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Topic No. 1

Random
Experiment,

Outcomes, Sample Space
& Events
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Random Experiment

Any experiment or process in
which the outcome Is
unpredictable that is eligible to
be called a random

experiment.



Example 1:

Tossing of a Coin => a Head or
a Tall.

However, until 1t lands on the

floor, we do not know which of
these two will turn up.



Example 2:

Survey of the Employees of an
Organization:

Question on Marital Status:

Possible outcomes:

single, married, separated, divorced,
widowed

However, until we obtain a reply from the
respondent, we do not know what is
his/her marital status.



Random Experiment

Any experiment or process Iin

which the outcome Is
unpredictable that is eligible to

be called a random experiment.
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Outcomes

The various possible results of a
random experiment.

Example 1: Head, Talil

Example 2: Single, Married,
Separated, Divorced,
Widowed



Sample Space

It is the set of all possible outcomes of a
random experiment.
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Example 1: Head , Tail

Example 2: Toss a single die
1,2,3,4,5,6}

Sample space will be the set of all of
these taken together written as

S={1,2,3,4,5,6}



In case of two fair dice, the sample
space consists of the 36 ordered
pairs:

re.{(1,1),(1,2), (1,3),...,(6,5),
(6,6)}.



Event

Any subset of a sample space
Is called an Event.
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Example 1

The set of ordered pairs which yield
a sum which is an even number

denoted as A= {(1,1), (1,3), (1,5),
(2,2),(2,4), (2,6),...,(6,6)}.



Example 2

The set of ordered pairs in which
both the numbers are same

denoted as B= {(1,1), (2,2), (3,3),
(4,4), (5,5), (6,6)}



A=1{(1,1), (1,3), (1,5), (2,2),
(2,4), (2,6),...,(6,6)}.

B={(1,1), (2,2), (3,3), (4,4),
(5,5), (6,6)}

Event B is a subset of event A.
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Topic No. 2

Definition of

Random Variable
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Concept of a Random
Variable

It is that variable which is associated
with a random experiment.

Example:

Let the random experiment be the toss of
a fair coin and the possible outcomes are
Head and Tail. And the sample space
associated with the experiment denoted
by CbeC={H,T}, where Hand T
represent heads and tails, respectively.



Let X be a function such that
X(T) =0and X(H)=1. Thus X is a
real-valued function defined on
sample space C.

That X Is a function defined on
the sample space C, X(T) = 0 and
X(H)=1 which takes us from the
sample space C to a space of real
numbers D= {0,1}.



C is H and T and applying the
function the image we obtain I.e
the domain and range concept,
So, if the domain hereisHand T
then the range will be 0 and 1.



Definition
Consider a random experiment with
a sample space C. A function X,
which assigns to each element c € C
one and only one number X(c) = X,
Is called a random variable.

The space or range of X is the set
of real numbers

D={x:x=X(c),ceC}.



Given a random variable X, its range
D becomes the space of interest.
Besides inducing the space D, X also
Induces a probability which we call
the distribution of X.

We are interested in knowing the
probability of getting a 0 and 1, and
as we already know that if it’s a fair
coin then the probability of getting a
0 is half and also for the probability
of getting a 1 is half as well.



But, generally in this case, we can
say that the set D is a finite or
countable set or an interval of real
numbers.

When a set is finite then, we are
referring to discrete random
variables. We call random variables
of the first type discrete random
variables, while those of the second
type continuous random variables.



Discrete random variable has two
situation, one Is exactly the same
| mentioned earlier where a set D
IS a finite set that has the
elements {0, 1} or the other, if we
toss a fair die we have the
elements{1,2,3,4,5,6}.

The second situation ,which also
gives you a discrete random
variable that is when it is the
Countably infinite set.



Example:

D is the set consisting of the
numbers 1,2,3,and so on, which
mean that they are countable but
not finite. So, In this situation, we
say that this is a Discrete random
variable or if they are finite the
elements may be called
d,,d,,....d thenalsoitisa
discrete random variable.
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Topic No. 3

Example of
Random Variable




Example:

Let a card be selected from an
ordinary deck of playing cards. The
outcome Is one of these 52 cards.
Suppose that P assigns a probability
of 1/52 to each outcome c.

Let X(c)=4 if c is an ace, let X(c)=3

If cisaking, let X(c)=2ifcisa
queen, let X(c)=1 if c is a jack and let
X(c)=0 otherwise.



Now, we can develop a table with
two columns.

The first column consisting of the
values of the random variable X
1.e. 0,1,2, 3,4 and the second are
the probabilities.

The classical definition of
probabilityi.e. favorable over the
total.

The sum of probability should be
equal to 1.
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Topic No. 4

Discrete Random
Variable




Definition
(Discrete Random Variable)
We say a random variable Is a

discrete random variable if its

space Is either finite or
countable.



Example:

Consider a sequence of independent flips of a
coin, each resulting in a head (H) or a tail (T).
Moreover, on each flip, we assume that H and
T are equally likely; that is, P(H)=P(T)=1/2.

X P(x)

1/2

1 1/2
sum 1

This is that case, when the space is Finite.



Example of a Countably

Infinite set:

Let the random variable X equal the
number of tosses needed to obtain the
first head. The space of X is

D= {1,2,3,4,...}.

Consider that X=1 when the sequence
begins with a H.
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Likewise, X=2 when the sequence
begins with TH.

In the same way when X=3 the
sequence Is TTH. See we are getting a
head in the third toss.



i Pix)

Suppose that we are interested In Ml |
finding the probabilities of the 2 1y
various possible values of X.

As shown in the table: w T

Although it is an infinite sequence
of probabilities the sum has to be 1.



(1) o x=123...
2

Here, X is the total no. of
tosses that was required Iin
order to get the first Head.
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Hence, the sequence of the probability will be

Now, let X=1 we see,



GRGROE

Obviously,that is aninfinite geometric series

1 2
2’ 1 2
2
as we knowthat

Geometric series = 1—
—r

P[X c {1,2,3’-"}] - 1_1(2_32)

=1
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Concept of

Probability Mass
Function
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What is Probability Mass
Function?

Consider a random experiment with a
sample space, finite or countably
Infinite. A function X, which assigns to
each element c € C one and only one
number X(c) = x, Is called a random
variable. If we express the probabilities
against each random values of X
algebraically, then, we can say that
this is the probability mass function of
X.



Example:

Toss a fair die, the possible
values are 1,2,3,4,5,6.

Algebraically:

P(X:x):%, x=123405,6.



Definition

The probability mass
function (pmf) of Xis given

by

py (x)=P[X =x], for xeD. (1)



The PMFs satisfy two
properties:

1) 0<p, (x)<1, xeD



CDF of a

Discrete Random
Variable




Example:

Suppose we roll a fair die
with the numbers 1 through
6 on it. Let X be the upface
of the roll. Then the space of
Xi1s {1,2,....,6} and 1ts pmf

IS
px(i)zy, for i=12,...,6.






X_ | p(x) F(x)

1| e 1/6

2 | 16 =1/6+1/6=2/6
3 | 16 =2/6+1/6=3/6
4 | 16 =3/6+1/6=4/6
5 | 1/6 =4/6+1/6=5/6
6 | 1/6 5/6+1/6=6/6=1




—il
—_—
05 =
—
—
|
—_— 7 i T X
(5, 0 3 2 3 4 , 5

Figure 11 Dimbaition Function

The height of each ‘Jump’ yields
the probability of that particular
value of X.
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Example of

Probability Mass
Function
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Example:

Consider and urn which contains slips of paper
each with one of the numbers 1,2,...,100 on it.
suppose these are i slips with the number i on it
for1=1,2,..., 100. For example, there are 25
slips of paper with the number 25. assume that
the slips are identical except for the numbers.
Suppose one slip is drawn at random. Let X be
the number of slip.

a) Suppose that X has the pmf p(x) = x/5050, x
=1,2,3,...,100, zero
elsewhere

b) Compute P(X< 50).



Solution:

a) Suppose that X has the pmf p(x)
= x/5050, x=1,2.3,...,100, zero

elsewnhere.
i
1 1 slip containing the no, 1
2 2 slip containing the no. 2
3 A slip containiog the no. 3

100 | 100 <lp containing the no. 100

Total number of slips=1+2+3+...+100
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‘Classical definition’ = m/n

The sum of the first n natural
numbers  n(n+1)

T2
Here, total no. of slips =

100(101)

= 5050

As the slips are identical 1.e.
equally likely to be drawn

Therefore, the probability —_™
5050



% | Frequency = ="
(n FF  DRT

] I | /5050

2 2 2/5050

3 X 15050

4 I 4/5050

100 1010 1005050
| 40%0 LOS0/50%50=1

Now, to express mathematically,

P(X :x):% x=1,2,3,...,100
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b) Compute P(X< 50).
Solution:

1+2+3+..+50
5050

P(X <50)

n(n+1) 50(51)

P(X <50)=—2 — =2 _ ol

5050 5050 202
- P(X £50)=0.2525
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Topic No. 7

Continuous
Random Variable




Concept of a Continuous
Random Variable

In the continuous case, we
cannot define probability on
one particular point, instead, It
IS the probability defined on
an interval.




Example:

If we are measuring a height of a
student. It depends on the
refinement of that measuring
Instrument.

Suppose If we say that this
person is 5 feet 4 inches tall, or
In other words we are saying he
IS 64 inches tall. This is the
measurement at a crude level.



* In reality it is a some value between 63.5
and 64.5, if we use a more refined
iInstrument and after measuring we say that
It is actually 64.2 inches. Even this is not
the actual truth, it is the height somewhere
between 64.15and 64.25 inches.

« It all depend on the measuring instrument
that how much precision can that
Instrument measures.

 Theoretically there can be an infinite
number of decimal places after the
decimals. This is the basic concept that
variable can assume any value.



Cumulative Distribution
Function F(x)




The function fy(t) Is called a
probability density function
(pdf) of X. If fy(x) is also
continuous, then the
Fundamental Theorem of
Calculus implies that

d

—F (x)=f, (x)

dx
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The PDFs satisfy the two
properties:

00

1) Ifx(x)dtzl and

—00

2) fy (x)=0



In the Continuous case, the area
under the curve of that function
gives you the probability.

If you are Interested in
computing the probabilities,
then, they can be obtained by
Integration, I.e.,

P(a< X <b) jf t)dt = F, (b)—F, (a)



Example:

Suppose that, we randomly select
a number between 0 and 1. Recall
that the cdf of X Is Fy (X) = x, for
0 <x < 1. Hence the pdf of X Is
given by

fx(X):<t O<x<l

elsewhere.



0 1

This 1s called a Uniform or
rectangular distribution
where, 0<x<1.
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Topic No. 8

Example of

Probability
Density Function




Example:

In continuous case, consider the
following simple experiment:
choose a real number at random
from the interval (0,1).

et X be the number chosen. In
this case the space of X Is
D=(0,1).



The number is chosen at random
It Is reasonable to assign

P.[(ab)]|=b-a,
for O<a<b«<l.



It follows that the pdf of X is
1 O<x<l

fy (X)=
0 elsewhere.

For example, the probability that X is
less than an eighth or greater
than seven by eighths is

pHx <§}U{x >g}HdX+ ;d

1
:XE+AZ
8
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Probability Generating Function
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Probability Generating Function

* In probability theory, the probability generating
function of a discrete random variable is a power
series representation (the generating function) of

the probability mass function of the random
variable.
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Definition

Univariate case

If X Is a discrete random variable taking values In
the non negative integers {0,1, ...}, then the probability
generating function of X is defined as

G(2) ()Zp

where p is the probability mass functlon of X.



Example:

The probability generating function of a Bernoulli
random variable with parameter p. So the probability
generating function of X, where X represents the number
of heads that we obtain when tossing a fair coin once Is
given by




p(x)| z= | 7 px)
1/2 1 1/2
1/2 z Zi2
Sum .

E+ 2

1/2
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Example:
For Poisson Distribution € (z) = e**Y

x | pla)= .-I; z* | g2 pix)
i i
0| <24, =1 ¢
| !
1 oA == - ¢ A
1
i A e g e Pl
F a4l
3 o i ==t 1 ey
Y ir
an | o = e
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Topic No. 10

How to utilize Probability
Generating Function

and

Mean and Variance through
PGF
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The probability mass function of X Is recovered by
taking derivatives of G,

G" (0)

(k)= P(X =k) ==




Example:

The probability generating function of a Bernoulli

random variable with parameter p. So the probability
generating function of X, where X represents the
number of heads that we obtain when tossing a fair
coin once Is given by

G(z)=1/2+12/2



With the help of eq. (1), we take the

derivative

IimG(z):%+§

X—>0

z=0

z=0

N |~

N |-



MEAN

and VARIANCE
through the

Probability generating
function




The expectation of X Is given by

E(X)=G'(1') o

where,
G’(17)=lim,_,,G’(z) from below.



Example:
Poisson Distribution (Mean)

G(z)=e""

G'(2)= 16"
G'(1 )_IZ'LQG

= 2™ = 2eM0 = 40
LG (1)=4



So the variance of X Is given by

Var (X )

“or)e()[er)] e



Example:
Poisson Distribution (\ariance)

G”(Z) _ ﬂ“le/l(z—l) _ ﬁ/Zeﬂ(z—l)
-G (1—) _ /126/1(1—1) _ /»LZeﬂ,(O) _ 12
G’(l‘) = <Fromeq. (2)
SV (X)
SV (X)

A2+ a-[A]
A
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Algebraic

EXpressions

of Some Well-known
PGFs
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For some of the more
common distributions, the
PGFs are as follows:

(i) Constantr.v. -
If p,.=1 p, =0k=c, then
Gx(z):E(zX):zC



(ii) Bernoulli r.v. - if
p,=p, P,=1-p=q, p,=0, k=0orl,
then

Gx(z):E(zX):q+ nz



(iii) Grometric r.v. - if

p.=pq“’, k=12,..;q=1-p, then

G, (z)= 113:2 if |z|<q™




(iv) Binomial rv. — if
X [ Bin(n, p), then

Gy (z)=(q+pz)',  (q=1-p)



(v) Poisson r.v. — if
X [ Poisson(4), then

G, (z)= %)Lke‘”“zk =e*Y



(vi) Negative binomial rv. — if
X [ NegBin(n, p), then

gl o
i

j if |zl<q™and p+q=1



Discrete Uniform Distribution

Example: X
Random selection of 9
one of the ten digits 1
0,1,2,..9 2

1
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Therefore,
1
G(z):ﬁ[1+ Z+2°+2°+...+ 29]

This is a finite geometric series in
which the first term a is 1 and
the common ratior =z and n =10

So,
a(l-r") 1(1-2)

Sum = =
1-r 1-z

G(2) 1(1-2"

Y10 1-2
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A Linear Combination
of

PDFsiIs a PDF
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In mathematics , a linear combination IS an
expression constructed from a say of terms by

multiplying each term by a constant and adding
those results

(e.g. a linear combination of x and y would be any

expression of the form ax+by, where a and b are
constants).



Let, 1: Consider k continuous-type distributions

with the following characteristics:

pdf . (x),

mean g, 1=1,2,...k.

If ¢. >0, i=12,...,Kk,

and

c,+C,+...+¢c, =0

w(x)=c,f (x)+¢c,f,(X)+..+¢ f (x)=0



Let,

To prove
J‘_OO w(x)dx =1
Proof :

L.H.S :. |:C f

= : C, f

fi) (x)dx = c.[

)+, f, (X)+...+¢ f (x) |dx

xdx+j c, f,

dx+cj

x)dx+"s+jwc f,

dx+ +CI

(x)dx

(x)dx (1)



But f,(x)isa pdf

j_i f,(x)dx=1

eq.(1) re—written

LH.S=c¢ (1)+c,(1)+...+¢c, (1)
=C,+C, +...4+C,

But by our choice

c,+C,+..+¢ =1

S LHS=1=RH.S



Show that the mean of the distribution having
pdf ¢, f, (x)+c,f,(x)+...+c, f, (x) are mean u= Z. L Cu
E (newdensity)ro w(x)dx =1

E(X) =] x[efi(x)+¢,f (%) +..+cf (x)]dx
_j' | eoxF, (%) +C,xF, (X) +...+ ¢ xf (X) | dx

:cl_[_ooxf dx+c_[ xf, (x)dx +.. +ckj xf, (x)dx

E(X) =Gty T Coply + ..+ Gty

Hence,weget |y other words, the mean of a linear

u :ic ~ combination of PDFs is that same Linear
"' combination of the means of those PDFs



Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Habibullah

vulearninghub.xyz | by VU Learnin g HUB



TopicNo. 13

Concept of

Cumulative Distribution
Function

(discrete and continuous)




Definition: (Cumulative Distribution Function)
Let X be a random variable. Then its cumulative d ~*-""ition

function (cdf) is defined by Fy(x), given in eq. (1) vwiuci you
can see on the screen

= (x) =P, ((_oo,x]) = P({c eC:X (c) < x}) 1)



As above, we shorten

P({ceC:X(c)<x}) to P(X <x).

Also,
Fy(x) Is often called simply the distribution function

(df).



» The graph for the discrete case it is like a staircase, which is
also called a Step function.

* On the other hand, In the continuous case it IS a continuous
curve or a line.
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For example:

Let py(x) be the pmf of a random variable X. Find
the cdf F(x) of X and sketch its graph with that of
Py (X) If:

a) px(x) = 1/3,x=-1, 0, 1, zero elsewhere.

X | p(x) F(x)
3 1

0

ad | b

Lad | bt |1

1

| pa

Il RV R E PV




R T,
I.-.-.-.-.-.-.-.-"--.-
i
s _mﬂmw““““mmm
iR e
fistascatt ienseannl Boite
HEHIE I e
B mmﬂmmwmmm“_.mm““m_ it

“ mnnl- EE
EEENNEERERRE #ﬂ-ii- |
=i EEENEED EH EikEEE
Gt ll :ur:-nn l-I lII
B IS ll-lli h- L1 nl-
musauzasaansnnusaennny s Flas
HEENHEE liui--

Figure 1: Distribution Function
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Example 2:

et X denotes a real number chosen at random between 0 and 2. we now
obtain the cdf of X. First, if x <0, then P(X <x) = 0.

Next, X > 2, then P(X < x) =1. Finally, if 0 < x < 2 it follows from
equation 2 that P(X <x) = P(0 < X <x)=x—0 = x. Hence the cdf of X is

(0 if x<0
Fo (X)=1x/2 if 0<x<2 (3)
1 if x>2

Px[(a’b)]:b_a’ for 0O<a<b<1l. (2



Fix)

mm hopoof omr e
|

| § | el
- - v
“1713/4 o e B B,
[
] .5 _II il
X l I
P S LAl fgiufessi - - N ek P —
- :
| Tl
i X L__
1 g || 6 | LE = [
i I ] N HE L A B

Figure 2: Distribution Function
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Example of the CDF
of a

Discrete Random Variable
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Example:

Consider an urn which contains slips of paper each with one of the
numbers 1,2,...,100 on it. suppose there are I slips with the number
lonitfori=1,2,...,100. or example, there are 25 slips of paper
with the number 25.

Assume that the slips are identical except for the numbers. Suppose
one slip is drawn at random.

Let X be the number on the slip



Show that the cdf of X is F(x) = [x]([x]+1)/10100, for 1 <x <100,
where [X] Is the greatest integer in X.

Let X be the number on theslip ()



X P(X)

1 1/5050

2 2/5050

3 3/5050
100 100/5050

5050/5050=1




x | pix) Fix)
) L i
LS040 040
2 E (12
£ 015 2040
3 3 [14+7+3)
So50 T
4 4 [l+2+3+4
S50 SO0
O | o0 | (E=2+ 4100}
ot ke dl B

SO50

Show that the cdf of X iIs

F(X) = [x]([x]+1)/10100, for 1
<x <100, where [x] is the
greatest integer in Xx.

Therefore,

- (x)= [X]([x]+1)

2 %5050

- (%)= [X]([x]+1)

10100
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Topic No. 15

Obtaining the

PMF from the CDF
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For each of the following CDFs F(x), find the PDF of f(x):

% .ﬂ||_gi|:'|' -I:Ei

! H 3

@ rw-xff) G [ 0
] J.I.'I I1 ll ll'

|| GGG H
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For a continuous random variable X .the CDF Is as
follows:

~(x) = 0 for all x values which are less than zero
~(x) = x for all those x values that lies between 0 and 1.
~(x) =1 for all those x values are greater than 1.
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PDF of the Exponential Distribution
with mean=0.5, 1, 1.5

* f(X)= [0—15j 155, ocx<m - orange
* f(x)=e™, 0<x<w - purple
of(x)= [LSJ [12], 0< x < oo —> skyblue



vulearninghub.xyz | by VU Learning HUB



CDF of the Exponential Distribution with mean=0.5, 1, 1.5

F(x):l—e‘x, O< X< 0B -
= 0.6
. u
m —1—p 05 0 P
(x) e <X <o 04
- F(x)=1-e”, O0<x<w f A=D.b
.2 — ]
= F(x)=1-e', 0<x<m A=1n
-0 1 2 3 a 5
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Let us first consider that situation when two random
variables X and Y are not equal in distribution

J(x) _ F(x)
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We say that X and Y are equal in distribution X DY if and only if

F(X) = Fy(x), for all x e R.
Mathematically we express itas X [DY

It I1s important to note while X and Y may be equal in distribution,
they may be quite different.



Example

Recall that X denotes a real number chosen at random between 0 and 1. we
now obtain the cdf of X. First, if x<0, the P(X<x) =0.

Next, if X >1, then P(X< x) = 1. Finally, 0<x<1, it follows from expression
(5.3) that P(X< x)= P(0<X< x)= x-0=x.

Hence the cdf of X Is

(0 if x<0
Fo (x)=9x if0<x<1 (5.6)
1 ifx=1




For instance, in the above example define the random variable Y
and transform itas Y= 1-X.

Then Y # X.
For example, let, X=0.2 then, Y=1-0.2=0.8.
So, when X is 0.2 then Y i1s 0.8 which is not the same.

Therefore it is interesting to note that the space of Y is the interval =
(0,1), the same as X.


V IMPORTANT


Y=1-X

0.8

0.7 |
1 F(0.8)=1- P(X < 1- 0.8)=1- P(X<1-0.2)=1-0.2=0.8

0.5

0.6 F(0.6)=1- P(X < 1- 0.6)=1- P(X<1-0.4)=1-0.4=0.6

0.2
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But we know that for the Uniform distribution defined on
(0,1), P(X<0.2)=0.2

Therefore, P(X<1l-y) =1-y
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Further, the cdfof YisOfory<0;1fory>1;and for 0<y<1,itis
F(y)=P(Y<y)=P(1-X<Yy)
=P(X21-y)=1-P(X <1-Yy)
=1-(1-y)=y.

Hence, F\(y)=Yy, 0<y<1 which is of exactly the same form as the CDF of X.

Therefore, it is clarified that two random variables may not be the same yet,
sometimes they maybe equal in distribution.

ie,Y DX, butY =X.
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Theorem 1:

Let X be a random variable with cumulative distribution function
F(X).

Then

(a) For allaand b, if a < b, the F(a) < F(b) (F is nondecreasing).



Fix)

Fib)

o b
_-—
X< A
- -
<D
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Proof:
Part (a):

Because of the fact that a < b, we can see that the interval being
{(X<a} Cc{X<b}



Fix)

Fia}

b
-
X<
-

< «—
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Fib)

{X<a}
IS a subset of
{X<b}



Theorem:
If C, and C, are events such that C, c C, , then, P(C,) < P(C,).

So, applying this theorem we say that since the interval

X <als contained in the interval X <b, therefore the
probability of X <a is less than or equal to the probability
X<b., e F(@ < P(b).
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Theorem 1:

Let X be a random variable with cumulative
distribution function F(x).

Then,

(b) lim,5 ., F(x) =0 (the lower limit of F is 0).



We know that

F(x) = P(X <X)
so obviously

F(-00)= P(X < -o0)

which Is an impossible event.

Therefore, F(-0)=0



Mathematically,

lim .. F(x) = 0.
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Theorem 1:

Let X be a random variable with cumulative distribution
function F(x).

Then,

(c) im .5 ., F(x) =1 (the upper limit of F is 1).



Proof:
We know that

F(X) = P(X<X)
so obviously
F(c0)= P(X < o0) is a Sure event.

Therefore, F(0)= 1

lim X—> 00 F(X) = 1.



Graphically, the F(x) of
any random variable will
always starts from level
zero and rise upto level 1.

Subsequent to that point 1
It goes upto to infinity .

Fi{x)

U
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Theorem 1:

Let X be a random variable with cumulative distribution
function F(x).

Then

(d) hm | 0, F(X) = F(xo) (F Is right continuous).



Explanation:

In case of a discrete distribution, we take an example of a Discrete
Uniform distribution.

- Toss a fair die (1,2,3,4,5,6).
-The probability of gettinga 1 or 2 or 3 or 4 or 5 or 6 are equally
likely to occur.



X P(X) F(X)

1 1/6 1/6

2 1/6 1/6+1/6=2/6
3 1/6 2/6+1/6=3/6
4 1/6 3/6+1/6=4/6
5 1/6 4/6+1/6=5/6
§) 1/6 5/6+1/6=1




Consider a CDF that is continuous
everywhere other than at the point x,

(ref. CDF’s that have a few points of
discontinuity)

As x tends to X, from the R.H.S, the
ordinate F(x) tends to the ordinate

F(Xo)-

Fi(x)

5/
Fixgp !




Part (d):

Let {x.} be any sequence of real numbers such that
X, | X . Let C,= {X<x,}. Then the sequence of sets {C, }
IS decreasing and

ﬂn_ C=AX <X

Hence, by Theorem 3.6,
!,Irg) F (ﬂn =1 n) ’

which is the desired result.
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Theorem 1.
et X be a random variable with the CDF F,.
Then,

fora <b,
Pla<X<b]=F(b) - F (a).



Proof:

Since the interval
{-o<X<b}={-o<X<a}U
{a< X < Db}.

Since these two interval are
mutually exclusive (not
overlapping).
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So, therefore,

we can apply the addition theorem of probability and
can say that the probability of the union is equal to the
sum of the probabilities.

P{-00< X < b} = P{-00< X < a} + P{a< X < b}.

or P{a< X< b}=P{-0<X<b}-P{-o<X<a}



Example:

Exponential doviritution

Now, find P(1< X < 2),0=2
Then required probability 12 |
=F(2)-F(1)=1-1- e+ g2

fxy=(12p** Qexex

Fix)=1.a%" Qoxcar

= e V2. 1=(1/\e)-(1/e)
=(1/1.64872)-(1/2.71828)
=0.6065-0.3679 =0.2386
=23.86%
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Derivative
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The function fy(x) is called a probability density function (pdf) of X.
If fy(x) is also continuous, the Fundamental Theorem of Calculus
implies that '

&FX (x) = fy (x) (1)



Example:

Consider the CDF of the exponential distribution with
mean = 1

l.e. F(x)=1 - e
Then, the PDF is given by

S0 glie)=0-(0e e, 0

dx



2. Another Example
If F (X)) =x/2, 0<x<2

Then pdf is

d d(x) 1d 1 -
dx (%) dx(Zj X)=5, Osx<2yy . :

I.e. Uniform distribution.
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In the continuous case,

probability does not Exist
at any particular point
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In the discrete case probability is given by the
length of the ordinate erected on top of any
particular point.




Discrate Probahillsy Destributlon

v Fpukaising MfEsryemome s o landses T anaik o
[ R ] ¥ '-I'J-I—I-I-I-"I-FI---'-'--".'-I-"I-"I-F.'-I--I-I'-I- L.

o comall e o M N - e =

Hankas
LTI

Hizirhe sl a

I_-—r'l'l-_----l-__ e N o o o B ook S B
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* On the other hand, in the continuous case, probability is not
given by the ordinate erected on top of any particular point (on
the contrary, it i1s given by the area between any two
ordinates).

e If f(x) is the pdf of x, then the probability x belongs to A,
where A is some interval, is given by the integral of f(x) over
that interval, that is:

P(Xe A) =[, f(x) dx



e If f{x) is the pdf of x, then the probability x belongs to A,
where A i1s some interval, 1s given by the integral of f(x)
over that interval, that is:

PX eA) =/, (x)dx



WHY do we say that probability does not exist at any
particular point ?
l.e.

P(X=X,)=0

We say this because it is not possible to have a measurement
exactly equal to X, whatever we are saying Is an approximation to
the truth.
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What is P(X=1/2)?
Solution:

It is a straightforward integration to see that the probability is O:

In fact, in general, if X is continuous, the probability that X takes on
any specific value x i1s 0.
That is, when X is continuous , P(X = x) = 0 for all x in the support.

J-1/2 32y [XS}X:UZ B l _1 0

1/2 x=1/2 g 8 -



An implication of the fact that P(X=x) = 0 for all x when X is
continuous Is that you can be careless about the endpoints of
Intervals when finding probabilities of continuous random
variables.

That Is:
P@<X<b=P@<X<b=P@a<X<b=P@a<X<b)

for any constant a and b.
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Monotonically Increasing Function

In calculus, a function defined on a subset A
of the real numbers with real values Is
called monotonic if and only if it is either
entirely non-increasing, or entirely non-
decreasing.

That 1s, as per Fig., a function that
Increases monotonically does not
exclusively have to increase , it simply

must not decrease. e
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Monotonically Decreasing Function

Yi

decreasing

-
x

8

R (e SO, DO VB R LT T T = e
mnm::Jitﬁ.:.ﬂm.ﬂlHLM|u'i';umhhrﬂ




¥ A

sirictly

Increasing

function

y=1(x)

Strictly Increasing
Function

A function f(x) is said to be strictly
Increasing on an interval | if
f(b) > f(a) for all b>a, where a,b € .

On the other hand, if f(b) > f(a) for
all b > a, the function is said to be
(nonstrictly) increasing.



Strictly decreasing Function




Focus on the word

‘“Mono-tone”
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The concept of the CDF, will always be monotonically
Increasing function.
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Total probability Is 1

The total probability associated with a random variable X of the
discrete type with pmf py(X)

ZXED pX(X) =1

or

the continuous type with pdf f, (x) Is 1, I.e.

fD fX(X)dX:11

where D is the space of X.



The definition for the pdf of a continuous random
variable differs from the definition for the pmf of a
discrete random variable by simply changing the
summations that appeared in the discrete case to
Integrals In the continuous case.
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It is very well-known that pmfs satisfy the two properties
() px (X) 20 and (i) Z,p Px(X)=1
Therefore, the minimum possible value of any probability

Is 0 and the maximum possible value of any probability is
equal to 1.



It Is very well-known that pdfs satisfy the two properties

(i) f,, (X) > 0 and (ii) [..™ f, (1) dt=1

(i1) The second property, of course, follows from Fy (0)=1



* In the continuous case the f(x) represents the ordinate
against the value x, and the ordinate can be greater than 1
(although area under the curve can never be greater than 1).
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Example:

et X be a continuous random variable whose probability
density function Is:

f(x) = 3x?
for 0<x<1. First, note that f(x)# P(X=x).E

For example, f(0.9)=3(0.9)°=2.43, which is clearly not a
probability!


V IMPORTANT


In the continuous case, f(x) Is Instead the height of the
curve at X=x, so that the total area under the curve is 1.

In the continuous case, It IS areas under the curve that
define the probabilities.

Now, let’s first start by verifying that f(x) I1s a valid
probability density function.



 The function f(x) = 3x? is not a Probability density
function that is why we are getting f(x) greater than 1.
So, let me show you that it is a PDF.

31

1 X 1
j3x2dx:3— :x"" ~1’-0°=1
; 3

0

0



Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Habibullah

vulearninghub.xyz | by VU Learnin g HUB



Topic No. 27

Example
showing the determination of an
unknown constant c
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Example:

Find the constant ¢ do that p(x) satisfies the condition of
being a pmf of one random variable X.

-

p(X):f@jx’ x=12,3,...

0 elsewhere




* If p(X) to be a probability mass function, then:

1:2 p(x):gc(gjx :c(gjlﬂ:(%jz +c(§j3 +...

CE@)Z@)Z@)Z..}




What we have inside the bracket is an Infinite Geometric series,

a

Therefore, applying the formula S = —— ,we obtain
1-r
[ (2) A 4 2)\
l1=c 32 =C % =c(2) and hence c=%.
20/NE
. \3)) U 3 )




As an illustration, suppose we want to find a probability of
X=4. 109

. 1 "
utting ¢ =—, we have X)==| —1 .
Then p g > p(x) 2(3)

now putting x=4,
we obtain,

4
2\ 3 2\81) 81
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Example

showing the determination of an
unknown constant c
Such that f(x) is a the PDF
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Example

Suppose X has the pdf

X2 O<x<?2

f, (x)=
« (%) 1o elsewhere

\

for a constant ¢



Solution:

If f(X) Is to be a pdf, then,

2
1:jcx3dx=c
0

and hence, c=1/4.

