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5
5=5-0=5

=-(5-0)=-5
x7
x7 = -6x2 -3x4

x2 i¢ free
x3 =5+ 9x9

15. x71 + hx2
15. x71 + hx2 = 1

716. x71 - 3x2
16. x71 - 3x2 = 1

2xT + 3x2
2x7 + 3x2 = k

2x7 + hx2
2xT + hx2 = £

u+v

u+v=v+u (Commutative)
(,.,.

[a + v] +w=u+ [v + w) (Accoc:’at/ve]
[/i/

w+0=0+u=u(Additive Identity)
(iv)

u+ (~u) =(-u) + u = 0 (Additive Tnverce)
(3 5, 2)

(35,2)=317v+5

xT1 a1 + x2 a2
xTal+x2a2="5b

becauce cv7

because cvl = evl + Ov2 + ... + Ovp i.e every cvi can be written
as a linear
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(x y, 2)

(v 2)=(012-3)+t(4-5 1)

the cum
x - x0 =tIvl + t2v2

or, equivalently,
x = x0 + tIv] + t2v2 —=mmmmmmmmmemeeee (1)

x =tIv] + t2v2

component form of eq. 1 will be
(v, 2) = (x0, y0, 20) + t1(a1, b1, ¢1) +t2(a2, b2, c2)

x = x0 +aTt1 + a2t2

Yy
y=y0+ bTt1 + b2t2

2=20 + cTt1 + c2t2

(x v, 2)

(o v, 2)=t1(1, -2, 3)+¢t2 (4 0, 5)

,b/wae 1
x =x0 + t7(x7 - xO) -+ tZ[xZ - xO}

x=5+y-22

xT1a1 + x2a2 + ... + xnan
x7a1 + x282 + ... + xnan = b

=aA+6B+c(

4o + b
4da + b = 6

-b+ 2¢
-b+2c=-%§
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2a+2b+e¢
22+ 2b+¢ = -1

22+ 3b + Y
22+ 3b + 4¢ = -8

-b - 3¢
-b-3c=7

Se
5¢=-15 ¢=-3

From (Z},
-é+2[-3}=—8 b=2

9(1) + 2
9(1) + 2= 6

=14+ 28 - 3C

Yo + b
o+ b =0

-b+ 2¢
-b+2¢c=0

2a+2b+e
20+2b+c=20

22+ 3b + Y¢
22+ 3b+ Y4 =0

Subtracting equation (3) from equation () we get
b+3c=0(5)

=0A+0B+0C

20+ 2b+e
20+ 2b+c¢ =3

22+ 3b + Y
20+3b+ Y4 =§
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-b - 3¢
-b -3¢ =-5
From (2),
b+2(1)=0 b=2

=1A+ 28 +1C

. Verify Alu + v)
- Verify Alu + v) = Au +Av.

The equation

X =¢u + tv

X
x=p+tv[t/n,€}
7. x71 - 5x2 + 9x3
7. x7 - 5x2 + 9x3 =0

2. 3x7 + 6x2 — 9x3 — x4
2. 3x7 + 6x2 — 4Yx3 - x4 =0

-x7 + 4x2 - 3x3
-x7 + 49x2 - 3x3 =0

-5x71 + £x3 + 3x4
-5x7 + §x3 + 3x4 =0

2xT - §x2 + 9x3
2xT1 - §x2 + 9x3 =0

Sx1 — x2 + 7x4
Ex1 -x2 + x4 =0

3. 5x7 — x2 + 3x3
3. 5x7 - x2+ 3x3 =0

4xT1 - 3x2 + #x3
4xT1 — 3x2 + ?x3 =0

5. x7 + 2x2 — #x3
5.x7T +2x2 - ?x3 =0
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-2x71 - 3x2 + 9x3
-2x7 - 3x2 + 9x3 =0

-2x7 + 3x2 + 7#x3
-2x7 + 3x2 + ?x3 =0

-2x2 + 10x3
-2x2 + 10x3 = 0

of x1 - 4x2 + 3x3
of x1 - 4x2 + 3x3 = 2.

10vT — 5v2 + 5v3
T10vT — 5v2 + 5v3 =0

cTvT + c2v2 +...+ cpvp
cIvl + c2v2 +...+ cpvp = 0

2. T{eu +dv)
2. Tleu +dv) = eT(w) + dT(v)

3. T(etvT + .t cpvp)
3. T(etvT + ot cpvp) = e1T(v1) + .. + cpT(vp)

2. Juct apply the definition of linear transformation. i. e
Tlea + dv) = Tlew) + T(dv) = eT(w) + dT(v)

T(e1vT + ...+ cpvp)
Tl + ot epvp) = e1T(v1) + ... + cpT(vp)

T (x)
A (x} = x+7.

7 (cu + dv)
T (cu+dv) =3 (cu+dv)

= 3cu + 3dv
= ¢ (3u) + d(3v)
=el (u) +dT (V)



VU Learning HUB

vulearninghub.xyz

MTHS01

( (01 0)=(3 1) and
( (00 1)=(1 2)

Find x cuch that T (x)

Find x cuch that T (x) =(-2, -5).
. Find x cuch that T (x)

. Find x cuch that T (x) =(-4, 7 0).
A+ 8

A+B=8+A

r (A+8)
r(A+8)=rA+rB

(A+8)+C
A+B)+C=A+(B+C)

(r+¢)A
(r+¢)A=rA+cA

=-1=01)

A (Bx)
A (Bx) = (AB)

x _______________________________________________

(2x4) + (6x3) + (0x5)

(2x4) + (6x3) + (0x5) = 26
(1x3) + (2x1) + (4x2)

(1x3) + (2x1) + (4x2) =13
3) + (6x1) + (0x2)

3) + (6x1) + (0x2) =12
AB+C)

AB+C)=AB+AC

(B + C)A
(B +C)A=BA+CA
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Thue C
Thue C = A-1.

(2) An ic invertible and (An)-1
(a) An ic invertible and [An}—7 =A-n = (A—ﬁn
B
B=A-1andA=B-1
det (A)
det (A) = 1(20 + 2) - 6(10 - 1) + 4 (4+4)
=22-54+32
Tl y)
T[x,y}zxyt+ [x+y)t2

be inverce of A .i.e. A-1
be inverce of A .i.e. A-1 = B, then

A
A=(Ep..€1)-10= (U

(
(=(p..E1)-1

because Ep ... E1(
becauce Ep ... E1( = (Ep..€1)(Ep ... E1)-1 = L. Thic obcervation ic

the key to
(4%)

And rewrite (3%) ac ly=5b
10x7 + x2 - x3

10x7 + x2 -x3 =18

xT + 15x2 + x3
x7 + 15x2 + x3 = -12

-x7 + x2 + 20x3
-x7 + x2 + 20x3 = 17
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Comparing the corresponding entries on both cides, we have
70y7 = x2 + x3 + 18

15y2

15y2 = -xT -x3 - 12
20y3

20y3 =xT -x2+ 17
y7

y1 = (- x2 + x3 + 18)/10
y2

y2=(-x1-x3-12)/15
y3

y3 = (x1-x2+12)/20
Thug, x [Z)

Thue, x (2) = (1.965, -.9267, .98).

x3 = (12+0-0)/20 = 0.85
Which gives x(1) = (1.80,-0.50,0.85) --—-put thic again on RHS of
the equivalent cyctem

70x + x
10x + x =13

X+ x + 70x
X+x+ 10x =18

x (0) =(0,0,0) and ¢ix iterations.
10x7 + x2 -x3 =18

x7T + 15x2 + x3
x7 + 15x2 + x3 = -12

-x7 + x2 + 20x3

-x7 + x2 + 20x3 = 17
T70y1

10y71 = -x2 + x3 + 18
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yT1+715y2
y1+15y2 = - x3 - 12

-y7 +y2 + 20y3
-y7 + y2 + 20y3 =17

reqard the highlighted x'¢ a¢ the valueg:
x7=(-x2+x3+18)/10

x2
x2 = (—x’/—x?— 12)/15

x3
x3 = (x1-x2 + 12)/20

x7 - 3x2 + x3
x7 -3x2 +x3=-2

-6x71 + 9x2 + 11x3
—6xT + 9x2 + 17x3 =1

5x7 - 2x2 - 2x3 = ¢
x7 - 3x2 + x3= -2

det (A)
det (A) = ad-be.

