Y, =C+ I

Here,c= MPC , I,=1,

N——
(0<c<1) autonomous
investment

Substituting the value of C; inY; = C; + I,
Y, =Co+cYyq+1,
Ve-¥ea=Cotlo
Yit+ (=) Ye1=Co+l

a*-1 c
as MPC<1
Here, a = —c, c =Cy + I;
- —
coefficient constant
of FODE of FODE

As coefficient of First Order Difference equation is # —1, we use the following formula for the

definite time-path of National Income.
(Cot+le) (Co+1p)

Yt YO r&'\ ~
N = _ t
Ye=|\ Yo" 11 a (b) "+ 1+ a
- (=-a) -
(o) (=9
(Cot+Ip) (Cot+1e)
Y, Yo ,23 /23
m~ ~ _ _ t
Ye=|{ Yo" 11 4 (a)+1+a
“ a=—-c
Cotl, ) Cot
ot 1y ot 1
Y, =Y by —
t {" 1+ (- )}{ oY o
Y, = {YO }( )+ 1—c
I . . C0+It t C0+It . . e . . .
nterpretation: |Y, = {Yo }( )+ o | 1S the definite time-path of the first order difference

equation |Yt—th_1=CO+It|. Dynamic Stability of the time-path, mainly, depends on
exponential expression (ct).

c+£0
As per economic theory: 0 < MPC < 1:
c<1
|c|+<0
(o)

c<1

t
(Jc] « 0) = non — oscillatory

(c < 1) = convergent

Therefore, the time-path is dynamically stable with a non-oscillatory pattern and a convergent
nature.
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Y (deviation fromY")
Y.—0,as t->

Y, =Yy — ¢
g @ g
~_—
coefficient gst—oo  Yp(=¥*)
of (o)t

Y—Y*as t—>oo

TOPIC 163: LAGGED INCOME DETERMINATION MODEL: NUMERICAL

In addition to symbolic determination of income determination model with time lags, we can solve

it numerically, as well:
Ve=[C]+1

=200+ 0.9Y,_,

Income of last time—period
determines current consumption

autonomous
investment
=
I, =100
Yo = 4500
Here, MPC = 0.9.
(0<c<1)
Substituting the value of C, and I, in Y, =[C,| + I,
Co MPC

Y, =|200+0.9Y,_,|+ 100

Yy —10.9Y, 4 =IM+M
Y;+(=0.9)Y, 4 = 300
azx-1 c
Comparing the standard form of First Order Difference equation:

Yetay,1=¢
Since a = —0.9 # —1, the definite time-path will be:

300 300
Yt YO ~ —a\t ~
P b)+—
Ve Yo 1+ a 14+ a
L L
-0.9 -0.9
0 . 300
Y, = (4500—1_0 9){—(—0.9)} +1_0 5

Y, = (4500 — 3000)(0.9)* + 3000
¥, = (1500)(0.9) + 3000|
Interpretation: Y, = (1500)(0.9)" + 3000 is the definite time-path of the first order difference
equation [¥,—0.9Y,_; = 300|. Dynamic Stability of the time-path, mainly, depends on
exponential expression (0.9)*.

t

10.9]0 ]
(6?) (10.9] < 0) = non — oscillatory
oo | | (0.9<1)= convergent

Therefore, the time-path is dynamically stable with a non-oscillatory pattern and a convergent
nature.
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Y (deviation fromY™)
Y.~0,as t->oo
Y,= (1500) (0.9)¢ + 3000
coefficient —0 Y,(=Y*)
of (0.9)t GSto®
Y~ (Y*=3000),as t>x

L

TOPIC 164: INCOME DYNAMICS WITH INDUCED INVESTMENT USING DIFFERENCE
EQUATIONS

After introducing induced investment alongside autonomous investment, the income
determination model with time lags, can be done numerically, as follows:

Y =[C]+1,

MPC
=200+0.4Y,_,

Income of last time—period
determines current consumption

autonomous induced
I,= 100 +0.2Y,_
Yo = 950
Here, MPC = 0.4.
(0<c<1)
Substituting the value of C, and I, in Y, =[C,| + I,
Co MPC

—~ o~
Y, =(200+0.4Y,_4|+100+0.2Y,_4

Y, - ~0.2Y,_; = 200 + 100
Y;—0.6Y,_; = 300

Yt + (_0 6) Yt—l = \3-99
. . a:t—_l c .
Comparing the standard form of First Order Difference equation:
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Yetayiq1=¢
Since a = —0.6 # —1, the definite time-path will be:

300 300
e (Yoo \\ e
o ~
= 50— b))+
Ve Yo 1+ a ( ) 14+ a
“ “
—-0.6 —-0.6
0 ., 300
Ye= (950_ 1-0 6>{_(_0'6)} t1-06

Y, = (950 — 750)(0.6)" + 750
¥, = (200)(0.6) + 750
Interpretation: |Y, = (200)(0.6)" + 750/ is the definite time-path of the first order difference
equation |¥,—0.6Y,_; = 300|. Dynamic Stability of the time-path, mainly, depends on
exponential expression (0.6)¢.

t

10.6/+0 ]
06 (10.6] <« 0) = non — oscillatory
e (0.6 < 1) > convergent

Therefore, the time-path is dynamically stable with a non-oscillatory pattern and a convergent
nature.
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Y (deviation fromY*)
Y.—0,as t—oo
Y.= (200) (0.6) + 750
coMnt T Yﬁ*)
of (0.9)t @S t—oo
Y;—(Y*=750),as t>

TOPIC 165: INCOME DYNAMICS & CAPITAL MARKET USING DIFFERENCE EQUATIONS

Savings in an economy represent a share of current income given by the marginal propensity to
save (s), whereas firms decide to invest a share of the income earned in the previous period.

Thus:
Se=5Y &I = BY; 4

Elaborating the given equations:

(0<s<1)

MPS

St = 3:‘ Yt
proportion of last
year's income
that is invested

I = B Y 4

Income of last time—period
o ) det.ermines current investment
For equilibrium, savings should be equal to investment:S, = I,

St = It
Y =BY4
sYi—BY;1=0
Normalizing the equation by dividing throughout by s:

ro- (5)vii=o

s
e[ (Eprea-o

a*x—1

s>0

<1
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+ve

B
a=-(—] % -1
S | g%s)

+ve
Recalling the formula for definite solution of First Order Difference equation with assumption that

(@ pes) = -2 % 1.

Here;a=—§,c=0,yt=Yt,y0=Y0,b=—a.

ve=(vo-2)| B | + 5

t
Interpretation: |Y, =Y, (g) is the definite time-path of the first order difference equation

Y, — th_l = 0|. Dynamic Stability of the time-path, mainly, depends on exponential expression

(&)

(>1):non—convergent Pattern
~ )
Nature |b| (<0):0scillatory
-
(<1):convergent b

N————m——_—
(>0):non—oscillatory

<1 b= (’f) +<0=>
convergent Non-oscillatory
Therefore, the time-path will be convergent in nature only if (8 < s) while it will move in a non-

oscillatory pattern.

if (B<s)

PRFERT
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TOPIC 166: INCOME DYNAMICS & MONEY MARKET USING DIFFERENCE EQUATIONS

On the money market, the government sets money supply as a percentage of national income
from the previous period. Furthermore, transaction demand for money depends on current income

such that:
Mg = sY, 4
Mp =a+BY, (0<p<s<1&a>0)
Find the aggregate national income that ensures equilibrium on the money market, and check
whether the time path of national income is dynamically stable and oscillating.

Solution:
s: proportion of previous year’s income that is converted into supply of money in current year.

Equilibrium in the money market requires Mg = Mp:
sYt_l - a + Byt
_ﬂyt + sYt_l =a
ﬁYt—-SYb4_=-—a
Normalizing the equation by dividing throughout by B:

S a
Yt + <—E) Yt—l == —E
S a
e {L_i)}y -k
a+x—1 c
+ve
~
> * 1
a=-— —_— J—
B |z

+ve
Recalling the formula for definite solution of First Order Difference equation with assumption that

B
((l)([;<s) = — * —1.
Here; a = —

;,c=—%,yt=Yt,y0=Y0,b=—a.

A
B

-t -

Yes Y“*(B€s>}(%)t‘<ﬁi
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Exponential
expression
-(rgs) ) 5
U B-s) \B B—s
Y. Yp
. a S t a . . . . . .
Interpretation: |Y, = (Yo + ﬁ) (E) —5| S the definite time-path of the first order difference

equation |Y, — %Yt_l =-2

5l Dynamic Stability of the time-path, mainly, depends on exponential

expression (%)t.

(>1):non—convergent (<0):0scillatory
~ fon)
Nature |b| Pattern b
(<1):convergent (>0):non-oscillatory
Ib| = ‘f‘ <q 2O 15y b= (%) <« 0 =>Non-oscillatory
B B
Time—path is Convergent

Therefore, the time-path is convergent in nature as (B < s) while it will move in a non-oscillatory
pattern.

TOPIC 167: INCOME DYNAMICS & BALANCED TRADE USING DIFFERENCE EQUATIONS

The imports of a country are a share of national income from the current period. Furthermore,
exports depend both on current income and income from the previous period such that:
X;=aY, + BY;_, (0<ap<1)
Find the time path of aggregate national income that ensures balanced foreign trade.
Solution: For balanced Foreign Trade; M, = X,:
th = aYt + Byt—l

th - aYt - ﬂYt_l = 0

(m-a)Yy—BY;1=0
Normalizing the equation by dividing throughout by (m — a):

Y, — Y, 1=

t m—ocﬁt1 m-—a«a

oo

t m-—a t-1 -
ax-1

a=—( ) = -1
m_a(m—a#?)

Recalling the formula for definite solution of First Order Difference equation with assumption that
_ _B
(@ m-azpy = = # —1.

ca=—-L_ - = = =
Here; a = m_a,C—O,}’t—Yt,J’o—Yo,b a.

(-a) ¢

~(ro-ma) B ) 415
Ye=\Yo "1 a 1+a
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0

Y =<Yy——F—F— (—a)t+—
1+ (-mE2) 1+ (-mE)
m-—a m-—a
ﬁ t
Y, ={¥o—-0 —(— )} -0
= Yo - 03 e
B
Yt:YO(m— )
Exponential
expression
t
Yt=Y0( 4 )—0
m-—a b
—Y,c_/ Yp

t
Interpretation: |Y, =Y, (ﬁ) is the definite time-path of the first order difference equation
Dynamic Stability of the time-path, mainly, depends on exponential

Y,——Lv,,=0|

m-—-a

. B\t
expression (—) .
m-a
(>1):non—convergent (<0):o0scillatory
~ ~
Nature |b| Pattern b
~—_—
(<1):convergent (>0):non—oscillatory
if m-a>p) | B >0
|b| = ‘ — ‘ g ] — — <1 ’E if convergent:(m—a>p)
m-a m-—a b = then:(m—a>0)~ 0
m-a i

Time—path will be Convergent
Non-Oscillatory

Therefore, the time-path will be convergent in nature if (m — a > B) while it will move in a non-
oscillatory pattern as (m — a > 0).
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Lesson 37
VARIOUS ECONOMIC APPLICATIONS OF DIFFERENCE EQUATIONS

TOPIC 168: INVESTMENT DYNAMICS USING DIFFERENCE EQUATIONS
I, is the amount invested in period t:

I, =0.91,_, + 60
I+ (-=0.9)1,_; = 60
Ta -1 3
And investment at t = 0 is £900m. Find the time-path of investment.
Comparing the standard form of First Order Difference equation:
Yetayi1=¢
Since a = —0.9 # —1, the definite time-path will be:

60 60
o (e \\ e
r‘-\: — b
e Yo 1+ a ( > +1+ a
0o 0.9
I —(900 60 ) (—0.9)} + 60
t— 1—0.9{ -9)} 1-0.9

I, = (900 — 600)(0.9)" + 600
1, = 300(0.9)! + 600
Interpretation: |1, = 300(0.9)" + 600| is the definite time-path of the first order difference
equation |It —-0.9Y,_ 4 = 60|. Dynamic Stability of the time-path, mainly, depends on exponential
expression (0.9)%.

(>1):non—convergent (<0):oscillatory
~ ~
Nature |b| Pattern b
(<1):convergent (>0):non-oscillatory
|b| =1-0.9| <1 b=(09)<0
~—_—
Convergent Non-oscillatory

Therefore, the time-path will be convergent in nature while it will move in a non-oscillatory pattern
as.

I.(deviation from I*)
1.~0,as t—>o
I, = (300) (0.9)¢ + 600
e N—— N——
coefficient —0 I,(=I")
of (0.9)t ast=
I;—(I*=600),as t—oo
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TOPIC 169: PRICE DYNAMICS & MONEY MARKET USING DIFFERENCE EQUATIONS

Money supply (M), is set by the government. Money demand (L,) depends on the price level
(P,) as well as on real output (Y). Inflation can be measured as the difference between the price
levels between consecutive time period (P, — P;), and depends on excess money supply
(Mg — L,) such that:
L, =aPY (a>0)

Pyq— P =j(Mg—Ly) (G>0)
Express the time path of the price level in the economy. Find its intertemporal equilibrium. How is
this equilibrium related to money supply and aggregate output?
Solution:

Plugging in the value of L, in P,y — Py = j(My —[L¢]):
Piyq — Py =j(Ms_)
Pyiq — Py =j(1_"1s - “I_)ty)
Pyiq —Pt+a!PtY=]Ms
Py — (1 —ajY)P, = jM;
Recalling the Standard form of First Order Difference Equation:
Yer1 t ay.=¢ )
Piyy +{Z(L = N} Py = M,

-1 Yt+1 a Ve c
>0>0>0
~ .
Here;a=—<1— aj Y),c=]Ms,yt=Pt,y0=P0,b=—a.
>0

~—_—

*1
Recalling the formula for definite solution of First Order Difference equation with assumption that
a+—1.

(~a) ¢
~
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My) (My)
P, =P, — —(—(1 - ajV))]t
t { T 1+ (—(1 - gjY)} [~{=A - aj)}] I Cad—ar)
_ _L} i IMs
Pt_{PO —a-agn "9 Y TTa—gn
_ _L> e, IMs
Pt_<P° 1—1+aqy) YY) Y T gy
_ _st> _ iyt oI Ms
P, = (PO Py (1 - ajY) +an
exponential
expression

M,
P = (”0 - ﬁ)

T M
1-aV)t+—

ay

Pe

Pp

MS . t MS

aY

Interpretation:

= (Po =M\ (1 — ajy)t + M=
Pt_(PO aY) (1 a]Y) +aY

is the definite time-path of the first order

difference equation |P.,; — (1 — ajY)P, = jM;| Dynamic Stability of the time-path, mainly,

depends on exponential expression (1 — ajY)*.