2 0

4 4

c[4]

4c,



So, now the pdf will be as follows

(3
— O<x<2

f (X)=1 4
0 elsewhere



For illustration of the computation of a probability
iInvolving X, we have

1 .3
P(£< X <1j: IX—dX:EZOO623
2 374" 2096
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(when the transformation is one-to-one)
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We have a discrete random variable X and we know its
distribution.

We are interested, though, in a random variable Y which is
some transformation of X, say, Y = g(X).

In particular, we want to determine the distribution of Y.



Assume X Is discrete with space D, We consider two cases.

Then the space of Y Is

D,={9(x):x € D,}.



et us assume that g Is one-to-one.

Then, clearly, the pmf of Y is obtained as

PLY =yl =P[g(X) =yl = P[X = i"(y)].



Example

Let X have the pmf
P(x) - (1/2)X,  x=-1,-2,-3,...

Find the pmf of Y = X 4



Solution:

The transformation,
y=g(x)=x"
maps D, ={x:x=-1-2,-3,...} onto
D, ={y:y=116, 81,..]



We have
y=g(x)=x'=x=97(y)=4y

So, utilizing the equation

PLY =y =P[g(X) =y] = P[X = g™(y)].



we get the single-valued inverse function as follows:

. P[Y =y]=P(X =W)=(%)ﬁ y=1, 16,81, ..

So, this is the PMF of Y=X4.
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Concept of Transformation of a
Discrete Variable
(when the transformation is not one-to-one)
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Consider a sequence of Iindependent flips of a fair coin,
each resulting in a head Hor atail T.

Let the random variable X denote the no. of flips needed
to obtain the first Head.

Then, X Is a geometric random variable.




If X=x, where x=1,2,3,4,..., there must be a string of x-1 tails
followed by a head:

thatis, TT...TH, where there are x-1 tatlls in TT...T.

Thus, from independence, we have a geometric sequence of
probabilities, namely,

P(X=x)=(1/2)*1(1/2) = (1/2)¢ ,x=123,..., (1)



Suppose we are playing a game in which if the first head
appears on an odd number of flips, we lose one dollar
whereas, If the first head appears on an even number of flips,

we win one dollar.

Let Y denote our net gain.

Then the space of Y is {-1,1}.



An interesting event Is that the first head appears on an odd
number of flips;

l.e., Xe{1,3,5,...}.



The probability of this event Is

% 2x-1
P[Xo{Llor3or5or...}]= Z(%)
x=1

Next,
= (L/2)" + U/ 2)° +(1/2) +...

And infinite geometric series,li =a=(1/2),r=(1/ 2)2 =1/4
—r
1
. 1 2x-1 2 5 2
Required probabilit — = = =—.
quired p y;(zj ( j (% 3
4

| =

1L
4

-/



We have already determined that the probability that X is odd
IS 2/3.

Hence, the distribution of Y is given by

py(-1)=2/3 and py(1)=1/3.

So, the probability that player A will win 1$ is 1/3 and the
probability that he will lose 1 $ is 2/3.



-_._.__-..t.w
Mahar Afag Safdar Muhammadi

MSc Math, Whatsapp 03494873115 |
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Concept of Transformation of a Continuous
Variable
using the CDF technique
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Example:

Let fy(X)=1/2, -1<x<1,
zero elsewhere,

be the pdf of a random
variable X.

Y




From the graph it iIs obvious that we are dealing with
continuous uniform distribution defined on the interval

(-1,1).

Now, let us suppose that we are interested In determining
the PDF of X2,



Let the random variable Y be Y=X2.Now to find the pdf of Y.

The point to be understood Is that, If
y >0, then

X2y => -y < X<y
e.0.0<X?<05=>-0.25<X<0.25
(because square can never be
negative)

From the table it Is obvious that the

range of the variable Y is from O to 1.

X2=Y X
0 0
0.04 +0.2
0.25 +0.5
0.49 +0.7
1.00 +1.0




Now finding the pdf of .

The cdf of Y, Fy(y)= P(Y<Y), Is given by the cdf of Y,
Fy(y)=P(Y<Yy) ,is given by fx)

P(X?<y)= P(=Jy < X <\/y)
vy By

= [ f(dx= | Zx
-y _WZ




For the range 0 <y <1, we have

Jy Jy
1 1 1 2
)= o] 0= 5=
N -
0 y <0
1
FY(y)zij'—dx:\/y 0<y<l
52
1 1<y




Hence, the pdf of Y Is given by

i O<y<l
R(Y):<2J?.

0 elsewhere.

9 0)=0, y<o0

d d 1 22 1
f ——F = P — = — = — 2 = —
(¥) =15V =gV =37 y

di(l):o, y>1

0<y<1
or 1()-| 205

.0 elsewhere.

2

1

2:

ﬁ,

0<y<i1



\j 1/2Ny
{ o
0.2 1.12
0.4 79
(.6 65
(.8 0.56
1 0.50

vy

1.2
1.0
[ B
0,6
.4
2

-,
|
|
|

|
|
|
|
|
(b2 {4 0.0 03 1.0

Hence we can see that the shape of the PDF of the transformed
variable is very different from the shape of the PDF of the original

~variable.

vulearninghub.xyz | by VU L

g HUB

I.JI ‘




Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Habibullah

vulearninghub.xyz | by VU Learnin g HUB



Topic No. 32

Transformation of
a Continuous Variable

using the Jacobian of transformation
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Theorem 1:

Let X be a continuous random variable with pdf fy(x) and
support Sy.

Let Y=g(X), where g(x) Is one-to-one differentiable
function, on the support of X, Sy.
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Denote the inverse of g by x=g-(y) and
let dx/dy=d[g(y)]/dy.

Then the PDF of Y is given by
fy(y) = fx(g(y)) [dx / dy|, fory €S, (1)

where the support of Y is the set Sy = {y=g(x):x € Sy }.



Proof:

If g(x) Is one-to-one and continuous, It is either strictly
Increasing or strictly decreasing.




This can be regarded as a
case of Direct relationship
between X and g(x).

- b b & U o=l 0 WD

Hete g'x} v Oneslo-nne flachion smed we -

L]
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This can be regarded
as a case of Inverse
relationship between
X and g(x).

Heze again gix) is ole-io-one and we G wee
thet i ictly decreasing

—
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Case 1:

Let us assume that it Is strictly increasing,.

Then the CDF of Y is given by

(y)=P[Y <y]=Plg(x)<y]
=P[ X <g™(y)|=F (7). (@



Hence, the pdf of Y Is

d d -1 -1 d
() = 5 (RO =g (Fu@ () = (@ (y»[ﬁ]- (3)

where dx/dy is the derivative of the function x = g1(y).

In this case, because g Is Increasing, dx/dy > 0.
Hence, we can write dx/dy =|dx/dy]|.




Case 2:
Suppose g(x) Is strictly decreasing.
Then

R (y)=P[Y <y]=P[g(x)<y]=P| X <g™(y)|=Fc(a7(y)). (2)
becomes F(y) = 1- F(gi(y)).
Hence, the pdf of Y is

f,(y)= 0-f, (gl(y))(%} fy (gl(v))[—%}



But since g Is decreasing, dx/dy < 0 and,

hence, -dx/dy = |dx/dy].

Thus eq. 1 Is true In both cases.



« Henceforth, we refer to dx/dy=(d/dy)g=(y) as Jacobian
(denoted by J) of the transformation.

* In most mathematical areas, J = dx/dy Is referred to as
the Jacobian of the inverse transformation x = g(y).
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Example

of Transformation of
a Continuous Variable
(using the Jacobian of transformation)
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Example : Let X have the pdf

-

1 0<x«<l1l 1|

(9= | ]_:¢h51.

| elsewhere
Consider the random variable Y= -2logX.

The support sets of X and Y are given by (0,1) and (0,0),
respectively.



The transformation y = g(x) = -2log x Is one-to-one
between these sets.

The inverse of the transformation is x = g-1(y) = e¥/2



The Jacobian of the Transformation is

_y
] _de /2 :—Ee_%
dy 2

Accordingly, the pdf of Y= -2 log X Is

f, (e_%)m :1%e_% :%e_% 0<y<oo

0 elsewhere
This is the Exponential Distribution with Mean = 2

fY(y):<




The above is an example of

e Transformation of Continuous Uniform Random
Variable to an Exponentially distributed random variable
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Another example
of Transformation of a Continuous variable
(using the Jacobian of transformation)
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Example:
Let X have the uniform pdf

7T

1
f, (X)=—, for ——<x<—.
x (X) 5 5

T

Find the pdf of Y = tanX.

7T




Let y=tanx
When, X2 —7a/2,y= -0, x> /2, y=©
y = tanx => x = tan-ly => dx/dy =1/(1+y?)

DI = ldx/dy| = [1/(1+y?)| = 1/(1+y?)



Accordingly, the pdf of Y=tanX is

" 1
f, (tan™ J| = —00< Y <o
fY(y):< X( (y))‘ ‘ 72_(1+y2) y
0 elsewhere




This iIs the pdf of a Cauchy distribution which is one of the
well-known distributions.

In other words, the above is an example of

Transformation of Continuous Uniform Random variable
to a Cauchy random variable
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Mode

of Discrete Random Variable




Definition

A mode of the distribution of a random variable X iIs a value
of x that maximizes the pdf or pmf.

If there Is only one such Xx, it Is called the mode of the
distribution.
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Find the mode of the following distribution.
a) px) = (1/2)%, x=1,2,3,..., zero elsewhere.

P(X)
(1/2)!
(1/2)?
(1/2)3
(1/2)%

AW (N X
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RilG
76
16
516
416
316
216
LilG

|
2 5 & F

Therefore, simply by inspection we say that the mode = 1.
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Mode

of a
Continuous Random Variable
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Definition

A mode of the distribution of a random variable X Is a
value of x that maximizes the pdf.

If there is only one such X, it is called the mode of the
distribution.
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Procedure:
We will be following the procedure that is adopted when determining the
maxima and minima of a function.

1. First derivative to be equated to zero and the equation thus
obtained to be solved for x.

2. The value of the second derivative to be evaluated at that value of
X which was obtained in step 1.

3. In case the second derivative turns out to be less than zero, that
particular value of ‘x> will be regarded as the mode of the
distribution.
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Find the mode of the following distribution.

1 24X
—Xe", 0<Xx<oo,
c) f(x)= 42
| zero elsewhere.

Solution:

Taking the first derivative w.r.t. X’

f'(x):di[%xzex}



f'(x)= %[xzex (-1)+e™ ZX]

_ 1 x’e ™ + 1 2xe™*
2 2

1
fl _ -x _ = 2 ~—X
(x) Xe 2xe

Now, equatingittozero, we get

= xe ¥ — 1 x%e ™ =0
2

2 2

xe™*

et =2=

—X

1
= Xe ==X
2 xXe

SoX=2



f'(x)=xe” —%xze‘X
Now, taking the second

derivative 1 1
f"(x)= (x.e‘X (-1)+e™ (1))—§(x2e‘X (-1)+ e‘X2x) ——xe *+e "+ > xe ¥ —xe*

f"(x)=e™—2xe™+ % x°e ™
putting the value of x in thesecond derivative, we get

f"(2)=e*-2(2)e” + %(2)2 e?=e?—4e?+2e?%=—e?=-0.135which is less than zero

Therefore, the MODE of the distribution is equal to 2.



¥ O ow ™ fomd 3 3 O (2 0 - D D)

Wl
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Median

Of a
Discrete Random Variable
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Definition

The median of a distribution of a random variable X of the
discrete or continuous type Is a value of x such that

If there is only one such Xx, it is called the median of the
distributigs x - x)s% and P(X < x)Z%



Example: Find the median of the following distribution:

a) p(x)= ( x!(44i X)JG)X Gj ; . x=0,1,2,34 zeroelsewhere

3 me
i |:|' Fall '}"'EI.
-n'lrJ, -n|| .1| 4] 4J 155
! _j.‘-_f_'}ril”-il |a']*-1515
P41 4 L4 woglal o rss
. |1||51":.,;+:. 137 5
ja-2h4] Lt 29 16 L4) 258
3 4t Il]ll.£||.-l 1'_1 IE.I-_-I|
aa—inlalla M &8 40 256
o | e LY
.1:||4 41'I.1.| |.:|. .|1|1' Iy by ) g

T S
genoy U FEHe AYZ | uy Voteat Mg T100



The median of a distribution of a random variable X of the
discrete or continuous type Is a value of x such that

l

P(X <x)§%and P(X sx)z%
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Trial and Error

P(X <2)= 81 108 189—O.74>O.5

256 256 256
.. 2cannot bethe median

Try

P(X <1)=%=o.32<0.5

So,

P(X <1)= o 198 _189 574505
256 256 256

Both requirements fulfilled = X =1
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Median Of a
Continuous Random Variable
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Definition

The median of a distribution of a random variable X of the

discrete or continuous type Is a value of x such that P(X<x) < %2
and P(X<x) > .

If there iIs only one such x, it is called the median of the
distribution.



Procedure:

In the continuous case, the median is obtained by integrating the
pdf from —inf to M and equating it to 1/2,

by solving this equation for M, we obtain the median.



Find the median of the following distribution:
c) f(xX)= 2/ n(1+x?%), 0<x <o

Solution:
(0= |2 ax=2m 2] 1 =2 Ziani(x)
O7Z'(1+X2) 2 7[0(1+X2) T 0
= 2[tan*(M)-tan(0)]" =2

T 2
=[tan™(M)- O]:than‘l(M):

=M =tan(Zj 1 <« Median

inghub.xyz | by VU Learning HUB
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Concept of
(100p)™ percentile

(quantile of order p)
of a Continuous Random Variable
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Definition

Let O < p <1. A quantile of order p of the distribution of a
random variable X is a value ZAAIl p &, such that
P(X<&)<pand P(X<&)=p.



Note:Z

A guantile of order p can also be regarded as the
(100 >< p)t percentile.

Explanation:

By a quantile of order p, we mean that point on the x-axis
to the left of which the area under the curve of the
probability density function is equal to p or in other words
IS equal to 100 >< p %.



V IMPORTANT


Now, we know that, the point to the left of which the area is,
say, 20% is known as the 20™ percentile, the point to the left
of which the area is, say, 35% is known as the 35" percentile
and so on.

Therefore, that point to the left of which the area under the
curve is equal to 100 >< p % will be known as the

(100 >< p)t percentile.



Explanation of the way in which these two equations are
fulfilled In the case of a continuous variable.

P(X<&p)<p (2)
P(X <&p)=p (2)

(1) & (2) need to be fulfilled simultaneously. But the
LHS’s of both (1) and (2) geythe s3mep (x < )



Hence it is obviously that both (1) & (2) can hold
simultaneously of and only of the two Inequalities are
replaced by the equal sign

P(X <&p)=P(X<gp)=p
or pr(x)dx:p

—Q0



Find the 20t™ percentile of the distribution that has pdf f(x)=4x3, 0< x< 1,
zero elsewnhere.

Hint: With a continuous-type random variable X, P(X< &) = P(X< &)
and hence that common value must equal p.

é:O.ZO
2 Ax3dx = 0.20

0
4 |50.20

1
= 4% =0.20=¢" —0'=020= & =0.20= &, =(0.20):
0

= &y, =0.6687 =0.67



L
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Real-Life Example

of the computation of the (100p)t™ percentile
(quantile of order p)
of a Continuous Random Variable




Let X be the number of gallons of ice cream that is requested at a
certain store on a hot summer day.

Assume that X follows the log-logistic distribution with ¢=1and f5=2.
In other words, the pdf of X is given by

2X

f(x): 22,O<x<oo

(1+x )
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How many gallons of ice cream should the store have

on hand each of these days, so that the probability of
exhausting Its supply on a particular day is 0.107?
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Solution: f(x)

-
oy
i

i 1

where X represents the number of gallons requested I.e., the

demand vulearninghub.xyz | by VU Learning HUB




The store will be exhausting its supply only if the demand
exceeds the amount in hand.

We want the probability of this circumstance to be only
0.10.

Hence, it is obvious that we are talking about 90t
percentile of the distribution of the random variable X.



The pdf of X is given by f (x) = —=x—, 0<x <,

(1+ x2)

$0.90

0.90
2X L 1 090

f(x)= ! (1+X2)2 i =090= -

= 12 — 1 =-0.90= 12 -1=-0.90
1+ 960.90 1+0 1+ 50.90
1 1

0

1

= =1-090=> —=1+¢& =>—-1=¢ =
2 0.10 50.90 50.90

1+¢& 0.10

0.90

50.90 =3

vulearninghub.xyz | by VU Learnin g HUB
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Inverse CDF
or
Quantile function




* The quantile function is also called the Inverse
cumulative distribution function.
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For a given probability distribution,

the quantile function specifies the quantile of order p for all

values of p lying between O and 1.

In other words, the quantile function s
the x-axis for which the probability of t
being less than or equal to this value is
lying between 0 and 1).

necifies the value on
ne random variable X

0 (for all values of p



Example

Suppose we have the Exponential distribution

f(x) =16 0<X<w,A1>0
Expected value or (mean) 1/4



The cumulative distribution function of Exponential
Distribution

1-— e™ x>0

P (x) :{o x <0
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The guantile function for Exponential(4) is derived by finding
the value of x for which

> p=1l-e*=e=1-p

Taking log on both sides

= Ine™ = In(1- p) =—AxIne= In(1-p)
= —-Ax= In(1-p) ‘sIne=1

In(1-p)
A

LX=—




In(1-p)
A

Q(p;A) = — , for O<p< 1.

The quartiles are therefore,

first quartile (p = 1/4)= In (4/3)/ A,
median (p=2/4)=1In (2) / A

and third quartile (p=3/4) = In (4)/ A

vulearninghub.xyz | by VU Learning HUB
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function af the o values The quantie
function does the opposts | gives the
o valuss 88 a lunction of The o values.
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Topic No. 42

Example of a Random Variable

being Stochastically Larger than another
random variable




Definition
A random variable X is said to be stochastically larger than another random
variable Y if

P(X>2z)>P(Y >z),

for all real values of z, with strictinequality _holdingfor at least one z value.

This requires that the CDFsenjoy the following property:

for all real z, with stricii-_igfgyagilt;\; Tczbd’ing for at least one z value.
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This requires that the CDFs enjoy the following property:
F (z)<F (2),

Now, F, (z)=P(X <z)
whereas, F,(z)=P(Y<z)=P(X+A<z)=P(X<z-A)
P(X<z-A)<P(X <2) (1)

eg. (1) can be re-write as
P(X+A<z)<P(X<z)
or

)
or F (z)<F (2).



Example:

Let X be a continuous random variable with support (-oo, «). Consider
the random variableY = X + A, where A > 0. Suppose that we want to
show that Y is stochastically larger than X.

Solution:
First and foremost, let us re-state the above definition interchanging the

roles of X and .




This requires that the CDFs enjoy the following property:
F (z)<F (2),
Now, F, (2)=P(X <2)
whereas, F,(z)=P(Y<z)=P(X+A<z)=P(X<z-A)
P(X<z-A)<P(X<z) (1)
eg. (1) can be re-write as
P(X+A<z)<P(X<z)

or

P(Y<z)<P(X<z)
or F (z)<F, (z). <=3



Therefore the random variable Y = X + A, where A > 0.
has showed that Y is stochastically larger than X.
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Topic No. 43

Concept of
Mathematical

EXxpectation

for Discrete and Continuous
Random Variables




Definition 8.1. (Expectation). Let X be a random variable. If
X Is a continuous random variable with pdf f(x) and

IV\ X) dx < oo,

then the expectation of X Is



If X Is a discrete random variable with pmf p(x) and

Z|x| X) dx < oo

Then the expectation of X is

=§XP(X)

Sometimes the expectation E(X) Is called the mathematical
expectation of X, the expected value of X, or the mean of X. When
the mean designation is used, we often denote the E(X) by i i.e., #=E(X).



Example

Suppose that we have a discrete random variable X given
by -1, 0, and 1. and the probabilities of P(-1) = ¥4, P(0)=
145, P(1) = Ya.

>0 14241 4

1. 4
4 4 4

P(-1)+P(0)+PM) =5 +5+

1,
A



Now, to find the Mean

So,

I\/Iean:—1+0+—:0.

4

1
A

X | P(X) | Xp(x)
1| u4s | -1/4
0 | 1/2 | 0

1 | U4 | 14




Now to fullfil the condition to get a finite number

Z|’X|p(x)dx<oo x | p) | xp() | Xl | XIp(x)

1| 1/4 -1/4 11| 1/4

2.1 o050l 12 | 0 ol o
42

1| 1/4 1/4 | 1| 1/4
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Concept of
Mathematical Expectation

of a Function of a Random Variable X
(for discrete and continuous random variables)
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Theorem :

Let X be a random variable and let Y = g(x) for some
function g.



a) Suppose X Is continuous with pdf f, (x).

If j |9 (X)| fy (x)dx <o,  then the expectation of Y

exists and It Is given by

£(Y) = [ 9(x) Ty (x)ox Q)



b) Suppose X is discrete with pmf Px (%) Suppose the support of
Xisdenoted by S . If D . |g(x)[py (x) <o, then the

expectation of Y exists and it is given by

E(Y) = 2, 9P () (2)
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Concept of LInear combination of

the Expected Values of TwO
different functions of a Random
Variable ‘X’

(for discrete and continuous random variables)
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Theorem 1: Let g,(X) and g,(X) be functions of a random
variable X. Suppose the expectations of g,(X) and g,(X)
exists. Then for any constants k; and k,, the expectation of k;
g,(X)+ Kk, g,(X) exists and it Is given by

E [k, (X)+k,9,(X)] =K E[9,(X)]+k,E[9,(X)]



Suppose that we have a discrete random variable X that
have the values -1, 0, 1 and the probabilities of three
values are P(-1) =1/4, P(0)=1/2 and P(1)=1/4.

Now let us consider two different functions of ther.v. ‘<X’
Let g,(X) b given by X+2 and g,(X) be given by X+5



And k, =2 and k, = 5,
So, let us construct a table:

X [ PO | 91(X) | kK191(X) | 92(X) | KGo(X) | ki91(X) | pOO)(K104(
=X+2 =X+5 + K,g,(X) X)
+
K292(X))
1| Vs 1 2 4 20 22 -22/4
0 s 2 4 5 25 29 29/2
1 Ya 3 6 6 30 36 36/4

72/4=18




In the same way, you can find the R.H.S of the formula
and will find

E[k,0,(X)+Kk,9,(X)] =k E[9,(X)]+k,E[9,(X)]

That both sides are equal as It was required.
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Example of
computing mathematical Expectation
of a Function of a
Discrete Random Variable X’
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Example: Let the pmf p(x) be positive atx =-1, 0, 1 and
zero elsewhere.

a) If p(0) = 1/4 , find E(X?).

X | X?
-1 1
0] 0
11 1
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Solution:

First we find the pmf for X2 .The random variable X? takes
on the values 0 and 1.
Now,

P(xzzo)zp(x =0)=%
and



=p(-1)+p(1)
=1-p(0

3

4

It then follows that

E(X?)=0.P(X?=0)+1P(X*=1)=

|l w
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Another Example of
computing mathematical Expectation
of a Function of a
Discrete Random Variable ‘X’
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Example: Let the pmf p(x) be positive at x =-1, 0, 1 and
zero elsewnhere.

b) If p(0) =1/4 and If E(X) = 1/4, determine p(-1) and
p(1),
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Solution:
From

and

|
=
—~—"
L]
©
|
=
S~
_|_
-
L]
©
~
o
S~
+
=
]
©
~
=
S~

p(-1)+p(0)+p(1)=1



we obtain the equations
[p(-1)-p(M)=-1/4 ()
p(-1)+p(1)=3/4 (2)
Solving the equations simultaneously yields

1
“1)==,
P(-1)=7
and p(1) ==



Therefore, the sum of the probabilities are

_1+1+2_£_
4 4

1.
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Proof of the fact
that E(X’)
IS greater than or
equal to [E(X)T
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Theorem

If the variance of the random variable X exists, then

E(X?)2[E(X)]



Now

Var(X)=E[X ~E(X)]

-/ x*-2xE(X)+[E(X)] |
=E[X*]-2E(X)E(X)+[E(X)]
=E[X*]-2[E(X)] +[E(X)]

=E[x2]-[ECO)T
=1 1 L-\\ U

7



Hence, it i1s established that

E(X?)-[E()] =E[x-E(x)]
But :X—E(X)]ZZO
as the square of any guantity has to be nonnegative.
Therefore, E ( X _E ( X ))2 >0

E(X?)2[E(X)] = E(X?)-[E(X)] 20

Hence proved.
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Mean, VVariance and

Standard deviation
of a Random Variable
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Mean

First, let X be a random variable of the discrete
type with pmf p(x).
Then

E(X)zlexp(x).



If the support of X is {a;, a, a3 .}, it follows that’
E(X)=ap(a)+a,p(a,)+a,p(a)+..

This sum of products is seen to be a “weighted average”
of the values of a;, a, a; _ the “weight” associated with

each a; being p(a;).




Let a,a,,4,,...,a,

+a +a, +..+a a a a
:al 2 3 n:al+ 2_|_ 3_|_.”_|__n
n n n n n

— a11+a 1+a31+ +a 1
n °n n "n

This suggests that we call E(X) the arithmetic mean of the
values of X, or, more simply,

the mean value of X'(or tne‘mean value of the distribution).



Variance

et X be a discrete random variable with support
{ay, a, az .}, and with pmf p(x), then

E[(X a0 = X (x-af p()=(a 1) p(a)+(2 - 1) (&)

X



This sum of products may be interpreted as a
“weighted average” of the squares of the deviations of
the numbers a,, a,, a;, ... from the mean value L,

where the “weight” associated with each (a- W) is
p(a)-



Standard deviation

The positive square root of the variance Is called
Standard deviation.
\/ E| (X - y

ninghub.xyz | by VU Learnin ing HUB



Short-cut formula

o’ =E[ (X - )’ |=E(X*-2uX + *);
and since E 1s a linear operator,
o’ =E(X?)-2uE(X)+
= E(XZ)—2,112+,U2
=E(X?)- 47,
This frequently affords an easier way of computing the
variance of X.
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The Concept of
Degenerate

Random Variable
and one of Its basic

properties
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Definition

A degenerate distribution is a probability
distribution with support only on a single point.



Examples

*A coin both sides of which are showing a head

A die all six sides of which are showing the
same number.

This distribution satisfies the definition of “random
variable” even though It does not appear random in the
everyday sense of the word; hence It Is considered
degenerate.



Mean and Variance of a Degenerate Random
Variable

If the space contains only one point k for which
p(k)>0,

p(k)=1 =k, and o* =0.

Then

vulearninghub.xyz | by VU Learnin g HUB



Explanation:

Let us consider another example, suppose that a teacher
administers a test out of 10 in a class and k= 20.

If every single student get 7 out of 10 then, the mean mark will
be 7.

In this case, the mean of the random variable X is also
equal to k and the variance of the random variable X is
equal to zero.
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Proof of the fact that the
Mean of a symmetric

distribution lies
at the point of Symmetry
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Example

et a random variable X of the continuous type have
a pdf f(x) whose graph is symmetric with respect to
X = C.

If the mean value of X exists, show that

E(X)=c.



Hint: Show that E(X - c¢) equals zero

by writing E(X - ¢) as the sum of two integrals:
Where one from -oo to ¢ and the other from c to .
In the first, lety = ¢ - x; and, in the second, z =X - C.

Finally, use the symmetry condition f(c - y) =f(c +y) In
the first.



Solution:

Given that f(c-x) = f(c+x), we will show that
E(X-c) = E(X) - c=0.

0 0]

E[X —c]:joo(x—c) f (x)dx

C

= [ (x=c) f(x)dx+[(x
JoX S TVE N J

A~
>
|
)
N—
—
—~~
P
N~
o
>



In the first integral,
lety =c-x=dy =-dx
and X >-0=>y >0, X>Cc=>YyY—>0

and in the second integral,
let z=X—-c= dz =dx

andx >c—=>750 X>0=>7 >



We have

E(X —¢)= [ (x=c)f (x)dx+I(x—c) f (x)dx.

—00

Applying the above transfornmations, we obtain

E(X—c) j( y)f(c—y dy+J'zf (c+z)dz

o0

:_jyf (c—y)dy+jzf (c+z)dz

0



Now, let us focus on the first integral:

Since f (.) is symmetric about c,

therefore f (c—y)= f (c+Yy)

:>—_[yf (c—y)dy:—]oyf (c+y)dy

0
:—'fzf (c+z)dz
0

using the concept of dummy variable.
Hence

—fzf (c+z)dz+fzf (c+2z)dz=0.

0

E(X—c)



Hence, we conclude that
If the density function
for a random variable X
IS symmetric about c,

then u=E[X]=c.
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Proof of the fact that the
Mean of a Standardized variable

IS zero and the variance iIs 1.
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Proof:

et the random variable X have mean p and standard
deviation o,

—h <t <h. Show that

(e




Using the linear properties of expected value and the
definition of u = E[X], we calculate

| X = 2 e [x -] = L (E[ X)) =2

O

which verifies the first equation.



Using the linear properties of expected value again and the
definition of o= E[(X - 1)?#], we calculate

E(uj [ El-ar] o2

O

2 2 2
O O O

which verifies the second equation.



Note:E

(X240

O

Implies that



V IMPORTANT


Proof: :
Var(w) = E| (w)’ |-[E(w)]", wehave

var( Xt )l (X2 | e 2t

=1-0°=1-0=1.

Hence, the mean and standard deviation of a
standardized variable are 0 and 1 respectively.
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The Concept of
Moments
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mt Moment about Arbitrary origin

Consider the expression E(X —a)"
where m is a positive integer.

E(X -a)" :z(x_a)m f (x)dx

or

E(X-a)" =2.(x-2a)"p(x)

X

depending on whether X is a continuous

or a discrete random variable

and it is known as the m"™ moment
wiearninoh.@OUb,an Arbitrary origin.



Notation

for mt" Moment about
Arbitrary origin:

1 = E(X —a)m
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mt" Moment about the Mean

In the expression E(X —a)"
If we put a = x, we obtain

0

E(X-u)" = I(x—y)m f (x)dx

—00

or

E(X—p)" =2.(x=4)" p(x)

X

depending on whether X is a continuous
or a discrete random variable

and it is known as the m™ moment
vulearninghub.xyz | by VU Learning HUB

about the Mean.



Notation

for mt" Moment about
The Mean:

Hy = E(X _:u)m
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Moments about the Mean are also
known as Central Moments.
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mt" Moment about the Origin

In the expression E(X —a)"
If we put a =0, we obtain

E(X-0)" =E(X")= jx f(
or
E(X-0)" =E(X")= Zx p(x

depending on whether X is a continuous
or a discrete random variable

and it is known as the m"™ moment
a\bleam Jb X6r|'|la VU Learning HUB



Notation

for mt" Moment about
The Origin:

py =E(X")

vulearninghub.xyz | by VU Learnin g HUB



A Special Case:

In the m™ moment about the Origin, if we put m =1, we obtain

o0

w =E(X)=E(X)= [ xf(x)dx

—00

w =E(X')= E(X):;xp(x)

implying that the 1* moment about the Origin is the Mean of the
distribution.



Another Special Case:

In the m™ moment about the Mean, if we put m = 2, we obtain
1, = E(X —,u)2 = j(x—y)z f (x)dx

ty, =E(X = p1)” =2 (x=u)" p(x)

X

implying that the 2" moment about the mean is the Variance
of the distribution.
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Moment Ratios depicting

Skewness (#,) and Kurtosis (8,)
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Measures of Skewness

Let X be a random variable with mean g and variance o*
(i.e. standard deviation o) such that the third moment about «

ie.u,=E [(X —y)s} exists.

The value of the ratio

E[(X _’U)B} M

3 3
O O

IS often used as a measure of skewness.




It is important to note that this measure of skewness is =

* negative for distributions that are skewed to the left,
« zero for distributions that are not skewed (symmetric),

and
» Positive for distributions that are skewed to the right.

vulearninghub.xyz | by VU Learnin g HUB
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The square of this ratio I.e.

o

ERGR)

IS known as the ‘first" moment-ratio and is denoted by g, I.e.

2
7,
181: 33

/1]
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Measure of Kurtosis

Let X be arandom variable with mean x and variance o*
(i.e. standard deviation o) such that the fourth moment about u

i.e.u, =E [(X —,u)q exists.

The value of the ratio

E|:(X—,u)4}_ My  Hy

0_4 (02 )2 (lu2 )2

IS often used as‘a"measure of'Kurtosis.




This ratio 1s known as the 'second’ moment-ratio
and Is denoted by g, I.e.

7
132 :_42
H,
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It is important to note that the numerical value of this &
measure of kurtosis Is

* greater than 3 for distributions that are leptokurtic,
 equal to 3 for distributions that are mesokurtic, and

eless than 3 for distributions that are platykurtic.

vulearninghub.xyz | by VU Learning HUB
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The Concept
of
Moment Generating
Function
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Definition:

Let X be a random variable such that for some h > 0, the expectation

of etX exists for
—h<t<h.