= 45+59+96 -105+45+72
=1/[4(0) - (-1)(-2)] -5 [ 2(0) - 0(-1)] +0[2(-2) - 4(0)]
=ab. (1)2 = ab

x=-5
X+ 2x = -3

2x + X + x
2x +x+x =4

2x = 2

Sx +x+3x = -2

— 10 —
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6¢x +9Yx

6¢x +49x = 5
Ix +2¢x

Ix +2¢x = -2
3¢x - S5x

3¢x - 5x = 3
Ix +5¢x

Ix +5¢x = 2
ox - 2¢x

ox - 2¢x = -1
Sx +6¢<x

3x +6¢x = 4
x=1

3¢x +6¢x = 2
and b2

and b2 = -2
0+ u

O+u=u+0=u

-u+u
cu+u=0=u+(-u

= [a7 + v, u2 + v2, ..., un + vn} Pn
= [a7 + vl 42 + V2, ..., un + vin)

= (v1+ a1, v2 + a2, ..., va + un) (By commutative law of real
numberc)

= [v7, V2, ..., vin) + [a’/, u2, ..., un)
= (a7 +v7, u2 + v2, ..., un + w«) + (w’/, w2, ..., um}

= ((u? +v1) + wi, (uz2 +v2) + w2, ..., (un + vi) + wn))

- 17—
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= (w1, w2, ..y un) + (V1 + wl, v2 + W2, ..., v + wn)
= [a7, uz, ..., un} + [[v7, v2, ..., vn} + [w’l, w2, ..., wn}]
et (e )

0+ u
0+u=(00 .., 0)+ (1 u2 .. un)

= [O+u7, 0+ u2, ... 0+ un)

Similarly, u + 0
Similarly, u + 0 = u

Such that u + (-u)
Such that u + (-u) = (a1, u2, ..., un) + (~u1, -u2, ..., -an)

- [a7 + [—aﬁ, u2 + [-uZ}, ., U+ [-an}]

Similarly, (~u) + u
Similarly, (-a) + u=0

=k (w1 +v1 u2 +v2, ..., un + vn)

=k (w1 +v1) k (42 +v2), ..., & (an + vin))
=t kvt bz hvz, oy kan s fvn)
=(kat buz . bun) + (kv vz, ) ki)
=kl w2 .y un) + & (W1, v2, ..., vn)
=ku+kv

< (k4 Dty e+ a2, ooy (b Dan)

=Ckat +lut, bkuz+lu2 .. kan + [ an)
=(kut bu2 .. ban)+ (a1, a2, ..., [un)
=k 1, 42, ..y un) + [ (a1, 42, ..., un)
—ku+lu

u+lv+w)
s urlorw)

— 12—
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and cimilarly u + 0
and cimilarly u + 0 = u.

(k + [)u
(k+1)=(k+1)

(F+9) (x)
(F+9) (x) = F(x) + 9 (x), for all xPR.

(F+9q) (x)
(F+9)(x)=F)+9

=9 (x)+FK
=(g+f) )

So that
F+rg=9+F

((F+3)+4) (x)
(F+q)+h) ()= (F+9) (J+ b ()

=(Fl)+9 ) +h ()
=F(x)+ (g () +h ()
=Fl)+(g+h) ()
=(f+(+h)

And co
(Frg)+h=F+(3+4)

0 [x}
0 (x) = 0, for all xR because (0 + F) (x) = 0 (x) + F (x)
=0+F(x)=F(K

e. 0+ F
i.e. 0+ f=F Similarly, F+ 0 = £

(F+ (-f) &)
(F+ () ()= F () + () &

— 13—
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ie. F+ [—F)

ie. f+ (-F) = 0. Similarly, (-F) + F = o.
Thue (2 + b) F

Thue (2 + b) F=af+bF

J+ (

)=(a+a

= (a+b )+(a +b ) +(a +b )
)

)=tla + a

ax+by+cz
ax+by+cz=0

Adding thece equatione gives a (u? +v1) + b (uz +
Adding thece equations gives a (w1 +v1) + b (uz +v2) + ¢ (u3 +
v3) =0

U+ v
u+v:(a7+v7, u2 + v2, u3+v3}

a (ku1) + b (ku2) + ¢ (ku3)
a (ku1) + b (kuz) + ¢ (ku3) = 0

givee a [—7«7} +5b [—7a2} +c (—7a3}
givee a (-1u1) + b (-1u2) + ¢ (-143) = 0

+
+:[a+v,a+v)

[///') (—7} u

6’/’/’) [—7) u=-u
(-1) u

(-1) w=-wicin W.
+

+ = (a/éloj +[alé10): [ﬁ + A/é +é’0)

— 14—
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+
+=(a.,b,1)+(a,b,1)= (& +a,b +b ,1+1)

Then u + v = (a1, a? + u3, u3) + (v1, v + v3, v3)
:(u7+V7, u7 + u3 + v7 + v3, a3+v3}

IFkic any ccalor and u

IFkic any cealar and u = (a7, ul + u3, a3} ¢ any vector in W,
then

[8_}/ c{eﬁhftlbh)
=(kul bul+ ka3 ku3)

Thenu+v = (a1, u? +u3+ 7 u3)+ (v, v +v3+ 1, v3)
:[u7+v7,a7+u3+7+v7+v3+7,u3+v3)

= (a7 + v7, [u’/ + v’/) + [u? + v3} + 2, u3 + v3)

(;) All polynomiale 20 + a1 x + a2 x2 + a3 x3 for
;) All polyromiale 20 + a1 x + a2 x2 + a3 x3 for which 20 = 0

a0+al+a2+a3
a0+aTl+a2+a3 = 0.