(>1):non—convergent

(<0):oscillatory

Time—path will be Convergent

Nature rl;l Pattern b
(<1):convergent (>0):non-oscillatory
|b| = |1 — ajY| , ) b=(1 —(an))
if (ajY<1 if (ajYy<1
S1 =5 1-ajy| > 1 S0 == (1-ajY) <0

Time—path will be Non—0Oscillatory

Therefore, the time-path is convergent in nature if (ajY < 1) while it will move in a non-

oscillatory pattern.

TOPIC 170: FISH STOCK ANALYSIS USING DIFFERENCE EQUATION

A fish population increases by 5% each generation, but a catch of 8000 is lost from each
generation. If P, represents the size of the population for generation t:

(a) Write the difference equation which expresses P, in terms of P, — 1.

(b) Solve the difference equation, given P, = 100000. Hence, describe the time path.

Solution: Mathematizing the given information:
5%17

fish catch in

in 100 every generation
—_—— —_—
F, =105 F,, ~8000
(o7 ——
current fish stock
fish stock in last

generation
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FE =1. 05F — 8000
Introducing 1 generation lag:
Introducing 1 generation lag:
F =1. 05Ft—1 — 8000
F =1. OSFE — 8000
|Fei1 — 1.05F, = —8000|
Fi i1+ (—=1.05) F, = (—8000)

ax-—1 c
Comparing the standard form of First Order Difference equation:

Yetay,1=¢
Since a = —1.05 # —1, the definite time-path will be:

F F —8000 ¢ —-8000
—-a
Ye=|Yo—77—— || b | +7—/—
1+ a 1+ a
Ll -
-1.05 -1.05

F, = (100000 — 160000){—(—1.05)}* + 160000
F, = (—60000)(1.05)¢ + 160000

|F, = —60000(1.05)* + 160000
Interpretation: |F, = —60000(1.05)¢ + 160000| is the definite time-path of the first order
difference equation (F..; —1.05F, = —8000|. Dynamic Stability of the time-path, mainly,
depends on exponential expression (1.05)".

(>1):non—convergent (<0):oscillatory
~ ~
Nature |b| Pattern b
(<1):convergent (>0):non-oscillatory
|b| = [1.05] < 1 b=(1.05) <0
~—
Non—Convergent Non—oscillatory

Therefore, the time-path will be non-convergent in nature while it will move in a non-oscillatory
attern as.

F.(deviation from F*)
F.»0,as t-o

F; = (—60000) (1.05)t + 160000
coefficient -0 Fy(=F")
of (1.05)t ast=w
Fy»(F*=160000),as t—>co
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SR

TRCIET

T

-
-

:I.mi b

ECIEN

4L-JEL

Femes
[Fayu

-

20K

——

]

TOPIC 171: INITIAL AMOUNT DEPOSITED IN COMPOUND INTEREST

Derive the formula for the value P, of an initial amount of money P, deposited at i interest for t
years when compounded annually.
When interest is compounded annually:

principal initial interest initial
+ amount rate amount
interest compound interest

Py =1+ 0P,
|Pt+1_(1+i)Pt=0|
Recalling the standard form of First Order Difference Equation:

Yie+1 +aJ’t_ =c
Py +{-1+D}P, =0
— — “

20 Yt+1 a*-1 Yt ¢
{— <1 + T)} {-A+d}>-1-{-A+D}#—-1.
T era—

Here;a={—-(1+1i)},c=0,y, =P, yo = Py, b = —a.
Recalling the formula for definite solution of First Order Difference equation with assumption that
a+* -1
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[ (::1) [
Ve (y0_1+a) b +1+a
0 t
Py ={P°_1+{—(1+i)}}(_a) +1+{—(1+i)}

P, = {Po}[—{-(1 + D)}]*
[P, = Py(1+ i)

exponential

expression
’—'_—
P,=Py 1+ +0
~—_ ——
Ye YP

Interpretation: |Pt =Po(1+ i)t| is the definite time-path of the first order difference equation

|Prs1 — (1+ 0P, = 0| Dynamic Stability of the time-path, mainly, depends on exponential
expression (1 + i)t.

(>1):non—convergent (<0):oscillatory
~ ~
Nature |b| Pattern b
R —r
(<1):convergent (>0):non—oscillatory
. given (i>0) i . given (a>0) .
Time—path will be Non—convergent Time—path will be Non—Oscillatory

Therefore, the time-path is non-convergent in nature as (a > s) while it will move in a non-
oscillatory pattern.

TOPIC 172: HARROD MODEL OF GROWTH

The Harrod model attempts to explain the dynamics of growth in the economy. It assumes
S =sY,
where s is a constant equal to both the MPS and APS. It also assumes the acceleration principle,
i.e., investment is proportional to the rate of change of national income over time.
Ii=a(Y;—Y: )
where a is a constant equal to both the marginal and average capital-output ratios (COR).
Develop the time path of national income and interpret.
In equilibrium, I, = S,. Therefore I, = a(Y, — Y,_,) becomes:
S;=alY; =Y, 1)
sY,=a¥Y;—a¥Y, 4
sY;,—a¥Y,+a¥Y;_1=0
(s—a)Y,+a¥Y,_ 1 =0
Normalizing by dividing throughout by (s — a):
a 0
Vet {(s — a)} Ye-1= (s—a)

Y, + (ﬁ) Y, =0

Recalling the standard form of First Order Difference Equation:

Yer1 tay, = ¢
Introducing a lag to make the given form comparable with the standard form:
a

Y + (S— a) Yt—1 =0
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() )1+ ()t

a+—-1 if s=0,but 0<s asper economic
theory

Here; a = (ﬁ), c=0,y, =Y, y0=Yo,b=—a.
Recalling the formula for definite solution of First Order Difference equation with assumption that
a+—1.

a)\*
~

ve=vo(;)
t 1] a—s
exponential

expression

—_——
t

Y, =Y, (a‘is) +0
—la=s/_

Y

Ye

t
Interpretation: |Y, =Y, (L) is the definite time-path of the first order difference equation

a-—s

Yig+ (Siia) Y, 11 = 0| Dynamic Stability of the time-path, mainly, depends on exponential

t
expression (ﬁ) . a (the capital-output ratio) is usually greater than 1 while s (marginal propensity
to save) is lesser than 1 (but also greater than zero):

Mathematically: (a > 1)A(s < 1). The inequality (a > s) shall be used in explaining the nature

. a>s
and pattern of time-path.

(>1):non—convergent (<0):oscillatory
~ ~
Nature |b| Pattern b
~———————_—
(<1):convergent (>0):non—oscillatory
a given (a>s) a a as given (a>s) a
bl =|—|s1 — <1 b=(—)s0 —= (—)«0
a—s a—s a—s a—s
Time—path will be Non—convergent Time—path will be Non—0Oscillatory

Therefore, the time-path is non-convergent in nature as (a > s) while it will move in a non-
oscillatory pattern.

TOPIC 173: WARRANTED RATE OF GROWTH

In the Harrod model the warranted rate of growth is of pivotal importance. Where, ‘Warranted
Rate of Growth’ (i.e., the path the economy must follow to have equilibrium between saving and
investment each year).
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Recalling the time-path of national income Y, = (ﬁ) Y,. This time-path shows that current year’s

national income is (ai) times the national income of the previous period. e.g. for current period,;

=S

Y= (%) Yo

Intertemporal growth: G = @ Substituting the value of becomes:
0

Warranted Growth rate:

G =
Yo
a
G_(a_s)Yo—Yo
= YO
a
¥
a
G = -1
"~ (a-s)
a—(a-—s
G =
a—s
Warranted
Growth rate
~ a—a-+s
G =—-
a—s
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Lesson 38
COBWEB MODEL AND DIFFERENCE EQUATIONS

TOPIC 174: COBWEB MODEL: FRAMEWORK

Using First Order Difference Equations, we can understand the price fluctuations of products with
lags involved in between production and sale. For instance, agricultural products, in which
planting and harvest occur with substantial gap.
The Model: Cobweb model is based on demand and supply forces:
Demand Side {Q(}: The demand side of such products has no lags, since for a buyer:

P, Qa)

Price of crop in curent time period = Demand of crop in current time period

buyer is concerned with the current price of agricultural products

Mathematizing this basic-psychology:

Qawy =D(Py)

N——
current < current
demand price

|Qd(t) = D(Pt)|

Supply Side {Qs)}:
P; Qs(t+1)

Price of crop in curent time period = Supply(Output) of crop in next time period

it takes a season (time period) for a crop to get ready
Mathematizing this agricultural phenomenon:

Qs(t+1) > S(Pt)
N——

future < current

supply price

Q@) = S(Py)
can't bemto Qd
due to dif ferent time periods
Therefore, we convert Qg¢,1)into Qg by introducing a lag (—1):

Qs(t+1) =S (Pt)
|Qs(t) = S(Pt—1)|
Unlagged and Lagged Demand and Supply Functions:

Unlagged Demand Function Lagged Supply Function
Qaw) = D(Py) Qsiy = S(Py-1)
Unlagged Demand Equation Lagged Supply Equation
Qaw) = a— B(P,) Qs = —¥ +6(Pe_q)

For equilibrium in (agricultural) market: Q4 = Q.
Qaw) = Qs
a—pBP)=~-y+8Pq)
—B(P) —6(Py) =—a—-y
BP)+6(Piy)=a+y
Normalizing by dividing throughout by g:

)
(PO +5 (P = (@ty)

B
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o
Pt+E(Pt—1):aT+y

Recalling the standard form of First Order Difference Equation:

Vg~ DE = b
5 a+y
P+ 5 (Pe) ==
Boxed subscripts show discrepancy of time, so we introduce time lead in price equation.
1) a+y
P+ 5 (Peam) =~
Pt (6) p - a+y
T A\g/ L B

Ye+1 7 Yt _é_/
Comparing with the standard form: a = 2, ¢ = %

20 2
(g) S ()

>0
——

a>0

s Yer1 = Pey1, Ve = Py

Recalling the formula for definite solution of First Order Difference equation with assumption that
a+—1.

Yt—(YO— - (:i;) +1-IC:a
R ] A
ey A

B 8 U8B
P,=<P =] + 5=
et e

equilibrium
(a,B,y,6):constants

P e (p) i )+ ()

Py
at

P~ (ro=ry)(-5) +2,

AN

P, = (P p*)( 6)t+P*
t= 0 5
Pc p

PN

P, = (Po— P*) <_E) + P

b
Role of A: It can be recalled adopting the following table:
A = (Po — P") being a coefficient can affect P,, in either or both of the two ways:
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Scale Effect: Absolute Value of |[P, — P*| on P,

Magnitude

|[Po —P*| =0

|Po— Pl <1

|Po—P =1

|Po—P*|>1

Nullify

Minify

Neutral

Amplify

e

r-m(-2)

re-m(-2)

el

Ve =

()

Noteworthy

Noteworthy

Mirror Effect: Original Value of (P, — P*) on P,

Sign

(Pq—P)>0

(Po—P)<0

Retain

Reverse

P.=

t

n(_8
(P—":OL)( /z>

P, =

t

a(-2
(P0<—OP)( ﬂ)

P.>0

P.<0

Noteworthy

TOPIC 175: COBWEB MODEL: DIAGRAMMATICALLY

Using  First

Order Difference

P = (Po—P")

8

P¢

Pp

P, = (Py— P*)
A

b

_¢—"
exponential
expression

t
Within the boxed term, exponential expression (— g) is critical for determining the nature and

Equation,

t
_E) + P* of price equation

we

found

the definite

aty

B

F;
Pt+1+E(Pt):_-

pattern of the time path of P,. We borrow the base (— g) of the expression for elaboration.

(>1):non—convergent (<0):oscillatory
~
Nature |b| Pattern b
(<1):convergent (>0):non—oscillatory
)
bl =|--|s1 b=(—E)§0
§<pB §>p Both & and B are positive. (6,8) > 0
<
_% _9%.4 Regardless of (6 < B), b<0
B B Oscillatory
N—— ————
Convergent Non—-Convergent
(Divergent)

Therefore, the time-path can be either convergent or non-convergent in nature as (§ s ), while

it will move in an

oscillatory pattern.

Underlying Mechanism of Cobweb Model:

|
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No movement along the curves due to discrete nature of P & Q.

y iod . Supply
Rise in price causes

high supply

( High supply causes
} . fall in price

Low supply causes
rise in price

Low price causes
fall in supply

“ Demand

{|—%| < 1} Convergent and Oscillatory Time-path of Price
AKA: Damped Oscillations

0 g g1 iy s gy g

L. i i L i i
L

s 3 4 5§ 1

Left Panel shows the converging dynamics in
market. The slope of supply curves should be
lesser than that of demand (8 < B).

Right Panel plots the time-path of
price (Pg). It is coverging towards
equilibrium price {here(p.)}, while

oscillating above and below it.

{|—%| > 1} Non-Convergent (Divergent) and Oscillatory Time-path of Price
AKA: Explosive Oscillations
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FE o,
+r n ; o
1. 7 .
S
oird) PRSI (P E PR IR il D /\ -"ll
o] it st iR e S LA ey ',-;;_xvﬂ !
iy i s 7 L o \/
F e G | P @9
L P T R TR 7 0 1 3 T 4 5 &
T3
Left Panel shows the diverging | Right Panel plots the time-path of price
dynamics in market. The slope of supply | (P,). It is diverging away from equilibrium
curves should be greater than that of | price {here(p,.)}, while oscillating above
demand (6 > B). and below it.

Conclusion: The nature of time-path is primarily dependent on the relative slope of demand and
supply curves (6 s B).

TOPIC 176: COBWEB MODEL: RARE CASE

We have understood two common cases of convergence and divergence in cobweb model:
Common Cases: § s 8
§<B §>B
——l<1| |[-5[>1
B B
Convergent | Non—Convergent
(Divergent)

Now considering a rare case in cobweb model where (8 = B):

Rare Case: |8 =B

-

Nature of time-path of Rare Case:

(>1):non—convergent (<0):o0scillatory
Nature |b| Pattern b
(<1):convergent (>0):non—oscillatory
5=8 6=p
wrﬂ ﬂ—1 b—( S— 1
8 B B
b=-1<0
_E =1<1 Oscillatory
Non—-Convergent
(Neither)

{|—g| = 1} Non-Convergent (Uniform) and Oscillatory Time-path of Price
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i1

i A ; r

[l P @

=
Iy

;n

Left Panel shows the equi-distant dynamics in
market. The slope of supply curves should be
equal to that of demand (6 = B).

Right Panel plots the time-path of price (P,). It
is unformly oscillating above and below the
equilibrium price {here(p,)}.