The moment generating function of X is defined to be the function
M (t) = E (&%) h<t<h,

We use the abbreviation mgf to denote the moment generating
hl

I'\ 'FGGA \Wia)
IO Ora1anGoin Yariaoic,



Role of mgf

In general, if m is a positive integer and if M(M(t) means
the mt" derivative of M(t), we have, by repeated
differentiation with respect to t,

Aallad thna mamn 'I-nr\nnv'
CAIICU LIHIO 111V I H U 1150

C)
1



In the same way, If we take the second derivative of the
first derivative, and putting t = 0, we will get the second
moment about the origin.



Example
Consider the exponential distribution given by

f(x;4)=4e",0<x<00,1>0

Find the mgf of X and use it to find the mean and variance of the
exponential distribution.



Solution
By definition, we have

M(t)=E (etX ) = /17 e®e *dx

0]

%0 x(t-2) \”
_ ﬂj'ex(t‘“dx = /1( © j
0 (t _/1) 0

A w(t—2) \ &
— 7 q\(e ¢ l))n

kjl&ﬁrrnghﬂﬂ'x;} | \by VU Learning HUB”




Now, iIf A >t,thent-A4 <0
and hence

M (t) = T :1/1) (e —e°)

A A
IR R ey
fort < A.



Now




Evaluating the derivative at t=0, we obtain

M(l)(o): ‘ 2:/12:1

(2-0)" 2* 2
which 1s the first moment about zero
l.e. E(X)

1.e. the well-known mean of the distribution.






Evaluating the derivative at
t=0, we obtain

2/ 24 2
(/1_0)3 = PE :/12
which iIs the second moment about zero
e E(X?).

M@ (0)=M"(0)=




Using the short-cut formula for the
variance, we obtain

Var(X)=E(X?)-[E(X)]

_A_HZ
A2 A

2 1 1

= /12 _ZZ = 12
which 1s well-known.
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Algebraic expressions
of Some well-known MGFs
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Discrete Distributions
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Distribution

Moment Generating Function

Uniform (discrete) U(a ,b)

(MGF)
Bernoulli P(X=1) =p 1— p+ pe'

: _n)k-1 pe’ - In(1_
Geometric (1-p)*ip Tape vt<—In(1-p)
Binomial B(n, p) (1_ D+ pet)n
Poisson /. el
Negative binomial NB(r, p) (1-p)

(1-pe')
eat_e(b+1)t

(bat)(i—e]




Continuous Distributions

vulearninghub.xyz | by VU Learnin g HUB



Distribution Moment Generating Function
(MGF)
Uniform (continuous) U(a ,b) e’ —e"
t(h—a)
Normal N(u-c2) ety+%0'2t2
i- 2 K
Chi-Squared x4, (1—2t) :
Gamma I (k,0) 1

Exponential A

(1-t0) "Vt <=
\ , 7

(1-t27) " (t<2)




Distribution

Moment Generating Function

(MGF)
Laplace L(p ,b) e
1-b’t’?
Cauchy N(u - 6) Do no exist

vulearninghub.xyz | by VU L
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Explanation of the fact that
In general
the expected value of a product is not equal to
the product of the expected values
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Suppose that we have two random variables X and Y.
Then, in general
E(XY)=E(X)E(Y).
Reason:
X times Y Is a non-linear function
and the expectation operator doesn't go inside non-linear functions,
It only goes inside linear functions such as X +Y.



Example:

et us divide, at random, a horizontal line
segment of length 5 into two parts.

1T X 1s the length of the left-hand part, then
5- X will be the length of the right-hand part.



Since we are diving the line segment into two parts
at random, therefore it Is reasonable to assume that
the length X iIs uniformly distributed i.e.

E,O<x<5

f(X):<5

0 elsewhere




Now, the expected length of the left-hand part is given by

E(X):Ixf (x)dx=§[x(%jdx

:j(fjdx:X—ZS:ZS—O:ZSi
E 10/, 10 10 10 2




Similarly, the expected length of the right-hand part is given by



On the other hand, the expected length of the product
Is calculated as follows:

E[X(5-X)]=E(5X - X? _5[5x x?) f (x)dx
0

- Jloxx) &= [ 252 = J - X o

5
|
[xz X’ T 25 125 375-250 125 25

—-0+0= = =
2 15 30 30 6




NmMExx)E@—x)=gxg:§§

4
whereas
25
E[X(5—X)]:};
so that

E[ X(5-X)]=#E(X)E(5-X).
Hence, it is easy to see that, in general, the expected value of a product

IS not equal to the product of the expected values.



However, we have the following important result:

If X and Y are independent random variables,

then
E(XY):E(X)E(Y).
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Yet another example of computing
Mathematical Expectation
of a Function of a Continuous Random Variable X
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Example:
et X be a non-negative random variable
of the continuous type with pdf f (x),x>0.

Show that

@
©)



Solution:

o0

1-F (X)=1-P(X <x)=P(X >x) = f, (y)dy

I(l— F (x))dx :IT f, (y)dydx



Now,

1-F(x)=1-P(X <x)=P(X >x)=| f, (y)dy

X C——y 8

So T(l— F(x))dx = ﬁ f, (y)dydx

Note that in the above, we are integrating over the domain!
O<Xx<ooand X<y<oo,

vulearninghub.xyz | by VU Learning HUB
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Now, integrating over the domain 0 < X <oo and X<y < oo
IS the same as integrating over the domain 0 <y <o and 0 < x < y.



Explanation:

Domal ne. il <r<omdr <y <«

- X

JI
F |
= S
4 = _ g
3 - q:
2] ﬂ/
.-"r.-
1.4 _.|_-|"'r
o
] ] | ] 1]
1 i 3 - 5
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Domodt o, 10 <v<wandl<y <y

¥

vﬁlearninghub.'xyz | by VLiLearning HUB



So, integrating over the domain 0 < X <o and X < y < oo
IS the same as integrating over the domain 0<y<occand 0 < x< Y.



Now,

[ £, ()dx= T, (y) [Lax = (y)[X]. = fy (¥)(y=0) = ¥Fy (¥)

Therefore

o0 o0 o0

j(l F (x))dx jyf )dyzjyfx(y)dy:E(X).

0 0 0
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Derivation

of
Mean and Variance of a distribution

IN terms of 1ts MGF

(by repeated dlfferentlatlon of the mgf)

ninghub.xyz | by V rning H



« Since a distribution that has an mgf M(t) is completely
determined by M(t), it would not be surprising if we could
obtain some properties of this distribution directly from M(t).

* For example, the existence of M(t) for —h <t < h implies that
derivatives of M(t) of all orders exist att = 0.
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So here we will apply the method of successive derivatives of the MGF in
order to prove that, for any pdf the MGF of which exists,

u=M'(0)
and

" =M"(0)-[M'(0)



If X is a continuous random variable, then

M (1) = d'\:'jt(t) =8 et (x)ox = j(%ejf (x)dx:ZXéXf (x)dx

—00 —00

mx

Now, iemX =me
dt

But here X is acting as the “constant™ and t is the variable.

d d
—e"=—e" =xe

dt dt

xt tx

= X€

Hence, I\/I’(t):dM_(t) f



Upon settingt = 0, we have

M'(0) = dl\/(;t(t) _ :oneoxf (x)dx:ixeof (x)dx




Now, the second derivative:

dM’(t)
dt

M"(t)= = éljt J xe™ f (x)dx= j(%xetxjf (x)dx

mx

d

Now, —e™ =me
dt

But here x Is acting as the “constant” and t is the variable

Therefore ietX = xe™*
dt

& hence M " (t) = [ xf (x)xe"dx = [ xf (x)e™dx

—00



Upon settingt = 0, we have

M”(0)= j x*f (x)e™dx = j x*f (x)e’dx

= j x*f (x)dx = E(XZ)

—00



According to the short-cut formula,
0% =Var(X)=E(X?)- 4’

But since M(0)=x and M"(0)=E (X ?) (as proved above)
Therefore



The point to be remembered Is that sometimes
one way Is easier than the other.
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Derivation

of
mt moment about the Origin
of a distribution from its MGF

(by repeated differentiation of
the MGF)
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Theorem

If m is a positive integer and if MM(t) means the mt"
derivative of M(t), we have, by repeated differentiation with

respect to t,
M™(0)=E(X").

and E(Xm)zj_‘ixmf(x)dx

where

.M e

2 mn
X Py,

./ O
<[> <
AN
N



Proof:

—00



"f (x)dx = E(Xm) m"moment about

abouttheorigin.



 Since M(t) generates the values of E(XM), m=1, 2, 3,
..., Itis called the moment generating function (mgf).

« m" moment about the Origin of a distribution from its

MGF is the same as the mt" derivative evaluated at
t=0.

vulearninghub.xyz | by VU Learnin g HUB
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Derivation

of

m™ moment about an Arbitrary
origin of a distribution

from its MGF
(by repeated differentiation of the
mgf)
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Theorem
Let X be a random variable such that

R(t) = E(e )
exists for t such that —h < t < h.

If m is a positive integer, RM(0) is equal to the
m"moment of-the-distripution about the point a.






Now,



or

o0

R'(0) = j (x—a) f (x)dx

= E(x—a)=1" momentabout a



]; (x)ax= [ (x—a)’ f (x)x

=E(X - a) = 2" moment about a.
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Alternative method for finding
the moments from the MGF using

Maclaurin’s series expansion

of the mgf
(through an Example)
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We can differentiate M(t) any number of times to find the
moments of X.

However, i1t Is Instructive to consider the following
alternative method --- one that involves the Maclaurin
Series expansion of M(t).



Maclaurin Series

By definition, for any function f(x), a Maclaurin’s series is
given by:

vulearninghub.xyz | by VU Learning HUB



If our function i1s M(t), the Maclaurin’s series will be
given by




But we know that



Therefore
E(X?
M(t):1+E(X)t+ ( )t2+...+
1! .

or
M (t)=1+ E(X)%+ E(Xz)tz—zlt+...+ E(xm)%+...

Thus the coefficient of (t™/m!) in the Maclaurin’s series
representation of M(t) is E(X™) i.e. the m'" moment about zero.
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Derivation of the

Relationship

between the MGF of the Standardized
Variable
and

the MGF of the Original Random
\/ariahle
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Theorem:

Let the random variable X have mean (, standard deviation
o, and mgf M, (t),-h<t<h

M
Then Mz(t)ze GMx(lj’ -ho <t<he.

where Z =



Proof:

The first point to be noted Is that

if _ho <t < ho then—h < - <h

O

which shows that t is in the domain of M, (t).
O




Now, using the definition of M, (t) = E[e"]
and the linear properties of the expected value,
we start from the RHS of the equation:



which verifies the equation.




Next:
Three general results
pertaining to
the moment generating function:
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Three general results pertaining to the moment
generating function:

L My, (t)=E| €™ |=e M, (t);

2. My, (t)=E[e™ ]=E| ™ | =M, (bt);

3. M, (1)= E_e{xbﬁﬂz SACAGIERGN

b vulearni@ub.xyz | By VU Learning HUB




Note that the third result i.e. El

M X +a (t) = eBtM X (%j

b
Is of special importance when a=-p and b =,

In which case , we have

Mﬂ(t):eftmx(lj

o)

o

or, in other words,

Mz(t):e%mmx(ij

O

exactly the same as what we proved.


V IMPORTANT
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Proof of the fact

that for a PDF that Is Symmetric about
0 and for which the MGF exists,

M(-t)=M(t)
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Theorem:

Let X be a random variable with a pdf f(x) and mgf
M(t).

Suppose f iIs symmetric about 0O 1.e. f(-x) = f(x).

Then M(-)=M(1).



Proof:

By definition
M (—t) = e( ”X j e

(1 1(x) 1s symmetric about O,
" | then f (x) itself is f (-X)

= [ (x)dx=[ e (—x)dx

—00



Applying the transformation
U=-X=>du= —dx
&

X — —00 = U —> 00, X —> 00 => U —> —00



So

=Te*”f

jef

dx

E

—xdx=—féwf

=M (t).

(u)du::ze“f(u)du
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Cumulant Generating Function (CGF)
and its role in finding the mean and variance
of a probability distribution
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We begin with
the Concept of

Cumulants
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The First Three Cumulants

 The first cumulant is the first moment about zero i.e.
the mean of the distribution.

« The second cumulant is the second central moment
l.e. the variance.

 The third cumulant is the third central moment.
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Higher Order Cumulants

The higher cumulants are neither moments about zero nor

central moments, but rather more complicated polynomial
functions of moments.

In fact, it can be shown that the k™ cumulant «,(X) of a random
variable X is the value of a certain polynomial in the first kK
moments of X i.e. a polynomial in E(X"), £=1,...,k




Next,
we consider
the concept of the

Cumulant Generating Function




Definition of Cumulant Generating Function:

The natural logarithm of the moment generating function
IS called the cumulant generating function.

It is denoted by P (t).

In other words:

vueaminghub.xytpb(f)eaim”lb’g M (t)



Next,
let us consider
the Role of the Cumulant Generating
Function In finding the mean and variance of
a distribution.
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Two simple results:

¥'(0)=pu
and
\If”(O) = o°



Proof:

1) Mean:

V(t)=< (¥(t)) =< (logM (1) = —

-1 _M'(t)
dt dt M (t)

MO\

Hence\If’(O)zM M) __«
M@®| ~ MO M)

t=0



However
M) =E(e%)..M(0)=E(e”)=E(e°)=E(1)=1

So that LIf’(O) = % = 1.  Hence proved.



Proof:
1) Variance:
M'(t)

We have W' (t) = MO

Hence W (t) =

d (M ® j: M (OM (1) (M (1))
dt\ M(t) (M)



so that ¥"(0) = M ()M "(0) - (M'(0)) _ (HM"(0) = ()

(M©) (1)
=M"(0)—(u)’

However, we know that M"(0) = E (X ?)
~W"(0)=E(X?)—(u) = Var(X)=c". Hence proved.
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This Is known as the

Additivity Property

of the CGF and the Cumulants
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The CGF of the sum
of two independent random variables
equals the sum of their CGFs

so that

each cumulant of a sum
of Independent random variables
IS the sum of
the corresponding cumulants of the addends
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1. Additivity Property of the CGF:

If X and Y are independent random variables,
then,

the cumulant generating function of X+Y is related to the
cumulant generating function of X and the cumulant
generating function of Y by the relation

Kx +v(D) = Ky (1) + Ky(t).



Proof:

If X andY are independent random variables,
then

Ky v (t) =logE| e ]
ogE| e |
'09( (e JE[e"])

=logE|e™ |+logE|e" |
=K (t)+ K, (1).



2. Additivity Property of the

— Cumulants:

5

If X and Y are independent random variables,
then,

the nth cumulant of X+Y is related to the nt" cumulant of X
and the n'" cumulant of Y by the relation

Kn(X +Y) = 10(X) + 1q(Y).

The proof of this-resuit iIs'somewhnat advanced.
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Relation between Central MGFand CGF
AND
Relation between Moments about the Mean
and Cumulants
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* The central moment generating function Is given
denoted by C(t)

e Definition

It 1S shown as the




When we consider the mgf for moments about ‘0’

also

wesay E (etX ) can also be written as E (et(x‘o))



The central moment generating function IS
given

C(t)=E[e™* |=E[e"#]=E[e"e* ]

=e "E|e" |=e "M (t)



Now, by definition, we have
K(t)=logM (t)
el =Ml — g* ) = M (1)

~C(t)= eX(g=wt _ g(K(H)=4)



* To express the central moments as functions of
the cumulants, just drop from these polynomials
all terms in which x, appears as a factor:
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t =0

Hy = K,

H3 = K3

Hy =Kyt 3’(22

U = k. +10x,x,

U, = K, +15x,x, +10x: +15k; .



To express the cumulants x, for n > 1 as
functions of the central moments, drop from
these polynomials all terms in which u'; appears
as a factor:



Ky = Hy
K3 = H3
2
Ky = My =314
= s —1014, 14,
Ks = s a0
—104; + 304, .
Ko = Mg —1op, 11, 3
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Chevbyshev's Inequality
and

Its proof
&

an alternative form of the inequality
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* ChebysheVv's inequality guarantees that, for a wide class
of probability distributions, no more than a certain
fraction of values can be more than a certain distance
from the mean.
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According to the Chebychev Theorem, no more than
1/k? of the distribution’s values can be more than k
standard deviations away from the mean

where k Is any positive real number



or equivalently,

at least 1—1/k? of the distribution's values lie
within k standard deviations of the mean.
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When a random variable is not normally distributed, then
we can make use of Chebyshev's Iinequality in order to
find out the minimum amount of data that is within k
standard deviations of the mean --- in percentage form.



In reference to normal distribution, we know that

68.26% are under the curve lies between pzo
95.45% are under the curve lies between 20

and
99.73% are under the curve lies between 30



If our data is not normally distributed, then either
we will go to the exact calculations through some
amount of labor or we can make use of
Chevbyshev’s Inequality.



Theorem: (Chevbyshev’s Inequality)

Let the random variable X have a distribution
probability about which we assume only that
there is a finite variance o2. Then for every k > 0,

P(|X —y|zka)sk—12,

or, equivalently

P(|X - < ka)21—i.

k2



Note

If the variance of a distribution exists, then I1ts mean
necessarily exist.

Short-cut formula



Again see the statement as

Let the random variable X have a distribution
probability about which we assume only that
there is a finite variance o2.



Example:
Let k=2

1 1
P(|X —,u‘<k0)21—F:> P(|X —,u‘<20)21—?
= P(|X —,u‘<20)21—%:> P(|X —y‘<20)2%

3
:sF>(\x—ﬂ\<2cy)zZ

Area that Is within p-2c and p+2c, this area Is greater than
or equal to ¥'or75%



Hence, the number 1/k? or Chebychev inequality give us
an upper bound for the probability P(] X - u | > ko).
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Application of Chebyshev's Inequality
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Example:
Let X have the pdf

1 7
—= ~J3<x<+/3
f(X):< 2.3
| 0 elsewhere.

Here u=0 and ¢%=1.



If k = 3/2, we have the exact probability
3
P(IX—ul=2ko)=P| | X -0[=| = |(1
(3 =l k)= [ 1x -0l 3 | |

:P(|X|zgj

21 1 3/2
=1—- | —=dx=1—-| —= (X
I et






* By Chebyshev's inequality, this probability has the upper
bound 1/k?=4/9.

e Since 1-V3/2= 0.134, approximately, the exact
probability In this case Is considerably less than
the upper bound 4/9.
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Another application
Of
Chebyshev's Inequality
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Alternative form

By Chevbyshev’s inequality, putting ko = m, we have
2

P[|X—y|zm]§%, for all m>0

or P||X — > m]s(var(zx)j

m

Also, Var (X *[E(X)] =13-9=4.



Example:
If X IS a random variable such that

E(X) =3 and E(X?) =13.

Use Chebyshev's inequality to determine a lower
bound for the probability P(-2<X<8).



Solution

By Chevbyshev’s inequality, we have
Var (X )
mZ
In order to obtain a lower bound, we flip the inequalities:

PI|X — < m]>1_(Var(X)j

m2

p[‘x_ﬂ‘zm]g , for all m>0







S0,
Var(X)=E(X) ~[E(X)]
=13-9=4.



Now, we note that if we put K =5,
then3—-k=-2 and 3+k =8,
Therefore, the required probability
P[-2< X <8]=P[3-k <X <k+3]



V IMPORTANT


But, according to ChebycheV's Inequality,

P[3—m< X <m+3]>1—i

m2

So
P[-2< X <8]>1-4/250r P|-2< X <8]>(25-4)/25
or P[-2< X <8|>21/250r P[-2< X <8]>0.84
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HM.<GM.<AM.
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Example: (Harmonic and Geometric Means)

Let {a,,...,a,} be a set of positive numbers.

Create a distribution for a random variable X by placing
weight 1/n on each of the numbers a,,...,a..



Then the mean of X Is the arithmetic mean, (AM),

E(X):n‘liZ:l:ai.



Then the mean of X Is the arithmetic mean, (AM),

)=> xp(x) —ﬁ+a—+ )
N N

1

1
_E(aﬁaz+...+an)—EZ:ai



Theorem (Jensen’s Inequality)

If ¢ Is convex on an open interval 1 and X is a random

variable whose support | contained in | and has finite
expectation, then

o[E(X)]<E[4(X)]

If ¢ Is strictly convex, then the inequality Is strict unless X
IS a constant random variable,



Then, since — logx Is a convex function, we have by
Jensen’s Inequality that

_Iog(%iaij < E(—Iog X ) = —%ilog a = —Iog(alaz...an )1’”
=1 i=1



or, equivalent,

log (i aij >log(a,a,..a,)
and, hence

n 1O
(a,a,..a,) " < ~2.8 (1)
=1
The quantity on the left side of this inequality is called the geometric
mean (G.M).

So, equation 1 is equivalent to saying that GM < AM for any finite set
of positive numbers.



Now in eq. (1) replace a; by 1/ a, (which is positive).

We thenobtain 1 <4 1 (1 1 1]%

Ny > =
N5 a a d, a,
: 1 i
Or, equivalently, <(aa ---a 2
51 (aa,a, ) (2)
nig a

The left member of this inequality is called harmonic
mean HM.



Putting the equations together, we have shown the
relationship

HM < GM < AM, (3)

for any finite set of positive numbers.
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Concept of a

Random Vector
(explained through an example)
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Let us begin the discussion of a pair of random_variables
with the following example.

A coin 1s tossed three times and our interests Is in the ordered
number pair (number of H’s on first two tosses, number of

H’s on all three tosses),

where H and T represent respectively, heads and tails.



Let C={TTT, TTH,THT,HTT,THH, HTH,HHT,HHH} denote the
sample space.

Let X, denote the number of H’s on the first two tosses and X,
denotes the number of HH’s on all three flips.

Then our interest can be represented by the pair of random
variables (Xy, X,).



For example, (X;(HTH), X,(HTH)) represents the
outcome (1,2).

Continuing In this way, X; and X, are real-valued
functions defined on the sample space C, which take
us from the sample space to the space of ordered
number pairs.

D ={(0,0), (0,1),(1,2), (1,2),(2,2),(2,3)}.



Thus X; and X, are two random variables defined on the
space C,

and,

(in this example), the space of these random variables is
the two-dimensional set D, which is a subset of the two-
dimensional Euclidean Space R2.

Hence (X,, X,) Is a vector function from C to D.




In simple words, the pair of random variables (X,, X,) Is
a random vector.



So

Formal Definition of a Random Vector In the case of
Two random variables:
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Definition: (Random Vector)

From a random experiment with a sample space C,
consider two random variables X; and X,, which
assign to each element ¢ of C one and only one
ordered pair of numbers

X1(C) = X3, Xy(C) = X,



The space of (X{,X,) Is the set of ordered pairs
D = {(X1, Xp) 1 X;= X4(C), X, =X,(C),c € C}

We often denote random vector notation

A +lhA Aanatran +hhAa
C UuIT UCIT UL B L



Conversely,

If (X1, X,) Is random vector then both X; and X,
are random variables.
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Concept of an event
In a case of a two-dimensional space
(1.e. a set of ordered pairs)
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 Let D be the space associated with the random vector
(X11 XZ)

e Let A be a subset of D. As In the case of one random
variable, we speak of the event A.

 \We wish to define the probability of the event A, which we

denote by P, . (A]
1°7™2
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A coin Is tossed three times and our Interests IS In the
ordered number pair (number of H’s on first two tosses,

number of H’s on all three tosses), where H and T
represent respectively, heads and tails.



Let C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH} denote the
sample space.

Let X; denote the number of H’s on the first two tosses and X,
denotes the number of HH’s on all three flips.

Then our interest can be represented by the pair of random variables
(X1, Xy).
For example, (X{(HTH), X,(HTH)) represents the outcome (1,2).



Continuing in this way, X, and X, are real-valued functions
defined on the sample space C, which take us from the
sample space to the space of ordered number pairs.

D ={(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}.



Thus X, and X, are two random variables defined on the
space C, and, In this example, the space of these random

variables 1s the two-dimensional set D, which 1s a subset
of two-dimensional Euclidean RZ.

Hence (X4, X,) Is a vector function from C to D.



Now we can define various events:
e.g.

‘Number of Heads on the first two tosses greater than
zero and number of Heads on all three tosses less than 2’

Then Event A= {(1,1)}.
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Joint Cumulative Distribution Function
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» Glven random variables X;, X,, ..., that are defined on
a probability space, the joint probability
distribution for X;, X,, ... I1s a probability distribution that gives
the probability that each of X;, X,, ... falls in any particular
range or discrete set of values specified for that variable.

* In the case of only two random variables, this iIs called
a bivariate distribution, but the concept generalizes to any
number of random variables, giving a multivariate distribution.



* The joint probability distribution can be expressed either in
terms of a joint cumulative distribution function or in terms
of a joint probability density function (in the case
of continuous variables) or joint probability mass function (in
the case of discrete variables).
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So, let us focus on

the Joint

Cumulative
Distribution Function
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We can uniquely define Py, v, In terms of the cumulative
distribution (cdf), which is given by

Fxl,xz(xl’xz):P[{Xlgxl}m{xzsz}]’ (1)
for all (x,, X,)OoR?

because

X< Xq and X, < X, are events with reference to the random
variables X, and X, separately --- AND the intersection of

these two events is the ‘1oint event’,



Thus the expression is well defined.
As with random variables, we write

PI{X, <x}n{X,<x,}]as P[X,<x, X, <x,]



Also, we can write,

Pla, < X,<b,a, <X, <b,|= Fy. x, (b, b,)- Fy. x, (a,,b,)
- |:xl,xz (bl’ az)"' |:xl,x2 (al’ az) (2)

Hence, all induced probabilities of sets of the form
can be formulated in terms of the cdf. (a,,b |x(a,.b, ]

We often call this cdf the joint cumulative distribution
function of (Xy;Xs):
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Discrete Random Vector
and

Joint Probability Mass
Function
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Definition: A random vector (X, X,) Is a
discrete random vector if its space D is finite or
countable.

Hence, X, and X, are both discrete also.



The joint probability mass function (pmf) of
(Xy, X,) Is defined by

pxl,x2 (X1’X2) — P[Xl = X Xz — X2]1

for all (y Y- YD
J_! bgah ngubXyZ | by VU Learning HUB



Properties
It also Is characterized by the two properties

(1) 0< py x, (X, %)<1 and

(ii)ZDZ: Px, x, (Xl’ Xz) =1



For an event B € D, we have

P (X, X,)eB|= ZBZ Py x, (X, X,).



Likewise we may extend the pmf  Px, x, (X, %;)
over a convenient set by using zero elsewhere.

Hence, we replace

ZDZ Prx, (X %:) by 2.2 P(%.%,)

X X
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Concept of the Support

of a

Discrete Random Vector
(explained through an example)
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* We begin with the concept of the Support of a random
variable:

* The support of a random variable is the set of values that
the random variable can take.
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« Concentrating on the Support of a discrete variable:

e For discrete random variables, it is the set of all the
realizations that have a strictly positive probability of
being observed.
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The above Ideas can be extended to develop the
Concept of the Support of a Discrete Random \ector.




Let us attempt this with the help of the following
example.

A coin Is tossed three times and our interest Is In the
ordered number pair (number of heads on first two
tosses, number of heads on all three tosses),



Let H and T represent respectively, heads and tails. Then the
sample space C iIs given by

C={TTT,TTH,THT,HTT, THH, HTH,HHT HHH}.

Let
X, denote the number of H’s on the first two tosses

and
X, denotesthe number of H’s on all three flips.

Then our interest can be represented by the pair of random variables (X4,

2) vulearninghub.xyz | by VU Learning HUB



Now,

X(TTT)=0 and X,(TTT)=0
X,(TTH)=0 and X, (TTH)=1
X,(THT)=1 and X, (THT)=1
X,{(HTT)=1 and X, (HTT)=1
X,(THH)=1 and X, (THH)=2
X,(HTH)=1 and X, (HTH)=2
X,(HHT)=2 and X, (HHT)=2
X,(HHH)=2 and X, (HHH)=3



Now, our interest can be represented by the pair of random
variables (X, X,).

So, the eight possible pairs are
(X1,X2)=(0,0),
(X1,X3)=(0,1),
(X1, X3)=(1,1),
(X1,X2)=(1,1),
(X1,X)=(1,2),
(X1,X2)=(1,2),
(X1,X2)=(2,2),
(X1, X2)=(2,3),
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So, we write
D ={(0,0), (0,1),(1,2), (1,2),(2,2),(2,3)}.

with probabilities

(X1,X5)=(0,0)]= 1/8

(X1,X2)=(0,1)]= 1/8

(X1,X2)=(1,1)]= 2/8

(X1, X5)=(1,2)]= 2/8

(X1,X2)=(2,2)]= 1/8

(X1,X3)=(2,3)]= 1/8

U U U U U 0O
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We can conveniently table the pmf
of the random vector (X, X,) as



Support of X,

0 1 2 3

0 1/8 1/8 0 0

Supportof X,| 1 0 2/8 2/8 0
2 0 0 1/8 1/8

vu earninghub.x;lz | by VUL
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Continuous Random Vector
and

Joint Probability Density
Function
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* A random vector (X, X,) with space D is of the continuous type if
its cdf F, , (x.X,) is continuous .

- Thatis Fy x (%.X) can be expressed as

R

|:xl,xz (Xl’ Xz) — J _[ 1:xl,xz (W1’W2 )dW1dW2

—00 —00

for all (X{, X,) € R?.
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Joint Probability Density Function

We call the integrand

X X

|:xl,xz (Xl’ Xz) — I j 1:xl,xz (W1’W2 )dWldWZ

—00 —00

the joint probability density function (PDF) of
_(X]_; XZ) vulearninghub.xyz | by VU Learning HUB




Then
0°Fy, x, (X0, %)
OX,0X,

= fxl,xz (Xl’ Xz)

except possibly on events which have probability
Zero.



Properties
A pdf is essentially characterized by the two properties

(1) Ty, x, (X, %)=0 and

(i) [ [ fx,x, (%0 %, ) dx,dx, =1. (1)

D



We may extend the definition of a pdf

fy. x, (X, X;) over R®

by using zero elsewhere.
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We do this consistently so that tedious, repetitious

references to the space D can be avoided. Once this
Is done, we replace

fy. x, (X, %) over R®

J ] frx. (%% ) ddx, by Hf ) dx,dX, .

D

—00 —00



e For an event A e D, we have

P[(X,,X,)e A]:H fy x, (X0, %, ) dx,0x,

» Note that the® P[(X,, X, ) A] is just the volume under
the surface z=f X, X%, ) over the setA.

X1 X2 (


V IMPORTANT
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Determination of the probability of an event
In the case of a

continuous random vector
(explained through an example)
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Example: Let

f(x,x )=
(%.%) { 0 elsewhere

be the pdf of the random vector (X;,X,) where both X; and X,
are random variables of the continuous type.

6x°'Xx, 0<x <10<x,<1

Suppose, we wish to compute the probability

P(O< X1<§,1< X2<2\
N 43 Y,



Solution: ) e
Since (X, Xy) P(O<X <§ 1<X <2j j j X, ) dx,0X,
IS a continuous 4'3
random vector,
therefore

1/3 0

1 3/4 2 3/4

_j_[lex dx,dx, +jj0dxdx

1/3 0

3/4
= 6X, I(J‘ xzdxljdx +0

1/3



dx, +0



31

P(O<X1<—,§<X2<2) jx dx,
1/3
avr 2 |1 2
27 X, 27 200 @) @r3)
32| 1+1],, 32 2 s 32 2 2

271 1L j_ﬂ
32

OOIOO

1 1

2 18

9-1

51

18

)

)



Note that this probability is the volume under the®

surface given by f (%, %, ) = 6xx,
above the rectangular set

{(xl,xz):0<x1<%,%<x2 <1}e R?

(1.e. the rectangular area given by

J(xl,xz):0<xl<§,%<x2<1Le R?).

L TV J


V IMPORTANT
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Concept of the
Support

of a
Continuous
Random Vector
(explained through an example)
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* For a continuous random vector (X;, X,), the
support of (X;, X,) contains all points (x;, X,)
for which f(x,, x,) > 0.
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Example:

Let us consider the bivariate uniform distribution given by
1 0O0<x <1 0<x,<1

)=

elsewhere



Then:

AL \H\

¥a




And
The support of the random vector Is

{0<x <1, 0<x, <1}.
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Topic No. 80

Properties

of the
Joint Cumulative Distribution Function
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Definition

 The joint cumulative function of two random
variables X and Y is defined as

Foo (X, ¥)=P(X XY <y).
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Properties:

The joint CDF satisfies the following properties:



Fy (X
F (Y

|:X
F

) = Fy (X, ), for any x (marginal CDF of X);
) = Fy (%0, y), foranyy (marginal CDF of Y);
1

|:XY
(00,00) =
v (—0,¥)=F, (X,—0)=0;
P, <X <X,,y, <Y <Yy,)=
va(Xziyz)_va(Xpyz)_va(Xz’yl)

+ |:XY (Xl’ yl)’
6.1f X and Y are independent, then

Fo, (X, ¥Y)=F, (X)F (Y).