=(c0+60)+ (c7+b61)x+ (c2+b2)x2 + (¢3 + b3) x3

+ 0
+ 0 = 0. Therefore, u +v U/

where a + b +¢ + d
wherea + b +¢ +d =0

where a + b +¢ + d
where a + b +¢ + d = 0.

h
h=0+0=0

u+ w
w+w= (eI +e2v2) + (t1V1 + t2v2)

=(e1+t1)v1+ (c2+¢t2)v2

— 15—
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= [§7v7 +Q2v2+...4Cnvh }+[t7v7 + t2v2 ...+thvn)
(y.2)+(x .,y .2 )
(x,y,z)+[x .2 )= (x+ x Y+ y,z+z)

(xy)+(x .y )

(X,_y}+[)< 54 }: (X+ X ,_y+_y}

(xy)+(x .y )

(x,y}+(x Y )= (x+ x+Ty+y +7}

matrix multiplication, we find that
Alu+v)=Au+Av=0+0=0

eqaat:’ons’
a-2b+5c=d

a-2b+5c-d
a-2b+5c-d=0

-a-b+e
-a-b+ec=0

X - 2x

-x+ 3x=20

X + 2x - 2x
X+ 2x -2x =0

X = 2x + x - 3x

x = free variable

X = - 2x + 2x
X - 3x +2x
+2x +x =0

Ox +3x +6x +0x - 3x
Ox +3x +6x +0x - 3x = 0

2x - 3x - 2x
+9x +9x = 0

— 16 —
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3x -6x +0x +6x +5x
3x -6x +0x +6x +5x = 0

-2x +9x +2x - 4x - 5x
-2x +7x +2x - Ix - 5x = 0

7 x +
Zx+[‘//3}x=0

7 x +

[—7/6) x=0

7 x +

(-5/12) x = 0

xX=-2x +[-4’/§) X

X

x=+(7/6}x

X

x =+(5/12) x

The colution can be written in the vector form:
=(-2,0,0,1,0)

= (-4/3,1/6,5/12,0,1)

27-2+3-3
27-2+3-3=-9

2x +6x - 5x - 2x +Y4x - 3x
2x +6x - 5x - 2x +4x - 3x = -1

2x +6x
+5x +9x +186x = 6

7 x
T1x = (7/3}

x=-3x-49x-2x

— 17—
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X
x=-3r-9Yc¢c- 2t

)T (u+v)
()T lu+v)=TW)+T()
b:a-3b-¢
b:a-3b-¢=0
=[1-3-1].
a-2b
a - 2b= Yc

. For ingtance, if p (t)
. For inctance, if p (t) = 3 + 5t + 7t2, then

T(A)
T (A) = A + AT, where

u+v
Uu+v=v+u

u+[v+w)
u+[v+w):[u+v)+w

0+ u
O+u=u+0=u

There exict a vector — u in |/ cuch that
-u+u=0=u+[-a}

[ (u+v)
[(u+v)="lu+lv

(/+m}u
[/+m}u=fu+mu

Example 3 (et A be an invertible n n
x matrix — cay, A = [aT ... an]. Then the columne

¢0,..., en caticfy
0.7 + ¢t + €262 + oo + ctn = 0 (t)

— 18 —
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cIvl + ¢c2v2 + ¢3v3
cIvl + ¢2v2 + ¢3v3 = dTwT + d2w2 + J3w3

07[2,—3, 1) + 02[4/, 1,1) + 03[0,-?, 1)
¢1(2,-3,1) + ¢2(4.1,1) + ¢3(0,-2,1) = d1(1,0,0) + d2(0,1,0) +
d3(0,0,1)

2¢c+9c+0c¢
2¢+9¢c+0c=1d+0d+0d

-3c¢c+7c-7Z¢
3¢c+7¢c-Z¢c=0d+7d+0d

Te+Tec+Tec
Te+Te+Te=0d+0d+71d

-4e+6c+8c
Ye+6c+8c=17d+0d+0d

Te+5¢c+9¢
Te+5¢c+49c=0d+7d+0d

S3ec+2c+7e¢
3¢c+2c¢c+7e=0d+0d+1d

colution of
c1 p1 [t} +c2p2 [t} +c3p3 [t} =0

-4dec+6c+8c
-4dec+6c+85c=20

Te+5¢c+9¢
Te+5¢c+4¢c =0

Sc+2c+7e¢
3ec+2c¢c+7c¢=20

3¢c+0c+0c+1c¢
3¢c+0c+0c+T7c=1d+0d+0d+0d

6 c -
T1e-8c+0c=0d+7d+0d+0d

— 19—
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Sec-
T1¢-12¢-1¢=0d+0d+1d+0d

-6ec+0c-9c+ 2c¢
be+0c-Yc+2¢c=0d+0d+0d+7d

det (A)
det (A) = 48#0

Every vector in Span {1, v2f belonge to H becauce
eTvl+ec2v2=¢7Tvl +c2v2+ 0v3

cubgtitute
x=eTvl +c2v2 +¢3 (5v1 + 3v2)

= (c7+5¢3)v1 + (c2 + 3¢3) v2

cIvl + c2v2 + ...+ Ch vh
cIvl + ¢2v2 + ...+ e v =0

Solution Step 1 Form Equation (3),
¢ [7,2, -2, 7} + cZ(-S,O,—%Z) + 03(2, 7, 7,—7}+ cé’(—i?,—?,é} +
¢5(9,3.2-6) = (0,0,0,0).

¢c-3c+ 2¢c-3c+9c
c-3¢c+2¢c-3c+9% =20

+¢+ 3¢ + 3¢
+¢+3c+3¢c=0

“2c -4 +c¢- 9c + Zc
-2¢c-Y9c+c-9c+ Fec=20

¢+ 3¢ -
c+6c-6¢c=20
x =0
-2x - x +2x = 0
x+ y+ 2
x+y+2z2=20

— 20—
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3x+2y - 22
3x+2y - 22 =0

Ix+3y - 2
Ix+3y-2z=20
bx+5y+ z
bx+5y+2=0
19. Determine basee for the following cubspace of R3
(2) the plane 3x — 2y + 52 = 0
() the plane x - y = 0
(c) the linex = 2t, y = -t, 2 = 4t

[v]¢
[vle = (-1, 3 2)

c+ 2¢c +3¢
c+2¢c+3¢c=95

2¢ + 9¢c +3 ¢
2¢+ 9¢ +3¢=-1

4e + 2¢ +3 ¢
e + 2¢ +3¢ =5

+ 9¢c +3c¢
+ c+3¢c=-1

to get c
c+4(2)=19

Therefore,
[ve=(1, -1, 2)

A
A=c¢1 AT+ c2 A2+ ¢3 A3+ ¢4 AY

Therefore,
[vfe = (-1, 1, -1, 3)

— 27—
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yourcelf)
Thue x = 367 + 262 and

3+ 2t
3+2t=2(9+¢+5¢t2)-5(1+ 2t2)

vector of p(t)
vector of,b[t) = 6 + 3t - t2 relative to B.

Put value of ¢ in equation
T+c¢=-1

we have
c+c=6

p ()

p () =1+ 9t + 2t2 relative to B.

vectore ag
x = xTe1 + x2e2 + x3e3 +...+ xnen.

20 -b+3c+d
20 - b+ 3¢ +d=0jf.

vector¢e ag
x = xTe71 + x2e2 + x3e3 +...+ xnen.

:20a - b +3¢c+d
:20 - b+ 3¢ +d=0j.