Conclusion: The existence of uniform oscillation case is rare event as the equality of slope is a
matter of chance (6 = B). Any slight inequality can lead to convergence or divergence cases.

TOPIC 177: COBWEB MODEL: NUMERICAL

Given the demand function and Supply Functions:
Q4 = 18 — 3P, and Q; = —3 + 4P,_4, find the time-path of price.

Solution:

Unlagged Demand Equation

Lagged Supply Equation

Qa) = a— B(Py)

Qs =Y +0(Pr_1)

Qac = 18 — 3(Py)

Qs) = —3 +4(P_q)

Here,a =18, =3, y=3andé =4

For equilibrium in market: Q4 = Q.

Qaw) = Qs
18 — 3P, = -3 + 4P,_,
—3P,— 4P, ;=-3—18
—3P,—4P,_; = 21
3P, +4P,_; = 21

Normalizing by dividing throughout by 3:

4
Pt+§(Pt—1)=7

4
Pt+§(Pt—1) =7
Recalling the standard form of First Order Difference Equation:
Yeza) ~ @V = b

4
Pg+3 (Pezz) =7
Boxed subscripts show discrepancy of time, so we introduce time lead in price equation.

4
Pt +§(P

ea5m) =7
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Pusy +

Ve+1

Comparing with the standard form: a = g, c=7,Y41=Pii1, Ve = Py.

——
a+—1

Recalling the formula for definite solution of First Order Difference equation with assumption that
a+—1.

s{&
a {3

{

c (:1) c
e (y0_1+a) b +1+a
_ t
Ty T e
7
=Py~ ¢ (@) + =

A
—_—— t
Pt—<P0—§) -=] +3
Pp ——— Pp
PC

t
Interpretation: The time-path of in case of cobweb model is [P, = (Py — 3) (— g) +3|,ifQq =
18 —3P,and Q;, = -3 + 4P, ;.

(>1):non—convergent (<0):o0scillatory
Nature ﬁﬂ Pattern b
(<1):convergent (>0):non-oscillatory
4 6 4
bi=|-gl=[-35/>1 | p=(-5)=(-5)<0
Non—Convergent (Divergent) Oscillatory

Hence the time-path is divergent in nature and oscillatory in pattern — dynamically unstable.
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TOPIC 178: DIFFERENCE EQUATIONS AND ADAPTIVE EXPECTATIONS

Consider the following market model:

Qat = Qs:
Qat = —a+ BP,
Qst:y_‘sp;.f

Here, P; is the expected price in current time period t.
Moreover, the type of expectations is Adaptive Expectations.

Mathematically; P; = P;_y + n(P¢—1 — P{_4) O0<np<1)
expectation—
adjustment
coefficient
-~
P = -1+ n (Pe1—Pi_q)
e N—— N——
expected price expected price discrepany between

in current
time period

in previous
time period

actual and expected prices
in previous time period

Effect of the Adaptive Price Expectations:

If P,y > P;_;)

If P,y < P; 1)

Price in Previous time period is greater
than that in Current

Price in Previous time period is lesser
than that in Current

Pt—l = ZO,P:_l = 10

under—expectation

P, = 20,P,_, = 30

over—expectation

Also assume

thatn = 0.5

Pi=P; 1 +n(Peq—P;4)

P; =20+ 0.5(20 — 10)

P; =20 + 0.5(20 — 30)

P; =25

P; =15

Due to under-expectations, price
expectations are revised upwards (from

20 to 25).

Due to over-expectations, price
expectations are revised downwards
(from 20 to 15).

Roleof n: Letn =1
Assuming n = 1, we rewrite the price expectations equation as follows:
Pi=P1+n Py —Pryq)
=1
P =P; 1 +Prq— P4

*
P =
el

expected price in
current time period

P,_,
—
actual price in
previous time period

Conclusion: It implies that seller is expecting the price this year to be same as that in last year.
Such situation is observed in Cobweb model. Therefore, we find that adaptive expectations
have a significant role in the working of Cobweb model.

Adaptive Expectations in Differential vs. Difference Equations:

Differential Difference Equations
Equations
dr P; =P 1 +n(Pt—q1—P¢_q)
dt_](p ™) Pi—P; 1 =n(Prq—P;4)
Change dn P; —P;_,
dt
Adjustment j n
coefficient
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Discrepancy term | (p—m) | (Pe_q — Pi_y)
Observation: Both, Differential & Difference equations have the same structure
while including the Adaptive Expectations.
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Lesson 39
A MARKET MODEL WITH INVENTORY USING DIFFERENCE EQUATIONS

TOPIC 179: A MARKET MODEL WITH INVENTORY: FRAMEWORK

In Cobweb model, market was assumed to be cleared at every time period. It is possible either if
product is perishable which can’t be stored or are not stocked.

However, in real life there are many products that can be stored. For such products we develop
a model with possibility of inventory.

Premises of The Model
Let us assume the following:

I.  Both the quantity demanded, (Q4)and the quantity (Q,) are currently produced, are
unlagged linear functions of price (P,).

linear function linear function

—_——— —_———

Q4. = D(P,) and Q,; = S(P,)
unlagged unlagged
dependence dependence

Il.  Adjustment of price is affected not through market clearance in every period, but through
a process of price-setting by the sellers (seller-determined price). At the beginning of each
period, the sellers set a price for that period after taking into consideration the inventory

situation.
price adjustment

(Pt—Pi 1) =f(Qs—Qq)
#f(Qqa=0Qs) inventory
Accumulated inventory in preceding-period drops the price in current-period, so the
merchandise could be ‘moved’.
Conversely, a decumulated inventory raises the current price higher than before.
lll. The price adjustment made from period to period is inversely proportional to the observed
change in the inventory (stock).

Mathematizing the premises:

Premise - | Qq: = a— BP, (a, B > 0)
Qs = —y — 6P, (r,6>0)
Premise -l &lll | P,.; =P, —a(Qy — Q4) (6>0)

o: stock-induced-price-adjustment coefficient.
Note: (Q,; — Q4;) is considered here as the inventory (stock), whereas (Q4; — Q) is considered
as excess demand.

TOPIC 180: A MARKET MODEL WITH INVENTORY: SOLUTION

Given the demand, supply and price-adjustment functions:

Qa: = a— BP; (a,p>0)
Qs = —y + 6P, (y,6 >0)
Pi1 =P —0(Qs — Qqar) (6>0)

Substituting the values of Q4; and Qg; in price-adjustment equation:

Pri1 =Py~ 0(Qu] - [Qut])
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Py =P;—0o(-y+ 6P, —a+ BP;)
Pt+1=Pt+0'y—0'5Pt+0'a—O'ﬁPt
Pt+1=Pt—0'ﬁPt—0'5Pt+0'a+0'y
Pt+1—Pt+0'ﬁPt+0'5Pt=0'a+0'y
P;,1— (1—0p —08)P, =0a+oy
[Pess—{1—0(B+8)}P, = a(a+V)|
First Order Difference Equation representing a market model with inventory. Elaborating the
equation by comparing with the standard from:

Yer1 t Ay =¢
Pey +[-{(1= (B +8)}| P, = o(a+)

Ye+1 a Ye ¢
Here;a=[-{1-0(B+ )}, c=0(a+V), ¥t4s1 =Prr1, ¥: = P;
*1
( )
>0 >0
a=|- 1—a<ﬂ+5> =>(§)¢—1
1 ;'6 1
L=
*-1

Recalling the formula for definite solution of First Order Difference equation with assumption that

a+*—1.
(-a) t
c [l c
ve=o-m)| P | +im
a)\*
_[p ___9o@n 1 % __olan)
Pe = [Po 1+[-{1-0(B+6)}] b |+ 1+[-{1-0(B+6)}]
o(a+y) t o(a+y)
P, = ! 1( 4+a)(ﬂ+6)] [ —{1-o(p -l(_ 6)3]] + 1-1+0(B+6)
_ _ olaty ty e(a+y
Pv:% ol -oB+ o) + 150
a+y t aty
Pe=1Po— (ﬁ+6‘) A-o(f+8)}+ ([3+6)
T \_}),*—/

Interpretation: The definite time-path of market model with inventory is obtained.

P, = (Py—PH{1—0(B+ 8} + P
stationary
P, equilibrium (Pp)
P, =(Py—PHY1—-0(B+6)}+ P
Pc Pp
P,=(Po—P){1—a(B+ 8} +P°
A b
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TOPIC 181: A MARKET MODEL WITH INVENTORY: TYPES OF TIME PATH
P Pp
P,=(Py-P){1-0a(f+ &} +P°
A b
The time-path of price in market with inventory is a First Order Difference Equation. b =
{1 —a(B + &)} which can make seven cases(regions) depending on value of b: (—1 > b > 1).
Region —I: (b > 1) = Divergent & Non-oscillatory
f1—-c(B+6)}>1
{1=1]- o (B + &)} > 1[-1]
{-e(B+&}[>]0
Dividing throughout by —(B + &) & hence reversing the inequality.
o(p+6)
Ce) P grs
<0

N —’
Already given that
(6>0),s0 this case is not
acceptable as per given
parametric restriction

Therefore, we rule-out Region — |

Region - Il: (b = 1) = Non-convergent & Non-oscillatory
t-oc(B+8)}=1
—o(f+6)=0
0

o

—(B+9)
=0
‘,'—/
Already given that
(6>0),s0 this case is not
acceptable as per given
parametric restriction

Therefore, we rule-out Region — Il

Region - 1ll: (0 < b < 1) = Convergent & Non-oscillatory
0<{1-o(B+d)}<1
o[-1] < {1=1]- o(B + &)} < 1[-1]
-1<{-o(B+6)}<0
-1[<]{-a(B+&}[<]0
Dividing throughout by —(B + &) & hence reversing the inequality.
- o(f+6)
-2

1
m>{0’}>0

0
—(B +9) —(B+9)

0<o<

1
B+é6

Region — IV: (b = 0) = Pre-convergent & Non-oscillatory
{f1—-c(B+6)}=0
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___ 1
B+
1

7T B+s

Region - V: (-1 < b < 0) = Convergent & Oscillatory
-1<{1-a(B+6)}<0
—1[-1] < {1[=1]- o(B + &)} < 1[-1]
—2[<|{-o(B+8)}[<]0
Dividing throughout by —(B + &) & hence reversing the inequality.
2 o(f—+68) 0
—(B+5){ —M}—(Bﬂ?)

>{o}>0

2
(B+6)

0<o<

B+6

Region — VI: (b = —1) = Non-Convergent & Oscillatory
{1-0(B+6)}=-1
—-o+6)=—-1-1

—o(B+6)=-2
Dividing throughout by —(B + é).
o +9) 2
-B+6) B+
2

B+o

g =

Region — VII: (b < —1) = Divergent & Oscillatory
f1-c(B+6)}<-1
{1[=1]-o(B + &)} < —1[-1]
{-o(B+8)}[<]-2
Dividing throughout by —(B + &) & hence reversing the inequality.
o—+& 2
{ —M} —(B+96)
2

°>81s

Conclusion: For market model with inventory, we experimented with seven cases(regions), out
of which last five (5) are feasible. While, first two (2) are ruled out. All cases relate stock-induced-
price-adjustment coefficient (o) with slopes of demand and supply curves (B & §), respectively.

TOPIC 182: A MARKET MODEL WITH INVENTORY: GRAPHICALLY

In order to graphically depict the all possible cases of market model with inventory, we put them
in one table:
L] | | Nature |
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b={1-0a(B +6)} o Pattern
! b>1 o < 0 (violating[a > 0]) ﬁ'“e'ge'.'fl |
o Neon-convergent
] b=1 o = 0 (violating [a > 0]) N e
1 Convergent
- 0<b<1 0<o< B+8 Non-oscillatory
_ _ 1 Pre-convergent
(A" b=0 o =725 (Rectangular Hyperbola) Non-oscillatory
1 2 Convergent
v —1<b<0 8+6 " B+o Oscillatory
_ _ 2 Non-Convergent
Vi b=-1 o= (Rectangular Hyperbola) Oscillatory
2 Divergent
Vil b<-1 Y Oscillatory
First two of the cases are ruled-out as they violate the parametric restriction (o > 0).
We can try to plot cases (llI-VII).
Both Case — IV and Case — VI, are equalities and can be plotted with ease.
Both of them are ‘rectangular hyperbola’ functions.
Moving from Case — lll to Case — VII, we observe that ¢ is increasing.
0<o< 1 1 1 <0< 2 2 > 2
o< —— - || —<o<— - _° Tg>——
B+8 [|I°"B+s||B+8 B+8|1° " B+s B+8
g
between 0 & —— | equals — | between —— & —— | equals —— | Greater than ——
gre | CAUAS 25 gre " pre | CAUAS 5 B+é8
Accordingly, the regions should be in an ascending order in the graph.
Moreover, 1t quadrant shall be used as both ¢ > 0 and (B + §) > 0.
| Graph: Cases (Regions): lll - VII |
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Sigma
Region - VII
Region - VI
/ Region -V
Region - IV
Region - ITI
Beta + Gamma

Interpretation: Using Cases Ill — VII, we plotted a graph. It shows all feasible regions of Market
Model with Inventory in one diagram.

TOPIC 183: A MARKET MODEL WITH INVENTORY: NUMERICAL

Example # 1: Given the demand, supply and price-adjustment functions:

Qqr = 21— 2P,

Qs¢ = -3+ 6P,

Py =P —0.3(Qse — Qar)

Find the time-path P, and determine its dynamic stability.
Solution: The stock-induced-price-adjustment coefficient (o) is the critical parameter which is
0=0.3>0.
as per theory
Substituting the values of Q4; and Qq; in price-adjustment equation:

Pir1 = Py = 0.3([Qge] — [Qae])
Peg =Py —0.3(—3+6P,|— (21— 2P,|)
P;;1=P,+0.9-1.8P,+ 6.3—0.6P,
P, =7.2-1.4P,
|Peiq +1.4P, = 7.2]

First Order Difference Equation representing a market model with inventory. Elaborating the
equation by comparing with the standard from:
Yerr tay,=c¢
Puyy +1.4P = 7.2

a Ve Cc

Ye+1
Here, a= 14’, Cc= 72, yt+1 = Pt+15 yt = Pt
a+1l
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Recalling the formula for definite solution of First Order Difference equation with assumption that
a+—1.
t

c o c
~
yt_(y0_1+a) b +1+a
P—(P 7.2 )( 1.4) +—
=0 1414 ' 1+1.4
P,=(Py—3)(-1.4)' +3
stationary
P, equilibrium (Pp)
P,=(Py—3)(-1.4)t + 3
P P.
p
P
P,=Py—-3)(-1.4)"+3
A b

Interpretation: The definite time-path of market model with inventory is obtained.