1.
2.
3.
4.
9



1. F (x)=F, (X ), forany x (marginal CDF of X);



2. K, (y)=F (,y), foranyy (marginal CDF of Y);



Explanation

1. F, (x)=F, (x,0), forany x (marginal CDF of X);

2. K, (y)=F, (,y), foranyy (marginal CDF of Y);



3. F (oo,oo)

ik



Virtual University of Pakistan
Probability Distributions

by

Edited by | Dr. Saleha Naghmi Habibullah

Mahar Afaq Safdar Mubhammadi
M5c Math, Whatsapp 03494873115

vulearninghub.xyz | by VU Learnin g HUB



Topic No. 81

Properties

of the
Joint Cumulative Distribution Function
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Definition

 The joint cumulative function of two random
variables X and Y Is defined as

Foo (X, ¥)=P(X <XxY <y).
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Properties:
The joint CDF satisfies the following properties:



1. Ky (x)
2. K, (y)=Fy (,y), foranyy (marginal CDF of Y);
3. Fyy (oo,oo):].;

4. Fyy (=0, ¥) = Fyy (X,—0) =0;

5. P(x, <X <X,y <Y <y,)=

FXY (X2’ yz)_ FXY (Xl’ yz)_ FXY (Xz’ yl)

-+ |:XY (Xl’ yl)’
6.1f X and Y are independent, then

Foo (X, Y)=F (X)F (Y).

Fyv (X,0), for any x (marginal CDF of X);






5. P(X <X <X,y <Y<y,)=
|:XY (XZ’ yZ)_FXY (Xiiyz)_va (XZ’yl)_I_ FXY (X11y1);



6.1f X and Y are independent, then
Foo (X, ¥)=F (X)F, (Y)-
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Topic No. 82

Marginal
Probability Mass Functions
(explained through an example)
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e Consider a discrete random vector, that IS, a vector
whose entries are discrete random variables.

 When one of these entries Is taken In isolation, Its
distribution can be characterized Iin terms of Its
probability mass function.
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* This i1s called marginal probability mass function, In
order to distinguish it from the joint probability mass
function,

* which is instead used to characterize the joint distribution
of all the entries of the random vector considered together.
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Why the word ‘marginal’?



 In terms of a tabled joint pmf with rows comprised of
X, support values and columns comprised of X, support
values, this says that the distribution of X; can be
obtained by marginal sums of the rows.
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Support of X,

0 1 2
Support| O Probabilities Total
of X,| 1
2
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Marginal of
Xl



Support of Y

1 2 3
Support| O Probabilities Total |
of X| 1
2

— Marginal of X

T])tal

v
Marginal of Y



 To find the probability that X, is equal to x;, keep X,
fixed , In continuous case, instead of summing we are
Intergrating one variable over the other.
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Topic No. 83

Marginal
Probability Mass Functions
(explained through an example)
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Example:

 Let us attempt to understand this with the help of the
following example.
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A coin is tossed three times and our interest is in the ordered
number pair (number of heads on first two tosses, number of
heads on all three tosses),



Let H and T represent respectively, heads and tails. Then the
sample space C is given by

C={TTT,TTH,THT,HTT, THH, HTH,HHT,HHH}.

Let
X, denote the number of H’s on the first_two _tosses

and
X, denotes the number of H’s on all three flips.
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Then the space of the discrete random vector (X;,X,) Is given
by

D ={(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}.

with probabilities

(X1,X2)=(0,0)]= 1/8

(X1,X3)=(0,1)]=1/8

(X1, X2)=(1,1)]=2/8

(X1,X2)=(1,2)]= 2/8

(X1,X2)=(2,2)]= 1/8

(X1,X2)=(2,3)]= 1/8

U U U U U U
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We can conveniently table the pmf
of the random vector (X4, X,) as:

Support of X,

0

Support of X,

|

0

1 2 3

1/8 1/8 0 0
218  2/8 0

0 1/8 1/8

0




Now, to find the marginal probabilities,
we have:



Supportof X,

o 1 2 3
0 18 18 0 O 2/8

S £ of X 1 0 2/8 218 0 pxl(xl) 4/8
upportor A, 2 0O 0 18 18 2/8
18 3/8 3/8 1/8 8/8=1
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Note that it is not necessary to have a formula for p(x,x,) in
order to obtain the marginal PMFs

But

If we can develop a formula, all the better !
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V IMPORTANT
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Topic No. 84

Marginal Probability Density Functions
(explained through and example)

vulearninghub.xyz | by VU Learnin g HUB



* In case of two continuous random variables X, and X,,
the joint probability density function is given by

f X1’X2)

X1, X5 (

Obviously,

oo o0

jjfxlxz (%5 %, )dxdx ~1
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* In the continuous case, the marginal pdf of X, is found
by integrating out X, ,l.e.,

Q0

1:xl (Xl):__[o 1:xl,xz (Xl’xz)dxz (1)

 Similarly, the marginal pdf of X, is found by integrating

out X,.
f (X)—ff”(x1,X)dx1 (2)
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Example:

Let X, and X, have the joint pdf

f (%%, )= X, +X%  0<x<1,0<x,<1
P20 elsewhere



It Is easy to verify that

11
JI(X1+X2)dX1dX2 =1
0 0

l.e.

f j Fr, x, (X0 X, Jox,dx, =1

—00 —O0



The marginal pdf of X, Is

1 1 1 X2
f, (%)= I(x1+x2 )dx, = xljldx2 +Ix2dx2 - xl(x2|2 +[?2
0] 0 0

1

0

1° 1
:x1(1—0)+(?—0j: x1(1)+§

fl(xl)le_l_%’ 0<x <1

ZEero eisewhere;,



and the marginal pdf of X, Is

1 21

1 1
fz(xz)zj‘(x1+x2 )dxlzjxldx1+x2j1dx1 =[X21 +x2(x1\2
0 0 0 0
2
=(1E—Oj+x2(l—0):%+xz(l)
1

fz(x2)=§+x2, 0<x, <1,

and zero elsewhere.
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Topic No. 85

Another example of
Computation of probabilities
that can not be found
through Marginal PDFs
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Example:

Let f (%, %,) =4xX,,0<x <L0<x, <],
% zero elsewhere,

be the joint pdf of X, and X,.

Find

. 11
NDPO0< X, <—,—< X, <],
) P( 1<5 7<% )
ii)P(Xlzxz),

i) P(X; < X,)

and
Iv) P(X; £ X,).



Solution:
The probability density function is given by

f(xl,xz){

As such:

=4x,X,,0<x <1,0<X, <1,
zero elsewhere,

i) P(0< X, <%,%< X, <) = || f(x,x,)dxadx,

4x, X, dx,dx, =4

1
2
[ X0, |dx,
0

Il
S| P —






11) Now to find P(X;=X,):
P(X;=X,) can be re-written as P(X; - X,=0)

As the random variables, X; and X, are continuous random
variables, the difference of these random variables iIs also a

continuous random variable.
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Now, zero IS a constant

and

we know that the probability that a continuous random
variable assumes a constant value IS zero.

Therefore, P(X; - X,=0)



iii) Find P(X, < X,).

According to the definition,
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Topic No. 86

Expected Value
of a Real-Valued

Function
of a Random \ector
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It Is a straightforward extension of the concept of the
expected value of a function of a random variable.



Let (X, X,) be a random vector and let Y = g(X;, X,) where
g : R2>R is some real-valued function of X, and X,;.

For example:
* Y=X+X,
e Y =X;]-e"



e Then Y 1Is a random variable and we can determine Its
expectation by obtaining the distribution of Y.
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First and foremost, let us determine the conditions under
which the expectation (or expected value) of Y will exist.

Let us commence this discussion with the conditions that
are required In the case of a single random variable.



A random variable X will be said to have a finite or infinite
expectation (or expected value) according as E(X) Is a
finite number or not.

If it Is finite, then the expectation exists

and If it is infinite (i.e. if it is not finite), we shall say that
the expectation of X does not exist.



So, naturally, we would like to determine the conditions
under which E(X) will be finite.

—_— In the discrete case
By definition,

=i§1:xip(x

In the continuous case

E(X)= Jf xf (x)dx

o0



E(X) will be finite If our summation or integral converges
absolutely.

Hence, naturally, the next question is: What is meant by
absolute convergence?



The Concept of Absolute Convergence:

The term ‘Absolutely Convergent’ describes
a series that converges when all terms are replaced
by their absolute values.

Stated a little differently,

The term ‘Absolutely Convergent’ describes a series for
which the sum of all its terms remains finite when
all terms are replaced by their absolute values.
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et X be a random variable of the discrete type with
probability mass function p(x, )= P{X=x} k=1,2,....

It D %P (%) < oo,
k=1

then, we say that the expected value of X exists and we
write



Similarly, if X is a random variable of the continuous type
with probability density function f(x)

Then, If
“x\f x)dx < oo,

then, we say that the expected value of X exists and we
write %

u=E(X)= j xf (x)dx.

=a0



A similar definition Is available for a function g(X) of X.

Thus, If X Is of continuous type and has probability density
function f(x), we will say that E[g(X)] exists and equals

jg(x) f (x)dx

—Q0

provided that j \g (X)‘f (x)dx < .



A similar definition is available for a function g(Xy, X,) of
two random variables X; and X..

If both X, and X, are of continuous type and have a joint
probability density function f(x,, x,), we will say that
E[g(Xy, X,)] exists and equals

provided that | Tg(xﬂxz)fxl,xz (%, %, ) dx,dlx,

—00 —00

j .Hg x1 x2 ,Xz)XmdX2<oo_

—00 —00



Likewise, if the random vector (X, X,) is discrete and we let
Y = g(Xy, X,), then E(Y) exists if

ZZ‘Q (Xl’ Xz)‘pxl,x2 (Xl, X2) < 00,

X X

and is given by

E(Y) = z;g (X1’ Xz)pxl,x2 (X11 Xz)'
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Topic No. 87

Yet another example of
Computation of probabilities

that
can not be found

through Marginal PDFs
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Example:

Let A, ={(X,y): x<2,y <4},
A, ={(x,y): x<2y<1}
A= {(x,y): x<0,y<4},

and
A ={(xy): x<0y=<1}

be subsets of the space A of two random variables X and Y which
IS the entire two-dimensional plane.

If P(A))=7/8, P(A,)=4/8, P(A;)=3/8, and P(A,)=2/8, find P(As),
where A:={(x ,y): 0 <x<2,1<y <4}



HINT:

The required probability will be
obtained by splitting the integrals
representing the various probabilities.




f (x,y)dydx

f (x,y)dydx






P(A4)=j)' j f (x,y)dydx
S0,

P(A)=P A4)+31 j f (x,y)dydx

+ j)' ]E f (x,y)dydx
—o0

ooloo
C)OII\)
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Topic No. 88

Determination of the Expectation of the
Product of two discrete random
variables
(explained through an example)
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Example:
Let X, X, be two random variables with the joint pmf.

;
+ X
04+ %) ,for x, = 1,2,x,=12,
p(x,X;) ¢ 12
0 elsewhere
Compute
E(X,),E(X,) and
E(Y X\ le E(XY XY N_—E(YX\E( )f)
|_\/\ /\2}. [ E®) |--\/\1‘\2} |_\/\1}|_\/\2



Solution:

First we know that,

X\ +X, X+1 x+2 X +1+x+2 2x+3
X )= = + = = : :1’2
P(x)= 2 12 12 12 12 12 '

X2 :1, 2

In the same way,

XX, 14+X, 2+X, 2X,+3
X, )= = + = , X, =1,2
P(x)= 2. 12 12 12 12 :

X1:1,2



Therefore, as X; and X, are symmetric, they have the
same pmfs and

Hence, their mathematical expectations will be equal.



Now computing

2(2)+3

5 14 _19

12

12 12 12

2(2)+3 5 14 19

12

12 12 12



Now in %2

X1, Xy

1+1 1+2 2+1 2+72
(1><1)§+(1><2) 5 (2><1)§+(2><2) T
2 6 6 16 30 95

12 12 12 12 12
On the other hand,

E(xl)E(xZ):%xg—zsoﬁg

Hence
E(X1X2)¢ E(Xl)E(Xz)
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Topic No. 89

Determination of the Expectation of the
Product of two continuous random variables

(explained through an example)
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Example:

Let X, X, be two random variables with the joint pdf
f(X,X) = 4XX, , 0< X< 1, 0< X, <1, zero elsewhere.
Compute E(X;), E(X,)

E(X,),E(X7).E(X,),E(X]),and E(X,X,).
s E(X X )=E( )E(X2)7

/-\
H

|_

_l.-
|_=

l\.
\.../



Firstly, E(X,)

As a rule:

E(Xl) = J- X fxl (%)dx, = J- lex1 (%,)dx, = _[ Xl(_[ f(x,, Xz)dxzjdxi

—Q0

= T(T X, f (xl,xz)dledxl = T T X, T (X, X5 )dX,dxg

—00 —00



Similarly, E(X,)

As a rule:

E(X,)= j X, fy, (X,)dX, = _[ X, fy, (X,)dX, = I x{j f(xl,xz)dxzjdxl

—Q0

_ T(T xzf(xl,xz)dxz]dxl — T T X, T (X, %, )dx,dx,

—Q0 —0Q0 —00 —00



Firstly, E(X,)

E( J‘jxf(xix)dxdx1 Hx4xxdxdx1 H4xlxdxdxl

—00 —00

1

4] o -




Then E(X,)

E

J'J‘xf(xlx)dxld

—00 —00

::((j4x X, 0, ]dx = {




Similarly E(XX,)
As a rule:

E(XIXZ) = I J. X X 1:xl,xz (%, X, )dX,dx; = _[ Xixz{_“ f(x, Xz)dxzjdxi

—00 —00 —Q0

= T (T X %, T (X, xz)dxzjdxl = O_f ]9 XX, (X, %, )dx,dx

—Q0 —Q0 —00 —00



Now E(X;X,)

11 11
= [ [ %%, 4xx,dx,dx,= [ [ 4xx2dx,dx,
S 00

L 1 oj
dx., = [4X2.(———) dx
2 ! 2'\3 3 ?
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Topic No. 90

Determination of

the Expectation of the Ratio of two continuous
random variables

(explained through an example)
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Example:
Let X, and X, have the pdf

f (%) = 8X X,  0<x <X, <1
Pl elsewhere

Suppose the random variable Y iIs defined by Y=X,/X,

and we are interested to determine the E(Y).



Solution:

We can determining E(Y) in two ways.

The first way Is by definition, i.e., find the distribution of
Y and then determine its expectation.
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ThecdfofY,for0 <y < 1 is derived as follows:
1 ¥YX,

|:Y(y)=F>(YSy)zp(xlsyxz):jjesxlxzdxlolx2
HTSxxdledx —j[gx [22 ﬂdx —j[ (y X2 ——Ddxz
::[(8x2(y22xzzndx _j4y2x3dx = 4y? (%1J=4yz(%_2j




Hence
. (9=

y> O<y<l1
0 elsewhere

And hence, the pdf of Y Is
2y O<y<l

JORLIOR

elsewhere



which leads to
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Topic No. 91

How to obtain
product moments and simple moments
from the MGF
of a random vector?
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In a simplified notation




nd
a O°M (0,0)

=(XY) = oo,



Therefore

i =E(X)= aMa(t?’O)

1, =E(Y)= aMa(t(:’O)

and

o =E(X?)-[E(X)] =(62Mat(;’o)j_[aMa(t?’O)j

o2 =E(Y2)-[E(Y)T _(’M(0,0)) (oM (0,())}2

o ) L &



And, as far as the Co variance 1Is concerned
we have

E[(X — pa)(Y — )] = E(XY) = E(X)E(Y)

_9°M (0,0) _(8M (0,0)j(@M (o,o)]

otat, o, ot,

And from the above we can compute
the correlation coefficient p.



e Thus the correlation coefficient may be computed by
using the mgf of the joint distribution if that function is
readily available.
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Topic No. 92

Expected Value of a Random
Vector

(defined in terms of Component
wise expectation)

vulearninghub.xyz | by VU Learnin g HUB



Definition
(Expected Value of a Random Vector)

Let X =(X,,X,) be a random vector.

Then the expected value of X exists if the expectations of
X, and X, exist.
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If E(X,) and E(X,) exist, then the expected value of X is given by

E(X) = £ (%)




Similarly, If we toss two fair coins together, then
expected value of X; =1

AND

If we toss a fair die, then expected value of X,=3.5



If E(X;) and E(X,) exist, then the expected value of X Is
given by

E(X) =




If we consider the two experiments together, then the expected value

of X is given by
E[X]= E(Xl)) EJ
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Topic No. 93

Linear Combination
of Expected Values

of Real-VValued Functions of a Random Vector
(explained through an example)
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Theorem:
Let (X;, X,) be arandom vector, and,

let Y,= g,(X;, X,) and Y,= g,(X;, X,) be random variables the
expectations of which exist.

Then, for all real numbers k; and k,

E(kY, +k,Y,)=KE(Y;)+k,E(Y,) D



Before we begin the proof, let us remind ourselves
what Is meant by the existence of a function of
two random variables.



If Y=g(X;, X,) Is a function of two random variables X,
and X, both of which are of the continuous type and have
a joint probability density function f(xy, x,), we will say
that E[g(xy, X,)] exists and equals

I J 9 (X11 Xz)fxl,x2 (X1’ Xz)dxldxz
provided that

j Hg(xl,xz)‘fxl,x2 (%, %, ) dx dx, < oo.

—00 —00




In other words, if Y = g(Xy, X,),

then © o
E(Y)= _[ ,[ g (%%, ) Fx x, (%%, ) dx,dx,

—00 —00

provided that

oo o0

[ 19 (x%,)

—00 —00

fy x, (%0, %; ) dxdx, < co.



Focusing on the theorem again:

Theorem: Let (X, X,) be a random vector,
and letY, =g,(X,,X,)and Y, =g,(X,, X,) be
random variables the expectations of which exist.

Then, for all real numbers k,and k,,
E (K.Y, +k,Y,)=KE(Y,)+KE(Y,) (1)



Proof:

For the continuous case, the EXISLENCE of the expected

value of  k;Y;+k,Y, follows directly from the triangle
Inequality and linearity of integrals.
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So, let us first see what is meant by the Triangle Inequality:

 For any triangle the sum of the length of any two sides
must be greater than or equal to the length of the third

side.
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So now according to Euclidian geometry:

 If x and y are two real numbers than the absolute value
(the modulus) of |x+y]| Is less than or equal to the
modulus of |x| and modulus of |y|

Py < +]y]
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Reverting back to the Proof:

For the continuous case, the EXISTENCE of the expected value of

kiY{+k,Y, follows directly from the triangle inequality and
linearity of integrals.
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Now, according to the triangle inequality, for any two real numbers x and y,
X+ y|<|x|+]y]-

This implies that

kg, (%%, )+ oGy (%%, )| <[y (%%, )| + ko8 (%%, )

=[Gy (%% )+ ko8 (%% )| < K|g: (%%, )| +[Ko |92 (%%, )

:>‘klgl(xl,x2)+k2g1(xl,x2) Fex, (X0 %)

< (|k1Hg1(X1’ X )‘+|k2ng (X11 Xz)‘) fxl,xz (Xl’ Xz)
or

kg, (%%, )+ K, (%0 %) F o (X0 %)
< ([ (%, %, )|+ Kol |92 (% %)) o, (%00 %)




Now ‘klgl(xl’ Xz)‘l' kzgl(XM Xz)

fx, (X0 %)

< (‘legl(Xl’ Xz)“"‘szgz (nyz)‘) fxl,xz (X1’X2)
can be re-written as

‘klgl(xl’ X2)+ kzg1(x1’ Xz) fxl,xz (Xl’ Xz)
< ‘legl(Xl’ X )‘ fxl,xz (Xl’ Xz)"“szgz (X1’ Xz)

fx, (%0 %)
()



Now, let us consider the concept of Linearity of
Integration:

* In calculus, the integral of any linear combination of
functions equals the same linear combination of the
Integrals of functions,; this property is known as
linearity of integration.

 Linearity of integration Is related to the linearity of
summation, since integrals are thought of as infinite
sums.
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As such, applying integrals on both sides of inequality (1),
we have

o0 o0

-[ J. ‘klgl(xl’ X2)+k2gl(X1, Xz)

—00 —00

<l T []ou(x.%)

fyx, (X4, %, ) dxdx,

fyx, (X0, %, ) dxdx,

i e (e x s o (% dx.dx,
2 I I8 N T o9 (ST ¥ N ¥ T 2z

—00 —00



Now, according to the statement of the Theorem,
Y, = gl(Xv Xz) and Y, = gz(xm Xz)

are random variables the expectations of which exist
l.e.

E(Y,)=E[g,(X,, X,)] exists = T T|gl(x1,x2)

—00 —00

1:xl,xz (Xl’ X, ) dx,dx, <oo.

E(Y,)=E[g,(X,, X,)] exists = Ojo T|gz(x1,x2)

—00 —00

fy. x, (%, X, ) dx,dx, < oo



Hence I j‘klgl(xl’xz)"'kzg1(X1’X2)‘fxl,x2 (X1’X2)dx1dxz

é'—oS

'[ 0; (X, %,) (%, X, ) dx,dx,

+k, | TT

Therefore T T[ (%% )+ ko8 (X% ) | e (X0, ) dxgelx,
)

. x, (X0 X, ) dxdx, < oo

=E| k,g, (%%, ) +K;0, (%, %) | exists.



By once again using linearity of the integral, we have

0

E(kY, +k,Y, )= _[ j[klgl(xl,xz)Jrkzgl(xl,xz)]le,XZ(xl,xz)dxldx2

—00 —00

o0 o0

= klj j 91(X1’X2)fx1,x2 (X11X2)dX1dX2 "‘kzj j gz(xl’xz)fxl,x2 (Xl’XZ)dxldXZ

—00 —00 —00 —00

—KE(Y,)+KE(Y,)

1.e., the desired result.
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Topic No. 94

Transformation in the case
of a Bivariate Probability Mass Function
(explained through an example)
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* Let (X,X,) be a random vector.

« Suppose we know the joint distribution of (X;,X,) and we seek the
distribution of a transformation of (X{,X,), say, Y=g (X,X,) or
Y1201 (X1,X3), Y2=0,(X,X,)

 We may be able to obtain the cdf of Y. Another way is to use a
transformation.
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It 1S best to discuss the discrete and continuous cases
separately.



DISCRETE CASE:

* Let py; xo(X;,Xy) be the joint pmf of two discrete-type random
variables X, and X, with S the (two-dimensional) set of points at
which pyq xo(X1,X,) > 0; 1.e., S Is the support of (X;,X,).

« Let y;=ui(X;,X%) and Yy, = Uy(Xy,X,) define a one-to-one
transformation that maps Sonto T
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The joint pmf of the two new random variables
Y, =u, (X, X,) and Y, =u, (X, X,)
IS given by

_ pxl,x1 [Wl(yl’Y2)’W2(y1’y2)] (yl’yZ)ET
lein (y1’ yz) o
0 elsewhere,

where X, =W, (Y, ¥,), %, =W, (Y1, ,)
IS the single-valued inverse of

Y1 :ul(xl’XZ) and Y, =U2(X1,X2).




In using this change of variable technique, it should be
emphasized that we need two_“new”_variables to replace the
two “old” variables.
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After we have found the joint pmf Pv,v, (Y1, ¥2):  we may obtain
the marginal pmf of Y; by summing on y, or the marginal pmf
Y, by summing ony;.
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Topic No. 95

Transformation in the case
of a Bivariate Probability Mass Function
(explained through an example)
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Example:
Let X; and X, have the joint pmf

rlulxllu;ze—#ruz B )
le’Xz (Xl,Xz):< Xl!Xz! , X1—O,1,2,3,..., X2—0,1,2’3’“_

| zero elsewhere

where W, and U, are fixed positive real numbers.

Note: The space S is the set of points (x,,X,), where each of x,=

and v. i1c a nnn-nenative intener
TR B R T dlearnayiub xyz | by VU Learng [UB


V IMPORTANT


 Suppose that we wish to find the pmf of Y,=X;+X,.

* If we use the change of variable technique, we need to
define a second random variable Y.,.
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Because Y, is of no interest to us, let us choose it in such a way
that we have a simple one-to-one transformation.

For example, take Y, = X..

Then y,=x,+x, and y,=X, represent a one-to-one transformation
that maps S onto


V IMPORTANT


The Inverse functions are given by

=Y, =Y, and X, =Y,
Thus the joint pmfof Y, and Y, IS

(,LLlyl_yZ :u2y2 i
le,Yz (y1’ yz) =9 (yl - yz)!yZ!
zero elsewhere

1 (yl’yZ)ET’




Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Habibullah

vulearninghub.xyz | by VU Learnin g HUB



Topic No. 96

Transformation in the case
of a Bivariate Probability Density Function
using the Jacobian of Transformation
(explained through an example)

vulearninghub.xyz | by VU Learnin g HUB



Example:
Suppose (X;,X,) have the joint pdf
1 0<x<10<x, <1
fX1’X2 ()(1’)(2):< 2

0 elsewhere.

.

The support of (X,X,) Is then the set

S={(X{,X,) : 0<x;<1,0<x,<1}



Suppose Y= X;+X, and Y,= X;- X, .
where,

Y1:u1(x1’X2):X1+X2

Y, :UZ(Xl,XZ):XI—XZ.



 This transformation 1S one-to-one.

* We first determine the set T in the y,y,-plane that Is the
mapping of S under this this transformation.
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e |Inverse function
NOWY, =X +X,, ¥, = X =X,

Implies that

ity
y1+y2:2X1:>X1:W1(y1’y2): 12 :
&
V. —\ —2X = X _—\W RYARY; \:yl_yz_
JT )2 2 2 P\J17 )2

N



Next, the Jacobian is given by

M K1
] ayl ayz _ 2
X, oKl |1
oy, 0oy, |2

NI~ NP




Now, using the inequalities 0<x, < 1and 0 <x,<1
we can write

O< y1+y2

<1 and O< yl;yz <1

and It Is easy to see that these are equivalent to
Vi <VYo, Y,<2-Yi Y.<V, ¥,—2<Y,

and these define the set T.



Hence, the joint pdf of (Y;,Y,) is given by

le,Yz (Y1’ YZ) =

or

le,Yz (Y1’ Y2) =

4

fX1,X2 (

4

\

-

0

0

12,

2

YitY, Y=Y,

2 2

(Y11y2)€T

elsewhere

ol (et

elsewhere



In other words, the joint pdf of (Y,,Y,) Is given by

le,Yz (Y1’ YZ):<

) (yl’yZ)ET

elsewhere

O N
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Topic No. 97

Transformation in the case of
a Bivariate Probability Mass Function
using the MGF technique
(explained through an example)
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Example:

Here X, and X, have the joint pmf

/LL_L luzze ﬂle M2 - B
Py x, (K% ) =1 X 1%,! x, =0,1,2,3,...%,=0,1,2,3,...,

0 elsewhere,

.

, AN o raal A P
V\IIIEIE |Jldl IU },lz diie H)ﬁ i Ub Ve Tedl NUImMoers.



MGFof X, and X,

E (etx1 )z el

E (e )= o'l




Let Y = X +X, and consider




E ()= _e MXlz(e “1)X I (etﬂz)x2 _

e et

(ra+)( e 1)

=e

Note that the factors in the brackets in the next-to-least equality are®
mgfs of X; and X,, respectively.

Hence, the mgf of Y is the same as that of X; except Y, has been
replaced by u,+L,.


V IMPORTANT


Therefore,

By the unigueness of mgfs, the pmf of Y must be

o) (4 +ﬂ2)y
y!

p, (y)=¢e y=012,..
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Topic No. 98

Characteristic Function
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The Characteristic function of a probability distribution
is denoted by ¢, (t) and is defined as the expected value

of e™ j.e.

O, (t) _ E(eitx )
where t Is an arbitrary real number and i1 is the imaginary
number given by i=+/-1 .



If the PDF of X is given by f (x), then
oy (1) =E(e™)= [ e™f(x)dx.



The characteristic function exists for every distribution and it
possesses the unigueness property. In other words, every
distribution has unigue characteristic function.

In other words, the characteristic function uniguely identifies
the probability distribution.

In fact, it completely determines the behavior and properties

nf tho dictrihiitinn
\J1 Cl I UAUTJULL TN URLTIVIL L,




Algebraic expressions of Some well-known
Characteristic Functions
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Characteristic Functions of some well-known
discrete distributions:

Distribution Cumulative function ¢(t)

Bernoulli P(x :1): D 1- p+ pe'
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Characteristic Functions of some well-known
discrete distributions:

Distribution Cumulative function ¢(t)

Binomial B(N, p) (1_ P+ peit)n
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Characteristic Functions of some well-known

discrete distributions:

Distribution

Cumulative function ¢(t)

Poisson POIs(4)

e/‘t(e"— 1)
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Characteristic Functions of some well-known
discrete distributions:

Distribution Cumulative function ¢(t)

1 peit
Geometric (1= P) P 1-(1-p)&"
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Characteristic Functions of some well-known
discrete distributions:

Distribution Cumulative function ¢(t)

ait (b+1)it

e™ —e
Uniform (discrete) U (a,b) (b—a+1)(1—e")
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Characteristic Functions of some well-known
continuous distributions:

Exponential
Normal
Chi-squared
Gamma
Cauchy
Laplace
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Distribution

Characteristic Function

o(t)
-1
PP |
Exponential Exp(2) (1_ It )
- 1
ity & 242
Normal N(u, ¢2) € 59 t

VVVVVVV




Distribution

Characteristic
Function ¢(t)

Chi-squared X?,

k

(1-2it) 2
Gamma I'(k, ) (1-it 6)—k
Cauchy Cauchy(u ,8) eity—e\t\
Laplace L, b) e

vulearninghub.xyz | by VU L
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Topic No. 99

Derivation of mean and variance
of a distribution from its

Characteristic Function
(by repeated differentiation of the Characteristic Function)
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If X has a distribution with characteristic function ¢(t) then, iIf
E(X) and E(X?) exist, they are given respectively, by



Example:

 Use the characteristic function of the Exponential
distribution in order to find the mea and variance.
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Solution:

CF of exponential distribution is given by

A
t)=—"—
(=7 "x
Now, taking the first derivative w.r.t 't', we get
d A d . -1 11 d :
(1) = —A—(A-it)" = A(=-1)(1- —(A-
0 ()= 355 |7 A5 -0 = A0 (=i L (i
-2 d : N2, . I1
=—A(A-it) " —(0-i())=-A(A—-it) " (i) =

| 'R
Lkt

(Z=it)’



Now putting t=0, we have

, i il il
?'(0)= - =77

(A-i(0))" (2=0)" (4)" 4

Therefore,




Now, taking the second derivative w.r.t 't', we get

o(0)= ((l‘jt)z ] SIS (amit) = A(-2)(A-it) S (A1t
(-t L(omiw)=FA - P (T — o

dt (A-it)  (A-it)’



Now putting t=0, we have

(0)= 24 =24 _ -2 _ =2
(o) () A A

Therefore,




As we know that,

VOO =E(X*)-[E(X)]

Therefore, putting the values in the above

1 17 1 1 2
P e ] = B0



For any distribution, if a higher moment exists, then all
lower moments necessarily exists.



It is worthwhile to note that®

o(t)=M (it)
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V IMPORTANT
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Topic No. 100

Concept of Conditional distribution
with the help of an example
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Introduction

The conditional probability of even A, given event B, as

P(AlB):P(AmB)

provided P(B)# 0. P(B)




Suppose now that A and B are the events X=x and Y=y so
that we can write

P(X=x]Y=y)= -

provided P(Y=Yy) = h(y) # 0, where f(x , y) Is the value of
the joint probability distribution of X and Y at (x , y).



Definition

If f(x , y) Is the value of the joint probability distribution of the
discrete random variables X and Y at (x, y), and h(y) is the value
of the marginal distribution of Y of y, the function given by

f(x]y)- fh((xyi) n(y) 0

for each x within the range of X, is called the conditional
distribution of X given-Y=y:.



Example:

Let f,,(X |%)=2%1%,0<x <x,0<x,<1 zero elsewhere, and

f,(X,)=5%,,0<Xx, <1, zero elsewhere, denote, respectively, the
conditional pdf of X, given X, = X,, and the marginal pdf of X,.

Determine: (d) PG<X1<%)'



Solution:
First we will find the marginal of x,

1 1
fy (%)= J‘lelx,fdx2 :1Oxljx22dx2

1
3
X2

3 3 3 3

_10x | 22

X

3

3 4
:10&£1_ﬁj:10x1_10x1 _10

X (1-x7)



Now,

10

1 1

3

(

4><2_16><2

H

1 1

32x5 1024x5

)




:

4-1
32

H

(480 — 31)
. 5120

32-1

5120

01 1
3/l8 32

H

1 1

160 5120

]

4490

[3
32

449

31
5120

- 3x5120 1536

)
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Topic No. 101

The Concept of

Conditional Expectation,
Conditional Mean and Conditional VVariance
(explained through an example)
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If u(X,) Is a function of X,, the conditional expectation of u(X,),
given that X;=x,, If it exists, Is given by

E[u(X,)Ix |= j )) T (%, ] %) dX,.