=a A7+ bA2 + cA3

2A + bA + cA
2A + bA + cA =0

—x_-
X +2x - 3x +x =0
-x=0

X+x+x=20

x =-Tx -1x

— 22—
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6{(a bc d:a-3b+ec
6{(a bc d:a-3b+c=0f

=(-2-580-12)
=(1,3-51,5)

=(311-19,21)
= (1,2-13,5,-3)

=(210)
=(3-14)

=(1-2003)
= (2,-5-3-26)

X+ X+ X
X+x+x=20

X - 2x + 3x
x-2x+ 3x=20

x - 5x
x-5x=20

vank A + dim Nul A
rank A + dim Mul A = w

X - 9Yx - 28x - 37x + 13x
X-9Yx - 285x - 37x+ 13x = 0

x-2x-72x - 16x + 5x
x-2x-T2x - 16x + 5x = 0
X = Yx - 285x + 37x - 13x

x = 2x +72x + 16x - 5x

xX=49r + 25¢ + 37t - 13u
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X
x=2r+ 12¢ + 16¢ - Su

ha¢ 6 columne,
co rank(A) + nallity(A) = 2 + 4 = 6 = n

The cyctem hag infinitely many colutiong:
x7 = -2 x4+(-4/3) x5
x2
X2 = (7/6} x5
x3
x3 = (5/12) x5
The colution can be written in the vector form:

et =(-2 001 0)

¢S5
es = (-4/3 1/6, 5/12,0,1)

[[—Zl 0/ 0) 71 O)} [_1//3’ 7/6/ 5/72/ OJ 7}]
The nullity of the matrix ic 2. Now Rank (A) + nullity (A) = 3 +
2=5=n

Solution
nullity (A) = n — rank (A) = 7-3 =4

Solution
nullity (/U = n - rank [/U = 4-0 =9

Y uppose that x
Suppoce that x = 3b71 + b2

(2) Find the change-of-coordinates matrix from F to D.
(b) Find [x]D for x = F1 - 2f2 + 2f3.

(a) Find the change-of-coordinatec matrix from B to (.
[é} Fim(l;(]c for x =5 b1 + 3 b2

Feed two different cignale into the filter
0.35yk + 2 +0.5yk + 1 +0.35yk = 2k
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+ 2 2 ¢o that
fykf={.., 102 0 -02-1,-02 0 0% 1,020, ...{
yk+2

0.35yk+0.5yk+7+0.35yk+2= 2k

0.35(1)+0.5(0.7)+0.35(0)
0.35(1)+0.5(0.2)+0.35(0)=0.7

fwkf

fwkf=1{.. 1 -02 0 02 -1, 02 0, -0.2 1, -0.2 0, ...f

Yk = rk for come r. Find come colutions of the equation
Yk+3 — 2yk + 2 - Syk + 1 + 6yk = O for all k

rk+3 — 2rk+2 — Srk+1 + 6rk
rk+3 — 2¢k+2 — Srk+T + 6rk = 0

8}/ cyhthet/c dl'vff/op\
vk (r3 - 202 -5r+6) =0

So we get
vk [(-1)(x2 - x - 6)] = 0

vk [(x-1) (x2 - 3x + 2x - 6)]
vk [(x-1) (x2 - 3x + 2x - 6)]=0
rk [[x—ﬁ {x[x —3}+2[x—3/]]
rk [[x—7) [x(x -3}+2[x-3)]] =0
vk (r = 1)(r + 2)(r - 3)
vk (r-1)0r+ 2)(r-3)=0
Yk+3 — 2yk+2 — Syk+1 + 6yk
yk+3 — 2yk+2 — Syk+T + 6yk = O for all k
yk+2 - 4yk+T + 3yk
Vk+2 — 4yk+T + 3yk = -9k for all k

yk+2 — Yyk+1 + 3yk
yk+2 — Qyk+T + 3yk = 0
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yk+3 — 2yk+2 - Syk+T + 6yk
Yk+3 — 2yk+2 — Syk+1 + 6yk = O for all k

In general, the equation yk+n + alyk+n =1 + ... + an

In general, the equation yk+n + adyk+n =1 + ... + an —Tyk+7T + anyk
= 0 for all

1. 24, (“9)k; yhk+2 + 2 yk+1 - 5 yk
1. 24, (“9)k; yk+2 + 2 yk+1 - 5 yk = 0

2. 3k, (-3)k; yk+2 - 9 yk
2. 3k (-3)k; yk+2 - 9 yk = 0

3. 24, (-9)k; yhk+2 + 2 yk+1 - & yk
3. 2k, (~9)k; yk+2 + 2 yk+1 - 8 yk = O

9. 3k, (-3)k; yk+2 - 9 yk
4. 3k, (-3)k: yk+2 - 9 yk = 0

5. -3k k(-3)k; yh+2 + 6 yh+T + 9 yk
5. -3k k(-3)k; yk+2 + 6 yhk+1 + T yk = 0

k;yk+2 + 25 yk
k;yk+2 + 25 yk = 0

k;yk+3 — yk+2 + 9 yk+1 - 9 yk
k;yk+3 — yk+2 + 9 yk+1 - 9 yk = 0

5. (-1)k k(-1)k, 5k; yk+3 — 3 yk+2 — 9 yk+1 -5y
5. 1)k k(-1)k 5k; yk+3 - 3 yk+2 — 9 yk+1 - 5 yk = 0

9. 1)k, 3k; yk+3 + yh+2 — 9 yk+1 - 9 yk
9. 1)k, 3k; yk+3 + yk+2 — 9 yh+1 - Fyk = 0

10. 1k, (-1)k; yk+4 - 2 yk+2 + yk
10. 1k, (-1)k; yk+4 — 2 yk+2 + yk = 0

11. yk+2 — 7 yk+1 + 12 yk
11. yk+2 — 2 yk+1 + 12 yk = 0

12. 16yk+2 + 8 yk+1 - 3 yk
12. 16yk+2 + 8 yk+1 - 3 yk = 0
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15. yk+4 — 6 yk+3 + 8 yk+2 + 6 yk+1 - 7 yk
15. yk+4 — 6 yk+3 + 8 yk+2 + 6 yk+1 - T yk = 0

16. yk+3 — (3/%)yk+2 + (1/16)yk
16. yk+3 - (3/%)yk+2 + (1/16)yk = 0

Thus ic an eigenvalue of A if and only if the equation
[/4 = I}x =0

= -, and

(i) Cace
6} Cace = -2

(i) Cace
6’/) Cace =5

or equivalently,

A= PBP-1.

Replacing @ by P -1, we have
Q-16Q = A

Proof IF B
Proof IF B = P -1AP, then

Cince
det (P -1). det(P) = det(P -1P)

Analyze the long term behavior of the dynamical
cyctlem defined éy xk+71 = Axk (é =0 1, 2 ), with

el +e2 (92)v2

Continuing in the came way, we get the general equation as
xk = et +c2(92)kv2

to conctruct D. By Eqe. (1) - (3). AP
to conctruct D. By Eqe. (1) - (3). AP =PD. Thic

A
A = PDP -1, where

— 27—



W Learning HUB MTHS01

vulearninghub.xyz

(et ,b[t}
(et ,b[t} = a0 + aTt + a2 t2 and compute
So T (p)
$o T(p) = (3a0+921)1 + (5a1-a2)t + (20-2a1+7a2)t2 .
(a) A
[A) A -‘(I)— 1AL ¢o A ic cimilar to A.
det(A- I')
det(A-I) =0

correcponding to
corresponding to = 0.5 — 0.6/ i¢

Example 2

Plot ceveral trajectories of the dynamical cyctem xk+1 = Axk,
when

IF x0
IF x0 = ¢1Iv1 + c2v2, then

A
A = PDP -1, we find that

Pyk+1
Pyk+1 = APyk = (PDP -1)Pyk = PDyk

<, the origin ic a caddle point of the
dynamical syctem. IF x0 = ¢Iv7 + c2v2, then

eigen vector for firet valueof
will bev =(70, 3

out to be
1 =6 and

z=y-yy
C'om,bute
P 9 where p(t)= 4+t 9(t) = 5-4t2
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orthogonal to y
orthogonal to y:(S,-ﬁ

inequality holds for x
inequality holde for x=(3,-2) and y= (-2,1)