Dynamic Stability using b:

Dynamic stability can be checked using the standard procedure used for First Order Difference
Equations.

(>1):non—convergent (<0):oscillatory
~ fo)
Nature |b| Pattern b
D ——— ———
(<1):convergent (>0):non-oscillatory
|b| = |-1.4|>1 b=-1.4<0
N~—— ——————
Non—Convergent (Divergent) Oscillatory

Hence the time-path is divergent in nature and oscillatory in pattern — dynamically unstable.
Dynamic Stability using o, g and &: Dynamic stability can also be verified using values of a, 8
and é:

Nature
b={1-0(f+8) g Pattern
] b>1 o < 0 (violating[e > 0)) Dwgem[ B
C Non-convergent
] b=1 o = 0 (violating [a > 0)) N it
1 Convergent
i 0<b<1 0<o< B+6 Non-oscillatory
1 Pre-convergent
v b=0 7= B+ Non-oscillatory
1 2 Convergent
V| -1<b<0 g+6-°<B+s |Oscilatory
2 Non-Convergent
vi b=-1 7= B+6 Oscillatory
2 Divergent
Vil b<-1 > 51 Oscillatory
Choosing Case — VIl through b < —1, and converting the condition to g, B, 4.
0=03,=2,6=6. 2 Divergent & Oscillatory
o>
o3 Bto

0.25
Therefore, we get same result of time-path either by using
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|bora, B, 6.
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Lesson 40
SECOND ORDER DIFFERENCE EQUATIONS

TOPIC 184: SECOND-ORDER DIFFERENCE EQUATIONS: PARTICULAR INTEGRAL

Similar to Second Order Differential Equations, Difference Equations can also acquire second
order of difference(recurrence).

Understanding Second Difference:

A%y, shall be called second difference of y,.

A%y, = A(Ay,)
Az}’t = @(yt+1 —Yt)

Az}’t = AYi11 — Ay,

= Verz = Yerr) — Wer1 — ¥e)
=Ye+2 ~Ve+r1 Y1t Ve
|AZJ’t =Yer2 —2Yt41 t J’t|
Second difference of y, has an elaborated expression involving lead/lag of 2, lead/lag of 1 and a
term with no lead/lag.
Standard Form of Second Order Difference Equation: A linear, non-homogeneous version
with constant coefficients (a4, a,) and constant term c.
Yerz T A1Ye11 T A2y =€
Order: 2™¢ (due to 2™ difference)
Degree: Linear/First degree (due to highest power ‘1’ of the 2™¢ difference) Constant Coefficients
(a's) and Constant term (c).
Delimitations:
4. For simplicity variable coefficients and variable term are not considered.
5. This course deals with linear cases only.
6. Cross terms — product of function 'y," and its differences (leads/lags) y;,1 — are not
included.
Possible Cases: Depending on the values of ¢, we get 2 possible broad cases:
Main Cases based on value of (c)

Identification c=0 c*0
Terminology Homogenous Case Non-Homogenous Case
Components of Yp=0 Yp 0

Solution
Sub-Cases based on values of (a,) and/or (a,)

Identification a, =0, a, =0, a, =0, a, #0, a, =0, a, =0,
(a1¢0) a1¢0 a1=0 (a1¢0) a1¢0 a1=0
ot ot

Particular Soluti — 2(2)) 0) = 2) b b

articular Solution _ _ O = _b _b _b.2

t u?)’p)o t S p_alt gtz LA yp_“lt r =3t
2

Particular Integral (y,): Any particular solution (containing no arbitrary constants) of complete
equation. y,, provides equilibrium value of y,, in intertemporal sense:
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Ye = Ye + Yp
- L —
Time Path Deviation from Equilibrium
equilibrium value of y;
value of y(t)
Subcase - I: Since the particular integral (y,) can be any solution, i.e., any value of y that

satisfies this nonhomogeneous equation, we should always try the simplest possible type;
namely, y = a constant. If y = k, it follows that:

y=y:=k
Yer1 =k
Yerz =k

Substituting the values of y;, y;4+1 and y,,, in the general form y,,, + ay - y;41 + a -y, = c:
k+a; k+tay; k=c
k(1+a,+ay)=c
c
k= (1+ay+ay)
Since k is a particular value of y, that satisfies the difference equation, we can call it Particular
Solution (y,):

Cc
=1t a; +a;
C
Yp

“1+a;+a,
N————
#-1
Interpretation: Particular Integral has actually a constant value as ¢ and a4, a, are constants
and so will be their ratio.

Caveat: For a defined Particular Solution (y,,), [a; + az # —1]

Subcase - llI: If |a; + a, = —1|, the formula of particular solution (yp = ;> shall give
1+{aq+ay
c

undefined answer. i.e. (yp 5= oo). Therefore, we need some other formula for (y,,). For

another formula, we need another assumption regarding solution value of y;. Instead of
considering constant a solution y, we try a nonconstant (variable); i.e. y = kt.
yt = kt
Yer1 = k(t+ 1)
Verz = k(t +2)
Substituting the values of y;, y¢+1, Ye+2 and in the general form y"'(¢) + a, - y'(¢) + cy(t) =

C:

Yesz T A1 Yes1 A2 Y =C
k(t+2)+a,-k(t+1)+a, kt=c

k{(t+2)+a;-(t+ 1) +a,-th=c
E{(t+2)+(a1t+a1)+a_2t}=c
E(t+a1t+azt+a1+2)=c

=1
K{<1+a1+a2>t+a1+2}=c
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g[{l +(-Dit+ay+ 2] =c
g[{0}t+a1 +2] =c
kla; +2]=c
c
k| =
aq + 2
Since the assumed solution value of y was y = [k]t, we substitute the value of k to get the
solution value of y:

c
y= a; +2 t
Since solution value is actually the Particular Solution (yp):
c
Yp = a, +2
*+-2

Interpretation: Particular Solution has actually a nonconstant value regardless of ¢, a; and a,
being constants. It is due to t that gets multiplied with the ratio (a 12) In this subcase;

1
a; + a, = —1 is permitted.

Caveat: For a defined Particular Solution (y,,), [a; # —2]

Subcase - lll: If and already a, + a, = —1, we check if Subcase — | and Subcase - Il
formula of particular solution are applicable:

Subcase — | Subcase - Il

C c
»  1tatay " a 12
Substituting values of Subcase —lll (a; = -2,a; + a, = —-1)
c c
yp=6:oo yp:atzoo

Therefore, the particular integral using both Subcase - lll give an undefined answer.
We need another formula to find the value of y,,.

Building on the assumptions y = k and y = kt, we use y = kt? in Subcase - lIl.
y; = kt?
Yer1 = k(t + 1)?
Yerz = k(t + 2)?
Substituting the values of Yt Ve, Yer2, and a, in the standard form: y,, + "Yer1 +[a2]"

ye=c

k(t+2)?%+a, k(t+1)?+a, kt* =c
k(> +4t+4)+ay - k(t?+2t+1)+a kt:=c

k{(+4t+4)+ar-(B+2t+1)+a, 2] =c
k(t* + ait? + art? + 4t + 2a4t +4+ay) = ¢

=—1 =—2 =—2
k{tz<1+a1+a2>+t<4+2 ﬁ]>+4+ ﬁ]}=c
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k21 + (D} +t{4+2(-2)}+4+(-2)|=¢
’ k[2] i c :
c

-

2
Since the assumed solution value of y was y = [k]t?, we substitute the value of k to get the
solution value of y:

y = [Kle?
Since solution value is actually the Particular Solution (y,,):
c
— 2
v =(3)t

Interpretation: Particular Solution has actually a nonconstant value regardless of ¢, a; and a,
being constants. It is due to t? that gets multiplied with the ratio (g) In this subcase; both
a; + a; = —1 and a, = —2 are permitted.

Caveat: Since (2), a constant, is in the denominator, the Particular Solution (y,), shall have a
defined answer despite a; + a; = —1 and a; = —2.

TOPIC 185: SECOND-ORDER DIFFERENCE EQUATIONS: Yp NUMERICALS

Non-Homogenous Subcase —l: ¢ + 0, a; + a, # —1.
Example: Consider a Second Order Difference Equation:
Yerz = 3YVer1 H 4y = 12.

Comparing with the given specific equation with the standard form:
Yerz — 3Yer1 + 4y, = 12
Verz +(=3) X yepq + :1; Xy = l%

aq az c
Non—-Homogenous
Subcase—I Case

Here; (aq +a; =-3+4=1+-1), ¢c=12+0
Suitable Formula for Particular Solution: y,, = —

1+aq+a;
_ 12
P T1v(=3)+4
Yp = 6

Interpretation: is particular solution of the Non-Homogenous Subcase - | of Second

Order Difference Equation [y¢.2 — 3y41 + 4y, = 12|
Non-Homogenous Case - ll: c # 0, a; + a, = -1, a; # —2.
Example: Consider a Second Order Difference Equation:

Yerz T Vi1 — 2V = 12_
Comparing with the given specific equation with the standard form:

Yesz + @)%H +(=2)y: =12

aq a, [
Non—Homogenous
Subcase—II Case

Here; (a1 =1),(a; =-2), ¢c=12+0

Suitable Formula for Particular Solution: y,, = (ﬁ) t
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_( 12 )t
Y = \142

Interpretation: is particular solution of the Non-Homogenous Case - Il of Second

Order Differential Equation {y.2 + Y41 — 2y, = 12,
Non-Homogenous Case - lll: ¢ # 0, a; + a, = -1, a; = 2.
Example: Consider a Second Order Differential Equation:
Yerz — 2Ye1 Ty = 12
Comparing with the given specific equation with the standard form:
Yerz + 1Ye41 + A2y = b
Yi+2 +(:Z))’t+1 + @yt = lg

a; a ¢
Non—Homogenous
Subcase—II1 Case

Here; (a = —2),(a =1), b=12+0
Suitable Formula for Particular Solution: y,, = %tz

yp:7><t2

yp = 6t2

Interpretation: |y, = 6t?|is particular solution of the Non-Homogenous Case - lll of Second

Order Differential Equation [y, — 2¥¢41 + ¥ = 12,

Summary: Non-Homogenous Case
Subcase - | Subcase - Il Subcase - Il
Yerz = 3Verr + 4V =[12] | Yerp + Yeur — 2y, =[12] | yeip — 2y4q + ¥, = [12]

~ T,

yp=1+a1+a2 yp_a1+2t =71

In Non-Homogenous case, |b = 12

)

Y =i1i(3)+4 Y»=1v2' W=7t

y, =6 yp, = 4t yp = 6%

HOMOGENOUS SUBCASES
Since formulae of all subcases of y, have ¢ in numerator:
Summary: Non-Homogenous Case
Subcase - | Subcase - Il Subcase - Il
Verz = 3Ver1 +4Ye = [0] | Yero + Yer1 — 2 =[0] | Yeio — 2¥e11 + e =[0]
_ _led,
y”=1+a1+a2 y”_a1+2t =7t
In Non-Homogenous case, |b = 0
[0] [0] [0]
Yo =15 (-3)74 Y» =143 =3t
Yp = 0 Yp = 0 Yp = 0

All subcases have a zero value of particular solution; i.e. (y, = 0).
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TOPIC 186: SECOND-ORDER DIFFERENCE EQUATIONS: Yc DISTINCT REAL ROOTS

Complementary Function (y.): General solution (containing arbitrary constants) of reduced
equation. y. provides deviation of time path y(t) from equilibrium value, at every point in time.

y (t) = Yc + Yp
N . N aad (-]
Time Path  [Deviation from Equilibrium
equilibrium value of y(t)
value of y(t)

Adaptation of the Complementary Function (y,.):
For the complementary function (y,), we can adopt from the second order differential equations.
The natural exponential expression is replaced with exponential function for this purpose:

Second Order Differential Equation Second Order Difference Equation
— rqt rat — t t
Ye=41 e +A; e ye=A41 (b))’ +A4; (by)
natural natural exponential exponential
exponential exponential function function
function function

Numerical Example: Find the solution of y;,, + y¢41 — 2y, = 12.
Solution: Elaborating the given equation:
Yerz t @yt+1 +(=2)y;: = 12

aq as c

- (G72)"
yp_ a1+2

a+a=-1,a,=-2

_( 12 )t
Y» =112

Nature of Roots: |(af — 4a;) 20

©Copyright Virtual University of Pakistan 336



Mathematical Economics I (ECO607)

VU

{D*-4-2)}20
9>0

Distinct
Real Roots

9>0
Distinct
Calculation of Roots:

Real Roots

—a; + /a% — 4a,
by, b; =

2
by b, = —(1D)+/(1)2-4(-2)
N 2

) " -1-3
1— 2 yU2 =

|by = 1|or b, = —2|

These roots can be substituted in the formula of Complementary Function (y.):
Complementary Function: y. = A;(b;)" + A,(b,)"

Ye = A1 (1) + 4,(-2)*
lye = A1 + A,(=2)"]
General Solution: y(t) = y. + y,

y(t) =A4; + A(-2)' + éf

Yc Yp
Definite Solution: For definite solution, we substitute t = 0 in the General Solution; y(t) = 41 +
Ay (—2)t + 4t

y(0) = A; +4;(-2)¥ + 4(0)

Given

y(0)=A4;+4,(1)+0
4

4=A1+A2
4=A1+A2

As there are two unknowns A4, and 4,, we need two (simultaneous) equations to evaluate them.
So, develop Second equation putting next value of ti.e. (t = 1) in y,, as y; is given.

Ye=A; + A (—2)t + 4t
y; =A;+A4;(-2)D +4(1)

given

Simultaneously solving the two equations with A; and A,:
4=A,+4,
1= — 24,
1-[E=4y)- 2,
1=4-34,
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For evaluating A1, put4, =1in4; =4 — A,

A1:4—A2
A =4-1

Returning value of A; and 4, in General Solution y(t) = [3]+[1](—2)! + 4t to get the Definite

Solution:

y() =3+ (-2)t + 4t

Interpretation: Definite Solution of Second Order Difference Equation [y, + y¢i1 — 2y, = 12]
with case of Distinct Real Roots is [y(t) = 3 + (—2)* + 4t|.

TOPIC 187: SECOND-ORDER DIFFERENCE EQUATIONS: Yc REPEATED REAL ROOTS

Adaptation of the Complementary Function (y,.):
For the complementary function (y,), we can adopt from the second order differential equations.