Note that E[u(X,) | x,] is a function of x,. &


V IMPORTANT


If they do It exists, then E(X,| X;) Is the mean

and



[0 b I

Is the variance of the conditional distribution of X, given
X=Xy, Which can be written more simply as Var(X, | x,).



It 1S convenient to refer to these as the ‘“conditional
mean” and the “ conditional variance” of X,, given X;=
X;.

Also, we have

Var (X, | %)= E(Xzz | Xl)_[E(XZ | Xl)]z

o
S_l.)
Q)
Q
@
D
(&g
<



The conditional expectation of u(X,), given X,= X,, If It
exists, Is given by

E[u(X,)Ix, |= J )i (X 1%, ) dx,

In the case of when random variables of the discrete
type, these conditional probabilities and conditional
expectations are computed by using summation instead
of integration



Example:
Let X; and X, have the joint pdf

2
f (x5 ) = 0<x <X, <1

0 elsewhere.



Then the marginal probability density functions are,
respectively,

1
20x, =2(1— 0 1
fl(X1)=<XIl X, =2(1-x) <X <
0 elsewhere.
and

J'de1:2x2 0<x, <1

0 elsewhere.



The conditional pdf of X,, given X, =X,, 0 <X,<1, IS

—=— 0<x <X <1
f1|2(X1|X2):< 2%, X,

0 elsewhere.




Here the conditional mean and the conditional variance
of X, ,given X, = X,, are respectively,

E[X1 | X2]=I:X1f1|2(xl | Xz)dxl

_I ( ]dxl—f’ 0< X, <1,



and
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Topic No. 102

Rigorous proof of the theorem containing the results
E[ECKIX)]=E(X,)
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Theorem:

Let (X4, X,) be a random vector such that E(X,)is finite.

Then,
E[E(X,X1)]= E(X,).
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Proof:



Therefore, E(X,)can be written as

£0)= [ 1] 1) o

—Q0 —00

:ﬁfixzf (X, %, ) dx,dx, =J:J_Zx2f (X, %, ) dx,0x,



Multiplying and dividing by f,(x,), E(XZ) can be written as

[ ot

G Rl

Therefore

E(xz):J’:E(xzixl) L)k =E[E(X,%)]



Hence, we can write

E(X,)= E[E(Xz | Xl)]'

This 1s sometimes called the law of total expectation
and sometimes It Is called the law of iterated expectations.
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Topic No. 103

The Correlation Coefficient

(explained through an example)
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e Let X and Y have the joint pdf f(x ,y).

* If u(x ,y) is a function of x and y, then E [u(X,Y)] can be
determined, If it exists.

* Here, let us assume that all mathematical expectations
exist.
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The means of X and Y, say H; and [,, are obtained by taking
u(x,y) to be x and y, respectively;

.e.
M= E [uX,Y)]= E [X]
&

M, = E [u(X,Y)]= E [Y]
and

the variances of X and Y, say ¢, and o?,, are obtained by setting
the function u(X,Y) equal to (x - py)?and (x - Y,)?, respectively.



Covariance

 Consider the mathematical expectation

E(XY =, X = 1Y + ity
E(XY)—,UZE(X)—ME(Y)+;11/12
=E(XY)-
* This number is called the covariance of X and Y and Is
often denoted by cov(X,Y).

E[(X‘M)(Y‘”z)]
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Correlation

If each of o, and o, Is positive, the number

CE[(X—m)(X )] _cov(X.Y)

0,0, 0,0,

IS called the correlation coefficient of X and Y.
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Example:

et the random variables X and Y have the joint pdf

(Xx+y 0O0<x<l0<y<l

f(x y)=
(X y) <O elsewhere.

‘A’ [7_W_N VN =

Y PR RGN N Py [RGY N .....-LC .l.
VVE TIEXT COIMjpuite e colfeiauoin COoel ntpof Xand Y.






Similarly,

144



Therefore, the covariance of X and Y IS

7Y 11
E(XY)—ppu, = ”xy X+ y)dxdy — (12] =~



Accordingly, the correlation coefficient of X and Y Is
1
144 1

T T

Implying that their exists a very weak negative linear
correlation between X-and Y.
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Topic No. 104

Properties

of the
Correlation Coefficient
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1. Coefficient of Correlation lies between -1 and +1:

The coefficient of correlation cannot take value less than -
1 or more than one +1. Symbolically,

-1 <p<+1lor|p|<l



‘Upward-going’ scatter-diagram: 0 <p <1




Neither upward nor downward scatter-diagram: p =0




‘Downward-going’ scatter-diagram: -1 <p <0
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Topic No. 105

Properties

of the
Correlation Coefficient
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1. Coefficients of Correlation are independent of Change
of Origin

2. Coefficient of Correlation is independent of Change of
Scale
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2. Coefficients of Correlation are independent of Change of
Origin:
This property reveals that

If we subtract any constant from all the values of X (or add
any constant to all the values of X)

and

subtract any constant from all the values of Y (or add any
constant to all the values of X),

It will not affect the coefficient of correlation.




In other words,

Po,p, = Pxy
where
D,=X-A & D, =Y-B



2. Coefficient of Correlation is independent of Change
of Scale:

This property reveals that if we divide or multiply all the
values of X by any constant and divide or multiply all the
values of Y by any constant, it will not affect the
coefficient of correlation.  Puy = Pxy

where

X Y
o= & V==
B

N
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Properties

of the
Correlation Coefficient
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4. Coefficient of Correlation possess the property of
symmetry

Pxy — Pyx
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5. Co-efficient of correlation measures only linear
correlation between X and Y.
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‘Upward-going’ scatter-diagram: 0 <p <1




6. If two variables X and Y are independent, coefficient of
correlation between them will be zero.
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Computation of Cormeintion Coefficient




Compuiation of Correfation CoefTiciant

How, the podon mussen E{ T

!‘{-I?]-H!w{r.r}#}‘.--i! itk et

ittt

Scanned with CamScanner



o1 of Corralafion Coeffickant

Hence
Cov{X,Y)=E(XY)-E[X)E(Y)
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Topic No. 108

Example of computation of the
variance of a conditional distribution
In the case of joint PDF of two random variables
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Example:
Given the pdf

2, O<x <V, 0<y <]
f(X,y)={

zero elsewhere

Show that the variance of the conditional distribution of Y, given X=x, is
(1-x)4/12,0 < x <1,
and that the variance of the conditional distribution of X, given Y =y, is

9[4” N -~ i1 1
YTiz, U<y <1



1. “Complicated” domain:
In this regard, the first thing to note isthat 0<x<y, 0 <y< 1

can be re-written as
O<x<y<1

and that 0 <x <y < 1 can be re-writtenas 0<x<1, x<y<1



First and foremost, we need to find each of the two
marginal distributions:
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Because of the nature of the support of the bivariate density function,
when finding marginal distributions:

the limits of the integral with respectto X aretobe O toy
(and this will give us the marginal distribution of y i.e. f,(y))

and

the limits of the integral with respect to Y are to be x to 1.
(and this will give us the marginal distribution of x 1.e. f,(x))



As such:
Marginal distribution of X:

f, (x):jZdyzz.[y]lX =2(1-x), 0<x<1

and
Marginal distribution of Y:

y

f,(y)=[2dx=2[x] =2(y-0)=2y, 0<y<1

0



Then, the conditional distributions are as follows:

f(x,y) 2 1
f(x]y)= =— =2, 0<x<
(1Y) f(y) 2y g
and
f(xy) 2 1
f = = = . l
=500 " 20w T 1ox *YT

(Note the domains (1.e. supports) of the two distributions.)



Now, since
fxy) 2 1 0<x<y

(x1y) == (y) 2y vy
Therefore the conditional mean of X givenY =y is

f o1 1]
E(X|Y=y)=|xf(x]|y)dXx= x.—dx=—(_ —
Y= pertanme i)

2
=£.y—=l, O<y<l
y 2 2



Similarly

y

0
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The Conditional Mean of Y given X
that is linear in X
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Let f(x,y) denote the joint pdf of two random variables X
and Y and let f,(x) denote the marginal pdf of X.

So, the conditional pdf of Y, given X=X, Is given by




and the conditional mean of Y, given X = x, Is given by

yf (X, y) Tyf(x’ y)dy

E(Y | X) j yf2|1(Y|X)dy I

A DA



This conditional mean of Y, given X=X, 1.e. E(Y|X) Is, of
Course,

a function of x, say u(x).

o0

| yf (x,y)dy

Why ? —0
f, (x)

Have a close look at the expression



In case u(x) iIs a linear function of x,
say u(x)=a+bx
Then we can say that the conditional mean of Y given X Is linear

N x;
or that E(Y|x) is a linear conditional mean.
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If E(Y|X) is linear in X then there are some theoretical
results pertaining to E(Y|X) and E(Var(Y|X)):
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Theorem:

Suppose (X,Y) are a joint distribution with the variances of X
and Y finite and positive.

Denote the mean and variances of X and Y by u,,u, and ¢,%,6,%,
respectively,

and let p be the correlation coefficient between X and Y.



If E(Y|X) Is linear in X then
=Y 1X) =+ p 2 (X —m) (1)

1

and
E(Var(Y|X))=03(1- %) (2)



and

E(Var(Y|X))=07(1-p?) (2)



The Conditional Variance can be interpreted as a
Random Variable:

Actually, both E(Y|X) and Var(Y|X) can be considered as
random variables.
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Let us consider an example:

Suppose we are interested in the mean heights of people of
various races and also in the variances of the heights of people
of various races.

(Race Is a socially meaningful category of people who share
biologically transmitted traits that are obvious and considered

Important.)



If Y = height and X = race for persons in a certain population,
then

E(Y | X) =E(height | race) is the variable which assigns to each
person In the population the mean height for that person's race.

and

Var(Y | X) =Var(height | race) is the variable which assigns to
each person in the population the variance of height for that

VONAN "N Vanmnn




Then, obviously,

E[E(Y | X)] =E[E(height | race)] Is the expected value of the variable
E(Y | X) 1.e. the expected value of the mean heights of various races.
and

E[Var(Y | X)] =E[Var(height | race)] is the expected value of the
variable

Var(Y | X) 1.e. the expected value of the variances of the heights of
various races.
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The Concept of

Independent Random Variables
(explained through an example)
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Let X; and X, denote the random variables of the continuous
type which have the joint pdf f(x;,X,) and marginal probability
density functions f,(x,) and f,(x,), respectively.

Then, In accordance with the definition of the conditional pdf
fo(X2X1), we many write the joint pdf f(xy,x,) as

(%% )=T(%) fn (% %) (1)



Suppose that we have an instance where f,;(X,|X;) does
not depend upon X;.

Then, for random variables of the continuous type, the
marginal pdf of X, is given by :



fz(x2>=Tf(x1,x2)dx1=T fr (% 1%,) f, (%)

:2|1X|X1_[ :2|1X|X1)



Accordingly,
fz (Xz) — f2|1(X2 | X1)

And hence, eq.(1) can be re-written as

f (Xl’XZ): fl(xl) fz(xz)

(When f,,(X,[x;) does not depend upon x,).



In other words, if the conditional distribution of X,, given X;= x,,
Is independent of any assumption about x,, then

f(Xy, X2)=T1(X)T2(%y).



Formal Definition of Independence

In the case of
Discrete Random Variables

Let the random variables X; and X, have the joint pmf
P(X1,X,)
and the marginal pmfs p;(x;) and p,(x,) respectively.
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The random variables X, and X, are said to be independent
If and only if

P(X1, %) = P1(X)P1(Xp)-
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Example related to the Concept of
Independent Random Variables
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Example:
Let the joint pdf of X, and X, be

(X, +X, 0<x <10<x,<1
f(%,X%,)=+

0 elsewhere

.

Show that X; and X, are dependent.



Here the marginal probability density functions are
obtained as follows:

o0 1

f,(x)= j f (xl,xz)dxzzj(x1+x2)dx2

—00 0

1
X2 1 1
= XX +—=| =X+=——0-0=%x+—

0
so that



and

so that



Now

1 1 1 1 1
L0000 =6 %3 =%+ xS

whereas
f(Xl,XZ)=X1+X2

Since f(Xx,%)= f,(x)f,(X,), we can say that the random
variables X, and X, are dependent (i.e. not independent).
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Theorem stating that
Xand Y are independent
If and only if

F(x y)=F (X)F (Y)
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Theorem:

If X and Y are random variables with joint distribution
function F and marginal distribution functions F, and F,,
then X and Y are independent if and only If

F(X y) = Fx(X)Fy(y)

i
N
v



Proof:

If X and Y are independent, then

F(x,y)=P(X<xY<y)=P(X<x)P(Y<y)=F (X)F ()



Now suppose

F(x,y)=F(x)F (y)forall(x,y)el *andlet A=(a,b]
andB =(c

(c.d].



P(XeAYeB)=P(a<X<hc<Y<d)
=F(b,d)-F(a,d)-F(bc)+F(ac)
=F, (b)F, (d)-F, (a)F, (d)-F (b)F, (¢)+F, (2)F: (¢



P(X eAY eB)=(F(b)-F(a))(F (d)-F(c))
=P(a<X <b)P(c<Y <d)
= P(X = A)P(Y = B).

It may now be shown that P(Xe A,Y € B)=P(X e A)P(Y eB)
for any sets ALJR and BLJR. Thus X and Y are independent.
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Theorem stating that
If X, and X, are independent then,

E[u(XV(X)] = E[u(X)] E[V(X))]

provided that the expectations exist.
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Theorem:

Suppose X; and X, are independent and that E(u(X,))
and E(v(X,)) exist.

Then

£ [u(X,)v(X,)] = E[u(X,) JE[V(X,)].



Proof:

The independence of X; and X, implies that the
joint pdf of X, and X, is f,(X,) f,(x,).



Thus we have, by definition of expectation,
E|u(X )v(X,)|= j ju(xl)/(xz) f (X, X%, )dx.dx,

o0 0O

D .[ IU(Xl)V(XZ) fl(xl) fz(Xz)dxldxz



Now,

Hence proved



Upon taking the functions u(.) and v(.) to be the identity
functions in in the theorem we note that for independent®
random variables X; and X,,

E(X,%,) = E(X,)E(X,). )
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V IMPORTANT
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Theorem stating that X; and X, are independent if
and only if

the joint MGF is identically equal to
the product of the marginal MGFs
l.e.
M(t1 1) = M(t,,0) M(0,t,)
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Theorem:

Suppose the joint mgf, M(t;,t,), exists for the random variables
X, and X,.

Then, X; and X, are independent if and only if
M (t,t,)=M(t,0)M(O,t,);

That 1s, the joint mgf is identically equal to the product of the

marninal mnafc
|||u|3l||ul |||HIU|



Proof:
1. Suppose that X, and X, are independent.

The joint MGF of X, and X, is given by
M (tlltz) _E (etlxl+t2x2 ) _E (etlxletzx2 )

However, we already know that, if X, and X, are independent, then,

for any functions u( X, ) of X, and v(X, ) of X, respectively,
we have

e [u(X)v(X:)] = E[u(x)JE[v(X.)]



Therefore, if X; and X, are independent, then we can write

M (tl’tz) ~E (et1x1+t2x2 ) _E (etlxletzxz )
e (e
—E (et1X1+0X2 ) E (eOX1+t2x2 )

=M (t,,0)M (0,t,).

Thus, the independence X; and X, implies that mgf of the joint
distribution factors into the product of moment-generating
functions of the two marginal distributions.




2. Suppose next that the mgf of the joint distribution of
X, and X, Is given by

M (t,t,)=M(t,0)M(O,t,);
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Now X, has a unigue mgf, which, in the continuous case
IS given by

M (t,,0) = I e f,

Similarly, a unique mgf of X,, in the continuous case, IS
given by

M(0,t,)= Jetzxz f, (x,)dx,.



Thus we have

M (t,,0)M (0.t )=_Tet1X1 fl(xl)dx1—_]o 1, (X, )dxz—
= T TetlxleIZXZf (%) f,(x,)dxdx, = T T e f (x,) f, (X, ) dxdx,.



We are given that,

M (tutz):

Thus

J‘ J'etlxl+t2x2f

—00 —00

M (t,,0)M (0t



But, by definition, M(t,,t,) is the mgf of X; and X,
e

M (t,t,) = E (97 ) = [ [ et f (x,x,)dxdx,  (2)

—00 —00
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The uniqueness of the mgf Implies that the two
distributions of probability that are described by fi (%) f2(x.)

and f (X, %,) are the same.

s (%)= f, (%) T, (%),

That is, if M(t,t,)=M(t,0)M(0,t,), then X, and X, are

Independent.
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Discrete Uniform Distribution
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The discrete uniform distribution is
a symmetric probability distribution whereby a finite
number of values are equally likely to be observed,
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In other words, If the discrete random variable X can
assume n distinct values, and every one of
the n values has equal probability 1/n, we are
dealing with a discrete uniform distribution.



Example 1.

et X denote the number of heads that we can have If
a fair coin i1s tossed once. Then, we have

X p(x)
0
1 Y%



Example 2:

Let X denote the number that we observe on the
uppermost face if we roll a fair die once.

Then, we have



p(x)

X

1/6

1/6

1/6

1/6

1/6

1/6



SHAPE OF THE DISTRIBUTION

discrete uniform

Frobability mess function
Fixl
! i L - ] L -
M
4 d
D = b X
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Example related to the Concept of
Independent Random Variables
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Example:
Let the joint pdf of X, and X, be

(X, +X, 0<x <10<x,<1
f(%,X%,)=+

0 elsewhere

.

Show that X; and X, are dependent.



Here the marginal probability density functions are
obtained as follows:
00 1
:j f (%X, I (% +X,)
—00 0

1
X 1 1
= XX, +—=| =X +=—0-0=X%X+=

so that



and

so that



Now

1 1 1 1 1
L0000 =6 %3 =%+ xS

whereas
f(Xl,XZ)=X1+X2

Since f(Xx,%)= f,(x)f,(X,), we can say that the random
variables X, and X, are dependent (i.e. not independent).
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CDF
of the
Discrete Uniform Distribution
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Example :

Suppose that we are rolling one fair die one time and
we want to have the cdf of the distribution in the
mathematic form, algebraic form and want to draw its

graph.



Cumulative Distribution Function:

Step 1: Find the cumulative probabilities:
X p(x)

1/6

1/6

1/6

1/6

1/6

1/6

o Ol b WD P



Cumulative Distribution Function:
Step 1: Find the cumulative probabilities:
X p(x) cumulative

1 1/6 1/6
2 1/6 2/6
3 1/6 3/6
4 1/6 4/6
5 1/6 5/6
0 1/6 6/6



Step 2: Write as follows: 0 —o<Xx<1

1/6 1<x<?2
216 2<x<3
p(x)=<3/6 3<x<4
4/6 4<x<5
5/6 5<Xx<6
6/6 6<X<o0

The entire X™-axis (from -oo to o0) must be covered.




Graph of the CDF is a step function:

L~ . |
i
||
= -
fl
[ S
i —

{t = |

#'
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Step 2: Write as follows: 0 —o<Xx<1

1/6 1<x<?2
216 2<x<3
p(x)=<3/6 3<x<4
4/6 4<x<5
5/6 5<Xx<6
6/6 6<X<o0

The entire X™-axis (from -oo to o0) must be covered.
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Derivation of
the Mean and Variance
of the Discrete Uniform Distribution
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We derive the formula for the mean of the discrete random
variable X ~ U(1,n):




where we have used the famous identity
1+2+...+ n = n(n+1)/2.



var ()~ £(x*) (£ ()

First
E(Xz)zl ", :in(n+1)(2n+1) _ (n+1)(2n+1)
n X=1 n 6 6
And we already know that
1= E(X):n_+1_

2



Therefore ¢% = E(Xz)—(E(X))2

_ (n+1)(2n+1) _(n_ﬂjz _ (n+1)(2n+1) (n+1)

2

6 2 6 4
_4(n+1)(2n+1)-6(n +1)° _2(n +1)[2(2n+1)-3(n+1) ]
24 24
_2(n+1)[(4n+2)-(3n+3)] _2(n+1)(n-1)

24 24
2(n2—1) n? —1

24 127



n‘—1
12

Standard Deviation of the discrete uniform distribution 1.e.

The square root of this expression gives the

7Ty

-
N



Example:

Let us consider the rolling of a fair die, when X is
representing the number of dots on the uppermost face of
the die , the values would be 1, 2,3,4,5,6. therefore, n = 6

The probabilities of which are 1/6



Mean =p = 3.5 LY

We know that ve % l 1 ‘ J’ l
,U=E(X)=nT+1 T ‘.:. S
when n= 6 we get the 1.5

mean as 3.5 Absolutely symmetric distribution
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Derivation of

the M GF of

the Discrete Uniform distribution
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A discrete uniform distribution defined on the set
{a, a+1, a+2,....b-1, b} is denoted by the symbol
U(a, b).

The constants a and b are called the parameters of
the discrete uniform distribution.



We consider the discrete uniform distribution defined on
the set {1,2,3,..., n}.

Clearly, we have n possible outcomes, and since each Is
equally likely, we have p(x)=1/n.



The moment generating function is found by evaluating E(e”).

In other words, by definition,

M (t) = E(e") = z[e Ejzij(et )

x=1 n



is a geometric series with first term e' and common ratio €'.



We know that, for a geometric series with first term a
and common ratio r =1:
a(l-r")

(1-r)

Sum of the series =

Here a=¢', r =e' and note that & =1

et (1 e ) et 1_etn
=0 Z (&) = /E 0 )



V IMPORTANT


Now,

since M (t)= iXZil:(et)X

M(t)—i[et(l etn)]_et (1—etn)

This can also be written as

t (n+1)t
N {f\_e €

M=)
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Binomial distribution

(Binomial experiment
and PMF of the distribution)
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Binomial Experiment

An experiment Is called a binomial experiment if it
possesses the following four properties:

1. The outcome of each trial may be classified into one
of two categories, conventionally called success (S)
and Failure (F).

It IS to be noted that the outcome of interest is called
a success an the other, a failure.
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2. The probability of success, denoted by p; remains
constant for all trials.

3. The successive trials are all independent.

vulearninghub.xyz | by VU Learning HUB



4. The experiment Is repeated a fixed number of times, say n.
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Binomial Distribution

Let the random variable X denote the number of successes in n trials --- when
a binomial experiment is performed.

Then the PMF of X is given by

X
0 elsewhere.

.

p(x):<(nj p*(1-p)~ x=012,..,n (1)

where p is the probability of success in each trial and n is the number of trials.
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Binomial distribution

(Binomial experiment
and PMF of the distribution)

EXAI\/IPLE
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Example:

An event has the probability p = 3/8.
Find the complete binomial distribution for n=5 trials.

Here p=3/8, so that,
q=1-p=5/8;and n=5.

Hence the desired probabilities are the successive terms in the
binomial expansion of (5/8+3/8)°, i.e.



vulearninghub.xyz | by VU Learning HUB









We can now write these probabilities in the form of a
probability table as below:

X 0 1 2 3 4 S

P(X=x) 0.0954  0.2861 0.3233 0.2060 0.0618 0.0074
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Binomial Theorem
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Shape
of the
Binomial distribution

vulearninghub.xyz | by VU Learnin g HUB



 The shape of the binomial probability distribution
depends on the values of the two parameters p and n.

* The sketches given indicate the influence of p and n on
the shape of the distribution.
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blx; 5, 0.2)




* b(x:5, 0.4)




blx: 5, 0.6)

o 1 2 3 4 5
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e Thus, we observe that, when p < %, the distribution Is
positively skewed and when p > %4, the distribution
becomes negatively skewed.
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« When p = 1/2, the distribution is always symmetrical.
In general:
* As n, the number of trials, increases to oo,

p,~>0and g, 3.

« Hence for large n, the binomial probability distribution
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An example pertaining to
the Binomial Distribution
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Example:
If Y is b(n,1/3), then P(Y > 1) =1- P(Y=0) =1- (2/3)".

Find the smallest value of n that yields P(Y >1) > 0.80.



Solution:
Let us first see how

P(Y >1) = 1- P(Y<1) = 1- P(Y=0) =1- (2/3)"



We know that P(Y = y) = [;j pY(Ll—p)""

so P(Y =0) = (g} p’A-p)"°=(@1-p)

Here p=1/3 and n
SoP(Y =0)=(1-1/3)"=(2/3)"



Now, we are required to find the smallest value of n that
yields P(Y>1) > 0.80.

For this, we proceed as follows:

The condition can be written as 1-(2/3)" >0.80 implying that
0.20 >(2/3)".



Taking log of both sides, we have
In(0.20) >n In(2/3)

Implying that
-1.6094 > n(-0.4055)
or -1.6094 > -0.4055n
or 1.6094 < 0.4055n
or n> 1.6094/0.4055 1.e.n>3.97.

Thus, we see that'n'="4 is the solution.



Interpretation:

The probability Is greater than 0.80 1.e. 80% that at least
one success will be obtained In n = 4 independent

repetitions of a random experiment for which the probability
of success p Is equal to 1/3.
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Mean and Variance of the Binomial Distribution
explained through

an

Example
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Example

The probability that a planted radish seed germinates Is
0.80. A gardener plants nine seeds.

Let X denote the number of radish seeds that successfully
germinate.

(1) What i1s the average number of seeds the gardener
could expect to germinate?

(1) What is the standard deviation of X?



(i11) What is the probability that, out of the nine seeds, at
least 8 will germinate ?



Solution:

Assuming that the nine seeds are selected at random from a large
number of seeds, it Is easy to see that X can be regarded as a
binomial random variable --- as follows:

1. Either the seed will germinate (success) or not germinate
(failure)

2. The germination/non-germination of each seed is independent of
each other

3. The probability of germination of each seed is the same i.e. 0.80
4. The number of seeds is fixed i.e. 9.
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Now, If X 1s a binomial random variable, then we know that
the mean of X is np.

Therefore,

the gardener could expect, on average, 9 x 0.80 = 7.2 seeds
to germinate.



Also, If X Is a binomial random variable, then we know
that the variance of X Is:

np(L—p) =9 x 0.80 x 0.2 = 1.44

therefore,

the standard deviation of X Is the square root of 1.44, or
1.20.



What is the probability that, out of the nine seeds, at least 8 will
germinate ?

We have

P(X = X) = (2) p*(1—p)™* = (i}o.eo%o.zo)“

: 9
So P(X =8or X =9) = @0808 (0.20)°° +( gjo.sog (0.20)°

=9x0.80°(0.20) +1x0.80° x1=9x0.1678x0.20+0.1342
=0.3020+0.1342 =0.4362 = 43.62%

[~ " -0 - PR TP R JR F-N - T
a llull —Lurivialbiadituiiy DV 5 JLainiiit
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Derivation of the

MGF
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Binomial distribution
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The mgf of a binomial distribution is easily obtained as follows:

M (1) = leetxp(x) = XZn;etx @ p*(1-p)"
:i(nj(etp)x (1-p)"”

x=0 \ X

=[(1-p)+pe' |

for all real values of t.



Now, the mean p and variance o® of X may be
computed from M(t).

We know that zz=M’(0)
and
(72 _ M ”(O)_IUZ



Since

M'(t)=n|(1-p)+ pet]n_l( pe' )



and

M (t)=n[ (- p)+pe | (pe')en(n-1) [(2-p)+ pei T (e}



Since

—_—
Oe O
(@l 1‘\
~ |
[
=
— [ _MI_
My — 1 o
D (@b o C
— N— Py
i T + o)
(= - — L
_ O 1__
[
S 2 1, P
N =
+ + =, i
A~ —
Q. o < -~
| _ || (@X
— — — |
L — O —
- c
o
I I =
~— || |l
L ) UI
(@)
= 3 = 1



And since

M”(t)=n[(1-p)+ pe' | (pe')+n(n-1) [(1-p)+pe' ] (pe')

M"(0) = n[(l— p)+ pe"]n_ (pe0)+n(n—1) .[(1— p)+ peo]n (peo)
=n[(1-p)+p]" (p)+n(n-1) [(2-p)+p] " (p)’
=n[1]"(p)+n(n-1) .[1]"*(p)

=np+n(n-1)p’




Implying that
02 _ M ”(O)—,le
:[np+n(n—1) pz]—(np)2

=np+(n>-n)p®—(np)’
—np+n2p?—np?—n?p’

:nn_nnz—nn{ \:nnn
i R~ / I

R
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Recognizing the values of the parameters of a

Binomial distribution through the expression of its
MGF

(explained through an example)
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Example:

If the mgf of a random variable X is
2 1
M (t —+— ,
=(2+2¢)

Then, X has a binomial distribution withn =5 and p = 1/3;



that is, the PIMT of X is

p(x)= 4@(%) (%)S x=0,12,...,5

0 elsewhere.




and

y:np:g and o* =np(1- p):%.
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The sum of m
Independent
Binomial random variables
with same value of p
IS also Binomial
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Theorem:

Let X;, X,,...., X, be Independent random variables

such that X, has binomial b(n;, p) distribution, for
1=1,2,....m.

Let, Y = Lx.

. [~—m \
Then'Y has a pinomial B{ 2. ;P | distribution.



Proof:

In general, the mgf of a binomial random variable X is

M, (t)=(1-p+ pet)n.



So, In case of m binomial random variables X, 1=1,2,...

with p, = p, = Pseeeee-. p,, = p (I.e. a constant)

the mgf of X, isM,_(t) (1— D+ pet)ni



By independence it follows that

M, (t) :ﬁ(l— D+ pet)ni =(1- p+ pe' )Zinilni =(q+ pe' )Z‘nilni.

=1

Hence, Y =" X; has a binomial b(zi"llni, p)
distribution. |
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Negative Binomial Distribution
(PMF, Shape of the distribution,

Mean and Variance)
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Consider Bernoulli trials — that is,

(1) there are two possible outcomes,
(2) the trials are independent,
and

(3) p, the probability of success, remains the same from
trial to trial.



In a sequence of such trials, let the random variable X denote the
number of the trial at which the rt"success occurs, where r is a fixed

Integer.

Then the probability mass function of X is:

P(X :x):(r_J p'(1-p)  , X=r,r+Lr+2,..



Example:

Suppose that a game consists of tossing a fair coin until we
obtain the 3" head.

Then

head Is ‘success’,
p=P(H)=0.5

&

r=3



In this case, the negative binomial distribution is given
by



Calculation of Probabilities

W

X Pixl
; u:mﬁ’im‘-nm |

" ﬂ.r-ﬁ-'iﬁu =150
;

rr.r-u-EJ'
J .H.r-n-['im‘qlm |
Il d .H_I'nlj-.-ﬁ:ﬂ-ﬂ'rl-ﬂ |
Ht-n-ﬂ.ll-.lf-mrr
W r-r.r-m-.lrmir'-u AkLs

vulearnim:



Shape of the distribution




In general,
Shape of the Negative Binomial distribution

E M
o wal e
— wom g i
ek mm gl 7Y
=

d
] w e |
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It is obvious that the negative binomial distribution is
moderately positively skewed and that, as p tends to zero,
the shape of the distribution tends to normality.



Mean and Variance of the
Negative Binomial Distribution

The mean of the distribution Is given by

E(X):r(lr; )

and the Variance Is




MGF of the
Negative Binomial Distribution

The moment generating function of the distribution is given by

( 1_ p '
M (t)= - | for t<—logp
\1-pe
This can be used to find the mean, variance and higher moments

of the distribution.



A Special Case of the Negative Binomial Distribution:
Geometric Distribution

In a sequence of independent Bernoulli(p) trials,
let the random variable X denote the number of the trial
at which the 15t success occurs.
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Then the probability mass function of X is:
X—1

P(X :x):(o jpl(l— p) ", x=12,3,...

and we say that X has a Geometric(p) distribution.
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Application of the Negative Binomial Distribution
(explained through an example)
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Example derived from
https://newonlinecourses.science.psu.edu/stat414/node/80/

Example

An oil company conducts a geological study that indicates that an
exploratory oil well should have a 209% chance of striking oil.

The company Is wanting success twice i.e. two oil wells from
where they will be able to pull out oil --- and is willing to try upto
five times.

\Alhat s~ +h
vviial 1o |

LI
well drille

thnat +h A i
ythat the second-success-comes on the fifth

Q(‘I)


https://newonlinecourses.science.psu.edu/stat414/node/80/
https://newonlinecourses.science.psu.edu/stat414/node/80/

Solution:

We know that, in a sequence of independent Bernoulli(p) trials, if
the random variable X denotes the number of the trial at which the rt
success occurs, then then the probability mass function of X is:

P(X = X):()r(:ﬁ p'(1-p)  , x=r,r+Lr+2,..
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Here, we do have a sequence of Bernoulli trials as --- whenever
we will dig an exploratory oil well, either we will or will not strike
oil.

We can assume that the trials are independent,

and, due to the independence of the trials, we can assume that p, the
probability of success, remains the same from trial to trial.