5=5-0=5
=-(5-0)=-5

x7
x7 = -6x2 -3x49

x2 i¢ free
x3 =5+ 94xY9

15. x71 + hx2
15. x1 + hx2 = 1

16. x1 - 3x2
16. x71 - 3x2 = 1

2x7 + 3x2
2x7 + 3x2 = k

2x7 + hx2
2x71 + hx2 = k

U+ v
u+v=v+u (Commutative)

(i)

[“ + V} tw=u+ [v + W) [A(’{'oc:’at/ve}
(iii)

u+ 0=0+u=u(Additive Identity)
(v)

u+ (~u) =(-u) + u = 0 (Additive Tnverce)
(3 5, 2)

(35,2)=317+5
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xT a1 + x2 a2
xTal+x2a2 =5

becauce cv7
because evl = evl + Ov2 + ... + Ovp i.e every cvi can be written

a¢ a linear
(x v, 2)
(ov2)=(12-3)+¢t(4-5 1)
the cum

x —x0 =tIvl + t2v2

or, equivalently,
r U 7. N (1)

x =tIvl + t2v2

component form of eq. 1 will be
(x v, 2) = (x0, y0, 20) + t1(a1, b1, ¢1) +t2(a2, b2, c2)

x = x0 +aTt1 + a2t2

Yy
y=y0+ bTt1 + b2t2

2=20+ cTt1 + c2t2

(x y, z)

(o v, 2)=t1(1,-2,3)+¢t2 (4 0, 5)

plane ic
x = x0 + t1(x7 - x0) + t2(x2 - x0)

x=5+y-22

xTa1 + x2a2 + ... + xnan
x1aT + x282 + ... + xnan = b
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=aA+b6B+c(

92 + b
4o+ b =6

b+ 2¢
b+ 2c=-§

22+ 2b + ¢
22+ 2b +¢ = -1

22+ 3b + Y¢
20+ 3b + Ye = -§

-b - 3¢
-b-3c=7

bY
S5¢c=-15 ¢ =-3

From (2),
b+2(-3)=-8 b=2

9(1) + 2
9(1) + 2 = 6

=1A+ 28 - 3C

4o + b
4o + b = 0

-b + 2¢
-b+2c=0

20+ 2b+e
20+2b+c=20

22+ 3b + Y
22+ 3b+ 4e =0

Subtracting equation (3) from equation (4) we get
b+3=0(5)

— 37—



W Learning HUB MTHS01

vulearninghub.xyz

=0A+0B+0C

20+ 2b+e
20+ 2b+c¢ =3

22+ 3b + Y
20+3b+ Y4 =58

-b - 3¢
-b -3¢ =-5

From (Z],
b+2(1)=0b=2

=1A+ 28 +1C

. Verify Alu + v)
. Verify Alu + v) = Au +Av.

The equation

x = ¢u + tv

X
x:,b+tV(t/h/€]

7. x7 - 5x2 + 9x3
7. x7 - 5x2 + Ix3 =0

2. 3x7 + 6x2 — 4x3 - x4
2. 3xT + 6x2 — 9x3 - x4 =0

-x7 + 4x2 - 3x3
-x7 + 4x2 - 3x3 =0

-5x71 + £x3 + 3x4
-5x7 + §x3 + 3x4 = 0

2xT - §x2 + 9x3
2xT - §x2 + 9x3 =0

Sx1 — x2 + #xY
Ex1 - x2 + x4 =0
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3. 5x7 — x2 + 3x3
3. 5x7 - x2 + 3x3 =0

4x1 - 3x2 + #x3
4x7 — 3x2 + #x3 =0

5. x7 + 2x2 — 7x3
5.x7T +2x2 - ?x3 =0

-2x7 - 3x2 + 9x3
-2x7 - 3x2 + 9x3 =0

-2x7 + 3x2 + #x3
-2x71 + 3x2 + ?x3 =0

-2x2 + 70x3
-2x2 + 10x3 = 0

of x1 — 4x2 + 3x3
of x7 — 4x2 + 3x3 = Z

10vT — 5v2 + 5v3
10vT — 5v2 + 5v3 =0

cTvT + c2v2 +...+ cpvp
cIvl + c2v2 +...+ cpvp = 0

2. T{eu +dv)
2. Tleu +dv) = eT(w) + dT(v)

3.7l + ...+ cpvp)
3. 71T + ..+ epvp) = e1T(1) + ... + c,br(v’b)

2. Juct apply the definition of linear transformation. i. e
Tleu + dv) = T(eu) + T(dv) = eT(u) + dT(v)

T(e1vT + ...t cpvp)
T(e1v1 + .t epvp) = e1T(v1) + ... + epT(vp)

7 (x)
/A (x} = x+7.
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7 (cu + dv)
7 (cu+dv) =3 (cu+dv)

= 3eu + 3dv
=¢ (34) + d(3v)
=el () +dT (v)

( (01 0)=(3 1) and
( (0,0 1)=(1 2)
Find x cuch that T (x)
Find x cuch that T (x) =(-2, -5).
. Find x cuch that T (x)
. Find x cuch that T (x) =(-4, 2, 0).

A+ B
A+B=8+A

r (A+8)
r(A+8)=rA+rB

(A+8)+C
A+B)+C=A+(B+C)

(r+¢)A
(r+¢)A=rA+cA
=-1=01)

A (Bx)
A (Bx) = (AB) )
g 7

(2x4) + (6x3) + (0x5)

(2x4) + (6x3) + (0x5) = 26

(7x3) - [Zxﬁ + [‘/XZ}

(1x3) + (2x1) + (4x2) =13
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3) + (6x1) + (0x2)
3) + (6x1) + (0x2) =12
A@B+C)
AB+C)=AB+AC
(B + C)A
(B+C)A=8A+CA
Thue C
Thue C = A-1.

(a} An ic invertible and [Ah}—7
[a} An i¢ invertible and [/414)—7 =A-n = [/]—7}1«

B
B=A-1and A=58-1
det (A)
det (A) = 1(20 + 2) - 6(10 - 1) + 4 (4+4)
=22-59+ 32
T(x y)
Tl y) =xyt+ (x+y)tz

be inverce of A .i.e. A-1
be inverce of A .i.e. A-1 = B, then

A
A=(Ep.-€1)-10=(U

(
(=(p..E1)-1

because Ep ... E1(

becauce Ep ... E1( = (Ep..€1)(Ep ... E1)-1 = L Thic obeervation ic
the key to

(4%)

And rewrite (3%) ac ( y = b
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10x71 + x2 - x3
10x7 + x2 -x3 =18

xT + 15x2 + x3
xT + 15x2 + x3 = -72

-x7 + x2 + 20x3
-x7 + x2 + 20x3 = 17

Comparing the corresponding entries on both cides, we have
10y7 = -x2 + x3 + 18

15y2

15y2 = -xT1 -x3 -12
20y3

20y3 = xT -x2+ 17
y7

y1=(-x2+x3+18)/10
y2

y2 = (-x1-x3-12)/15
y3

y3 = (x1-x2+12)/20
Thug, x (2)

Thue, x (2) = (1.965, -.9267, .98).