The natural exponential expression is replaced with exponential function for this purpose:

Second Order Differential Equation

Second Order Difference Equation

Ye =43

+ A4, XtX erzt Ye = A3 (bl)t + A4_ XtX (bz)t

N N——
natural natural exponential
exponential exponential function
function function

Numerical Example: Find the solution of y;,, + 6y;.1 + 9y, = 4.
Solution: Elaborating the given equation:

Nature of Roots:

Yie+2 +@)’t+1"‘@)’t:$

a; Caz Cc
yp=(1+a1+a2)
a;+a#-1
- (5659)
»= 11649
1
yp=Z

(a3 —4a;) 20
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{(6)>—4(9}=0

0=0
N——
Repeated
Real Roots
0=0
N——
Repeated
Real Roots

Calculation of Roots:

—a; + /a% — 4a,
by, b, =

2
—(6) £(6)* —4(9)
2

by, by =

|b1 = 3|Or|b2 = —3|:> b =-3
These roots can be substituted in the formula of Complementary Function (y.):
Complementary Function: y. = A5(b)! + A4t(b)t
Ve = A3(=3)" + A4t(-3)"
Ye = A3(=3)" + A4t (=3)']
General Solution: y(t) = y. + y,

y(t) = A3(=3)" + Ayt(-3)' + %

“
Ye Yy

Interpretation: General Solution of Second Order Difference Equation |y, + 6y¢+1 + 9y, = 4|

with case of Repeated Real Roots is [y(t) = A3(—3)" + A4t(—3)t + % !

Note: Definite solution can also be found, if initial conditions yo and y, are given.
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TOPIC 188: SECOND-ORDER DIFFERENCE EQUATIONS: Yc COMPLEX ROOTS

Second Order Differential Equation

Second Order Difference Equation

Ve = ‘Eit (A cos vt + Ag sinvt)
natural
exponential
function

ye= R'  (AgcosOt+ Agsinft)
expo;v;ntial
function

Numerical Example: Find the solution of y,,, + 37, = 5.
Solution: Elaborating the given equation:

Nature of Roots:

self
generated

—_— 1
Yirz + @yt+1 + (Z) Ve = 5
a; — c

2

c
yp_(1+a1+a2)

a;ta,*—1

( 5 )
Yp = - 1
1+0+Z

(ad —4a;)Z0

For the complementary function (y,), we can adopt from the second order differential equations.
The natural exponential expression is replaced with exponential function for this purpose:
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1
(-4 (3)fz0
-1<0
Complex
Roots
-1<0
Complex
Roots
Calculation of Roots:
—a; + /a% — 4a,
bq,b, =
1, Y2 2
1
~(0) £ J(0)2 - 4(3)
by, b, = 2
0+v-1
bli b2 - —
2
v
by, b, = %+ 1),
=2 1)
and[v =1
Using h and v, we find R and 6.
v
R = h? +v? sin0=—=>0=sin‘1(—)
R R
1\2 1
— 2 _ D)
= 0+ (2> 0 = sin! %
1 2
R = 2 0 =sin (1)
0 =90°
R and 6 can be substituted in the formula of Complementary Function (y.):
Complementary Function:
y. = R*(Ag cos Ot + Ag sin 6t )
1\* .4 m
Ve = (E) {A5 cos (E) t + Agsin (E) t }
General Solution: y; = y. +y,
1\* Vi3 o
Ve = (E) {As cos (E) t+ Agsin (E) t} + 3
Yp
Yc
Interpretation: General Solution of Second Order Difference Equation |y;,» + iyt = 5| with case
. 1\t ™ q T
of Complex Roots is |y, = (5) {AS cos (E) t + Ag sin (5) t } + 4| E
Note: Definite solution can also be found, if initial conditions y, and y, are given.
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Lesson 41
DYNAMIC STABILITY: DISTINCT REAL ROOTS

TOPIC 189: DYNAMIC STABILITY: DISTINCT REAL ROOTS

Recalling the under Distinct Real Roots case:
ye =A1(b))  + A;(b)t +y,

Yc
— t t
Ye =A1(b)" +A2(b)' +  y,
- - N
deviation from equilibrium
equilibrium
Try to mitigate it
A1(by)t + Ay (by)!

deviation from

equilibrium
arbitrary independent arbitrary independent
constant variable constant variable

A, (b)) ° + A; (b))
deviation from equilibrium
A4 and A, are constant and their values depend on initial conditions. t is independent variable
spanning (0 — o). Deviation from equilibrium will depend on roots (b4, b,).
Hair Splitting:

A O 4 4,072 ®
by & b,, determine the dynamic stability.
If both b; & b, are —ve, then the exponential terms {4;(b,)! & A,(b5)'} will fade away due to
exponential decay. Automatically their sum also fades away:

( )
—vey t —vey t
—~ —~
A1>< <b1> +A2X <b2> —>0Whent—)00, -'-yc—>0.
N’ |
exponential exponential
decay decay

Caveat: Both b; and b, should be negative, else convergence may not take place.

Numerical Example:

y(t) = 3(=0.8)f + (0.1)¢
y() =31+ (2)t + 4t y() = 3(0.5)t + (—2)t + 4t + 4t
3(3)% @t 3@t+(;£)t 3(-0.8)"
|bq|1 |by|+1 |bq|<1 |by |1 |bq]1
+(0.1)"
Ve Ve Ibal<1 Ve
A1(b))t | Ay(by)t A;(b))' | A,(by)t A1 (b)) | A,(by)¢
31" 2)* 3(0.5)"| (-2)f 3(-0.8) (0.1)°
t 1ve 1ve ive | —ve. e | ive.
3 1 4 3 1 4 3 1 4
1 3 2 5 15 2| -0.5 -2.4 01| -2.3
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2 3 4 7 0.75 4| 4.8 1.9 0.01 1.9
3 3 8 11 0.375 -8| -7.6 -1.5] 0.001 -15
4 3 16 19 0.188 16 | 16.2 1.2 | 0.0001 1.2
3 32 35 0.094 -32 | -31.9 -0.98 | 0.0000 | -0.98
5 1
3 64 67 0.046 64 | 64.1 0.8 | 0.0000| 0.79
6 01
IR A;(by)* o) A;(by)" | |Az2(by)"| |yl |A1(b1)*| | Az(by)* |yl
M Abt ] T p | I ] ! ! !
1st exponential Deviat | 1% exponential | Deviat Both Deviati
term remains ion term increases, ion exponential on
constant, 2"¥ one | increa 2" one increa | terms decrease | decrea
increases ses decreases ses ses
Divergence Divergence Convergence
Dynamically Unstable Dynamically Unstable Dynamically Stable
Hence it is numerically confirmed that for Dynamic Stability, Absolute value of BOTH the
roots must be: (|b4| A |b,]) < 1.

TOPIC 190: DYNAMIC STABILITY: REPEATED REAL ROOTS

Recalling the under Repeated Real Roots case:

Ye
ye = A3(b)" + Ast(b)t +

deviation from
equilibrium
Try to mitigate it

A3(b)t + Aut(b)*
deviation from
equilibrium

ye = A3(b)' + Ast(b)t +y,

Yp

equilibrium

arbitrary independent  arbitrary independent
constant variable constant  variable
~ T ~ ~
Az (b) + A t

(b)

independent
variable
T

Hair Splitting:

b, determine the dynamic stability.

deviation from equilibrium
A3 and A, are constant and their values depend on initial conditions. t is independent variable
spanning (0 — «). Deviation from equilibrium will depend on root (b).

A; @‘ + Agt @‘

—-ve —-ve

If b is —ve, then the exponential terms {4, (b)" & A,t(b)'} will fade away due to exponential decay.
Though, the second term (4,[t](b)") has an additional term t being multiplied, yet it doesn’t

reverse the dynamics of this exponential term. Eventually, sum of the two exponential terms also
fades away:

( (0,1,2,...00) multiplicand\
) —
A3 x (b)Y 4+ Ayx ¢t (b)t - 0whent— o, ..y, - 0.
—— ——
exponential Neutral exponential
decay multiplier decay
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Numerical Example:

1 1
ye=23)+t(3)t + 2 ye =2(0.3)t +¢(0.3)" + 2
2(3)t+t(3) 2(0.3)t +t(0.3)¢
Asbt Aytht Asbt Autht
t t yC t t yC
2(3) t(3) 2(0.3) t(0.3)

t e e e e

0 2 0 2 2 0 2

1 6 3 9 0.6 0.3 0.9

2 18 18 36 0.18 0.18 0.36

3 54 81 135 0.054 0.081 0.135

4 162 324 486 0.016 0.032 0.049

5 486 1215 1701 0.005 0.012 0.017
i (A3b9)1 (A4thH1 A (A3b9)| (A4thY)| ol

Both exponential terms Deviation Both exponential terms Deviation
increase increases decrease decreases
Divergence Convergence
Dynamically Unstable Dynamically Stable

Hence it is numerically confirmed that for Dynamic Stability, the absolute value of repeated root

(b) must be less than 1: |b| < 1

TOPIC 191: DYNAMIC STABILITY: COMPLEX ROOTS

Recalling the under Complex Roots case:
Y: = R'(A5 cos Ot + Ag sin 0t) +y,
Yc

Hair Splitting:
Y: = R'(Ascos Ot + Agsin6t) +  y,

deviation from equilibrium
equilibrium
Try to mitigate it

R'(A5 cos Ot + Ag sin 6t)

deviation from
equilibrium

©Copyright Virtual University of Pakistan 344




Mathematical Economics I (ECO607) VU

multiplicand
arbitrary independent  arbitrary independent
constant variable constant variable
t ~ ~”~ ~ . ~
[R] As cos@ t + A¢ sinf t

——
multiplier

N o
-+

deviation from equilibrium
Stepped Fluctuation: The multiplicand (45 cos 8t + Ag sin 8t) has the knack of having a wave-
like graph. But due to discrete nature of t, the smoothness of the graph is ‘stepped’ as shown
above. This shall have uniform amplitude above and below the equilibrium. So, convergence shall
not take place. However, multiplier Rt can mitigate the amplitude of the graph if it's value declines
with time (t):i.e. Rt > 0 as t > oo.
R<1
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Numerical Example:

Yt
t : t t
(2){cos(1)t + 3sin(1)t} + 4 5_1; ifr(:g.;)lt)}t-l_ . G) (cos(1)t + 3 sin(1)5}
+4
(2){cos(1)t Ve (1)*{cos(1)t Ye 1\
+ 3 sin(1)t} + 3 sin(1)t} (§> {cos(1)t
+ 3 sin(1)t}
R! (A5 cos Ot R | (Ascos 6t R! (A5 cos Ot y
+ Ag sin 6t) + Ag sin 01 + Ag sin 0t ¢
t ()" | {cos(D)t (1)" | {cos(D)t 1\¢ | {cos(1)t
21 + 3sin(1)t] 71 | + 3 sin(1) (E) + 3 sin(1)1
<1
0 1 0 0 1 0 0 1 0 0
1 2 3.06 6.13 1 3.06 | 3.06 0.5 3.06 1.53
2 4 2.31 9.25 1 231 | 2.31 0.25 2.31 0.58
3 8 -0.57 -4.53 1 -0.57 | -0.57 0.13 -0.57 -0.07
4 16 -2.92 -46.78 1 -2.92 | -2.92 0.06 -2.92 -0.18
5 32 -2.59 -82.98 1 -259 | -2.59 0.03 -2.59 -0.08
6 64 0.12 7.80 1 0.12| 0.12 0.02 0.12 0.002
7 128 2.72 | 348.78 1 272 | 272 0.01 2.72 0.021
8 256 2.82 | 722.58 1 282 | 282| 0.003 2.82 0.011
9 512 0.33 166.52 1 0.33| 0.33| 0.002 0.33 0.001
1 1024 -2.47 - -2.47 | -2.47 | 0.001 -2.47 | -0.002
0 2530.44 1
t +ve +ve Y +ve +ve t +ve +ve
I Ui ) (—ve) (—ve) (Rt) (—ve) (—ve) (Ii ) (—ve) (—ve)
1 1 1 ) ) !
I';?I:Za Fluctuati | Explosi (:t): Fluctuati | Unifo | Decre | Fluctuati Dar:pe
on ve nt on rm asing on
Explosive Fluctuation Uniform Fluctuation Damped Fluctuation
& Divergent & Neither Divergent & Convergent
nor Convergent
Dynamically Unstable Neither Dynamically Stable

if; (R < 1).

Hence it is numerically confirmed that for Dynamic Stability, in Complex root happens
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TOPIC

SAMUELSON MULTIPLIER-ACCELERATION INTERACTION MODEL

Lesson 42

192: SAMUELSON MULTIPLIER-ACCELERATION INTERACTION MODEL:

FRAMEWORK

O
@)

the Nobel Prize).

o Attributed to Professor Paul A. Samuelson (the first Economist to win

An application of Second Order Difference Equations in Economics.

It seeks to explore the ‘dynamic’ process of income determination when the acceleration

principle is in operation along with the Keynesian multiplier.

Among other things, that model shows that mere interaction of the multiplier and the
accelerator is capable of generating cyclical fluctuations endogenously.

3 Dutput Boom
S

Time

or
R Ty — B
ecovery o5 Boom

(T Al,) Multiplier (T AY) Accelerator (T AI;) Multiplier (T AY) ...

MPC (Investors' MPC
expectations
regarding
consumption)

o And Vice Versa i.e. Recession % depression.

RecessioniDe ression
and "¢P

(I AI,) Multiplier (I AY) Accelerator (I Al;) Multiplier (1 AY) ...

MPC (Investors’ MPC
expectations
regarding
consumption)
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National Income (Y;) has three component expenditure streams: consumption (C,), investment
(I;), and government expenditure (G;).

Consumption (C;):
Consumption is envisaged as a function not of current income (Y,) but of the income of the prior
period (Y;_1).
For simplicity, assume that (C,) is strictly proportional to (Y;_4):
C,=vyY, 1where (0 <y<1)&isactually MPC.

no intercept

Investment (1,):
(Induced) investment (I;), is a function of the prevailing trend of consumer spending (C,):
(T AI;) Multiplier (T AY).

MPC
This induced investment triggers the acceleration mechanism in the model.

Role of consumption:
Investment (I,): It is assumed that investment is induced on the basis on consumption patterns.
I;=a (AC,4)
N——————
Consumption
increment
It = a(AC,_4)
N—————
Ce—Cq
I; =a(C;— Ciq)
a > 0, as the relationship between investment and consumption pattern is positive.