If we regard Striking oil as Success, then p=0.20 and r=2

and, as such, the PMF of the negative binomial distribution will be
given by

P(X =x):(:_ij p"(1-p)  , Xx=r,r+Lr+2,.
putting the values
P(X :x):(;_ j(o.z)z(o.s)”, x=2,34,..

or P(X =x)

(f —1j(0_2)2 (0.8), x=2,3,4,..

(x-1)(0.2)°(0.8)", x=2,3,4,...

or P(X =x)



To find the required probability, we need to find P(X = 5).
P(X =x)=(x-1)(0.2)"(0.8)"
= P(X =5)=(5-1)(0.2)"(0.8)"
=4(0.2)° (0.8)

=0.082
=8.2%
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Geometric Distribution
(PMF and shape of the
distribution)
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Geometric Distribution
(PMF and shape of the distribution)

Assume Bernoulli trials — that 1s,

(1) there are two possible outcomes,
(2) the trials are independent, and

(3) p, the probability of success, remains the same from
trial to trial.



Geometric Distribution
(PMF and shape of the distribution)

(4) n, the number of trials is fixed in advance
and
the binomial distribution is given by

j p*(1-p)", x=0,1,2,3,...



When n=1,
there are two possible outcomes,

and p, the probability of success, Is the only parameter of
the Bernoulli distribution given by

Py (X) = @j p*(1-p) ", x=0,1

Py (X)="p* (1= p) x=0,1



If we let X denote the number of trials until the first
SUCCeSS.

Then, the probability mass function of X is:

p, (X)=(1-p)" p, x=1,2,3,...
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Example:

Suppose that a game consists of tossing a fair coin until we
obtain the first head.

Then p=P(H)=0.5

And, In this case, the geometric distribution Is given by



p, (x)=(1-0.5)"(0.5)=(0.5)", x=12,3,..

ix, x=123,..

2

Py (X)



Representation in tabular form:

1/21=1/2=0.5
1/22=1/4=0.25
1/23=1/8=0.125
1/24=1/16=0.0625
1/2°=1/32=0.03125
1/2°5=1/64=0.015625

S O A WO DN B
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Application
of the Geometric Distribution
(explained through an example)
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Example:

If the probability that a person will believe a rumor
about the retirement of a certain politician is 0.25, what
IS the probability that

the sixth person to hear the rumor will be the first to
believe iIt.



Solution:

In general, we know that if X denotes the number of trials
until the first success

then, the probability mass function of X is:

o, (X)=(1-p) " p, x=12,3,.. ()



Here, let X denote the number of a person who hears the
rumor and Is the first one to believe it.

Then p=0.25 and we have
p, (X)=(1-0.25)"(0.25), x=1,2,3,...

or
Xx—1

Y A WY & o W 1 W Y o W Y- W o
Py (X)=10.75) " {0:25), x=1,2,3,...



Since the sixth person is the first to believe the rumor,
1.e. the first success occurs on the sixth trial, therefore
we will put x=6.



Hence

P(X =6)=(0.75)"" (0.25) =(0.75)" (0.25)
=0.2373x0.25 = 0.059=5.9%



Note that,E

If the first person Is the first to believe the rumor, I.e. the
first success occurs on the first trial, therefore

we will put x=1.
Hence
P(X =1)=(0.75)" (0.25) =(0.75)’ (0.25)
=1x0.25=0.25=25%


V IMPORTANT
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Mean and Variance

of the Geometric Distribution
(explained through an

example)
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Example:

A representative from an ice-cream producing company
randomly stops people on a randomly selected street In
the city of Lahore until he finds a person who actually
purchased and tried the latest product of this company
meaning a new Kind of ice-cream they have just now
brought into the market.



e Let p, the probability that, for any one of the persons
stopped, he succeeds in finding such a person, who has
actually tried that product equals 0.20.
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« And, let X denote the number of people he stops until he finds
his first success.

« How many people should we expect the marketing
representative needs to stop before he finds one who actually
purchased and tried this ice-cream?

 And, while we're at it, what is the variance?
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Solution:

‘How many people should we expect’ means ‘what Is the average
number).

For the geometric random variable X, the average number is given

by: 1 1
=E(X)=—=——=5
u=E(X) o 0.20
So here
u=E(X)=~=-=5



That 1s, we should expect the marketing representative
to have to stop 5 people before he finds one who
actually purchased and tried that particular ice-cream.

If this particular experiment of stopping people Is
repeated again and again, then on the average we can
expect he would have to stop 5 people and the fifth one
will be the one who had tried it.



For the geometric random variable X, the average
number Is given by:
o’ =Var(X)= 1-p

2

P

SO here

1-p 1-020 0.80

2 _vVar (X _ 290
o =Var(X) 02 0207 0.04

20
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Concept of Multinomial Distribution

The binomial distribution is generalized to be the multinomial
distribution as follows:

et a random experiment be repeated n independent times.

On each repetition, the experiment results in one of k mutually
exclusive and exhaustive outcomes, says C,, C,, ..., C,.



Let p; be the probability that the outcomes is an
element of C; and let p, remain constant throughout
the n independent repetitions, 1= 1,2,... k.



Now, we define the random variable X; to be equal
to the number of outcomes that are elements of C,,
I=12,...,k-1.



Furthermore,
Let X, X,,..., X,.; D€ nonnegative integers such that,

Xpt X, +...+ X =N,



Suppose that a die Is tossed 30 times, Then, x, represents the
event how many times 1 came, X, represents how many times
2 came and so on upto xg, kK = 6. Suppose that x;, = 2, X, = 3,
X3=4, X, =5, X, = 0.

By adding all these numbers we get 2+3+4+5+6 = 20.

Total tosses were 30, therefore the last possibility of getting a
61s 10 times.

and hence exactly n - (x; +...+ X, ;)
=30 - (2+3+4+5+6) =30-20 =10



* The probability mass function of this multinomial
distribution is:

f(xl,...’xk;n’ P, pk)
( n

=< X X, 1ee X
0 otherwise.

k
X X X
P x Py eex p, when D> %=n

\

or non-negativesintegers Xy ..., X,

c
|



This Is the multinomial pmf of k-1 random variables
X1 Xo,..., X4 Of the discrete type.



Properties:
The mean of the Multinomial distribution

E ( X. ) =np
The variance of the Multinomial distribution

Var(X;)=np, (1-p;)



The covariance of the Multinomial distribution

cov(X;, X;)=-np;p;, i#]



Note: ™
The binomial distribution is a special case of the
multinomial distribution.


V IMPORTANT
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The binomial distribution iIs a special case of the
multinomial distribution.
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The binomial distribution is a special case of

We have
f(X11""Xk;n’ pl’..., pk)

-

the multinomial distribution.

n!

X X 1o X !

N
L\J

K
X X X
Py x Py eex p, when D% =n

nthannaricao
NJUTLITVIE VVIIJU\L .



Putting k=2, we obtain

-

n! ,
. X21 When X =N

f(X11X2;n1 p]_, p2):% X]_IXZI 1 Fe lel '

0 otherwise.

\



But

2
X, =Nnmeans X, +X, =N= X, =N—X,

And
> p=lmeansp,+p,=1=>p,=1-p,



Hence, the above equation can be re-written as

n! n—x
f , 1, — & 1- 1
(%0, p:) i) " (1-p)
or, simply
n! X n—x
f(x;n,p)= p*(1-p)

x!(n—x)!
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Example:

Suppose that the racial/ethnic distribution in a very large
Western city is given by the table that follows:

White Black Hispanic
65% 20% 15%




Suppose that a jury of twelve members Is to be chosen
from this city in such a way that each resident has an equal

probability of being selected independently of every other
resident.



What Is the probability that the jury contains:

(1) Seven White, three Black and two Hispanic members;
(1) Four White and eight Other members;
(111) At the most one Black member.




Solution

It is easy to see that, in solving each of the three questions, we will
be dealing with special cases of the Multinomial distribution.

Part (i):
What is the probability that the jury contains seven White,
three Black and two Hispanic members?



Solution:
Here, we are dealing with the Multinomial distribution with k = 3.
The resulting distribution is known as the Trinomial distribution.

To solve this problem, consider the random vector
X = (Xy, Xy X3)

where

X, = number of White members,

X, = number of Black members and

X5 = number of Hispanic members

Then X has a Trinomial distribution with parameters n = 12 and p,=0.65,
P, =0.20, p;=0.15.



Hence, the answer to the first question is:

n! X% R
P(X1=7,X2=3,X3=2):Xl!XZ!XB! el )4 0
12!

ST (0.65)"(0.20)°(0.15)" = 0.0699 = 6.99% or 7%.




Part (ii):
What is the probability that the jury contains four White
and eight Other members?

Solution:

Here, we are dealing with the Multinomial distribution
with k = 2, as follows:



White Others
(Black & Hispanic
combined)

65% 20%+15%=35%

The resulting distribution is none other than the Binomial
distribution.



Hence, the answer to the second question is:

nt . X
P(X1:4’X2:8):x1!x2! 2P,

_ 12 ——~(0.65)"(0.35)" = 0.0199 =1.99% or 2%.

" 418]



Part (iii):
What is the probability that the jury contains at the most
one Black member.

Solution:

Here again, we are dealing with the Multinomial
distribution with k = 2, as follows:



Black Others
(White & Hispanic
combined)

20% 65%+15%=80%

Once again, the resulting distribution is none other than the
Binomial distribution.



With reference to question (iii), regarding Black as
‘success’, note that: =

*We are dealing with a binomial distribution with n =12 and
p =0.20.

X represents the number of Black members of the jury
«“‘at the most one Black member” means X = 0 or X=1.


V IMPORTANT


Using the binomial distribution, we have

P(X =0)= 122 (0.20)"(0.80)" =0.069

121

and P(X =1) = 0.20) (0.80)" = 0.206
111!

Therefore, the answer Is:
P(X=00orX =1)=P(X =0)+P(X =1)
=0.069+0.206=0.275=27.5%.
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Recall: Concept of Multinomial Distribution

Let a random experiment be repeated n independent times.

On each repetition, the experiment results in one of k
mutually exclusive and exhaustive outcomes, says C,, C,,
., C..



Then the probability mass function of this multinomial
distribution Is given by:

f(xl,...’xk;n’ P, pk)

)
n! y . . K

1 2 v k —
= x I x| Py X Py” -+ Py, When Ziﬂxi 4
— IX, | .

0 otherwise.

\

for non-negative integers xj; .z, X,.



For this purpose, we begin with the definition of the
mgf of a multivariate distribution (in general):
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Definition of Moment Generating Function
of a Random Vector having k components:

Let X = (X, X,,..., X, ) be a random vector.

If E (ebtXer+% ) exists for |t [< hy,[t, [<hy,....| t [< by,
where h, h,,...,h _are positive, then E (et1x1+t2x2+"'”kxk) is denoted by

I\/le,xz ..... X, (t1’ tzv--’tk)
and is called themoment generating function (mgf )

inghub.xyz | by VU Learnin ing HUB

of the random vector X.



As far as the moment generating function of the multinomial
distribution is concerned, we have:

(&)
Ztixi
Ml(t):Ml(tl,tz,...,tk):E gl

\ J

:(\Zk:pie"jn

1=1



The cumulant generating function of the Multinomial
distribution is given by

Ky (1) =Ky (tte.t ) =log| My (L1, ) |

k
=n Iog( pe" j
=1



Coming back to the MGF, the question is:

How to utilize the mgf of the Multinomial
distribution?
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For this, RECALL.:

The general method of obtaining Product
Moments and simple Moments from the MGF of
a random vector
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Suppose that k=3.
Then the means of the random variables X;, X, and X; are given
by:

e(x,)=M (;;o,o),
£(x,)-M (@2;0’0)’




Also, let us suppose that the trinomial experiment is being
repeated only 2 times.



The MGF of the trinomial distribution is then given by

(S
Ml (t) — Mxl,Xz,X3 (tl’t21t3) —E| e+

\ y,

2
- (ZS: Pi etij = ( pe" + Pe? + p3et3)
=1

>

2



Now we know that (a+b+c¢)° =a® +b* +c¢” +2ab+ 2ac + 2bc

Hence

M X;, X5, X3 (tlitz’ts)
= e+ p, e + p,e™ +2p, P ™ +2p,p,e " +2p, e

t,+



Then the means of the random variables X;, X, and X; are
given by:
oM (0,0, 0)

()=
1




Hence, taking the partial derivative of the MGF with respect to t,, we have:

‘ (M X1, X5, X5 (tl’tZ’tS )) = i( p1262t1 + p2262t2 + p3292t3 +2 p1 pzet1+t2 +2 pl pget1+t3 + 92 p2 p39t2+t3 )

o at,

=2p, e +0+0+2p,p,ee? +2p,p.ee +0=2p e +2p, p,e'e? +2p, p,eie”
As such,

0

a_t( My, x.x, (0.0 0)) =2p.2e" % +2p,p,e%" +2p, p£°%°
1

=2p,°(1)+2p,p, (1)(1)+2p,p, (1)(1)
:2p12+2p1p2+2p1p3:2p1(p1+ P, + p3)22p1(1):2p1



Taking the partial derivative of the MGF with respect to t,, we have:

0 0 + + +
5(M o (Ltts)) = E( ple™ + p,7e™ + ple”™ +2p,p,et" +2p, pet*t +2p,p,et )
2 2
=0+2p,°e”2 +0+2p,p,ee? +0+2p,p.e2e® = 2p,’e™ +2p, p,e'e” +2p, p,2e"
Hence

0
E(M X1, X2 X3 (O’ 0, O)) =2 p22e2(0) +2 Py pgeoeo +2 P, p3e0e0

2

= 2p22 (1)‘|'2p1 P, (1)(1)+2p2 ps(l)(l)
=2p," +2p,p, +2p, P, =2p,(P, + P, + py) = 2p,(1) = 2p,



And, taking the partial derivative of the MGF with respect to t,, we have:

o
X,
=0+0+2p,e

2t

; + + +
(M, (hto)) = 2P0 6% 4 pTe™ +2pp et +2p,piet™ +2p,pie™
3

2t 2t

+0+2p, p.ete” +2p,p,ee” =2p, e’ +2p,p,ete” +2p, p,ete"

Hence
0

a_t( My «.x. (0,0, O)) =2p,e*@ +2p,p,e’’ +2p, p.e’e’°
3

=2 p32 (1) +2 PP, (1)(1) +2 P, P; (1)(1)
:2p32 +2p1p3+2p2p3 :2p3(p3+ P, + pz) :Zps(l) :2p3



But we already know that, for the Multinomial
distribution:

E(Xi):npi
Here n=2.
L E(X)=2p
l.e.
E(Xl)=2p1;E(X2):2p2 & E(XS):
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Hypergeometric Distribution
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Hypergeometric Distribution

The following conditions characterize the hypergeometric
distribution:

1. The result of each draw (the elements of the population

being sampled) can be classified into one of two
mutually exclusive categories

(e.g. Pass/Fail or Employed/Unemployed).



2. The successive draws are not independent of each other.

3. The number of draws Is fixed in advance.

vulearninghub.xyz | by VU Learning HUB



4. The probability of a success changes on each draw, as
each draw decreases the population (sampling without
replacement from a finite population).
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Example:

« Suppose that we have a class of Phd students in a small
educational institution in some particular subject and the
total number of PhD students of that subject is 5.

So,N=5

 \We would like to draw 3 students to send on a Conference
then n= 3.

e Success =achieved Grade A failure = not achieved Grade
A
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Success = achieved Grade A
Failure = not achieved Grade A (C or D)

If that population initially has 2 students who have achieved A
Grade and 3 students who have not achieved A grade then we have
another parameter that is k, which is the number of successes in the
population at the beginning of the experiment which is k = 2.

Taking the sample of size 3 without replacement.
Probability of selecting a student



Taking the sample of size 3 without replacement.

Probability of selecting a student who has got an A grade = 2/5

Suppose that student is an A grade student and will select the
second student having A grade.

What is the probability that the second student is also an A grade
holder = 1/4



Definition
A random variable X follows the hypergeometric distribution if its probability
mass function (pmf) is given by

(K](N_Kj
X ]\ n=x _ .
P(X :x): x=012..KifK<n & x=0,12,...nif n<K

where, N

- N is the population size,

- K'is the number of success in the population at the beginning of the
experiment ,- n is the number of draws (i.e. quantity drawn in each trial),

- k 1s the number of observed successes -
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Example:

The names of 5 men and 5 women are written on slips of
paper and placed in a hat. Four names are drawn.

What is the probability that 2 are men and 2 are women?



Let X denote the number of men.

Then,

N=5+5=10 names to be drawn from;
K=5 & n=4,
and here the possible values of x are 0,1,2,3,4, 1.e. n)



Hence the hypergeometric distribution Is

S
X

5

s

h(x;10,4,5)(

10
4

and the required probability, i.e. P(X =2) is

.

22) (o))

[5
h(2;10,4,5) =

10} ( 10) 21
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Shape of the Distribution

https://www.google.com.pk/search?q=hypergeometric+distribution&rlz=1C1CHBD_enPK785PK785&source=Inms&tbm=isch&sa=X
&ved=0ahUKEwjYx9SouNTeAhWBDcAKHZ3hDOkQ_AUIDigB&biw=1280&bih=657#imgrc=6MdjpMk-oHbjKM:

Hy RN ST P

EelLE e I, R
e e bn O e B
Faliliwe (B =08
T Y
o r eI e i B e
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Two Important properties of the hypergeometric
probability distribution are given here.

The mean & variance of the Hypergeometric distribution
are as follows: ;.. _ E(X)= K




Or --- in other words --- the mean and variance of the
hypergeometric probability distribution are

u=np and o? :npq(N —nj’
N-1

K N —Kk
where p=— andg= ———.
P N 1 N



Derivation of the Mean:
Let X have the hypergeometric probability distribution
given by

ey tls)
"

for xsuch that, 0 <x<nand 0 <x<k.




Then the mean, 4, Is given by
u=E(X)

R B e
S R



- x.k(k_l)!(l::__g & k(k—l)!m__:j

lLl:

T x(x-1)(k -1+1- X)!( j = (x-1)N((k-D) _(X_l))!(':l]




Let y=x-1implyingthatx=y+1, then

k 2(k-1)N-k
1y ["~when x=1y=0, andwhenx=n,y =n-1]

i )



k (N-1 :
Now i =-— can be re-written as

His

) ) (N-1)!
gE NI
n!(N -n)!

Ckn!(N=-n)t  (N-1)!
NI (n=D)Y(N-n)!
_kn(n-1){(N-n)l  (N-1)! nk

= — <~ —— 2 ——=np where pzﬁ.
N Ni=d) (A=Li{(N-n)i N N
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The variance of the Hypergeometric distribution are as
follows:

K (N-K)N-n
N N -1

Variance = n




Or --- In other words --- the mean and variance of the
hypergeometric probability distribution are

u=np and o? :npq(N —nj’
N-1

k N —k
where p=— andg= ——.
¥ N 1 N



Derivation of the VVariance:

Let X have the hypergeometric probability distribution
given by

ey tls)
"

for xsuch that, 0 <x<nand 0 <x<k.




By definition, the variance,s?, is given by
o’ =E[X —u] =E(X?)- 4
Now, E(X?)=E[X (X -1)+X ]
=E(X)+E| X(X-1)]

:in;x.h(x; N,n,k)+xzn;x(x—1)h(x; N,n,k)
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E(x7) -

o? =E[X —u]
Now, E(Xz)

Sl o,

_nk, :zox(x_l)(im —_xk)  nk




k(k—-1)(k—2)! N —k

" ;X(X_l)[x(x—l)(x—z)!(k—x—2+2)!j[n—xJ

o

o (k-2)! N -k
nk k(k 1);((x—2)!((k—2)—(x—2))! n—x

"N /N

n)



N k(k—l)i t:g(:—_xkj

We have E(X2)= +

N N
n

Let y=x-2implyingthat x=y+2, then

(k-2 N-kK
k(k-1
nk ( )Z[ y ](n—Z—yj {:When x=2,y=0, and

E(X?)=—+ =
whenx=n,y=n-2

)






_ oy Nhk  k(k—=1)(N-2
L E(X?)= 9 (Nj (n—zj
_ Nk k(k—1)(N —2)! _nk k(k=1)(N-2)Inl(N—n)!

N ( N ! j(n—Z)!(N—n)! N N!(n—2){(N-n)!

n!(N —n)!
_nk k(k—=1)(N—-2)In(n-1)(n—2)!(N —n)! _nk k(k—1)n(n-1)

N N(N-L)(N-2)(n—2){(N-n) N N(N-1)



62 :Var(X): E(Xz)—,uz _ rll\:( + k(kN—g.I)\In_(:)—l)_(rll\lkJZ

kN (N=1) (K*=k)(n*=n)N (N -1)n%
= + —

N2(N-1) N2 (N-1)  (N-1)N?

NkN (N =1)+(n’k® —kn = nk® +nk )N — (N =1)n’k’
B N?(N-1)
~ nkN* —nkN +n?k*N —kn°N —nk*N +nkN —n*k*N +n’k*
B N?(N-1)

nkN? —kn?N —nk?N +n?k?  Nk(N?—=nN—kN +nk)
B N?(N -1) B N?(N -1)




Now
nk(NZ—nN —kN +nk)_ nk(N —k) (N —n)

NZ (N -1) NN N-1
S0
N—n
N -1

Var(X)=npg-

K N —k
wherep=—and q=——-.
¥ N 1 N
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Poisson Distribution
(PMF and shape of the distribution)

Consider the function p(x) defined by

(e—/iix
x=012,.. 4A>0
p(x)=1 x! (1)

0 elsewhere,

where m > 0.
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Since A> 0,
therefore p(x) > 0
and

ZX: p(x):glxel _

X!

-1



Recall that the series

1+m+—+—+---=

converges, for all values of m, to e™.



Therefore

That Is , p(x) satisfies the conditions of being a pmf of a
discrete type of random variable.



A random variable that has a pmf of the form p(x) given by

eg.(1) is said to have a Poisson distribution with
parameter 4,

and any such p(x) is called a Poisson pmf with parameter
m.
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An Interesting property:

It Is easy to prove that the mean and variance of the
Poisson distribution given by (1) are both equal to 4.
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Shape of the distribution
for Lambda=1,5 & 10
I.e. expected number of occurrences=1,5 & 10

https://www.google.com.pk/search?q=poisson+distribution&rlz=1C1CHBD_enPK785PK785&source=Inms&tbm=isch&sa=X&ved=0ahUK Ewj}
8L TtjNbeAhUUS08KHZYbDWAQ_AUIDigB&biw=1280&bih=657#imgrc=qHHI3PwzE_SjaM:

Fesppgm Tjimnasnem

.,Umllllllm..;_




When do we apply this formula?

Poisson distribution arrives In two situations:

1. It appears as the limiting form of the binomial
distribution under certain conditions.

2. When we apply the Poisson distribution is that real-life
situation where we are dealing with Poisson process
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Poisson Process

 Whenever a particular event of interest occur randomly
over a time-scale, we say that we are dealing with a
Poisson process.
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For example, for the Virtual University of Pakistan there is central
telephone exchange, and we don’t know that when the telephone
operator will receive the next call, we from the past experience
know that on the average 3 calls are received per minute.

But we do not know that in any one particular span of 1 min
exactly how many calls were received? So on

Other than this information, the timings of incoming calls seem to
be totally random. Thus, we conclude that the Poisson process
might be a good model for the incoming calls at this telephone
exchange.
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The Poisson Process
The Poisson process is one of the most widely-used
counting processes.

It is usually used in scenarios where we are counting the
occurrences of certain events that appear to happen at a
certain rate, but completely at random (i.e. the events that
are happening without any particular structure).



Examples:

When events occur randomly over a time scale:

* From historical data, we know that earthquakes occur in a certain area
with a rate of 22 per month.

(Other than this information, the timings of earthquakes seem to be
completely random.)

« From the record of the past six months, we know that, on a particular
web server, requests for individual documents occur at the rate of 3 per
hour;

(Other than this information, the timings of the requests seem to be

totally random.)



A process In which events occur randomly either over a time
scale or over a distance scale.

In other words,

a process In which events occur randomly in a specified
duration of time or In a specified portion of
one-dimensional, two-dimensional or three-dimensional

space.



Examples:

* From the record of the past six months, we know that, on a
particular web server, requests for individual documents occur at
the rate of 3 per hour;

(Other than this information, the timings of the requests seem to
be totally random.)



Examples:

When events occur randomly in two-dimensional space:

= From past experience, it is known that, in a certain urban area,
car accidents occur at the rate of 3 per square mile; (Other than
this information, the locations of the car accidents seem to be
completely random.)

= At a certain textile factory, it is known that flaws in a particular
fabric produced in this factory occur at the rate of 2 per square
meter; (Other than this information, the locations of the flaws
seem to be compietely - random.)



The important point to be noted is that, if we are dealing with a
Poisson process with occurrence rate 4 (i.e. 4 occurrences in one
unit of time),

and
X represents the number of occurrences in t units of time,
then
the probability of having x occurrences in t units of time is given by
e (at)
P(X:X):J o x=0,12,.. 2>0 )
10 elsewhere,
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EXAMPLE

If it is known that, on the average, two minor accidents
occur at a busy crossing --- per day, what is the
probability that, at the most two minor accidents will
occur during an entire week ?



Solution:

This is a Poisson process with Occurrence Rate = = 2 per day.
Also, one week = 7 days implies t=7

Hence

Sothat Jt— 2x7=14

(e‘”(it)x e (14)
P(X=Xx)=1" xt =T x=0,12,.. (1)

PN

10 eisewnere,




Now, we require X<2.

X p(X<2)=P(X =0 or X =1 or X =2)

e (14) e™(14) e™(14)
- -
0! 11 2]
—e ™ 1140 10804 =113
—113/1202592.9591 = 0.00009396




We can say that the probability that at the most 2
accidents will occur at this particular crossing in a week,
this probability is almost 0, which is “Next to
Impossible!”
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Mean, VVariance and Coefficient of Variation

of the Poisson Distribution
(explained through an example)
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The Poisson pmf is given by

P(X)=< X!
0 elsewhere.




It is easy to prove that, for a Poisson distribution, mean = variance= A > 0O

On this account, a Poisson pmf is frequently written as

e
p(x)=1 x!
0 elsewhere.

x=0,12,...

In other words, the parameter 4 or # in a Poisson pmf represents the
mean as weil as the variance of the distribution.




Hence, the Coefficient of Variation of the Poisson
distribution is given by

cov =2 =2 x100% = ﬂxmoo/o _ 1 100%
2 A V2

°
u



Example 1:

Suppose that X has a Poisson distribution with 4 =4,

Then the pmf of X Is

p(x)=45 x!




The mean of this distribution 1s 4.

&

The variance of this distribution is 4.

nerefore,

ne coefficient of variation of this distribution 1s

o \/Z 1

cov =2 =2 «100% = == x100% = = x100% = 50%

117
S o &




Example 2:

Suppose that Y has a Poisson distribution with 4 =9.

Then the pmfof Y is

p(y)=1 V!



The mean of this distribution is 3.

&

The variance of this distribution is 3.

nerefore,

ne coefficient of variation of this distribution 1s

J9 1

coV =2 = 2 4100% = Y7 x100% = — x100% = 33.33%
U 9 J9




Example 3:

Suppose that Z has a Poisson distribution with 4 =16.

Then the pmf of Z is

p(z)=1 2!




The mean of this distribution is 16.

&

The variance of this distribution is 16.

nerefore,

ne coefficient of variation of this distribution is

COV = VA 1 x100%

© =2 4100% = Y2 «100% =

uou A J16

/

70.7=

w»

I_CI
W40

D

<100

1
4



It appears that, as /4 increases, the coefficient of
variation of the Poisson distribution decreases.

Stated a little more rigorously:

For a Poisson distribution with parameter A , asA tends
to infinity, the coefficient of variation of the Poisson
distribution also tends to O.
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If the random variable X has a Poisson distribution with
parameter |,

then Its mean and variance are given by E(X)= p and
Var(X)= L.



Proof:

By definition,
00 —-u X
Ve = £(X) = 3" xp(x;) where p(x;s) =
o X!
0 1 2 3 4



o0

Mean =E(X) =2 x.p(x;u) where p(x;u)=—"
x=0 X
2 3 4
=0+1.ue " +2. H o erny3 £ egryg £
1x 2 1x2%x3 Ix2x3x4!
2 3 4
= ue " TRy S R Sy
1 1x 2 1x2x 3!
_ S, -
_ ek H H
=pue |1+ u+ T + 3l +...

e+



But we know that the series

leme MM F.= )

Converges, for all values of m, e¥



Therefore

Mean = e ™*

=ue e =u

1+ 1+

3

u

4

u

.

2!

3!
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Derivation

of the
Variance of the Poisson distribution
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If the random variable X has a Poisson distribution with
parameter L, then Its mean and variance are given by
E(X)= u and Var(X)= L.



Proof:
By definition

Var (X )=E(X?)-[E(X T,Where

E(X?)=E[X(X-1)+X |=E(X)+E[ X (X -1)]




:y+y2e‘”2ﬁ'u = 1+ u’e Z

|

X startsat 2, as the first two terms in
the summation are zero.

3




Let y=x-2, then

E(X?)=pu+pe iﬂ—l (y=0,12,..)

whenx—>2,y—>0,j

= p+plee = i+ (
and X — o0, y — oo,

Hence Var(X):,L1+,uZ—,u2 = U
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MGF of Poisson Distribution

The mgf of a Poisson distribution is given by

N e N met X t ml et —
M (t):Zetxp(X)ZZetx m e' :emxz(;( |) _a MM _ q (e'1)

" — X! X!

for all real values of t.



and
c’=M"(0)-x°*=m+m*—m* =m.

That is, a Poisson distribution has ¢ = o =m > 0.



By definition, the mgf of a discrete distribution is given by

M (1) = Xe"p(¥

for all real values of t.
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Hence, the mgf of a Poisson distribution is given by

00 X A—M 0 t)"
M (1) =3 p(x)= S M g5 (1) _pmge

x=0 X! x=0 X!

for all real values of t.



and M"(t)=e

Therefore
.. NN/
="V



M"(t) = oY (me*)+ e"* Y (me' )2
putt =0

M"(0) = " (me®)+ " (me®)
=e"%(m.1)+e"” (m.1)" =1.(m)+1.(m)’
Therefore

2

M0y =m+m*
(W)= '



Hence

o’ =M"(0)- % =(m+m?)—m’
=m+m’—m*=m.

That is, a Poisson distribution has #=c° =m> 0.
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To derive an approximation formula to the binomial distribution
b(x ; n,p) when n 2o, p=20, and the product np remains constant
we proceed :



The binomial distribution b(x ; n,p) may be written as

n
b(x;n, p):(xj p*q"™*, for x=0,1,...,n.
n! X o N—X
b(xin. p) = x!(n—x)! bA
- n(n=1)(n=-2)..(n=x+1)(n-x)!
- XI(n—x)! PA
_ n(n-1)(n—-2)...(n—x+1) e ()



Now, let np = .

Then p:ﬁandqzl_ pzl_ﬁ_
n

n
Substituting in (1), we get

b(x;n, p) = n(n_l)(n_z)"'(n_X-Fl)(

X!



Now

b(x;n, p)= n(n—l)(n—2)...(n—x+1)(ﬁjx (1—ﬁjn_x

X!

can be re-written as:




Letting n >0 and p->0 such that np=pu remain constant,
we observe that each of the terms

(2 o)

approaches unity.



