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� �
� � = 1 � < �

�−�
�−�= � � �= �+ � ��� ��= ��

� � �−�
� � �−� = � � �−��(�+�)

= 0 + �� 1 �−�����−2�

= �� 1 0 + �� � ��−2�

�−�
�−�= � , �= �−� ���= −�� ��� �� ��� � ��±�

�): � �
�): � � = �−�2 ; � � = 1 � ≤�

��) � �
��) � � = �−��2 ; � � = �−��2 ; �, �> 0

� �
� � = � � + � � � �−� ��

� � �
� � � = � � � + � � � � �−� ��

� � �
� � � = � � � + � � � ��(�) … (1)

� �
� � = � � + � � � ��(�) � � � + �(�)� �

��; � �
��; � � = �−�� , �> 0 ���� �� � =?

�2 + �2
�2 + �2 = �� �−��

� � ����� ��
� � ����� ��= 1 −� 0 ≤�≤1
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�� � �
�� � � = �� � = � � ����� ��= 1 −� 0 ≤�≤1

��� �−��
��� �−��= lim

��� ���� ��
��� ���� ��= �

� � � � + � � �
� � � � + � � � = � � � � + � � � �

= � � � � + � � �

= �−�� � � � + � � � ��

= � �−��� � ��+ � �−��� � ��

= � � � � + � � � � = �. �. �

� � � � + � � �
� � � � + � � � = � � � � + � �{� � }

���� �
���� � = ��+ �−�

�0+1 � � 1
�0+1 � � 1 = 1

� ��+1
� ��+1 = (�+ 1)!

� ��+1
� ��+1 = �−�� ��+1 ��

� ��+1
� ��+1 = ��+1 �−��

� ��+1
� ��+1 = −1

� ��+1
� ��+1 = −1
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� ��+1
� ��+1 = −1

� ��+1
� ��+1 = (�+ 1)!

� ��
� �� = � �+ 1

�2 + 2�+ 401
�2 + 2�+ 401 = �−1

� � ≤� ��� �� �
� � ≤� ��� �� �= 1, �= 0

� �′
� �′ = 0 −� 0 + ��(�)

�
�= � � �2 + �2

�′ �
�′ � = � � ����� + 1 ����� � �′ 0 = 0

�′′ �
�′′ � = � � −� ����� + 1 ����� + � �����

�′′ �
�′′ � = −�2 � ����� + 2� �����

� −�2 � ����� + 2� �����
� −�2 � ����� + 2� ����� = �2� �

−�2� � ����� + 2�� �����
−�2� � ����� + 2�� ����� = �2� �

�2 + �2
�2 + �2 = �2� �

�2 + �2
�2 + �2 = � � �2 + �2
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�2 + �2
�2 + �2 = �−1 1

�2 + �2
�2 + �2 = �����

� �2 + �2
� �2 + �2 = 1

� �2 + �2
� �2 + �2 = −1

� �2 + �2
� �2 + �2 = 1

�2 �2 + �2
�2 �2 + �2 = �−1 1

�2 �2 + �2
�2 �2 + �2 = � � ��

�2 �2 + �2
�2 �2 + �2 = 1

�2 �2 + �2
�2 �2 + �2 = 1

�
�= �−�+ �����−�

� �−�
� �−� = 1 �� �> �

� � �−�
� � �−� = 0 + 1

�): � �
�): � � = � � �−1 −2� �−4 + � �−6 �> 0

� � �−� � �−�
� � �−� � �−� = 0 �� �< �
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Put �+ �
Put �+ �= � � �= �−�, ��= ��

�2 + 1 �−2�
�2 + 1 �−2�= �−2�

� �
� � = 2 � �−0 −� �−1 + 1

� � �
� � � = 2� � �−0 −� �−1 + 1

Put �−�
Put �−�= � � �= �+ �

� � � � �−�
� � � � �−� = �−�� � � �+ �

� � � � �−�
� � � � �−� = �−�� � � �+ �

= �−� � 1 + � 2 −�−�

= �−� � �2 + 2�+ 1 −�−�

�+ 2 2
�+ 2 2 = �−1 �−2�

�2+�2
�2+�2 = ���� �−2 �(�−2)

�+2 2
�+2 2 = �−3 �−2 �−3 �(�−3)

�+ 2 2
�+ 2 2 = 1

��0 �� �−�
��0 �� �−� = � �−� = � �� �= �

� �+ �−�
� �+ �−� = 1



VU Learning HUB
vulearninghub.xyz

MTH647

— 7 —

� �′′ + 3�′ + 2�
� �′′ + 3�′ + 2� = � � �−1 −� �−2

��′′ + 3��′ + 2��
��′′ + 3��′ + 2��= � � �−1 −� � �−2 … (1)