x3 = (12+0-0)/20 = 0.85

Which givee x(1) = (1.80,-0.80,0.85) ----put thic again on RHS of
the equivalent cystem

10x + x
10x + x =13

x +x + 70x
X+x+ 10x =18

X [ 0} =[ 0,0, 0} and ¢ix iterationg.
10x7 + x2 -x3 =18
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x7T + 15x2 + x3
x7 + 715x2 + x3 = -12

-x7 + x2 + 20x3
-xT +x2+ 20x3 =17
T70y1
10y7 = -x2 + x3 + 18
yT1+15y2
yT1+715y2 = -x3 - 12
-y7 +y2 + 20y3
-yT +y2 + 20y3 =17
reqard the highlighted x¢ a¢ the valueg:
xT1 = (- x2 +x3 + 18)/10

x2

x2 = [—x7 - x3-12)/15
x3

x3 = (x1-x2+ 12)/20
xT1 - 3x2 + x3

x7 - 3x2 +x3 =-2

-6x71 + 9x2 + 11x3
—-6xT + 9x2 + 17x3 = 1

5x7 - 2x2 - 2x3 = ¢
x7 - 3x2 + x3= -2

det (A)
det (A) = ad-be.

= 45+859+96 -105+49865+72

=1/[4(0) - (-1)C-2)] -5 [ 2(0) - o(-1)] +o[2(-2) - 4(0)]

=ab. (1)2 = ab
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x=-§
X+ 2x = -3

2X + X + X
2x+x+x=49

2x = 2

Sx +x +3x = -2

6¢x +Y9x
6¢x +9x

]
(V)Y

Ix +2¢x
Ix +2¢x

I
)
N

3¢x - S5x
3¢x - 5x = 3

Ix +5¢x
Ix +5¢x = 2

ox - 2¢x
ox - 2¢x = -1

3x +6¢<x
3x +6¢x = 4

x=1
3¢x +6¢x = 2

oand b2
ond b2 = -2

0+ u
O+u=u+0=u

-u+u
u+u=0=u+ (-

= (M + v, u2 + v2, ..., un + vn} Pn

= (a7 +vl, u2 +v2, ..., un + vn}
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= (v1+ a1, v2 + a2, ..., va + un) (By commutative law of real
numberc)

= [v7, V2, ..., vn) + [u’/, 42, ..., un)

= [a7 +v7, u2 + v2, ..., un + vn] + (w’/, w2, ... um)

= ((u? +v1) + w?, (uz + v2) + w2, ..., (un + vin) + wn))
= (w1, u2, .y un) + (V1 + w?, v2 + w2, ..., v + wn)
=(u1, a2, ... un) + [(V1, v2, ..., vn) + (W1, w2, ..., wn)]
cur ot w)

0+ u
0O+u=(00 .. 0)+ (ul uz .., un)

=(0+u1, 0+u2 ..., 0+ un)

Similarly, u + 0
Similarly, u + 0 = u

Such that u + (-u)
Such that u + (-u) = (a1, u2, ..., un) + (~u1, -u2, ..., -an)

= [a7 + [—u’/], u2 + (—aZ}, ey Un + [—an}]

Similarly, (~a) + u
Similarly, (-u) + u = 0

=k (w1 +v1 u2 +v2, ..., un + vn)

=k (w1 +v1), bk (w2 +v2), ..., k (an + vin))
e (1ol = (o (B 82 2 (0D, ooy (b 0 > (5 )
=Ckut buz . ban) + (kv b2, ..., ki)
=k (u1, a2, ..., un) + & (1, v2, ..., vn)
ku+kv

=tk + a1, (k+ )z ..., (k+un)
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=(kutl+lut, buz +1u2 ... kuan+/{uan)
=(kat bu2 . bun) + (a1, lu2, ..., [un)
=k (u1, a2, ..., un) + [ (a1, u2, ..., un)
=ku+lu

u +(v +w)

=u+(v+w)

and cimilarly u + 0
and cimilarly u + 0 = u.

(k + [)u
(k+1)=(k+1)

(F+3) (x)
(F+9) (x) = F (x) + 9 (x), for all xPR.

(F+9q) (x)
(F+9)(x)=F)+9

=9 () +F )
=(g+F

So that
F+rg=9+F

((F+3)+4) (x)
((F+q)+h) ()= (F+9) (J+ b ()

=(Fl)+9 () +h ()
=Fl)+ (g () + b (<)
=Fl)+(g+4)(x)
=(F+(g+h) ()

And co
[ N
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0 [x]
0 (x) = 0, for all xR becauce (0 + F) (x) = 0 (x) + F (x)

=0+F(x)=Fk)

ie. 0+ F

ie. 0+ F=F Similarly, f+ 0= F
(F+ (-f)) ()

(F+ (-F)) ) = £ )+ (F) ()
.e. f+ [—f)

ie. £+ (-F) = 0. Similarly, (-F) + £ = 0.
Thue (2 + b) F

Thue (a + b) F=af+bF
J+ (

)=(a+a

=(a+b )+(a+b ) +(a+b)
)

) =kla + a

ax+by+cz
ax+by+cz=0

/40(0//:«9 thece equations gives a [u7 +v71)+ b [uZ +

Adding thece equations gives a (u? +v1) + b (w2 +v2) +c (u3 +
v3) =0

U+ v
w+v={(u1+v1 a2 +v2 u3 +v3)

a (ku1) + b (ku2) + ¢ (ku3)
a (ku1) + b (kuz) + ¢ (ku3) = 0

givec a (-1u1) + b (-1u2) + ¢ (-1u3)
givec a (-1u1) + b (-1u2) + ¢ (-143) = 0

+
+=[a+v,u+v)
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(///') [— 7} u

6'/'/'} [—7) u=-u
(-1) «
(-1) u = -uicin W.

+

+=(a,b,0) +(a,b,0)= (a + a,b+b,0)

+
+=(a,b,1)+(a,b,1)= (a +a,b +b ,1+1)

Then u + v = (a7, u? + u3, u3) + [v7, v7 +v3, v3)
= (u? +v7, ul +u3 +v7 +v3 u3 +v3)

IF k ic any ccalar and u

IF k ic any ccalar and u = (a7, u? + u3, u3) ic any vector in W,
then

(5y deﬁh/'t/bh)
= (kutl kul+ku3 ku3)

Thenu+v = (a1, u? +u3+ 1 u3)+ (v, vI+v3+ 1 v3)
:[a7+v7,u7+a3+7+v7+v3+7,a3+v3)

= (ut +v1, (u? +v1) + (u3 +v3) + 2, u3 + v3)

;) All polyromiale 20 + a1 x + a2 x2 + a3 x3 for
() All polyromiale 20 + a1 x + a2 x2 + a3 x3 for which a0 = 0

a0+a1+a2+a3
a0+aT+a2+a3 = 0.