Let us now focus on the term ( —ﬁj

N

y-
which may be written as ( —ﬁj ' .
n

Letting AL K,
U

4

K
the expression becomes Hl— %)
i



Now, as n increases indefinitely, so does kK.
S0,

— — _

jim(1-%) =tim|(+-4)" | <1jm|[1-2

n—o0 N—o0 n k—o0

. 1Y (. 1) 1) .
:IK'ID (1_Ej (1_Ej ""(1_Ej (12 times)




Now, we know that
limit of the product = product of the limits
so that

|Im(1—ﬁj —|k|m{(l—%j (1—%j (1—%j } (1 times)
Jim(-2 -2 s s



k
Now, it is well-known that |im (l—%j =e™ wheree =2.71828.

k—>

Therefore

im 24 < tm( tim {1 i[5 i

ie. ||m(1—ﬁjn:[e‘le‘l....e‘l] (1 times)

N—o0

or ||m (1—%) —e~,



Thus the limiting value of P(X=x) is given by the
expression

X

X q—H
lim b(x;n, p) =" 1116 = “:I

for x=0,1,...,00




In other words, If X 1s a binomial r.v. such that

P(X = x):(?(j p*q"™, then

lim P(X:x):ﬂe  forx=012,...,0

It is denoted by p(Xx; «) and the r.v. X having p.d. p(X; ) IS
said to have a Poisson distribution with parameter .
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an ExXample of

the Poisson Approximation to
the Binomial distribution
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 To derive an approximation formula to the binomial
distribution b(x;n, p) where n 2, p = 0, and the
product np remains constant, we proceed:
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Example:

Suppose 8% of the tires manufactured at a particular plant
are defective. To 1illustrate the use of the Poisson
approximation for the binomial, the probability of
obtaining exactly one defective tire from a sample of 20
using equation (5.18) is calculated as follows:

P(X =1)

=0.3230

e ™(®[(20)(.08)] e*[16]
1! B



Had the true distribution, the binomial, been used Instead
of the approximation,

P(X =1)= Goj(.os)l (.92)" =0.3282



To illustrate the use of the Poisson approximation for the
binomial, the probability of obtaining exactly one
defective tire from a sample of 20 using the formula is
calculated as follows:

e ™(®[(20)(.08)] e*[r6]
1! 1

=0.3230

P(X =1)
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Continuous Uniform Distribution
(Rectangular Distribution)
(PDF, CDF and Shape of the distribution)
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Probability Distribution Function

The probability density function of the continuous uniform
distribution Is:

for a<x<b,

1
f(x)=1b-a
0 for x<a or x>b




e ——

0 d b X
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Cumulative Distribution Function

The Cumulative Distribution function of the continuous
uniform distribution is:

0 for x<a
X

F(x):<b— for a<x<hb,




Derivation of the expression for the interval a < x <Db:



*—. =

0 ] b

H:'
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Why is It a straight line between a and b ?

which'1s'of the form y = mx +cC.
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Derivation of

the Mean and VVariance of
the Continuous Uniform distribution

vulearninghub.xyz | by VU Learnin g HUB



Expectation and Variance

If X~ U(a, b), then:

E(x):(a;b)
Var(X)= (b—a)z



Proof of Expectation:

The probability density function of the continuous uniform
distribution is given by

-

1
f@Q:<Efg for a<x<bh,
0

for x<aor x>b



Therefore

0 b 1 1 b
E(X)szf(X)dijX(mjdx=m xdx

- b

1 el _p-a _(b-a)(b+a)
“b-a| 2] 2(b-a) 2(b-a)
~b+a a+b

22




Proof of Variance:
By definition,

Var(X)=E(X?)-[E(X ]

Now,

) e -]

h*—a® (b-a)(a’+ab+b’) a?4ab+b?

3(bwa) " 3(b-a) 3



Therefore,

2 2 2
Var(X) - a’+ab+b _(a+bj
3 2
_a’+ab+b® a’+2ab+b® 4a’+4ab+4b®-3a° —6ab—3b°
3 4 12

_a’-2ab+b® (b- a)
12 12
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Application
of the Uniform Distribution
(explained through an example)
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Example:

Suppose in a quiz there are 30 participants.

A question is given to all 30 participants and the time allowed
to answer It is 25 seconds.

i) Ind the prObabi"ty that a participant will respond

within 6 seconds.

1) How many of ’rhe 30 participants can be expected to respond
Wlthln 6 SECOHde 3y | by VU Learning HUB



Solution:

Regarding time taken to answer the quiz gquestion as the
variable of interest X, we have:

Interval of probability distribution = [0 seconds, 25 seconds]
l.e.0<x<25
and,
assuming that X is uniformly distributed,
f(x)= 1/(25-0) = 1/25



1) Since we are interested In the probability of participants’ responding
within 6 seconds, therefore we need to compute P(X <6)=F (6)

Now, for a < x <b, the Cumulative Distribution Function

. . S X—a
of the continuous uniform distribution is F (x) = b—
—a

So, here F (6) =



ii) There are 30 participants in the quiz

Hence the number of participants likely to answer it
In 6 seconds = (6/25)x 30 = 7.
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Exponential Distribution
(PDF, CDF and shape of the distribution)
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The Probability density function (pdf) of an exponential
distribution is

f(x;ﬁ):{

de ™ x>0 A>0
0 X < 0.

So it Is obvious that Is a single-parameter distribution.



et _1
A
then,
mean =6
and
1o x>0, 650
f(x;0)=10 !
0 X < 0.

So 1t 1s obvious thatis-a'single-parameter distribution.



First and foremost, let us consider
the shape of the distribution:
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PDF of the Exponential Distribution
with mean=6=0.5,1, 1.5

f(x):(%je(‘;"’j, 0<x <o

-> orange
f(x):e‘(x), 0< X<

-> purple

f(x):(%)e(“’j, 0<x<w > skyblue



u'uu vulearnibhub.xyz | byE.J Learning Hug d 5
¥



Next: CDF

The Cumulative distribution function (cdf) of an
exponential distribution is

—AX
F(X;l):{l—e x>0 A>0

0 X < 0.



The Cumulative distribution function (cdf) of an
exponential distribution in terms of g

F(x;@):<1_e‘9 x=0, >0

X < 0.



F(x)= | f(x)dx= _(X[ie“dx _ —E(—ﬂ)e“dx

—0o0

e ] o]

or
F(x)=1-e", x20



Now, let us consider the shape of the CDF:
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CDF of the Exponential Distribution with mean=0.5, 1, 1.5
1.0 -

F(X)zl—e_x, O< X<

i I |
vulearninghub.xyz | by VU Learnin'@rHUq] 1 P 3 i 5




Important Note:

* If we are dealing with Poisson process in which events

are occurring randomly over a time scale then the
waliting time between successive events Is distributed

according to the exponential distribution.
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Derivation of

the Mean of
the Exponential Distribution
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A very interesting property:
- The hazard rate of this distribution Is constant.

- The mean and standard deviation of the exponential
distribution are equal.
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1. Derivation of the mean:
The pdf of the Exponential distribution Is given by

f(x)=4e, x20,4>0.
Therefore,

E(X)= T x f(x)dx :Tx.ie“dx

_a’)



First of all we will apply the formula of integration by parts:

j uvdx =u _[ vdx — _[ ( j vdxjdx

Here, we letu=x and v=4e ™ =—(-1e ™)

so that j vdx = j —(=2e™)dx = — j (e )dx = —(e)

du d (N

and =—{X)=1
dx dx




Hence, we have

| [ uvdx =u j vdXx — I ( j vdxjdx
= x(—e‘“)—j(l.(—e‘ X))dx = —xe —%j(ﬁ(—e“))dx

=—xe " - % j (—/?Le‘”bX ) dx = —xe™* —%(e“)




Now, in order to find the mean, we will apply the limits 0 to o«
to the expression we have obtained:

= ( X ) B ]?X'ﬂ“e_ﬂxdx = [—Xe_“ }: _ i[e—/lx ]:
0

A
—ax |~ 1 1
:_|:Xe A :|o _Z[e“}

o0

n
V)



In order to apply the upper limit to the first expression, we need
to utilize the L'Hospital Rule.

We have xe ** = —.
e
. X . 1 1 1 1
Now, LiIm— =LIm = = = = 0.
X—>00 e/1X X—>00 ie’ix ieﬂ’(oo) /’te(oo) /I(OO)

. X 0 0O O
On the other hand, ';LT " = 0 = - :I:O'







Thus, E(X)or u==.
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Derivation of

the Variance of
the Exponential Distribution
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A very interesting property:

The mean and standard deviation of the exponential
distribution are equal.



We know that, for the exponential distribution given by
f(x)=4e™, x20,4>0

themean is

1



1. Derivation of the Variance:

According to the short-cut formula

Var (X ( ) | E(X }



Now

E(XZ) :sz.f (x)dx :sz./le“dx
0

0



First of all we will apply the formula of integration by parts:
j uvdx =u _[ vax — _[ ( j vdxjdx

Here, we let U=X’ and v=Ae™ =—(-1e™)
sothat [vdx = [~(~Ae™*)dx = (e

and 4 = 9 () _ox
5) GRS )




Hence, we have

jx e dx = ujvdx I( jvdxjdx

= x%(—e ™) — j2x —e M Jdx = —x’e ™ —2_[ —xe~* Jdx
= —x%" _Zj( (—xe™ ) X
— _x% ™ —%jx(—ﬂe /



Hence, we have
sz.}ue‘“dx =X M4+ = j x(ﬂ,e‘”'X ) dx
Implying that

E(Xz):[—xze‘“]:+%E(X)




2
In order to apply the upper limit to { X } we need
e’

to utilize the L'Hospital Rule.

2

We have %
e
2
Now, L|mX7 2X =Lim 222 = 2 :E:O
X—o @ X X—>00 Ze X—>00 Z e X ﬂ/zel(oo) o0

On the other nand;  Limr—=- =—=—=0;.
x—0 e/1 e’I(O) 0



Hence, we have

E(X?)=—| 5 | +




Hence,

Var (

_2 _(EJZ _
A5\
Implying that

S.D.(X)=0=

)-[E(X)T
2 1 2-1
12_12_ 12
l



Hence we have the interesting property that the mean and
standard deviation of the exponential distribution are

equal.

This, In turn, means that the Coefficient of Variation of
the Exponential distribution is always equal to 1.
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Explanation:

The coefficient of variation is defined as CV = g.

Y7
Hence, for the exponential distribution given by

f(x)=4e",0< X<

the coefficient of variation Is
o _ 1/ 2 _ A 1

u 1A A

CV =
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Application of
the Exponential Distribution
(explained through an example)
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Example:

The duration of long-distance telephone calls is found to
be exponentially distributed with a mean of 3 minutes.

What is the probability that a call will last

(1) more than 3 minutes, (i1) more than 5 minutes?



et X be the exponential r.v. with parameter 6.
1 1
Then the mean, i.e. = 3, sothat 0 = 3

and the pdf can be written as

-3}



Now (1) the probability that a call will last more than 3
minutes, Is given by

P(X >3)= ( j %dx=[—e%T:e-1=o.3679.

3

00'-—;



And (i1) the probability that a call will last more than 5
minutes, Is given by

P(X >5)= ( j %dx:[—e%} _ 7 —0.1827.
5

U1'~—~.



We say that, the probability of having call duration longer
than 5 minutes its probability is almost half of the

probability of getting a call duration greater than three
minutes.
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MGF of
the Exponential Distribution
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We know that the probability density function (pdf) of an
exponential distribution Is

e x>0 A>0
0 X < 0.

f(x;/l):{

where A Is the only parameter of the distribution.



So to find the MGF, we proceed as follows:
M, (t)=E[e* |=[e"1e dx=2[e™*dx
0 0

[ —]00 [ —] 00

_e—(ﬂ—t)x
_ _
—(A-t) A—t

0 = -0




Now, ift<Athen A—-t>0
and we have

__e—(ﬂ,—t)oo _e—(/l—t)O_
Mo(t) =4 — 7
) P _1_1=/1[O+L




Hence, the MGF of the Exponential Distribution Is given
by
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Gamma distribution
(PDF, CDF and shape of the distribution)
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Formal definition:
Gamma distribution

1 a1 —xIp
X“ e O< X ca> 0, >0
f (x)={T (@) 5" X<maz0p

0 elsewhere

IS said to be the pdf of a gamma distribution with shape
parameter o and scale parameter (3 and we write this as X has
a1 (a, p) distribution:



Shape of the distribution

* From the graph it is Beotabiitty domaity heclian
obvious that, for any =
fixed value of the I — a bt
scale parameter 3, as ad T
a Increases, the | UxAgdw L0
Shap.e Of.the YR T == t:”g:.;i-
distribution tends to LN h=hats 1l

normality. 2 A fe

;i! "-l\;-.-.--.
.1 I . L iy

R e
il -.—Ei-l. —;‘:"-_-:__-

d | 30 W 1 O e
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First we introduce the gamma (I') function:

In calculus, the integral
J‘ ya—le— Yy dy
0

exists for o > 0 and that the value of the integral is a positive
number.



The integral is called the gamma function, and we write

['a)= j y* e Vdy
0
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Properties of the Gamma Function
e |If a =1, clearly (easy to verify through
integration) o
['(1)=|e’dy=1
-]

* If o > 1, an integration by parts show that

F(a)=(a—1) [y %edy = (e ~1)T (e -1).
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» Accordingly, If o Is a positive integer greater than 1,

(@)= (a-1)(a-2)(3)(2))r(1) =(a-1).

» Since I'(1) =1, this suggests we take 0! =1.

« It is important to note that the value of a gamma function =

ub.xyz | by VU Learning HUB


V IMPORTANT


In the integral that defines I'(a) , let us introduce a new
variable by writing , — X ~where 3 >0

Now
yzlszyﬂj%:ﬂ:%:dy

p dy p

Also, limits remain unchanged.






Now

(a)
Implies that
1 ax“‘le_yﬂ, 0< X<
C(a)p

IS eligible to be called a probability density function.



CDF of the Gamma Distribution

The CDF of the distribution Is given by

1 X
SN e G L

elsewhere

p

vulearninghub.xyz | by VU Learning HUB

0
where this y(a 1] IS the incomplete gamma function.



Incomplete gamma function

In mathematics, the upper and lower incomplete
gamma functions are types of special functions which
arise as solutions to various mathematical problems such
as certain integrals.
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The upper incomplete gamma function is defined as:
F(a, y) — j‘ta—le—tdt

- y - - -
whereas the lower incomplete gamma function is defined as:

y
y(a,y)= It“‘le‘tdt

1t is interesting to note that E(Of Y)+F(05 Y) (05)-

ninghub.xyz | by VU Learnin g HUB



V IMPORTANT


Shape of the CDF:

We can see that for
smaller values of the
shape parameter a, 1.e. a
=0.5 and 1.0, the shape
of the CDF appears to
be parabolic whereas,
for larger values of a I.e.
a =2.0, 3.0,5.0 etc , the
CDF is S-shaped. ez oy voteamng ius

U R T Turet ==

= T, T T ST

[
o L Bz ill
EzllY =10

ol o Sl
¥ H H } i
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Derivation of Mean and Variance of the Gamma
distribution
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Mean:
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Derivation of the Mean

 If X has a gamma distribution with parameters o and g,
then the mean of X is given by

Hy :E(X):OQB

vulearninghub.xyz | by VU Learning HUB






Hence,

x*e X# x*e X/
aj(ﬂ M(a+1 ]dx aﬂj( “+1r(a+1))dx
=aﬁj f(xa+lp)x=apB(l)=ap

.. The totalarea under the curve of a probability density function

I Alva e nruanl +A 1
9 alvvayo Cblual LU, L



Derivation of the VVariance

If X has a gamma distribution with
parameters « and S,

The variance of X IS
of =E(X?)-[E(X)]

AN






The variance of X IS
o2 =E(X*)-[E(X)] =a(a+1)p*~(ap)’
=0(2,82+05,6’2—052,32 =05,32.
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Example of
computation of probabilities for
a gamma-distributed random variable
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Example:

Let X have a gamma distribution with pdf
f (x):izxe_yﬂ, 0< X<oo,

zero elsewhere. If x = 2 Is the unigue mode of the
distribution, find the parameter  and P(X < 9.46).



Solution:

The pdf of the gamma distribution is given by

f(x)= 1 ax“‘le_yﬂ, 0<X<oo,a>0,8>0



Letting o = 2, we have

r(2)s° 11 3

1 _X
= F Xe /B, D<X<oo
Hence we can see that the given density function is the pdf
of the gamma distribution having a =2.

f(x)= L e ot e



 In general, it Is easy to prove that, for ¢ >1 , the mode
of the Gamma distribution is given by (a-1)4.

« Here we have been given the information that the
mode=2. Therefore,

Mode=(2—1),8=2:>,8=2i1=2.
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Hence,

f(x):%xe_% :%xe% :%xe%, D< X<oo



Now to find P(X < 9.46).

9.46
1

P(X < 9.46)= IZ

xe X2dx =



9.46

P(X < 9.46)= %(—Ze‘x’zx —4e %)

0

_(_26—9.46/2 (9.46) — fa94612 ) B (_26—0/2 0— 402 )]

1
4
%:(0.16700—0.003531)—(—0—490)]

% 3.79770 _ 0.9494.

(—0.20230) - ]——[ (-0.20230)+(4) | =



In other words, the probability that X < 9.46 is 94.94%
almost 95 %.
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MGF of Gamma Distribution
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The moment-generating function of the gamma
distribution is

—a 1
M(t)=(1-pt) fort<—
(0)=(-p)* fort<



In order to derive the mgf, we begin as follows




PROOQOF:

* First let’s combine the two exponential terms and move
the gamma fraction out of the integral:

1 o0
M t) = a-1 tX—X/,Bd
(t) o) !x e X

_ 1 T Xa_]_e—x(l—,b’t)/ﬂ dX
0’




Now we’re ready to do a substitution 1n the integral.

Letu:x(l_ﬂt): AU

X =
1- ft
1- ft
That meanswe have, du= P dX = dx = P
J’ 1- pt
Also, the limits remain unchanged.




Now substitute those In the Integral :

J‘Xa 1o —x(1- ,Bt/ﬂdx




(1) = (al)/,m j (14t ™ (1= pt) ™ (pu)* petdu

can be re-written as

_ (1_16”[)_& [ a-1l H _ —u
") !(,Bu) Se"du

M (t)



M(t)—(;(o'gt;aof(ﬂu) * gy

can be re-written as

(21— ,Bt) T udu:(l—(ﬂt)

ju“‘le‘“du
a) i



The integral is now the gamma function: F I u““‘e "du.
0

Making that substitution:




Now, cancelling out the terms and we have the required
moment-generating function:

a 1
M(t)=(1-pt fort < —
(O=(-p) " fort<
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Beta distribution
(PDF, CDF and shape of the distribution)
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The probability density function of the g distribution Is

f(xa pB)= B(;,ﬂ) x“‘l(l—x)ﬁ_l, 0<x<lLa,fB>0
where,
et

and « and / are the shape parameters respectively.



About the Beta function B

* The Beta function B in the denominator plays the
role of a “normalizing constant” which assures
that the total area under the density curve equals 1.
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* The Beta function iIs equal to a ratio of Gamma functions:

()T (B)
I'(a+p)

B(a,f)=

» Keeping in mind that for integers, I'(k) = (k—1)!, one can
do some checking and get an idea of what the shape
might be.
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Shape of the distribution:

H nz w 08 an L




Cumulative distribution Function

* The formula for the cumulative distribution function of the
beta distribution is also called the incomplete g function
ratio (commonly denoted by I,) and is defined as

[t (-1
0

B(a,B)
where B IS the beta“functiorn defined above.

F(x)=1i(a.f)=

, 0<x<£%ea, >0




Shape of the CDF:

el — ___:__-'-7’-
.JL-J.II—-. -
Bl el — _I_..-"'-

pal s F —
=1l =% ———JF

Vi

o

- - =
i B2 i L LR | I
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Some Properties:

* Mean =u
= E(X) =o/a+p

* Variance(Xx)

= af /( oc+B)2 (o+B+1)

ninghub.xyz | by'V



Mode:

» If o> 1land > 1, the peak of the density Is in the
Interior of [0,1] and mode of the Beta distribution
IS

mode = a—1/a+p —2

If o or B <1, the mode may be at an edge.
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Relation to Uniform Distribution

Proposition 1.

A Beta distribution with parameters o and B is a
uniform distribution on the interval .
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Proof: When a=1 and =1, we have,

1 . pi_ T(a+p) . =
8(a. ) 4= “Tayr(p)
r1+1) ,, o I(2) °
rorw” “Y Trorg Y
_(f)!_ol!)!l (1) =1. wT(n)=(n-1)!




 Therefore, the probability density function of a Beta
distribution with parameters o and 3 can be written as
f,(xa=1p4=1)=1 if,xe[0,1]

=0, f,x¢[0,1]

which Is the probability density function of a uniform
distribution of X on the interval [0,1].
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Topic No. 163

Derivation of the Mean and Variance of
the Beta distribution
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* As we know that the mean of a distribution of a
continuous random variable is given by










Now we know that the function is given by




But we know that,

-
Hence
[(a+1)T(p)

B(a+1p8) T(a+l+p) ol (a)l(B) T(a+p)

T B(@h)  (T@r(p)) (arp)T(arh) T(@)T(5)
I'(a+p)

(a+pB) @

:(a+,8)'

_ & r
(a+B)T(a+p)



 The variance of this distribution is Za’B
respectively. (a+pB) (a+p+1)

They are computed as below:
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(a+p)(a+p+1)



Therefore,

2 0((0(+1) _( o jZZ a+f |
(0(+,3)(0(+,3+1) a+ p (0!+,B)2(05+,B+1)
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Topic No. 164

Example of Application of the Beta Distribution
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Important Note

It is important to note that actually there are two types of &
Beta distribution:

* Beta distribution of the first kind

o Beta distribution of the first kind 1s defined on the
Interval from O to 1
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V IMPORTANT


Important Note

It is important to note that actually there are two types of &
Beta distribution:

e Beta distribution of the second kind.

e Beta distribution of the second kind is defined on the
Interval from O to infinity.
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V IMPORTANT


| will explain this to you with the help of an example for
the beta distribution of the first kind.



It is both interesting and important to note that the Beta &
distribution of the first kind (also called “Beta
distribution”) Is applicable in those situations where the
random variable X goes from 0O to 1.

This may happen in a number of situations but the one
that might come to mind first of all is the case when X
represents the proportions of successes in a large
sample.


V IMPORTANT


Question:

Suppose that the proportion of defective DVDs in a large
shipment follow a Beta distribution with o.=2 and = 5.

What is the probability that the shipment has 20% to 30%
defective DVDs ?



The largeness of the sample will facilitate the
assumption that our random variable X is
continuous.



Question:

Suppose that the proportion of defective DVDs in a large
shipment follow a Beta distribution with a.=2 and § = 5.

What is the probability that the shipment has 20% to 30%
defective DVDs ?



Solution:

Let X represent the proportion of defective DVDs In this
large shipment.

(Here defectiveness denotes ‘Success’.)

Then, obviously, X will go from 0 to 1.



The probability density function of the Beta distribution is
given by

G (4

=@ )

,0<x<L, a>0,6>0



In this example, o =2 and § = 5.

Hence, our PDF is

f(X) =

X2—1 (1 . X) 5—1

0<x<1]
B(2,5)




We need to compute
P(20% < x <30%) = P(0.20 < x <0.30)

which is given by

P(0.2 < x < 0.3) _Of X~ ;(22 ;‘))5 .




Solving the beta function
['(a)r(b)

°(a.b) = I'(a+b)

So,

F(2)r(5) r(2)r(s) (2-1)1(5-1)!
ST o) T i) T (7o)

- (12 A(f)' - 0.03333
\0):




We need to compute
P(20% < x <30%) = P(0.20 < x <0.30)

which is given by

0.3 2—1 5-1 0.3 2—1 5-1
P(0.2<x<03)= [~ L=X)" gy [ = U=X)"" 4y 02352
)7 B(2,5) J70.033333




Interpretation:

* Hence we can say that the probability that the shipment
has 20% to 30% defective DVDs Is 23.52% 1.e. a little
less than 25%.
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Topic No. 165

Normal Distribution
(PDF, CDF and Shape of the distribution)
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Definition:
A random variable X is said to have a normal distribution if its
pdf is

1 _E(X__ﬂjz
f(x)= e & @ for —oo < X < oo,
2TO
* LIS the mean or expectation of the distribution (and also

Its median and mode),
¢ >0 Is the standard deviation, and
e G2 is the variance.




Shape of the distribution:

PP T _H:!Ir

Fep TRl —

Fe Blajl =

" F-'_ Alapg —
lll:lr"lli_

Fow ppd Curwn W Tep DRS00 omTe OO MTubos
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The graph points to the following two basic properties of
the normal distribution:

1. The normal curve is [__.E“"_“ﬂ‘.“i"“_“'lt""“_____.
id
asy_mptotlc to the x- . Ay et
axis, A

Vg ppd Culen WP DRSS OO G RITDeshoe
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2. The maximum ordinate _ | Prrobahingy dunsiy Binction _—

(i.e. the modal ordinate) o
of the normal distribution il
at x=u 1s equal to
1/(<N2n)
x=pY’ —
f(x (G) for —oo < X < 0. *
( ) o\/ G Fog roed Cwrww W Pep pim=tgen! ooomma! TR
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Cumulative Distribution Function

The formula for the cumulative distribution function of the normal
distribution is

where 1
F (X 1+erf for —oo < X < 0.
)= { (afﬂ

erf(z) is the “error function”

defined by erf (2) = i/_ J-Oz ot
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The shape of the cumulative distribution function of the normal
distribution is S-shaped:

Comufatve distritation funcllon

#e TRy —
HrR L
e iR —
Fra Pl

vulearninghub.xyz | by VU Learning HUB



Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Habibullah

vulearninghub.xyz | by VU Learnin g HUB



Topic No. 166

Standard Normal Distribution
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* The standard normal distribution Is a special case of
the normal distribution .

e |t Is the distribution that occurs when a normal random
variable has a mean of zero and a standard deviation of
one.
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In other words, If the random variable Z follows a normal
distribution with parameters (0, 1), i.e. Z ~N(0, 1) then we
say Z Is a standard normal random variable.



The density of standard normal distribution is
therefore,

Z2

f, (z):ie[zj, ~0< Z<®©

J2r



Derivation of the Mean of the Standard Normal
Distribution

The mean of the standard normal random variable Z
IS given by

o0

E(Z):jzfz(z)dz

—00
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We know that, for any odd function g 1.e. a function for
which

g—x)=—-9g(X) ¥x e R

the integral j dx IS equal to zero.



Here, It Is easy to see that the function
zf, (z) = 7L e(_?} S e[_?J

IS an odd function.

Hence, the mean E(Z)= J‘ f, (2)dz =0.



Next: Derivation of the Variance of the Standard
Normal Distribution

Using the short-cut formula of the variance, we have

Var(Z ( )[E ]
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Now we know that,
for the standard normal distribution, E(Z) =0.

SO
2 K e{_zzz)
Var(Z)=E(Z?)-[0] =E(2%)= | 7

Y N2rx

dz




Now, we know that, for any even function g I.e. a function
for which g(—x) =g(x) x € R

the integral j dx IS equal to Zj g(X



Now z°

i)

J27

IS an even function of z.



2

Let w= % then 2w=z" => V2w =z => (2w)"* =z

— (2)1/2 (W)1/2 —7 = \/E(W)lIZ —7

Therefore

dz 1 dz 1

—— =J2=(w (1/2)-1 —> _ W ~1/2

dw V2 2( ) dw /2 (W)
dz 1 1

=> 0z = —dw.

> =
dw /2w J2W




2 FadF s 2 Fomen L
Var(Z) \/Z!ze dz \/ﬂl(ZW)e mdw
22 e L gwe 2@ foetm L
\/E\/ﬂ{(w)e \/de \/E\/E\/;O(W)e \/de

N/2/500\/—(_) 2 % 2 ° }
= wel™dw = —— | w’2%e™dw = — [ w®2e™dw
) 77 7
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Topic No. 167

The Process of Standardization,
Area Table of the Standard Normal Distribution
and

Computation of probabilities pertaining to a normal
random variable

(explained through an example)
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Normal Distribution

A random variable X is said to have a normal distribution if its pdf is
1 S

f(x)z\/ﬂge "j, —00 < X < 00

where L Is the mean of the distribution and o > 0 Is the standard deviation.

We say that X has the N (, o?) distribution.



i T oY T AT e e
il Sy epe= o T =y

' m M

PR = TN AR

(] e
Ul meriamd
R )
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1. For this purpose, we let Z = XK

O

Then, It Is easy to prove that Z ~ N(0,1).
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Table |

2. Area Table of the
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The Process of Standardization

Let X be N (x,0) and suppose that we are interested
in computing the probability P(a < X <b).

In order to be able to do so, we will need to convert our

N (1, o%) random variable X into the standard normal random
variable Z~N(0,1).



3. The Computation of Probabilities

Example:

Let X be N(2,25) and suppose that we are interested
In computing the probability

P(O< X <10) = F(10) - F(0).



Applying the standardization formula Z = Xon_ X5_2,
O

we obtain

P(0< X <10)=F(10) - F(0)

o[ 2%2) o[22

5 5

_cD(S\ cb( 2) ®(1.60)— D (—0.40).
\o/) 9



The standard normal table, gives us values of the
distribution function of a standard normal variable,

1.e. 1t gives the values of ®(z) for various values of z.



LT TR
TR T T,
T BT
B HT T
[ ER R

3 BB
SRR e AR VT

LT AT T

TR TR R

LS I T

r333583533=20032 853w En 2 NtiSR -2 22

e 1 B gy e ppem— iy
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Area Table of the
Standard Normal Distribution
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So

P(0< X <10) = (D(M)_(D(Ej
5 5

= (1.60)— (-0.40) = 0.945 — (1 0.655) = 0.600 = 60%.
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Topic No. 168

Computation of Some Specific
Percentiles
of a Normal Distribution
(explained through an example)
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Computing Percentiles

The standard normal distribution can also be used for
computing percentiles.

For example, the median is the 50t percentile (Pg,), the
first quartile is the 25 percentile (P,¢), and the third
guartile is the 75 percentile (P).



 |In some Instances it may be of interest to compute other
percentiles, for example the 5t or 95th,
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et us Recall the Process of Standardization

Let X be N (x,0) and suppose that we are interested
in computing the probability P(a < X <b).

In order to be able to do so, we will need to convert our

N (u, o*) random variable X into the standard normal random
variable Z~N(0,1).



X—H

For this purpose, we let Z =
O

Then, It Is easy to prove that Z ~ N(0,1).



The formula below is used to compute percentiles of a normal

distribution Is obtained by “inverting” the standardization formula
given above.

7 XK
O

=> X —-—u=0l=>X=u+ol’

where, u Is the mean and ¢ Is the standard deviation of the variable
X,

and Z i1s the value from the standard normal distribution for the
desired percentile.



Example:

The BMI for men aged 60 is normally distributed with
mean equal to 29 with a standard deviation of 6 whereas
the BMI for women aged 60 is normally distributed with
mean 28 and standard deviation 7.

What is the 90™ percentile of BMI for men and what
does it mean ?



First of all, let us see what is meant by BMI:

« Body Mass Index (BMI) Is a person's weight In
Kilograms divided by the square of height in meters.

« A high BMI can be an indicator of high body fatness.
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« The 90™ percentile is the BMI that holds 90% of the BMIs below
It and 10% above it, as illustrated in the figure below.

B
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« To compute the 90" percentile, we use the formula
X = u + oZ, and we will use the standard normal
distribution area table, except that we will work in the
opposite direction.
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* Previously we started with a particular "X-value" and
used the table to find the probability.

« However, In this case we want to start with a 90%
probability and find the value of "X" that represents it.
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* S0 we begin by going into the interior of the standard
normal distribution area table to find the area under the
curve closest to 0.90 1.e. 0.9000, and from this we can
determine the corresponding Z-score.



* When we go to the table, we find that the value 0.9000 is
not there exactly, however, the values 0.8997 and 0.9015
are there and correspond to Z values of 1.28 and 1.29
respectively.

 Since 0.8997 i1s much closer to 0.9000 than 0.9015,
therefore we choose the z-score corresponding to 0.8997.

 The z-score Is 1.28 (i.e., 89.97% of the area under the
standard normal curve is below 1.28.
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 Now that we have found z=1.28, we can use the
equation
X =u+ oz =29+6(1.28)
because we already know that the mean and standard
deviation are 29 and 6, respectively.



So, using z =1.28 the 90" percentile of BMI for men
comes out to be:

X =29 + 6(1.28) = 29 + 7.68= 36.68



Interpretation:

Ninety percent of the BMIs in men aged 60 are 36.68 or
less. Ten percent of the BMIs in men aged 60 are 36.68 or

higher.



REMARK:

The exact Z value holding 90% of the values below it is
1.282 which can be determined from a table of standard
normal probabilities with more precision.



Using Z =1.282 the 90™ percentile of BMI for men is:
X =29 + 6(1.282) = 29 + 7.69 = 36.69

--- very close.
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Topic No. 169

The function f(x)
defining the normal distribution
IS a proper PDF
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The function f(x) defining the normal distribution iIs a
proper pdf

l.e.
f(x) >0
and

the total area under the normal curve is unity.



Recall:
A random variable X iIs said to have a normal distribution if
Its pdf is 2
f(x): 1 e_%(%ﬂ) for —oo < X < 0.
o271

where [ Is the mean or expectation of the distribution and
c >0 Is the standard deviation.

(1) Clearly 1(X) 1s-always non-negative.



(1) The total probability (i.e. the total area under the
curve) is

Area = j f(x)dx = ! g~ (m) 1207 gy




X_
Let, z= ’u=>GZ:X—,u:>X:,u+GZ
O

so that %=O+G=G=> dx = odz.

dz

Limits remain unchanged.



Substituting these values, we get

o0

Area— j g7 /2

_ 1 7
! GdZ—E[O

2
e—z /2dZ

e Z’zdz+je 2127

%L



0
Thefunction j e 7 20z being an even function of z,

0 00
can be by letting w = -z, written as I e 7 2dz = je‘WZ’ZdW.
—o0 0

e—22/2dZ _ \/z
T

Then,

2
Area = e 22z

O gy 8
O gy 8

, 1
\/272



Letv:lz2 so that Q:E22:2:>dv:zdz
2 dz 2

Implying that

d7 — dv _ dv

z  J2v

Limits remain unchanged.