Economic Significance of a: It is actually the ‘Acceleration Coefficient’.
Moreover, it is considered a Fixed Ratio
Iy =a(C;— Ciq)

I
N § 4
Ci— Ciyq

I
a=——-

Ci— Cq

_ e ed
a—ACt(flxe )

Government Expenditure (G,):
Third component is Government expenditure (G,), which is considered exogenous (G,).
Therefore, the framework of Samuelson Multiplier-Acceleration Interaction Model is composed of
following system of equations:
Cc=vY
Iy =a(C;— Ciq)
G, =Gy

TOPIC 193: SAMUELSON MULTIPLIER-ACCELERATION INTERACTION MODEL:
SOLUTION

Borrowing the framework of Samuelson Multiplier-Acceleration Interaction Model which is
composed of following system of equations:
Ci=vYi
Iy =a(C;— Ciq)
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Gt = GO
Combining all three components in Expenditure approach Equation:s
Y;=C+ 1 +G,

Ye=yYeq1+a(C—[Cq]) +6G,

Introducing alag in C, = y Y,_4, we get, Ciaq=VYYe1g

Ye=yYe1+a(yYeq1—[rYez)) + 6o

Yi=vyYi 1 t+tayY, 1 —ayY,,;+G,
Yi=yQ+a)Y, 1 —ayY,,+G,
Yi—yA+a)Y, 1 +tayY, =G,
Introducing a lead of 2 on both sides:
Y -y + a)Yt_l t+ayY,_ =G,
Yo —v@A+ )Yy tayY, =G,
comparable with second order difference equation (y;,2 + a1y:11 + a2y = ¢):
Yo +{-¥(Q1+ a)}Yyyy +ayY, =G,
N—— —— —— N o
Vt+2 az Vt+1 az Yy c
Here;y=Y,a; =-y(1+a),a, =ay&c =G,
Particular Integral (Y,): y, depends on a; & a,.
a;+ta,=—y(1+a)+ay
a;+a; =-y—ea&y+eay
a,+ta,=-y*-1
Recalling the formula of y,, with assumption a; + a, # —1:

c
yp_1+a1+a2

Y, equation becomes:

Y, = 0

P 1-yA+a)+ay
Y, = 0
1-y—eay+ay

p

Y, =

Hence, we have obtained the intertemporal equilibrium of national income (Y).

Complementary Solution (Y,): y. depends on a? = 4a,.

Case - I: Distinct Real Roots (af > 4a;)
{-r(1 +a)}? > 4(ay)
¥2(1 + a)? > 4ay
y(1+ a)? > 4a
4a
e
Case - II: Repeated Real Roots (a? = 4a;)
{-r(@ + a)}* = 4(ay)

1 Letting I; = 0, shall lead to p-547, Example no. 2 situation.
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¥2(1 + a)? = 4ay
Y1+ a)? = 4a
4a
T (14 a)?

14

Case - lll: Complex Roots (a} < 4a,)
{~r(1 + ®)}* < 4(ay)
¥2(1 + a)? < 4ay
Y1+ a)? < 4a
< 4a
VSTt a2
Interpretation: In terms of a and y, we have conditions of all three cases of complementary
functions (Y.). Remaining calculations can be done using their values in a Second Order
Difference Equation.

TOPIC 194: SAMUELSON MULTIPLIER-ACCELERATION INTERACTION MODEL:
NUMERICALS

Under Samuelson Multiplier-Acceleration Interaction Model, the characteristic equation is similar
to standard form of SODE.

Verz T A1Yi41 T A2Ye41 =€
Reduced form:

Yerz t @1Ye41 + A2Ye41 =0
Trial Solutions: (y, = Ab") = (y441 = Ab*"1)&(y442 = Ab'*?).
Ab'*? + a;Ab**! + a,ABt = 0
Ab'(b%* + a;b' + a;) =0

—-a, + /a% — 4a,

2

b2+a1b+a2=0 ﬁbl,bzz

characteristic equation
for SODE

Recalling a; and a, from Samuelson Multiplier-Acceleration Interaction Model:
a; =-y1+a),a, =ay.

—{—yA+ )} £ J{-¥A + @)} — 4(ay)

blin = 2
y(1+a)+ \/yz(l + a)? — 4ay
blin = 2

Multiplier—Accelerator Model—specific characteristic roots

Numerical # 1: For Samuelson Multiplier-Acceleration Interaction Model, if a = 3.5 and y = 0.8,
then find characteristic roots and judge the dynamic stability of the time-path.

y(1+a)+ \/yz(l + a)? — 4ay
2

Multiplier—Accelerator Model—specific characteristic roots

_(0.8)(1+3.5) +/(0.8)2(1 + 3.5)2 — 4(3.5)(0.8)

blin_ 2
3.6 ++1.76
2

bl,bz =

bl,bz =
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3.6+1.3266
by,b; =——m—F———

2
3.6 + 1.3266 3.6 — 1.3266
by, by = ~——"—— and ~—————

2
|by = 2.46|and b, = 1.14|
Interpretation: Both |b{| > 1 and |b,| > 1, therefore, the Interaction time-path shall be divergent
& hence dynamically unstable.

Numerical # 2: For Samuelson Multiplier-Acceleration Interaction Model, if ¢ = 0.2 and y = 0.9,
then find characteristic roots and judge the dynamic stability of the time-path.

y(1+a)+ \/yz(l + a)? — 4ay
2

Multiplier—Accelerator Model—specific characteristic roots

(0.9)(1 +0.2) +/(0.9)2(1 + 0.2)2 — 4(0.2)(0.9)

2
1.08 +v0.4464

2
1.08 + 0.6681

bl,bz =

blle =

blin =

blin =

2
1.08 + 0.6681 1.08 — 0.6681
by, b, = 5 and

2
|by = 0.87|and b, = 0.21]
Interpretation: Both |b;| <1 and |b,| <1, therefore, the Interaction time-path shall be
convergent & hence dynamically stable.
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Lesson 43
SECOND ORDER DIFFERENCE EQUATION WITH VARIABLE TERM

TOPIC 195: SECOND-ORDER DIFFERENCE EQUATION WITH VARIABLE TERM

Second Order Difference Equation with constant coefficient and constant term:

Yevzot Q1 Y1t Az Ye= €
— — “
constant constant constant
coef ficient coef ficient term

What if: instead of c, there is a variable term {f(t)} in terms of t.
constant—coef ficient variable—term dif ference equation

Ve T a, Yer1 t a Ye = f\_(_zt)
- Nt
constant constant cmt:cAm#0
coef ficient coefficient (¥p) shall

no change on L.H.S = (y;) remains unchanged,
as it always depends on b%+aqb+ay[=0]

Solution: Such situation calls for a certain method, known as Method of Undetermined
Coefficients.

change

Pre-condition: Method of Undermined Coefficients requires that the variable term and its
successive differences together contain only distinct types of expressions:
Function & its Differences | Distinct Type of Expressions

Yi
Ay, A7t = 7t+l _ 7t
=(7-1)7¢
A7t = 6(7Y)
A%y, A% (7Y) = A(ATY)

A%(7Y) = A{6(7Y)}
AX(7Y) = 6{A(79)}
A2(7t) _ 6(7t+1 t)
A2(7H =6(7-1)7
22(7") = 36(7Y)|

Numerical Example: Find the Particular Integral of:
Yerz + Yes1 =3y =7

Yerz + @ytﬂ +(=3)y: = Zf '
a; a, exponential
term

f®
Here,a; = 1,a, = -3 and f(t) = 7t.

Here, particular integral () is calculated differently due to change in L. H.S.

must
L.H.S be equal RH.S
™ t
tom]-3p] = 7
. exponential
Yer2,Ye+1& Ye interms of (t) tz;rm £

Both sides are in terms of (t), however, the polynomial on L.H.S is not explicit i.e. functions;
Yer2: Yer1& Ve
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Equality (=) requires that if R. H.S is exponential function in terms of (t), then L. H.S should also
be exponential in terms of (t). So, we assume a (trial) general exponential function that could
satisfy |y,, ¥¢+1 & Yer2|0On L. H. S to satisfy equality.

As found in table above:

ye =7
Ay, = 6(7")
A%y, = 36(7)
A constant grows with 7¢
Observed pattern: B(7%)
Generally speaking, y, = B(7%) can serve as exponential type of solution, which produces
distinct type of expressions. Therefore, we use it as a trial (general) solution of the given

equation.
y: = B(7Y)
Generating y;.1 and y,., for the given equation ([y,:2]+ —3[ye] = 7).
Yiv1 = B(7t+1)
Yi+2 = B(7t+2)
Substituting, ¥, ¥:+1 and ¥, in the given equation ([y¢ 2]+ —3[ye] = 7).
B(7"*%)|+|B(7"*1)|-3|B(7)|=7"
B(7"*%) + B(7"*') -3B(7) =17"
B{(7*)+(7)-3}(7H) ="T7"
B{58}(7H =7
58B(7") =7t
[58BJ7* = |{1}]7*
comparing the coef ficients of 7 on both sides

[588] = [(1]

58B =1
B_1
- 58

The trial (general) solution was: y, = B(7"), so substitute value of B:

ye=(g5) 9

Interpretation: yt=(5—18) (79| is the particular integral (y,) of given equation

|yt+2 +¥Vi1— 3y = 7‘| which is found by deploying the Method of Undetermined Coefficients.

Whereas, (y.) can be found using methods same as ‘constant-coefficient and constant-term
second order difference equation’.

TOPIC 196: SECOND-ORDER DIFFERENCE EQUATION WITH VARIABLE TERM (CT")

We solved the Second Order Difference Equation with constant coefficient and variable term
(em?):
What if: instead of (cm?), there is a variable term (ct™).
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constant—coef ficient variable—term dif ference equation

Yo+ @ Yert+t a  y. = f(©)
() — e —
constant constant ct:cAn+0
coefficient coef ficient W
no change on L.H.S = (y.) remains unchanged, change

as it always depends on b2+a;b+ay[=0]
Comparison of (cm!) and (ct™): (c) is a common coefficient in both, however:

(m") ")
Exponential Function | Power Function
Solution: Such situation calls for a certain method, known as Method of Undetermined
Coefficients.

Pre-condition: Method of Undermined Coefficients requires that the variable term and its
successive differences together contain only distinct types of expressions:
Function & its Differences | Distinct Type of Expressions

Ve
Ay, At? = (t+1)% — t?
At2=¢2+2t+1—#

At? =2t+1
A%y, A%(t?) = A(At?)
A%(£2) = A2t + 1)
={ee+1+1) - @t+ 1)}
={2t+2+1—-2¢t—1}

A%(t?) =2
Numerical Example: Find the Particular Integral of: y,., + 5y,.1 + 2y, = t?
Yerzo T 5YVer1 T 2 ¥ = tj
a; a, variable term
f®)=ct"

Here, a; =5, a, = 2 and f(t) = t2.
Particular integral () is calculated differently due to change in L. H.S.

must
LH.S be equal RHS
Dez] + 5pena] + 2pe] 2 t2

] 2 b : quadratic
Ye.Yt+1& Yey2 interms of (t) in terms of (t)

Both sides are in terms of (t), however, the degree of polynomial on L. H. S is not explicit.
Equality (=) requires that if R. H. S is quadratic in terms of (t), then L. H. S should also be quadratic
in terms of (t). So, we assume a (trial) general quadratic function that could satisfy |yt, Vi1 & yt+2|
on L. H.S to satisfy equality:

|y = Byt? + Byt + B3|,
Developing y.1 and ;. for the given ([Yerz] + 5[¥era] + 2[Ie] = t2)-
Yes1 = B1(t+1)2 + B,(t +1) + B;
Yer1 = B1(t? + 2t +1) + Byt + B, + B
Ye+1 = B1t? + 2Bt + Byt + By + B, + B3
Yir1 = B1t? + 2By + By)t + By + By + B3|
Verz = B1(t+2)%2 + B,(t + 2) + B;
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Yer2 = B1(t? + 4t +4) + Bt + 2B, + B3
Ye+2 = Bit? + 4Bt + 4B, + B,t + 2B, + B3
Ye+2 = Bit? + 4Bt + Byt + 4B, + 2B, + B3

|Ver2 = B1t? + (4By + By)t + 4By + 2B, + Bj|

Since y;, y:+1 and y,,, are now symbolized, we substitute them on L. H.S:
L.H.S R.H.S

Derz] + Seea + 20e] = £
|Byt? + (4By + By)t + 4B; + 2B, + B3|+ 5|Byt? + (2B + By)t + By + B, + By
+2|B1t? + Byt + B3| = t?
[B182|+ (4By + B,)t + By + 2B, + B3 + [5B1t?|+ 5(2B; + B,)t + 5B, + 5B, + 5B;
+[2B1t%]+ 2Bt + 2B; = ¢

|Byt?|+ |5B,t?|+|2B1t?|+ (4B + By)t + 5(2B; + By)t + 2B,t + 4B, + 2B, + B,
+ 5B, + 5B, + 5B3 + 2B; = t*
[B1+5B; + 2B, |t? + {4B1 + B, + 10By + 5B, + 2B,}t + 4B, + 5B; + 2B, + 5B, + B3
+5B; + 2B3 = t?
LHS RHS
[8B,]t? + (14B; + 8B,)t + 9B, + 7B, + 8B; =[1]t2 + (0)t + (0)

[ —
self—generated
for comparison

Comparing the coefficients of & t and the constants on both sides of equation:

t constants
[8B1]=[1] | (14[B4] + 8B;) = (0) 9[B1]+ 7B, + 8B; = (0)
1 7 +8B,=0 1 =
Bi=3 4 2 9§+7ﬁ+833=0
T 9 7 _
2 32 §+7<—3—2>+833=0

o 13

3”256

So, the Undetermined coefficients are now determined.
Substituting B, B, and B3 in y(t) = B,t? + B,t + B3 assumed above as the (particular) solution.

-+ (-5)+ ase)
%=\ 32/)" " \256
Yp

1 T 1
Y»~8" 32" 256
Interpretation: So, the particular integral of the ‘constant-coefficient and variable-term second

order difference equation’ (y;,2 + 5Y;41 + 2y = t2| is

Vp = %tz - %t + % . Method used to find () is Method of Undetermined Coefficients.
Whereas, (y.) can be found using methods same as ‘constant-coefficient and constant-term
second order difference equation’.

TOPIC 197: HIGHER-ORDER LINEAR DIFFERENCE EQUATION
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After comprehending the solution of second order difference equations, we extend our analysis
to Higher (n > 2) Order Difference Equations.
Standard Form of Higher Order Difference Equation: A linear, non-homogeneous version with
‘n’ constant coefficients (a4, a,, ..., @) and constant term c.