=(c0+60)+ (c7+b61)x+ (c2+b2)x2 + (¢3 + b3) x3

+ 0
+ 0= 0. Therefore, u + v U/

where a + b +¢ + d
wherea + b +¢ +d =0

where a + b +¢ + d
where a + b +¢ + d = 0.
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h
h=0+0=0

u+ w
w+w= (¢l +o2v2) + (t1v1 + t2v2)

=(cT+t1)v1+ (c2+ ¢2) v2

= [97\/7 +Q2V2+...4+Cvh }+(t7v7 + t2v2 ...+thvn)
(x,y,z}+[x .Y z)

[x,y,z]+(x Y2 )= (x+ x Y+ Y2+ 2)

(ey)+(x .y )

Cey)+xy )= (c+ x y+ y )

(ey)+(x .y )

[x,y}+[x WY ]z [x+ x+71,y+y +7]

matrix multiplication, we find that
Alu+v)=Au+Av=0+0=0

equationg
a—-2b+ 5c=d

a-2b+5¢-d
a-2b+5¢c-d=20

-a-b+e
a-b+e=20

X - 2x

-x+ 3x=20

X + 2x - 2x
X+ 2x-2x =20

X =2x +x - 3x

x = free variable
X =-2x + 2x

— 43 _



W Learning HUB MTHS01

vulearninghub.xyz

X - 3x +2x
+2x +x =0

Ox +3x +6x +0x - 3x
Ox +3x +6x +0x - 3x = 0

2x - 3x - 2x
+9x +9x = 0

3x -6x +0x +6x +5x
3x -6x +0x +6x +5x = 0

-2x +Ix +2x - 4x - 5x
“2x +9x +2x - 4x - 5x = 0

7 x +
Zx+(4/3}x=0

7 x +

(-1/6) x = 0

7 x +

(-5/12) x = 0

Xx=-2x +[—‘//3) X

X

X :+(7/6) X

X

X :+[5/72) X

The colution can be written in the vector form:
= (-2,0,0,1,0)

= (-4/3,1/6,5/12,0,1)

217-2+3-3
217-2+3-3=-9

2x +6x - 5x - 2x +9x - 3x
2x +6x - 5x - 2x +Y9x - 3x = -1
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2x +6x
+8x +9x +18x = 6

7 x
Tx = (7/3}

X
x=-3x-49x-2x

X
x=-3r-94¢ - 2t

()T (u+v)
()Tlu+v)=TW+T()
b:a-3b-¢
b:a-3b-¢=0
= /f4l =8 )i
a-2b
a - 2b=Yc

. For inctance, if p (t)
. For inctance, /f,b [t] = 3 + 5t + 7t2, then

7 (A)
T (A) = A+ AT, where

u+v

Uu+v=v+u

u+ (v+w)
u+(v+w):[a+v}+w

[ (u+v)
[(u+v)=lu+lv

(! +m) u
(I +m) u= T u+ m u

Example 3 (et A be an invertible n n
x matrix — cay, A = [aT ... an]. Then the columne
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¢0,..., th fat/'ffj/
c0.7+ cTt + c2t2 + ..... +cntn =0 [t)

cIvl + c2v2 + ¢3v3
cIvl + e2v2 + ¢3v3 = dTwT + d2w2 + d3w3

07[2,—3, 1) + cZ[‘/, 1,1) + 03[0,-7, 1)

¢1(2,-3,1) + ¢2(4.1,1) + ¢3(0,-2,1) = d1(1,0,0) + d2(0,1,0) +
d3(0,0,1)

2¢c+9%c+0c¢
2¢+4c+0c=17d+0d+0d

-S3c+7c-7Z¢
-3¢+7¢c-Z2¢c=0d+1d+0d

Te+7c+7¢
Te+T7c+7e=0d+0d+7d

-4e+6c+8c
4e+6c+8c=1d+0d+0d

Te+5¢c+9¢
Te+5¢+49c=0d+7d+0d

S3ec+2c+7e¢
3¢c+2c+7e=0d+0d+1d

colution of
e1p1(t) +c2p2(t)+e3p3(t)=0

-4dec+6c+85c
-4dec+6c+5c =20

Te+5¢c+9¢
Te+5¢c+9¢c =20

Sec+2c+7e¢
3c+2c¢c+7c¢c=0

3¢+0c+0c+71c¢
3¢c+0c+0c+1c=1d+0d+0d+0d
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6 ¢ -
Te-8¢c+0c=0d+7d+0d+0d

Se-
T1¢-12¢-1¢=0d+0d+7d+0d

-6ec+0c-9c+2c¢
be+0c-9c+2¢c=0d+0d+0d+7d

det (A)
det (A) = 48#0

Every vector in Span 1, v2f belonge to H becauce
cTvli+c2v2=c¢cTvl+c2v2+ 0v3

cubetitute
x=celvl +e2v2 + ¢3 (5v1 + 3v2)

=(e7+5¢3) vl + (c2+ 3¢3) v2

cIv] + c2v2 + ...+ Ch va
cIv] + c2v2 + ...+ ¢ va =0

Solution gte,b 1 Form Equation (3),
e1 (1,2 -21) + ¢c2(-3,0,-4,3) + ¢3(2,1,1,-1)+ ¢4(-3,3,-9,6) +
¢5(9,3.2-6) = (0,0,0,0).

¢c-3c+ 2¢c-3c+9c
c-3¢c+2¢c-3¢+9% =20

+¢+ 3¢ + 3¢
+¢c+3c+3¢c=0

2c-Y49% +c¢ - 9c + Ze
-2c-49c+c¢c-9+ 7Fc=0

¢ + 3¢ -
c+6c-6c=20
x=20
-2x - x +2x = 0
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x+ y+ 2
x+y+2=20

3x+2y - 22
3x+2y - 22 =0

Ix+3y - 2
Ix+3y -2=10

bx+5y+ z
bx+5y+2=0

794. Determine basee for the following cubspace of R3
(2) the plane 3x — 2y + 52 = 0

(é} the ,b/&me x-y=20
(c) the linex = 2t, y = -t, 2 = 4t

[v]¢
[v]e= (-1, 3 2)
c+ 2¢c+3¢

c+2c+3¢c=95

2¢ + 9¢ +3 ¢
2¢+ 9¢+3¢=-1

4e + 2¢ +3 ¢
e + 2¢ +3¢ =5

+ 9c+3c¢
+ 9% +3c=-1

o get c
c+4(2)=79

Therefore,
[ =(1,-1 2)

A
A=c1 A7+ c2 A2+ ¢3 A3+ ¢4 AY
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Therefore,
[v]e=(-1,1 -1, 3)

yourcelf)
Thue x = 367 + 262 and

3+ 2t
3+2t=2(9+¢+5¢t2)-5(1+ 2t2)

vector of ,b[ t)
vector of ,b[t) = 6 + 3t - t2 relative to B.

Put value of ¢ in equation
T+c=-1

we have
c+c=6

p(t)

p (t) = 1+ 4t + 2t2 relative to B.

vectore ag
x = x7e7 + x2e2 + x3e3 +...+ xnen.

28 -b+ 3¢+ d
20 - b+ 3¢ +d=0j.