�2� � −�� 0 −�′ 0 + 3 �� � −� 0 + 2��
�2� � −�� 0 −�′ 0 + 3 �� � −� 0 + 2��= �−�

�2 + 3�+ 2 � �
�2 + 3�+ 2 � � = 1

� �2+3�+2
� �2+3�+2 = � � we have

� �+ 2 �+ 1
� �+ 2 �+ 1 = �

�′′ + 3�′ + 2�
�′′ + 3�′ + 2�= � �−1

�[�′′ + 3�′ + 2�]
�[�′′ + 3�′ + 2�] = � � �−1

��′′ + 3��′ + 2��
��′′ + 3��′ + 2��= �−�

�2� � + 3�� � + 2� �
�2� � + 3�� � + 2� � = �−�

� � �2 + 3�+ 2
� � �2 + 3�+ 2 = �−�

�+ 2 �−�
�+ 2 �−�= �−1 � � = � �

�+2
�+2 = �−2�

� �
� � = 0 �� 0 < �< 1
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� � + � �
� � + � � = � �+ �

Put �−�
Put �−�= � ��= �+ �� ��= ��

= �−�(�+�) �2 � ��

�): ���
�): ���= ��� ��) �� �1 + �2 = ���1 + ���2

2 �2 ≠�
2 �2 ≠�= � �

�′′ + �
�′′ + �= � � ; � 0 = �′ 0 = 0

�(�′′ + �)
�(�′′ + �) = � � � � � �′′ + � � = � �

1 + �2 � �
1 + �2 � � = � � � � … 1

1 + �2 ��−1 � �
1 + �2 ��−1 � � = �−1

1 + �2
1 + �2 = ����= � �

1 + �2
1 + �2 = 1

1 + �2
1 + �2 = 1

� �
� � = 1 + �2

� �
� � = �+ 1

� � − 1 + � �� �
� � − 1 + � �� � = 1 −�����
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� � � − 1 + � �� �
� � � − 1 + � �� � = � 1 −�����

� � −� 1 + � � �
� � −� 1 + � � � = � 1 −� ����

= −1 � ��+1

= −1 � ��+1

= −1 � ��+1

= −1 � ��+1

� �� � �
� �� � � = �−�� ��+1 � � ��

= −1 �+1 ��+1

1 + �2
1 + �2 = −1 −1

1 + 32 2
1 + 32 2 = 3

� �
� � = �� �+ �

�+ � � � �
�+ � � � � = �� �+ � −ln�(�+ �)

�+ �
�+ � = �−��

�−1 � �
�−1 � � = �−1 �� �+ �

�+ �
�+ � = �−��−�−��

���� � �
���� � � = lim�
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��� �−�� � � ��
��� �−�� � � ��= 0

��
��= ���−1 � −���−1 �

� �
� � = �� �+ �

�+ �
�+ � = �� �+ � −�� �+ �

distinct zeroes, "�r; �
distinct zeroes, "�r; �= 1,2, … �" i.e. � � = �−�1 �−�2 … �−�� ,
then

� �
� � = � �r

"�r; �
"�r; �= 1,2, … �"

� �
� � = � �r

�3 + �2 −2�
�3 + �2 −2� =?

� �
� � = � �r

� �
� � = � �r

��rt
��rt = � 0

� �
� � = 2 + ��−�−2�

� ��′′ + � 1 −� �′ + �� �
� ��′′ + � 1 −� �′ + �� � = 0
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� ��′′ + � �′ −� ��′ + �� �
� ��′′ + � �′ −� ��′ + �� � = 0 … (1)

�� + ��
�� + ��= 0

��+ �+ 1 −� �
��+ �+ 1 −� �= 0

�� �
�� �= � �� �−1 − �+ 1 �� �= �� �−1 �−�� ��+1

��−� 0 −��+ � 0 −2�−�
��−� 0 −��+ � 0 −2�−�= 6

�−3 ; 2��−2� 0 + ��−� 0 −3�−3�
�−3 ; 2��−2� 0 + ��−� 0 −3�−3�= 6

� �
� � = �−1 � = ��+ 2� ��+ 2�3�

��
�� = 0 −1. � �, � + �� � �, � = �� �, � −� �, 0

���
��� = 2 �� �, � −� �, 0 + � �, �

��− 2�+ 1 � �, �
��− 2�+ 1 � �, � = −12�−3� … 1

�. �
�. �= �− 2�+1 ��= �− 2�+1 �

�. � × �
�. � × � = �+ �. � × �. �. � ��

�− 2�+1 � × �
�− 2�+1 � × � = �+ �− 2�+1 � × −12�−3� ��

�− 2�+1 � × �
�− 2�+1 � × � = �−
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�+ 2
�+ 2 = 6�−3� �−2�
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Good Luck!
Keep practicing!