=1

Qo Yern + OYVestn-1) + QYVes(n2) T+ QuoyVesr H Y =

order of dif ference increases {y¢.y¢4+1 t0 Ye+n}
AYein T A1 Yeir(n-1) T B2Ver(mn-2) T+ An-1YVe41 + Ay = €

coef ficient—subscript increases (ag to an)

Order: n'" (due to n** difference)
Degree: Linear/First degree (due to highest power ‘1’ of the n*" difference) Constant Coefficients
(a's) and Constant term (c).
Delimitations:
1. For simplicity variable coefficients and variable term are not considered.
2. This course deals with linear cases only.
3. Cross terms — product of function 'y, and its differences (leads/lags) y;+1,.-. »Yi+n — are
not included.
Solution: Solution of Higher Order Difference equations is merely the extension of solution of
Second Order Difference equations.
Guidelines:
1. Particular Solution has same buildup of cases. e.g.:
Case - | has same condition; (a; + a; + -+ a,, # —1)
2. n'* order implies n number of characteristic roots.
3. A hybrid complementary solution can exist, e.g.: out of n roots, if first 3 are repeated real
and last two are complex roots, then
ye = A1bY + A th} + Ast?b} +, ..., + R*(A,_4 cos Ot + A, sin 6t)

1st 3 are repeated real roots last 2 are complex roots
Number of:

4. Characteristic Roots (b,,) = arbitrary constants (4,,) = n initial conditions
for definite solution

Numerical Example: Find the General Solution of third-order difference equation:
7 1 1
Yers ~gVee2 + gt +3_Zyt =9

7 1 1
Yi+3 + (‘g) Verz + @yt+1 + <3_2) Ve = g

N———
az az as

Here;a; = —~,ay = -, az=ay,=—and ¢=9%0

ere,al——g,az—g,ag—an—aan c=9#

non—homogenous
case

Particular Integral (y,): Testing for Case - I:
aq + a, + as -1
7 4 1 4 1 _ 23 £ 1
8 8 32 32
Recalling the formula of y,, with assumption a; + a; + az # —1:
Cc

:1+a1+a2+

similar formula;extented to n=3

Yp
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9
T (Rt
yp =y =32

S —
static equilibrium

Complementary Function (y.): For Second Order Difference equation, the characteristic
equation was:
bZ + alb + a; = 0
Accordingly, for Third Order Difference equation, the characteristic equation will be:
b3+a1b2+a2b+a3 =0
To find the roots (b), we need to solve the characteristic equation, therefore, factorizing
b3 —%bz +%b+$: 0, we get:

(-Dr(o-D)x(p+1)=o

Either;
bi—2)=0| (b 1)—0 (b 1)—0
(bi-3) =0 (bi=3)=0] (s +3) -
U U U
b _1 b _1 b; = !
172 272 3”8
Summarizing the (hybrid) group of roots:
b _1 b _1 b; = !
1_2' 2_2' 3~ 8

repeated real roots distinct real
root

Accordingly, the complementary function will also be hybrid:
Hybrid nature of complementary function
Ye= A1(b))'+A5t(by)" + Az(b3)t

Repeated Real roots segment  Distinct real root segment
where bp=b,=b

Hybrid nature of complementary function

1\ 1\ 1\

= A=) +45t(= A (——)
Ye 1(2) " 2t(2> * 3\"8

Repeated Real roots segment  Distinct real root segment
where by=by=b

General Solution (y,): Like any other difference equation:

Ye=Yct+Yp
Substituting the values of y,, y, we get:
1\ 1,\} 1\
ye=(3) +aae() +a5(-5) +22
Yc P
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. 1\t 1\! 1\t . : . .
Interpretation: |y, = 44 (E) + Ayt (E) + A3 (— 5) + 32| is the general solution of Higher (Third)

Order Difference Equation |y;,3 — % Virz + % Yee1 + 312 y: = 9| Complementary Function is hybrid E

with a combination of Repeated Real roots and Distinct Real root.
Note: If n(= 3) number of initial conditions are given then, we can also find the definite solution
from general solution which has n(= 3) number arbitrary constants 4,,.
Dynamic Stability: Similar to any other Difference Equation, the roots should be less than 1 in
terms of their magnitude. Here,

)<

(0= 0= ] (-]

Convergent time—path of the 3rd Order Dif ference Equation

TOPIC 198: CONVERGENCE AND THE SCHUR THEOREM

After comprehending the solution of Higher order difference equations, we realize that it can be a
cumbersome guantitative exercise to find n number of roots.
(=1
58 Yern T A1YVe+(n-1) T Q2Vt+(n-2) T "+ Ap_1Yt+1 T QY = €
n'® order implies n number of characteristic roots.
An easier gqualitative method is available — Schur Theorem.
Without having to perform quantitative solution of higher order difference equations, one can find
the dynamic stability of the time path.
Determinants are developed and evaluated using the coefficients in given difference equations.
Number of determinants = Order of Equation
For second-order difference equation (SODE) to be dynamically stable:

A1: |a0 a2| S 0

a, agl=>

ag 0 a,

A= a; Qqy 0 a, <
2— 0 S
a; aGy a4

a, 0 Qg

Interpretation
(A< 0)A (L3> 0)
(AyND) <O { Vv I (AyND) >0
(A>0)A (A< 0)
Divergent Neither Convergent

Numerical Example # 1: Find the Dynamic stability of the higher (second) order difference
equation without solving it quantitatively:

Yerz +3Yer1 + 2y, = 12
}_,}’t+2 + @}’tﬂ + @% = 13
Qo aq a, c
Here;ag=1,a; =3,a,=2,and ¢=12+#0

non—homogenous
case

Recalling two Schur Theorem determinants for second-order difference equation:

A= |a0 a2| <o However, we evaluate the second
17 la; agl > determinant (A,) for the sake of
rehearsal.
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|11 2|_ _ 1 0 2
A1_|2 1|_3 =310 2f_,
2 01 3|7
First Determinant (A,) is already found to be negative. It 2 01
violates the requirement Convergence in Schur
Theorem which requires all of the determinants to be | Second determinant (A,) also defies
positive. the requirement of Convergence in
Schur Theorem.
Interpretation
(A< 0)A (8> 0)
(AfND) <O { \Y } (A AD) #»0
(A1> 0) A (8;<0)
DIVERGENT Not applicable Not applicable

Verification: It can be done by finding the roots via (quantitative) solution and comparing their
absolute values with < 1. The roots of the given Higher Order Difference equation are —1, -2,
absolute value of both of which are not lesser than 1. Hence it is verified that Schur Theorem
gave us correct interpretation.

Numerical Example # 2: Test the convergence of the path of y;., + %ytﬂ - %yt =2

1 1
1yt (g) Yer1 t (_ g) Ye=2
ag - —— c
aq ap
Here;a0=1,a1=%,a2=—%,and c=2+0

N ——
non—homogenous
case

Recalling two Schur Theorem determinants for second-order difference equation:

A= |a0 a2| <o Therefore, we evaluate the second
17 lay a(i = determinant (A;) in hope of another
ositive value.
Ao b5 _3s g 1
S .| 36 1 0 -
6 1 1
s % 7%
First Determinant (A,) is found to be positive. It A2=17 1
follows the requirement Convergence in Schur "6 0 1 6
Theorem which requires all of the determinants to 1
be positive. -5 0 1
A 1176 _ 49
271296 54
Second determinant (A,) also follows the
requirement of Convergence in Schur
Theorem.
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Interpretation
(A< 0)A (L3> 0)
<o || v
(A1>0) A (A< 0)
Not applicable Not applicable CONVERGENT
Limitations:
1. Dynamic stability is investigated but the characteristic roots remain unknown.
2. For n > 2, the determinants become huge — contrary to our expectation of ease.
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Lesson 44
LINEAR AND NON-LINEAR PROGRAMMING

TOPIC 199: LINEAR PROGRAMMING: GLASSWARE MAKING

“A problem well stated is a problem half solved.”
Charles Franklin Kettering
Major Contributors were Leonid Kantorovich,
George Dantzig, John von Neumann during 1939
to 1947.

In addition to calculus-based optimization, algebra-based & graphical optimization can also be
done — Linear Programming. Linear programming addresses real life problems of allocating finite
resources such as labor, machine time or raw materials to maximize profits or minimize costs.
Process: Mathematize the given information into Decision Variables, Objective Function, and
(multiple) Constraints.

Limitation: It only deals with linear objective and constraint functions.

Generally, done in three steps.

Numerical Example: Glassware making involve processes like; glassblowing, annealing and
addition of ingredients like silica sand. Profit of the glassware firm depends on decision regarding
production of bowls (x) and plates (y):

x = number of bowls

y = number of plates

STEP - I: Mathematization of Given Information
= f(xy)
Profit per bowl = $150 = Total Profit from bowls = $150 x x = 150x
Profit per plate = $100 = Total Profit from bowls = $100 x y = 100y
Total profit from both:

Objective Function
to be maximized.

= 150x + 100y
—— ~ .

Thowls  Tplates

Limited resources put constraints:

1st Constraint (Glassblowing Time): Total time available for glassblowing is 70 hours per week.
A bowl takes 2 hours in making while a plate takes 1 hour:

3 ) should be
(tlme consumed for glassblowmg) ( less or >

of bowls and plates equal
)
2x + y < 70
— (v} )
(time needed ) time needed available
for bowls ( for plates ) (hOHTS per)
week

2" Constraint (Annealing Time): Total time available for Annealing is 130 hours per week. A
bowl takes 4 hours in making while a plate takes 1 hour:
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i i should be
(ttme consumed for annealmg) ( less or >

of bowls and plates equal
"~
4x + y < 130
. ot (] — )
(tlme needed ) time needed available
for bowls ( for plates ) <hours per)
week

34 Constraint (mass of Silica Sand): Total amount available of Silica Sand is 45 kg:

( mass consumed of Silica )
sand for bowls and plates

X + y
v )
mass mass

( needed > ( needed >
for bowls for bowls

should be
( less or )
equal

~

< 45
—~

available
(hours per)
week

Since production cannot be negative, we develop 2 additional constraints:

Non-negativity Constraints:

4" Constraint (minimum one bowl):

5t Constraint (minimum one plate):

X =0
(o) ——
(production) (can’t be )
of bowls negative
>
x :,9
(production) (can’t be )
of plates negative

Tabulating all the extracted information:

Objective (Profit) Function (to be maximized) | m,,,, = 150x + 100y
Subiject to:

15t Constraint (Glassblowing Time) 2x+y <70

2" Constraint (Annealing Time) 4x+y <130

34 Constraint (mass of Silica Sand) x+y<45

4™ Constraint (minimum one bowl) x=0

5™ Constraint (minimum one plate) y=0

Plotting the Equalities from Inequalities Constraints: Reduce the inequalities to equalities that

are more meaningful to plot: [>] =[]

We use the intercepts to plot these linear functions:

Constraints Equalities/ x-intercept y-intercept
Inequalities

1st(Glassblowing Time) | 2x + y[=]70 2x+(0) =70 200+y=170

= below the curve x =35=[(35,0)] y =170 =1(0,70)
2" (Annealing Time) 4x +y[=]130 4x + (0) =130 4(0)+y =130

= below the curve x=32.5>[(32.5,0)] | y = 130 =[(0,130)]
3'Y(mass of Silica Sand) | x + y[=]45 x+ (0) =45 (0)+y=45

= below the curve x =45 =((45,0) y =45 =[(0,45)]
4™ (minimum one bowl) x>0 15t Quadrant
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[ 5™ (minimum one plate) | y=>0 | |

STEP - lI: Graphing of Constraints

.!-"_ll.
150
[(1300)

kenneaﬁﬁg}

-
i

_—

80 N
To.a; .“'agi.as.*: hin'.r."lné::

ﬁ.__h_

r.-'. iy 5 ; B
, feasible region
-

10 = e

oW | 1 | 1 1
T p—e

STEP - llI: Selection of Optimum
The highlighted feasible region satisfies all five given constraints. So, we choose the points from
boundary to find maximum profit.

Points (x,y) Profit (r = 150x + 100y)
(0,0) 150(0) + 100(0) = 0
(0,45) 150(0) + 100(45) = 4500

(25,20) 150(25) + 100(20) =
(30,10) 150(30) + 100(10) = 5500
(32.5,0) 150(32.5) + 100(0) = 4875

Observation: While following all constraints, [$5750| is the maximum amount of profit earned
by producing (x*, y*) = (25,20) of bowls and plates, respectively.

TOPIC 200: LINEAR PROGRAMMING: EMPLOYMENT COST MINIMIZATION

After understanding maximization problem, we execute a minimization problem:
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Numerical Example: An insurance company employs full- and part-time staff, who work 40 and
20 hours per week, respectively. Full-time staff are paid $800 per week and part-time staff $320.
In addition, it is company policy that the number of part-time staff should not exceed one-third of
the number of full-time staff.
If the number of worker-hours per week required to deal with the company’s work is 900, how
many workers of each type should be employed in order to complete the workload at minimum
cost?
Solution: Weekly Employment Cost of the insurance company depends full- and part-time staff:
x = full-time staff
y = part-time staff

STEP - I: Mathematization of Given Information

C=fxy)

Wage per full-time worker = $800 = Total Wage of full-time worker = $800 x x = 800x
Wage per part-time worker = $320 = Total Wage of part-time worker = $320 x y = 320y
Total Wage Bill (Cost) from both types of workers:

Objective Function
to be minimized.

= 800x + 320y
Crull

Cpart

Limited resources put constraints:

1st Constraint (Total Worker Hours): Total time available for work is at least 70 hours per week.
Full-time workers work 40 hours and Part-time workers work 20 hours:

( time consumed working by ) S#I%I,fédol;e
full— and part—time workers equal
~

40x + 20y > 70

N—— ) N—— -
(time consumed working ) time consumed working required

by full-time workers ( by part—time workers ) hours per
week

2"d Constraint (Proportion of Part-time workers): Number of Part-time workers (y) should be
exceed %rd Number of Full-time workers (x):

should be
( less or >
equal
qm 1
y < =X X
() A ad
Number of —— Number of
(Part—time) (one—third of) (Full—time)
workers workers

Since worker cannot be negative, we develop 2 additional constraints:

Non-negativity Constraints:

3'd Constraint (minimum one Full-time worker):

L
(raatine) (st

4" Constraint (minimum one Part-time worker):
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y 20
e .
(Partme) (seoebe)

Tabulating all the extracted information:

Objective (Cost) Function (to be minimized)

| Cppin = 800x + 320y

Subject to

15t Constraint (Total Worker Hours)

40x + 20y > 900

2" Constraint (Proportion of Part-time workers) y< lx
— 3

34 Constraint (minimum one Full-time worker) x>0

4™ Constraint (minimum one Part-time worker) y=>0

Plotting the Equalities from Inequalities Constraints: Reduce the inequalities to equalities that

are more meaningful to plot: [>] & [<]= =]
We use the intercepts to plot these linear functions:

Constraints Equalities/ x-intercept y-intercept
Inequalities
1st Constraint (Total Worker | 40x 40x + 20(0) 40(0) + 20y
Hours) + 20y [=] 900 =900 =900
= above the curve x =225 y =45

=1(22.5,0)

=/(35,0)

2" Constraint (Proportion of

linear function

Positively sloped linear function:

Part-time worker)

Part-time workers) V] lx (0,0), (1’ %) (25) 3,1), (4’ g) as
= below the curve 3 shown in figure.
y=mx
39 Constraint (minimum one x>0
Full-time worker) st
4" Constraint (minimum one y=0 1% Quadrant

STEP - lI: Graphing of Constraints
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35
30
25
20
15

10

" feasible
. Fegian

(0,0 c T 5 P i SR N ¢ M. |6 e i e

are the coordinates of feasible area which can be found by simultaneously solving the two
equations, as (?,?) they intersect each other.

y=3xand 40x+20 y =900 = 40x +20(3)x = 900

1)\ 135 45
x 2y=()F=7
135
7
(x,y) =(19.3,6.4)
STEP - llI: Selection of Optimum

The feasible region satisfies all five given constraints. So, we choose the points from boundary to
find minimum cost.