=a A7+ bA2 + cA3

aA + bA + cA
2A + bA + cA =0

_x_
X+2x - 3x+x=20

-x=20

X+x+x=0
x =-Tx -1x

6{(a bc d:a-3b+ec
6{(a b ¢ d):a-3b+c=0f
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=(-2-580-12)
=(1,3-51,5)
=(311-19,21)
=(1,2-135,-3)

=(210)
=(3-14)

= (7/ -2/ 01 0} 3}
= (2-5,-3-2,6)

X+ X+ X
X+x+x=20

X - 2x + 3x
x-2x+ 3x=20

x - 5x
x-5x=20

rank A + dion Mul A
rank A + dimm Mul A = w

X - 9Yx - 28x - 37x + 13x
X-Yx - 285x - 3%x+ 13x = 0

x-2x-72x - 16x + 5x
x-2x-12x - 16x + 5x = 0
x=49x - 285x + 37x - 13x
x =2x+72x + 716x - 5x

x=49r + 25¢ + 37t - 13u

x=2r+ 12¢ + 16t - Su
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ha¢ 6 columne,
<o mmé[/u + hu///ty(/l) =2+9=6=n

The eyctem hag infinitely many colutione:
x7 = -2 x4+(-4/3) x5

x2
x2 = (1/6) x5
x3
x3 = (5/12) x5
The colution can be written in the vector form:

¢4=(-2001 0)

)
es = (-4/3 1/6, 5/12,0,1)

{(-2, 0,0, 1,0), (-4/3 1/6, 5/12,0,1)f
The nullity of the matrix ic 2. Now Rank (A ) + nullity (A ) =3+
2=5=n

Solution
nullity (A) = n - rank (A) = 7-3 =4

Solution
nullity (A) = n — rank (A) = 4-0 =4

Y uppose that x
Suppoce that x = 3b71 + b2

(a) Find the change-of-coordinatec matrix from F to D.
(b) Find [X]D for x = F1 - 2f2 + 2f3.

(2) Find the change-of-coordinates matrix from B to (.
(b) Find [x]C for x = 5 b1 + 3 b2.

Feed two different cignale into the filter
0.35yk + 2 +0.5yk + 1 +0.35yk = 2k

+ 2 2 ¢o that
{}’A]: [”‘/ 710'?/ 0/ ‘0'71 ‘7/ ‘O-?; 0; 0-?, 7, 0-?, 0, ....]
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yk+2
0.35yk+0.5yk+1+0.35yk+2= zk

0.35(1)+0.5(0.2)+0.35(0)
0.35(1)+0.5(0.2)+0.35(0)=0.7

fwkf

fwki=1{.. 1 -02 0 0.2 -1, 02 0 -0.2 1,-0.2 0, ...J

Yk = rk for come r. Find come colutions of the equation
Yk+3 = 2yk + 2 — Syk + 1 + 6yk = 0 for all k

rk+3 — 20k+2 — Srk+1 + 6rk
rk+3 — 2¢k+2 — Svk+T1 + 6rk = 0

8}’ cynthet/c divicion
vk (r3-202-5r+6)=0

o we get
vk [(x-1)(x2 - x - 6)] = 0

rk [[x—’/} [xZ - 3x+ 2x-6)]

vk [(x-1) (x2 - 3x + 2x - 6)]=0
vk [(x-1) {x(x -3)+2(x-3){]

vk [(x-1) {x(x -3)+2(x-3){] =0
vk (r - 1)(r + 2)(r - 3)

vk (r-1)0r+ 2)(r-3)=0
yk+3 — 20k+2 - Syk+T + 6yk

yk+3 — 2yk+2 - Syk+T + 6yk = O for all k
yk+2 - 4yk+T + 3yk

Yk+2 — 4yk+T + 3yk = -9k for all k
yk+2 - 4yk+T + 3yk

yk+2 — Jyk+T + 3yk = 0

yk+3 — 2yk+2 - Syk+T + 6yk
yk+3 — 2yk+2 - Syk+1 + 6yk = O for all k
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In general, the equation yk+n + alyk+n =1 + ... + an

In general, the equation yk+n + alyk+n -1 + ... + an —Tyk+1 + anyk
= 0 for all k

1. 2k, (-9)k; yk+2 + 2 yk+1 - 8 yk
1. 2k, (-9)k; yk+2 + 2 yk+1 - 8 yk = 0

2. 3k (-3)k; yk+2 - 9 yk
2. 3k (-3)k; yk+2 - 9 yk =0

3. 24, (-9)k; yhk+2 + 2 yk+1 - & yk
3. 2k, (“9)k; yk+2 + 2 yk+1 - 8 yk = O

9. 3k, (-3)k: yk+2 - 7 yk
9. 3k (-3)k; yk+2 - 9 yk = 0

5. (C3)k k(-3)k; yk+2 + 6 yk+T + 9 yk
5. -3k k(-3)k; yk+2 + 6 yhk+1 + T yk = 0

k;yk+2 + 25 yk
k;yk+2 + 25 yk = 0

k;yk+3 — yk+2 + 9 yk+T1 - 7 yk
k;yk+3 — yk+2 + 9 yk+1 - 9 yk = 0

8. (-1)k k(-1)k, 5k; yk+3 — 3 yk+2 - 9 yk+1 -5 y
8. (“1)k k(-1)k Sk; yk+3 - 3 yk+2 — 9 yk+1 - 5 yk = 0

9. (-1)k 3k; yk+3 + yk+2 — 9 yk+1 - 7 yk
9. (-1)k 3k; yk+3 + yh+2 — 9 yk+1 - Fyk = 0

10. 14, (~1)k; yk+9 - 2 yk+2 + yk
10. 14, (—7)&'yé+‘/ - 2yk+2 + yk = 0

11. yk+2 — 7 yk+1 + 12 yk
17. yk+2 — 7 yk+1 + 12 yk = 0

12. 16yk+2 + 8 yk+1 - 3 yk
12. 16yk+2 + 8 yk+1 - 3 yk = 0

15. yk+4 — 6 yk+3 + 8 yk+2 + 6 yk+1 - 7 yk
15. yk+4 — 6 yk+3 + & yk+2 + 6 yk+1 - 7 yk = 0
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16. yk+3 - (3/%)yk+2 + (1/16)yk
16. yk+3 - (3/4)yk+2 + (1/16)yk = 0

Thug ic an eigenvalue of A if and only if the equation
(/’ = ﬂx =0

= - and

(i) Cace
(i) Cace = -2

(i) Cace
(i) Cace =5

or equivalently,

A = PBP -1.

Replacing @ by P -1, we have
Q-18Q = A.

Proof IF B
Proof IF B = P -1AP, then

Since
det (P -1). det(P) = det(P -1P)

Analyze the long term behavior of the dynamical
cyctem defined by xk+1 = Axk (k = 0, 1, 2, ...), with

=cetvl +c2 (92)v2

Continuing in the came way, we get the general equation as
xk = et + e2(92)kv2

to conctruct D. By Eqe. (1) - (3). AP
to conctruct D. By Egs. (1) - (3). AP =PD. Thic

A
A = PDP -1, where

Let p(t)
(et ,b[t] = a0 + aTt + a2 t2 and compute
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So T (p)

So T[,b) = (3a0+49a1)1 + (5a1-a2)t + (20-2a1+7a2)t2 .
() A

(“) A :(D‘ 1AL co A ic cimilar to A.
det(A- T )

det(A-I) =0

correcponding to
corresponding to = 0.5 - 0.6 i¢

Example 2
Plot ceveral trajectories of the dynamical system xk+1 = Axk,

when

IF x0
IF x0 = ¢IvT + c2v2, then

A
A = PDP -1, we find that

Pyk+1
Pyk+1 = APyk = (PDP -1)Pyk = PDyk

<, the origin ic a caddle point of the
dynamical cyctem. If x0 = ¢ v + c2v2, then

eigen vector for firet valueof
will bev :[70, 3

out to be
71 =6 and

z2=y-yy
Com,bute
P 9 where p(t)= 4+t 9(t) = 5-9t2

orthogonal to y
orthogonal to y=(5,-1)
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inequality holde for x
inequality holde for x=(3,-2) and y= (-2,1)
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Good (uck!

Keep practicing!
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