Points (x,y) Employment Cost (C = 800x + 320y)
(0,0) 800(0) +320(0) =0
(19.3,6.4) 800(19.3) + 320(6.4) =
(22.5,0) 800(22.5) +320(0) = 18000

Observation: While following all constraints, |$17485.7| is the minimum amount of
employment cost incurred by insurance company (19.3,6.4) of Full- and Part-time workers,
respectively.

Need for Integer Programming:
Workers cannot be in fractions and (19.3,6.4) seem somewhat awkward. For this, one can
experiment WHOLE numbers like (20, 5), (20,6), (21,5), (21,6) and (21,7) among others.
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Integer Programming

W A
'I." =2 [Fraction)
(195, 63)
26—
=]
E
S
3
£5 .
|
|
i |
|
by | i i | -
15 20 21 22 X
(Whale Ninhers)

Points (x,y) | Employment Cost (C = 800x + 320y)
(20,5) 800(20) + 320(5) =
(20,6) 800(20) + 320(6) = 17920
(21,5) 800(21) + 320(5) = 18400
(21,6) 800(21) + 320(6) = 18720
(21,7) 800(21) + 320(7) = 19040

Interpretation: In this case (20, 5) shall give the minimum value of cost, making {(20,5)| even

more meaningful than (19. 3, 6.4). This additional step is known as Integer Programming.
integer programming linear programming

cc—————————— e ———————
Though (€ =17600) > (C =17485.7) , yet this compromise was necessary as workers

cannot be in fractions.

TOPIC 201: NONLINEAR PROGRAMMING: UTILITY MAXIMIZATION

For nonlinear objective and constraint functions, linear programming cannot be used — need for
Nonlinear Programming. It can handle Nonlinear Objective Functions as well as nonlinear

inequality constraints.
Process: Nonlinear programming has a similar procedure. However, it differs in terms of

conditions known as Kuhn-Tucker conditions (1951).
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Kuhn-Tucker conditions are similar to first order conditions.
Kuhn-Tucker Conditions for Maximization: For j number of variables, there are j number of
conditions. For n number of variables, there are n number of conditions:
Variable-Based Conditions
9z <0
ax]' -

<6Z> 0
x:|l— 1=
J ax]
az

)20

N————_—_—
complementary
(aa,-

=

(o)
either or
both (=0)

=0

i 2 Wherej=1,2,..,n

slackness
Multiplier-Based Conditions

A (az)_o
\ax;) ~

~—_
complementary
slackness

=

It
either or
both (=0)

A; =0 Wherei=1,2,...

Numerical Example:

product term—nonlinear

Objective Function

U=xy
x+y<100
x <40
x,y=0

General Constraints

Nonnegativity Constraints

STEP - I: Lagrangian Function:

Introduce the two constraints and hence two multipliers.

1st
multiplier

A

2nd
multiplier

~
Z(.X',y, )‘IJAZ) = AZ

+ (40 — x)

| —
2nd constraint

xy

objective function

(100 —x—y) +

1st constraint

STEP - lI: Kuhn-Tucker Conditions — Minimization:

For two variables (x, y) there are two conditions and for two multipliers (44, 4;) there are also two
conditions.

Variable-Based Conditions

= <6Z)_0
. ax)

: L
either or
both (=0)

x>0

0z

dx
liYA

o
a{xy+/11(100—x—y) +4,40—-x)}<0=

y=0

=

B L
either or
both (=0)

(OZ) —0o

Multiplier-Based Conditions

21=0

=

(S )
either or
both (=0)

(BZ

a—al)=°

A2 >0

=

Lo
either or
both (=0)

Developing First Order Conditions:

o
6—y{xy+/11(100—x—y) +4,(40—-x)}<0=>

a9z

a=y—11—/12S0
az
—ay=x—11£0
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0z _ 38 {xy + 2,(100 )+ 2,(40 —x)} =0 0z 100 >0
_— — — —_ = |— = —_ —
a1, o Y Th X=Y)w iz X5 =0=152, x-y=
oz _ 5{ + 1,(100 )+ 2,(40 —x)} > 0= aZ—40 >0
a1, e, Y Th X=Y)T iz e Py
Converting the inequalities into equalities:
9z
Pt A — 2, [Z]0
0z
E =X — 11 El 0
0z =100 0
0z =40 0
o, H0-*E

STEP - llI: Trial Solution Cases:
We try two trial solutions:

Trial Solution Case —I:{A,,4, > 0| | Trial Solution, Case - Il:{x,y > 0
(

( ) )
87
(Al>0)/\<11(;_lzl):0> (x>0)/\<x@: >
then (g)e:()
(o :
( ) A
(32> 0) A3 2, (32) =0} @>0niy () =0
(55;)-0 L ()

6Z\ (6Z

o6Z 67
5250 (00,0 | 0= (). (@)
Trial Solution Case - I:14,1, > 0|= {(;—Z) , (;_/122)} =0

(5 G-

FY4 FY4
(5—,11) =0 (5_/11) =0
(100 —x—y)|=0 [40-x)]=0
(y=100—x) =
y =100 —
y =100 —
y =60

Trial Solution Case — | gives us values of both of the variables (x*, y*) = (40, 60). Multipliers
can also be found.
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For values of 14, 4, substitute x* and y* in (i—i) and (';—i).
() () -
as y>0,(§—§)>0 as x>0,(§—§)>0
¥ | = 0= (1 =40 Y12 =0=[1=20]
(x=40) \6*(’) 2'6
(570)
(11112) = (40'20)

Verification: We found (x,y) = (40,60) and (44,4;) = (40,20). Now we check if the values
satisfy all of the functions:

Objective Function U=xy U = (40)(60) = 2400
. x+y<100 40+ 60 <100
General Constraints < 40 40 < 40
Nonnegativity Constraints xy=0 40,60 >0

All constraints are satisfied. (x,y) = (40,60) are the undisputed values at equilibrium that
maximize the utility (2400).

TOPIC 202: NONLINEAR PROGRAMMING: COST MINIMIZATION

Kuhn-Tucker Conditions for Minimization: For j number of variables, there are j number of
conditions. For n number of variables, there are n number of conditions:
Variable-Based Conditions
YA
VA = Xj\z=]=0
o) 20| %20 | cienzror 0x; Wherej =1,2,..,n
Xj both (=0) | complementary

slackness

Multiplier-Based Conditions

a9z
(—) <0 | 2;>0 | cithsor 04; Where i =1,2,...,m
04; both (=0) | complementary E
slackness

Note: Complementary Slackness is used for the product as the two terms 4; and (—)

complement each other in fading to slackness (0).
Numerical Example:

Objective Function Quadratic (nonlinear) function
C = (x1 - 4‘)2 + (xz — 4)2
. le + 3XZ =>6
General Constraints “3x, — 2%, > —12
Nonnegativity Constraints x,% 20

STEP - I: Lagrangian Function:
Introduce the two constraints and hence two multipliers.
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1st
multiplier
Z(x1,%2,21,22) = (X1 —D* + (x —D*+ A4

objective function
2nd
multiplier

i,

(6 - 2x1 — 3x2) +

1st constraint

(—12 + 3x1 + sz)

2nd constraint

STEP - lI: Kuhn-Tucker Conditions — Minimization:
For two variables (x4, x,) there are two conditions and for two multipliers (44, 4,) there are also
two conditions.

Variable-Based Conditions
((’)Z)>0 -0 3 (62)_0
x1/ 1= ifffffg) 1 x4 B
(62) o -0 = (62) B
X2/ 2= Zﬁfffg) 2 ax; -
Multiplier-Based Conditions
(az)<0 1,20 o A(az)—o
ox,) =" | =7 puiey | M \an) T
(az)<0 1,50 oz A(az)—o
01) =" | 222 iy | o)

Developing First Order Conditions:

9z & , )
Fro a_xl{(xl —4)2 + (X3 — 4)% + 21(6 — 2x1 — 3x3) + A,(—12 + 3x1 + 2x,)} = 0
9z
a—xl=2(x1—4')—211+312 =0
9z 6
P 6—x2{(x1 —4)2 + (x3 — )2 + 21(6 — 2x1 — 3x3) + 2,(—12 + 3x1 + 2x,)} = 0
9z
a—x2=2(x2—4-)—3/11+2/12 =0
0z 6
a—)'l = 6—)'1{(.1’,'1 - 4')2 + (xz — 4‘)2 + 11(6 — le — 3x2) + Az(—lz + 3x1 + sz)}
0Z
a—ll=6—2x1—3x2£0
0z 6
a—)'z = 6—)'2{(.1’,'1 - 4')2 + (xz - 4‘)2 + 11(6 - le - 3x2) + Az(—lz + 3x1 + sz)}
ﬁ=—12+3x1+2x2 <0
2
Converting the inequalities into equalities:
li¥4
a—xl=2(x1—4)—2)»1+3/12|E]0
li¥4
a—x2:2(x2—4')—3}.1+2}.2E|0
li¥4
ﬁ=6—2x1—3x2|E]0
1
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6/12 —12+3x1+2x2E]0

STEP - llI: Trial Solution Cases:
We try two trial solutions:

Trial Solution Case — I:|1;,4, > 0

Trial Solution, Case — ll:{x;,x, > 0

6z

6Z

(AL >0 A4 (5_11):0> (x1>0)/\<x1(5—xl):0>
then then
(o (o

(A3 > 0) A< Ay (f—fz):m (x3 > 0) A< Xy (:—fz):m

e —
then

Iz
52y

(5:2)-

0

N——
then

oz
52(2

)=o0

A% >0)=

(5_/11

6Z

)

57
51,

)

0

X1, X2 >0=

(

67
6x1

) (55,

6Z

-

; ; . 82\ (52 _
Trial Solution Case —151,,1, > 0|= {(611) , (Mz)} =
55,) G)|=
A1) \82,))|
(SZ) _o (82) _o
Iyl Iy
(6 —2x; —3x3)|=0 (=12 + 3[x(]+ 2x;)[= 0
_6—3XZ
("1‘ 2 )
6 — 3x2
23O E — 0= —24 + 3(6 — 3x5) + 42, = 0
—24+18—-9x, +4x, =0
6
—6 =5x; = X2="g
6 18 30+ 18
_6-3x, 6 3(‘§)=>6+T 5 [, _24
177 2 2 2 17g
(x1,x2) = %, -3 | Nonnegativity constraint is being violated for x,.
(x170)
Trial Solution Case — | violates the nonnegativity conditions, so we try Trial Solution Case — Il.
. . ] 8Z\ (8Z\) _
Trial Solution Case — llx;, x, > 0] = {(571) ) (S_xZ)} =
©Copyright Virtual University of Pakistan 372



Mathematical Economics I (ECO607)

VU

() Gl

(SZ) _o (62) _o

8x1 B sz B

2(x1—4)—211+3/12 =0 Z(XZ—4)—3A1+212 =0
{/12:211—2:?61—4)} {12:3/11—22(962—4)}

Equating (4,), we get:

2},1 — 2(x1 - 4) 311 — Z(XZ - 4-)
3 B 2
le—le'l‘s 3/11—2x2+8
3 - 2
2(211 - le + 8) = 3(311 - 2x2 + 8)
4).1 —4-x1 +16 = 911 - 6x2 + 24
0= —4-/11+4-x1—16+9/11—6x2+24
4x1—6x2+5/11+8=0
3 unknowns=let A11=0
4x1—6x2+5(0)+8=0
4-x1 - 6x2 +8=0
le - 3x2 = —4

2x1 — 3x, = —4 = need for another equation in terms of (x4, x,), to find values of x; and x,.

f(x1,x2)
. " 6z
Using condition > {(6_/12)} =0
(62) _o
Ay
|—12 + 3x1 + sz = 0|
3x1 + sz =12
g(x 'xZ)
2x1 - 3x2 =—4 3x1 + 2x2 =12
f(xq1,x7) g(x1,%2)
Solving simultaneously for (x4, x3)
le - 3x2 =—4 3 + sz =12
_—4+3x2
. S
-4 + 3x2 9x2
3| |t 2x, =12 —6+ =+ 21, = 12
3%, _ o 36
= = = —
2 *2 773
For x,, we substitute x, in x; = @.
36
—4+3 (ﬁ) 28
2 13
« 4x) = (28 36
(xy, x3) = (13’13)
H * * 3 6Z 6Z
For values of 44, 4, substitute x3 and x5 in (8—xl) and (8—xz)
2(x5 —4) =24, +34, =0 | 2(x5—4) =34, +24, =0
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13

28

36

48 32
—21; +31; = 3 —3+2/12=E
21=3(3%-73)
31(3/1 48>+2/1 32 9/1 +144+2/1 32 . 16
— — _— = — = — — e = — = = —
2\""2 13 2713 2727 26 2713 2713
1 48 1/ [16] 48
A =—(3/1 ——):nl —=(312- X\ sz =0
172 13 ! 2( 13 13)

(3, 2) = (0.73)

Verification: We found (x;,x3) = (33,3) and (44, 2;) =

satisfy all of the functions:

13’13

(0,%). Now we check if the values

Objective _ 2 2 (28 Z 36 Z 68

Function =0 -4 +0;-4) C_(ﬁ_4) +(E_4) 13
28 36\ _

General 2%, +3x, > 6 2(%)+3(%)=12626

Constraints

—3x1 — 2x, = —12

-12 > -12

-3(5)-2(3)

Nonnegativity
Constraints

X1,X2 =20

28 36
. ==0
13'13

All constraints are satisfied. (x},x3) = (28 %

minimize the cost (i—ﬁ).

E'E) are the undisputed values at equilibrium that
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