—F —.
Jr (2) N
Thus the total area (probability) under the normal curve is
unity:.
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Topic No. 170

Derivation of the mean and a variance of the Normal
Distribution
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We know that the pdf of the normal distribution with the
parameters U and o respectively is written as

1 20 2
f(x)= e =120 _ < x < o0

o2



The mean the normal distribution is

Proof:
By definition,

00 1 00 , ,
—E(X)= | xf (x)dx = x.g (X 12o gy
u=E(X) = | xf(x) —— j

—00

Let, z=>—* Then, x= u+zo and dx = odx.
O

{Limits: when'x =00, z=c0; When X = —o0,Z = —oo}



Therefore, E(X) = (u+z0)e ™ %dz

o0

£ j e 7 2dz +

-7 /2dZ
N2

o
Nrd)
[entdzs o=z

The first integral presents P times the area under a normal
curve with zero mean and unit variance and hence is equal to L.
The integral being an odd function, equals zero.

Thus, E(X)=u e istheemean of the normal distribution.



And, now of find the variance:

Var(X) =E(X — u)? = ]O (x— 1)?  (x)dx

LT (xe ) et gy

o2 °,




on putting z =

Var(X) =




To Integrate by parts, we use the formula

j udv =uv — j vdu and make the

substitution dv = ze % '2dzandu = z

so that v=—e2'2and du = dz.



Then,

2 2
. o . —72/12 * o —72/2
Var(X)_\/ﬂ[ Z.e LO+\/E_OOe dz

In first part applying L'Hospital rule,

=0+0°
Hence, E( X )= pandVar (X )=o".



Edited by

Mahar Afaq Safdar Muhammadi
- M5c Math Mml':-npp 03494873115

ninghub.xyz |byVUL nnnnnn ing HUB




Topic No. 171

The Median and the Mode of the Normal distribution
are each equal to y,

the mean of the distribution
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(1) The median, a, Is obtained as the solution of
M
1
f =_,
[100-3
m— the median of the distribution

1 M )
[(x=p)?126% 1 4y __
je dx =
o2

N |



. X — dx
Putting z:—ﬂ:x:y+az:>d—:0+a:a:>dx:adz
o Z

Limits
X —> —00, Z —> —©
M —u

O

X—>M, z—>



Hence, the median is the solution of the equation

M-p
L 1 alcewnes? 1
g T2 gy = =
oN27 J;O 2
or
M-u M-u
1 Ty 1 1 ¢ _p
— f e’ /2c7d2=7—>,— f e’ /Zdz
o2 °, 2 2m °,



But we know from the symmetry of the standard normal
distribution that

l.e. W IS the median of the distribution.



11) By definition, for any pdf f(x), the mode, if any, is that
value of x for which

f'(x)=0
and

f"(x)<0.
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Now,

1 219 29[ X— 2
F1(x) = o l0c-n)120°] ﬂj(__j
( ) o2 ( o’ 2

1 [(x-p)?120%]
= — X—p)e e
s (X— )
Equating f'(x) =0, we seethat x = .




Now,

Again differentiating, we obtain

1
f"(x)=-—
() 03@

€

—(x—u)?120°

—€

ewpize? (X = /1)2
2

O




1
.I:” — _
(X) 03@ 02

Substituting x = 2 in f"(x), we see that f"(x) <0.

-
e—(x—,u)2/2c72 1 e—(x—,u)2/202 (X—u)




Thus,
X = 1 1S the mode of the normal distribution.

Hence the median and mode are both equal to 4.
Since,

mean = median = mode,
the normal distribution is symmetrical and unimodal.
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Topic No. 172

The Quartile Deviation of

the Normal distribution
is approximately (2/3)d of its standard deviation
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Explanation:

For any distribution, the Semi-Inter-Quartile Range or
Quartile Deviation, Q, Is given by

Qg _Ql

Q="

vulearninghub.xyz | by VU Learnin g HUB



Inter-Quartile Range

(IQR)

L)
r—‘
li‘—rl—l
= LE = IR | Ei s LEw AR
'l 4
| l
HfE
—r -l - ¢ W ¥ = W
=0 i AN LA }

""Fulearﬁﬂhub.}yh by\T[!'!earnileUB LB = e an



Now, for a Symmetric distribution,

Q3_Q2 :Qz _Q1 :>Q3 :2Q2 _Ql

_20,-Q-Q _ 2Q,-2Q

2 2
and

= Q

:Qz _Ql



But, for a Symmetric distribution,

Qz = H
Implying that, for a symmetric distribution,
we can write
Q = H— Ql
and also



For any symmetric distribution,

e e

5% | =A%
5% 25T




As such, for the normal distribution, the following equation holds:

Q 1 x—pu )\ +Q 1 x—pu Y
1 S 1 P S
!10 27,6 dx_Z:ﬂjQG@e dx_2

which can be re-written as

%_ ﬂf e_%(%ljz dx =
oN2m 2,

1
2



We have

p+Q 1 X—p
1 . |

G\/E ﬂjQ ) 2

. X —
Putting, Z=—’u:>GZ=X—,u:>X=,u-I—GZ
O

dx

DA—ZO-I—G:GSGCIZ:C{X
aZ



Change of limits:

AsXx —> u+Q =z >ﬂ+Q_ﬂ:Q
O O
andas X > u—-Q =z JHQ-p_ Q
O O
S0
substituting the values, we obtain
1 ¢ Loy 1
= J. e 2() CTdZ:;



1, 2
——(z

Now, e 2 .o IS an even function

So
Qlo 1, 2
1 j e_i(z) oadz :l
oN27 _&), 2

can be re-written as

Qlo _1(2)2
je 2 odz=—== | —e 2dz==

1 2
O~ 271



Now, from the area table of the standard normal
distribution, we find that

0.6745 2

e 2dz =0.2500



Hence, we can write

Qlc = 0.6745
or
0=0.6745¢

(1)
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Therefore, using eq.(1), we obtain the values of the
quartiles as follows:

Q =x—0.6745¢ and Q,=u+0.67450
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Topic No. 173

The normal curve has

Points of Inflection
which are equidistant from the mean
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Definition: By a ‘point of inflection’ we mean a point at
which the concavity of a curve changes,
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From calculus, we know that such a point is obtained by
solving the equation

f"(x)=0



Taking the first derivative of the PDF of the normal
distribution, we have

. ;jx [a 127z o J: a\/lﬂ c?x {ez[x(ﬂ J

e s




 To find the points of inflection, we take the second
derivative:










so that, finally, we have:




Now, equating the second derivative to zero, we have

1 S )
—G%E;e [L— ]—O

of X—u=rto=X=uxo
of X=u+o, X=u-o.



At these two points, the value of the function f(x) Is




Hence, the two points of inflection of normal curve are

and




In other words, the points of inflection occur on the right
and on the left of the mean at a distance equal to
standard deviation and thus the graph of the normal
curve Is bell-shaped.



The ‘bell curve’
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Topic No. 174

For the normal distribution,
the odd order moments about the mean are All zero
and

the even order moments are given by
s, =(2n-1)(2n-3)(2n-5)...53.1 o™
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Theorem:

For the normal distribution, the odd order moments about
the mean are all zero and the even order moments are
given by

1, =(2n-1)(2n-3)...5.3.1 ™



Proof:
The odd order moments about the mean are given by
n+ F- n+ 1 _E(X_—ﬂjz
=E(X —u)" = [ (x=p)™. e > 7/ dx
Han ( :U) j( ,U) o2r

—Q0

where nell.

- X—
Substituting, 7=""H 57 =X—U=>X=u+01Z
o

dx

= — =g =00z =dx
dz



Limits remain unchanged.

& we get,

( 2n+1 —(2) 1 i, (2)°
ooy = I . \/7; odz :E j (o2) dZ
1

2n+ 72

I 72"l 2 dz —0as z*""e 2 js an odd function of z.

Thus,
ﬂ1:ﬂ3:ﬂ5:'”20



2N+l © 72

j 7"le 2dz =0

Hon = \/E

as z°"e 2 is an odd function of z.

Thus,
lLllzlL[3 :ﬂsz---zo




Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Habibullah

vulearninghub.xyz | by VU Learnin g HUB



Topic No. 175

Derivation of

the Variance of
the Exponential Distribution
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A very interesting property:

The mean and standard deviation of the exponential
distribution are equal.



We know that, for the exponential distribution given by
f(x)=4e™, x20,4>0

themean is

1



1. Derivation of the Variance:

According to the short-cut formula

Var (X ( ) | E(X }



Now

E(XZ) :sz.f (x)dx :sz./le“dx
0

0



First of all we will apply the formula of integration by parts:
j uvdx =u _[ vax — _[ ( j vdxjdx

Here, we let U=X’ and v=Ae™ =—(-1e™)
sothat [vdx = [~(~Ae™*)dx = (e

and 4 = 9 () _ox
5) GRS )




Hence, we have

jx e dx = ujvdx I( jvdxjdx

= x%(—e ™) — j2x —e M Jdx = —x’e ™ —2_[ —xe~** Jdx
= —x%" _Zj( (—xe™ ) X
— _x% ™ —%jx(—ﬂe /



Hence, we have
sz.}ue‘“dx =X M4 = j x(ﬂ,e‘”'X ) dx
Implying that

E(Xz):[—xze‘“]:+%E(X)




In order to apply the upper limit to {XT
e

to utilize the L'Hospital Rule.

2

2

X

}, we need

We have %
e
. XA . 2X . 2 2
Now, LI S = i =1l e = 77
x> (0 0 o0
On the other hand, ';LT i 0 — I =0.



Hence, we have

E(X?)=—| 5 | +




Hence,

Var (

_2 _(EJZ _
A5\
Implying that

S.D.(X)=0=

)-[E(X)T
2 1 2-1
12_12_ 12
l



Hence we have the interesting property that the mean and
standard deviation of the exponential distribution are

equal.

This, In turn, means that the Coefficient of Variation of
the Exponential distribution is always equal to 1.
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Explanation:  The coefficient of variation is defined as CV = ‘.
U

Hence, for the exponential distribution given by
f(x)=4e™, 0<x<o0

the coefficient of variation Is
CV_G_U&_i_l

u UL AT
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Topic No. 176

Obtaining the first two Raw Moments of the Normal
Distribution from its MGF
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The first two Raw Moments of the Normal Distribution
are given by

E(X) & E(X?).



We know that, the mgf of Normal Distribution is as

1
,ut—i——aztz

I\/I(t):e 2 for —w<t<oo,



The first two derivatives of M, (t) are easily derived as,

1 1
, +=o%t? +=o%t? 1
M (1) =2 e 27 |2t L) gy Loy }
dt dt 2

,utJrEO'ZtZ 1 2 ,ut+30'2t2 2
=e * ,u+50' 2t |=e * [,u+0't]



Putting t = 0, we have
M, (0)=e
=@’ (,u + O)

But, we know that

Therefore



And now taking the second derivative of My(t) as follows:
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Putting t = 0, we have,

, 1(0)+20%(0) utrlo?(0)

I\/IX"(O): ue 2 4+ uc’(0)e

1(0)+= 52 (0) (0 ) ~5%(0) 1(0)+=5°(0)
+ (Gze 2 +ou(0)e +o0'(0)e 2 ]

:[yzeo +O]+[02e° +O+O]
=D+’ =u’ +0°.



But, we know that

Therefore



So, we find the variance as

Var(X)=E(X?)-[E(X }

=u‘+o’—pu’ =0’



NOTE:=
All the higher moments can be derived in a similar manner.


V IMPORTANT
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Topic No. 177

Cumulant Generating Function
of the N( pn,0?) distribution
and
its utilization for finding its cumulants
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Definition of
Cumulant Generating Function

For any distribution for which the mgf exists,
the cumulant-generating function K(t) iIs the natural
logarithm of the moment generating function I.e.

K(t)=InE(e”)



For the normal distribution with expected value pn
and variance o2, the cumulant generating function is

242
K(t):,ut+%.



 The first derivative of the cumulant generating function
IS obtained as follows:

d o’t’ d d o°t’
K'(t)=—| ut+ =| u—1t+
0 dt(ﬂ Zj(ﬂdt dt2]

:(;,(1)#772(2t)j=(y+a2 (t))=u+ot
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The second derivative of the cumulant generating function
IS obtained as follows:

K”(t) :%(K'(t)) :%(,u+02t)

:(%(ﬂ)Jraz %(t)) =0+0°(1)=0".



The third derivative of the cumulant generating function is
given by:

K" (t) =%(K"(t)) =%(02) =0

Implying that all higher derivatives will be zero.



Now, the first cumulant is obtained as follows:
K’(O) :(,u+02 (t))t:O = u+o° (O) =u+0=pu
Similarly, the second cumulant is:

K"(O) = (02 )t:O =o°,

And the third cumulant is:
K™(0)=(0)_, =0.



Similarly, all the higher cumulants will be zero.



Thus, In a nutshell, the cumulants of the normal distribution
with expected value p and variance c? are

K, =4,
K, =07,
and

BN = & ] — e s s — U
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Topic No. 178

For the normal distribution,
the odd order moments about the mean are All zero
and
the even order moments are given by

5, =(2n-1)(2n-3)(2n-5)...53.1 o™
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Theorem:

For the normal distribution, the odd order moments about
the mean are all zero and the even order moments are
given by

1, =(2n-1)(2n-3)...5.3.1 ™



Proof:

The even order moments about the mean are obtained as
follows:

foy =E(X =)

ey i
:j(x—y) " ——e 2 7/ dx

e o271

I X— 1
Substituting, Z=——=0Z=X—u= X=u+02
O

dx . :

= — =0 = odz =dX, Limits will remain unchanged.

dz



Therefore,
0 l(X—,u

2n 1 2
= | (x—u)". e
to = | (x= 1) s

—00

can be re-written as

o0 1

2N 1 _E
= . e d
to = | (02)7 e 7o

—00




And, Now, as we know that, for any even function g i.e. a
function for which g(—x) =g(x) ¥x € R

the integral j dx IS equal to ZI g(X



Therefore, we have




2

Let y=%:>2y:22:>«/2y:z

2
Also,y:Z—:> dy _ 2z :z:>dy:zdz:>ﬂ dz = — dy = 0z
2 dz 2 Z J2Y
Limits remain unchanged.
2n © 2n o
O n
Therefore, 1,, = - 2y 2e‘ydy
@ F H







~ 2”0‘2”F(n +1/2)

SR,
o

ty, =(2n-1)(2n-3)...5.3.1 o™
Putting n=1and 2, we get 1, =c° and u, =30".




Hence ;=0 meaning that skewness Is zero,
and

7
IBZ — g —
H, O

1.e. the normal curve has zero kurtosis.
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Topic No. 178

An example of
the
Normal Approximation to the Poisson distribution
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Normal Approximation to the Poisson distribution

* It has been mathematically proved that, in the case of a
Poisson Process leading to a Poisson distribution with
mean=variance= A, If A tends to infinity, then the
Poisson distribution tends to the Poisson distribution.
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* In practice, for sufficiently large values of A, (say
2>1,000), the Normal(pn = A,0% = A) Distribution is an
excellent approximation to the Poisson(i) Distribution.

vulearninghub.xyz | by VU Learnin g HUB



« If A Is greater than about 10, then the Normal
Distribution Is a good approximation if an appropriate
continuity correction is performed.



Example:

The number of calls received by an office switch board per
hour follows a Poisson distribution with parameter 25.

Find the probabilities that in one hour
(a) There are between 23 and 26 calls (inclusive),
(b) more than 30 calls, using the normal approximation to

thn Daicenn Aictrihiitinn
CLIIC 1T VIiIooVUIl Il UL EAILALIVIL T



Let X be the random variable, the number of calls received
IN one hour.

Then, X 1s P(x ; 25).
We require (a) P(23<X<26) and (b) P(X>30).

Using the normal approximation, X is N(25,25)



(a) P(23<X<26) becomes on continuous scale P(22.5<X<26.5)
, X 15 N(25,25).
22.5-25

The z-values are: At, x=225, 7= c =-0.5, and
26.5-25

P(22.5< X <26.5)=P(-0.5<Z7<0.3)
=P(0<Z<0.5)+P(0<Z<0.3)=0.1915+0.1179
=0.3094 = 30.94%.



(b) P(X >30) becomes on continuous scale P(X >29.5)

P(X >29.5)= P(X 29 > 29'55_25j

:p(z>%j P(Z >0.9)=1-P(Z <0.9)



| would like to encourage you to compute the exact
probabilities by using the pmf of the Poisson distribution

and then compare the exact probabilities with those
obtained through the Normal Approximation to the

Poisson distribution.
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Topic No. 180

Bivariate Normal Distribution
(PDF and Shape
of the distribution
&
a few real-life examples)
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Definition
A pair of random variables X, and X, have a bivariate normal
distribution and they are referred to as jointly normally
distributed random variables if and only if their joint
probability density is given by

: Jz@lpz{“a?*Zp(*zfﬂ(*zfJJX;;’”Z

T (%, %)=
’ 276,06 ,\1— p°

for —o <x, < wand — © <X, < o,
where, €0, 1, €llqoy > 005> 0, and—-1<p <.



2 2
This is referred to as the N (ux’ uy, O, Uy, ,0)
distribution.



This joint p.d.f., has a bell-type shape.
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Bivariate Normal Distribution
withp=0and o,=0,=0:
ey w
Ll 1iEi
14
IJI:E-:

=

.
=
e Ty

An exact, beautiful bell-shaped surface
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Bivariate Normal Distribution
withp=0and o, #o,:

—Eventhen, it is almost a bell-type surface




Bivariate Normal Distribution with p = 0.87

e T TR el Ll LA ik
m e el ] Wl W TSR
T N T _Ffl_"'l_l L Ry ——
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‘Base’
of the Bivariate Normal Distribution with p = 0.87

The diagram above needs to be ACCORDING to the bell-type shape Iin

the prévious graph'(should be “thinner”).



Bivariate Normal Distribution with p = - 0.67

S E1RE:




‘Base’
of the Bivariate Normal Distribution with p = - 0.67

| vuleﬁninﬁhﬁb.ﬁzll b‘ ﬁE Lﬁrniﬁ:HHE !“ il! Hl ” 1



Explanation

Concelve It:

as if we have a ‘bell-type’
that is placed on the
FLOOR.
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The concept of

the ‘X, X, floor’
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What is meant by we ‘X, X, floor’?

Consider the three-dimensional space for example the room in which you
are sitting right now.

*Now focus on the floor of the room.
*One ‘edge’ of the floor will be called the X, axis
*The other ‘edge’ of the floor will be called the X, axis

And, as such, the floor will be called the < X, X, Tloor”
(actually it is the X, X,-plane)



Next:

The concept of

Ccontours
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By the term ‘contour’, we mean the set of points
on the X, X, floor corresponding to which the

ordinates are of equal height.

vulearninghub.xyz | by VU Learning HUB



Explanation: Consider the bivariate normal distribution for
whichp=0and g, =0, = 0.

In this case the contours of the distribution will be

concentric circles because,
against each of these circles

(on the X X, floor), @
the ordinates are of

aniial hainht
VU UL 11IVIVTIL, vulearninghub.xyz | by VU Learning HUB \\“:’7




*The ordinates against the outer circle are very short;

*The ordinates against the Second circle (inner circle) are
a little taller than the ones against the outer circle;

* The ordinates against the Third (inner) circle are
taller than the ones against the Second circle;

*The ordinates against the Fourth (inner) circle are taller than the
ones against the Third circle;

And so on.



The circular contour corresponding to a lower height Is
wider than the one corresponding to a greater height.

An b

15

=
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Next:

A circle can be regarded as

a special case
of an ELLIPSE.
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General Concept of Ellipse:
We may assume that one of the many diameters of the
circle is being ‘elongated’

L

AS soon as we
‘elongate’ one of the
diameters, we get a
major axis as well as

| W . 7] - WA WY

| T Ve
a_l I III IUI axlb. vulearninghub.xyz | by VU Learning HUB




Bivariate Normal Distributions with p = 0.87 (to the left)
and p = - 0.67 (to the right)

ey s rew’ be-meen co— E

- e e BT T et B 2R T i R G o T B e eSSl il =i i LSRR g T F 1A i i
. ) Wl W
iy e e ey o rr—
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Bivariate Normal Distributions with p = 0.87 (to the left)
and p = - 0.67 (to the right)

IIWWHMHEI‘H
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A few real-life examples

 Heights and weights
« Weights and Blood Pressures
e Marks in Mathematics & Marks in Statistics
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Topic No. 181

Bivariate Normal Distribution

Detailed discussion of the Shape
of the distribution
when p = 0)
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RECALL Definition
Joint probability density is given by

SR e o

T (%, %)=
’ 276,06 ,\1— p°

for —o <x, < wand — © <X, < o,

wherey, €l ,w, €J,0,>0,0,> 0, and-1< p<1.



PDF of the bivariate normal distribution for the case p = 0.

PN e{z(llpz)(()(la? B e ]}
2716,0,+J1— p°
1 e ]
2r0,0,\1-0°
1 [(xl—mz_m(xz—yz)j _;[(xl—mi(xz—ﬂzf}
1 20 of 4 J__ 1 A4

= €
2ro,0, J1

2ro,0,
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Now, since f (x;,X,) represents the ordinate of the
distribution against the point (x;,X,) on the X, X,-floor,
therefore, for any particular contour, we can write:

f(x, %)= e’

2700,

] =constant =cC







Further,

Hence, we have

(=) (%—t5)

lghud
KO,

K&

2
2

1



RECALL
the Mathematical Equation of An Ellipse

The equation of an ellipse with major axis parallel to the
X,-axis and minor axis parallel to the X,-axis and having
Its center at (c,,C,) Is as follows:

_|_
a’ b?

(h-a) , (u-c) =1 (1)



Next:

The Shape of the distribution
when

p=0 AND o, =0,
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In the special case a = b, equation (1) reduces to

2 2
(X1;2Cl) T (X2 ;202) :1:>(X1_C1)2 +(X2 _Cz)z =a

and we already know that
(%, —01)2 +( %, —02)2 =a

Is the equation of that particular circle with center at the point
(c,,C,) and with radius-a.

2

2



Hence, if we put o, = o, = o In equation (2), we obtain

(Xl_zul)z N (Xz _luz)z _1
ko? -

ko™
:>(X1—,L11)2+(X2—,uz)2:ka2 (3)

which is the equation of a circle

with center at (12, 1)

QO

nd with radius = k

N/ 1
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Topic No. 187

Conditional distributions
IN the case of
Bivariate Normal Distribution

(Graphical Interpretation)
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Graphical interpretation

of the concept of

conditional
distributions

associated with
the

blvarlate normal distribution.

ninghub.xyz | by V



So, let us start with the pdf of the bivariate
normal distribution:
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We know that the joint p.d.f. of Bivariate Normal distribution

(X, Y)Is | |
ooy o 1wl
A 270,01 — p°

where —oo < X, y < oo and the parameters are such that
—00 < W, H, < 0;

oy, oy > 0;
-1<p<l.



Bivariate Normal Distribution
withp=0and o,=0,=0:

!ﬁp!_'
II|1Ei

014
ERY

5

=g =
|----_r_-T--:-

An exact, beautiful bell-shaped surface
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Bivariate Normal Distribution with p = - 0.67

S E1RE:




As far as the
Graphical interpretation
of the conditional distributions

assoclated with the bivariate normal distribution are
concerned,

please consider the following diagram:
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Important Note:

o ez
leX(YIX—X) —\/an '_1—,0262 o

we are talking about

considering the distribution of Y against a given value of X
which we are denoting by x.

In equation (1) I1.e.




In other words, the ‘x’occurring in the exponent

IS a particular value of X, I.e. 1t IS a constant.

vulearninghub.xyz | by VU Learnin g HUB



Because of the above, we can see that:

As far as the mean of the random variable Y corresponding
to any particular value of X is concerned,

Oy

o ' - :F—m;-.. =
Hy = Hy +(X_ﬂx)(_y),0 R o e

represents the mean value of y against some particular
value of x.
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Topic No. 185

In the case of a Bivariate Normal Distribution,
the random variables X and Y are
Independent
IF AND ONLY IF
the Correlation Coefficient
p=0
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Now we will attempt to prove that
In the case of a Bivariate Normal Distribution,
the random variables X and Y are
Independent
IF AND ONLY IF
the Correlation Coefficient
p=0
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Theorem:

If X and Y have a bivariate normal distribution with
correlation coefficient p. Then X and Y are independent if
and only if p =0.



The statement "if and only If" means:

1) If Xand Y are independent, then p=0,
&

2) If p=0,then X and Y are independent.
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Note that, in general, if X and Y are independent random =
variables, then their correlation coefficient is O.

(In other words, It Is ALWAYS true that in the case of two
iIndependent random variables X and Y, the correlation
coefficient p Is equal to zero.)

vulearninghub.xyz | by VU Learning HUB


V IMPORTANT


As such, there is no real need to prove the first part of the
statement “if and only if”.
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The actual goal Is to prove the second part of the statement
“if and only if”

l.e.
In the case of a bivariate normal distribution N (ux, Hy GXZ, 0'5, p),
If p=0, then X and Y are independent.
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the basic condition by which two jointly distributed
random variables X and Y can be regarded as being
statistically independent.
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Definition of Independence:

Two random variables X and Y are independent,
statistically independent or stochastically independent if

Y (X1 Y) = f, (X) f, (Y) ..(1)

l.e.
If the Joint density fy, (X, y) Is equal to the product of the marginal
density f, (x) and the marginal density f, (y).
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Note that, due to equation (1), if Xand Y are mdependent then &
the conditional distribution of Y given X =x I.e. ax (Y1 X =X)

can be written as

So, in the case of independent random variables (X and Y),
conditioning on X = x does not change the distribution of Y.

(i.e. the conditional distribution of Y is the SAME as the
unconditional distribution of Y)
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V IMPORTANT


The proof of the second part of the statement “if and only if”
l.e.

In the case of a bivariate normal distribution
iIf p=0, then X and Y are independent.

N (W, By, 02,07, p),
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Proof: In order to prove that if X and Y have the bivariate normal
distribution with zero correlation, then X and Y are independent,

we need to show that the bivariate normal density function

() {8 o]

B
1 2(1-p%)
e

o (X’ y) i 270, 0 «/1 —p°
x“'y

factorizes into the product of the marginal p.d.f of X and the
marginal p.d.f. of Y.




Substituting p = 0 In the pdf of the bivariate normal
distribution, we have

(] 2 ol )
(% y) = nghe o o ] o
X~y

which reduces to




Further simplifying, we have:

(G-

Foev (X’ y)_ 27T,
x <y
1| x— B
_ 1 S
x/272'x/27Z'GXJy
oA x—=m Y 1
- 1 e 2( O x j >< 1 e =

N 27ro, ~ 2ro,,

b %

=l




Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Habibullah

vulearninghub.xyz | by VU Learnin g HUB



Topic No. 181

Bivariate Normal Distribution

Detailed discussion of the Shape
of the distribution
when p = 0)
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RECALL Definition
Joint probability density is given by

SR e o

T (%, %)=
’ 276,06 ,\1— p°

for —o <x, < wand — © <X, < o,

wherey, €l ,w, €J,0,>0,0,> 0, and-1< p<1.



PDF of the bivariate normal distribution for the case p = 0.
1 (Xl_:u’l)z_ X =1y || Xo—Hp +(X2—ﬂ2)2
f (X, X%,)= = e{ 210 o 2,;[ ! J[ o, ) o ]}
e 2716,0,+J1— p°
1 (Xl_“l)z X— Xo—Hy (XZ_:“Z)Q
1 e e e

- e
2r0,0,\1-0°

— e =
2ro,0, J1 2710,0,




Now, since f (x;,X,) represents the ordinate of the
distribution against the point (x;,X,) on the X, X,-floor,
therefore, for any particular contour, we can write:

f(x, %)= e’

2700,

] =constant =cC







Further,

Hence, we have

(=) (%—t5)

lghud
KO,

K&

2
2

1



RECALL
the Mathematical Equation of An Ellipse

The equation of an ellipse with major axis parallel to the
X,-axis and minor axis parallel to the X,-axis and having
Its center at (c,,C,) Is as follows:

_|_
a’ b?

(h-a) , (u-c) =1 (1)



Next:

The Shape of the distribution
when

»=0 AND o, =0,
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In the special case a = b, equation (1) reduces to

2 2
(X1;2Cl) T (X2 ;202) :1:>(X1_C1)2 +(X2 _Cz)z =a

and we already know that
(%, —01)2 +( %, —02)2 =a

Is the equation of that particular circle with center at the point
(c,,C,) and with radius-a.

2

2



Hence, if we put o, = o, = o In equation (2), we obtain

(Xl_zul)z N (Xz _luz)z _1
ko? -

ko™
:>(X1—,L11)2+(X2—,uz)2:ka2 (3)

which is the equation of a circle

with center at (12, 1)

QO

nd with radius = k

N/ 1



Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Habibullah

vulearninghub.xyz | by VU Learnin g HUB



Topic No. 182

Computation of Probabilities

IN the case of
Bivariate Normal Distribution
explained through an
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Example:

A statistics class takes two exams, Exam 1 (Midterm Exam)E
and Exam 2 (Final Exam), and let us suppose that the marks of
the two exams (to be called X and Y respectively) follow a
bivariate normal distribution with parameters:

M, = 70 and p, = 60 (which can be called the marginal means)

o, = 10 and o, = 15 (which can be called the marginal standard
deviations)

and p = 0.6 (which is the correlation coefficient).
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V IMPORTANT


Suppose that we select a student at random.

1) What iIs the probability that the student scores over 75
on Exam 1 (Midterm Exam)?=

2) What Is the probability that the student scores over 85

on Exam 2 (Final Exam) given that he/she scored 75 In
Exam 1 (Midterm Exam)?
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V IMPORTANT


Solution of Part (1):

Note that marks obtained in Exam 1 (denoted by X) follow &
a univariate normal distribution with

mean = 70 and variance = 100 i.e. X ~N(70, 100).
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V IMPORTANT


Hence, the probability that a randomly selected student
scores over 75 in Exam 1 is given by®

75-10

P(X > 75) =P[Z S X‘“X]: P(Z S
O

X

j: P(Z > 0.5)

=1 - P(Z < 0.5): 1 - CD(O.S) =1 - 0.6915= 0.3085=30.85% or 31%
--- a little less than one-third.



V IMPORTANT


Next,
Part (2) of the question is as follows:

Suppose that we select a student at random.

What Is the probability that the student scores over 85 on
Exam 2 (Final Exam) given that he/she scored 75 in Exam &
1 (Midterm Exam)?
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V IMPORTANT


Solution of Part (2):

Note that the distribution of marks obtained in Exam 2 &

(denoted by Y) given that the marks in Exam 1 were 75
IS the conditional distribution of Y given X=x=75.
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V IMPORTANT


The pdf of the conditional distribution of Y given X=X IS

s eesen])
207 (1) Y| Wyt Xy

fo (Y| X =X)= L e
e x/272'6y«/1—p2

It IS easy to see that the conditional dlstrlbutlon of Y given
X 1.e.f, |x(Y|X) IS normal with mean ,uy+,0 Y (x—u,) and
variance 2 (1— p?), Ox



Here, p, =70, p, = 60, o, = 10, o, = 15 and p = 0.6 Hence, we
have
fY|X (y| X = X)

" 2(15) (11_(0.6)2)[y{60+(0'6)g(x_m)ﬂz

e

. 2
215 (1—0.36)(y_[60+(0'6)(1'5)(>(—70)])

B 1
2z (15)1-(0.6)
1

= e

V27 (15)+1-0.36




or

1
1 2(15)°(0.64)

1:Y|X(y|X :X):\/E(]_S)me

1

_ 1 e_ 2(225)(0.64)

V21 (15)(08)

_ (y-[60+(09)(x-70) )"
__ 1w

(12)V2x

(y-[60+(09)(x-70) )"

(y-60+(09)(x-70)])"




Now, since the given value of X is x=75, therefore we have

1

(v 60+(0.9)(75-70) ]

1 2(12)
f X =175)= e
vix (Y ) DN
1 2 1 2
- 2(12)2 (y_[60+(0'9)(5)]) 1 - 2(12)2 (y-64.5)

1
“(12)V27 “(12)V27

which is the pdf of the univariate normal distribution with mean
and standard deviation

fi, = 64.5 G, =12

y



Hence, the probability that a randomly selected student scores
over 85 on Exam 2 (Final Exam) given that he/she scored 75 &

In Exam 1 (Midterm Exam) Is given by

P(Y >85) =P |z > 15 :P[Z S 85_64'5jzp(z > Ej
o 12 12

y
=P(Z >17)=1-P(Z <171)=1- ®(L71)
=1 -0.9564 =0.0436 =4.36%
--- a little less than 5%.



V IMPORTANT
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Topic No. 183 is at the end.
Topic No. 184

Marginals of the Bivariate Normal Distribution
are themselves Normal

vulearninghub.xyz | by VU Learnin g HUB



We know that the joint p.d.f. of Bivariate Normal distribution
(X,Y)Is

! (x_ux)2+(y—uy)2_2p(><—ux )(y-1y)
1 . 2(1-p?) 2 2

fXY(X, y) - o o /_1 —,02 X y -
Xy

where —oo < X, ¥ < oo and the parameters are such that
—o0 < Uy, py < 00,

Oy, Oy > 0;
—-1<p<l.



Let us now derive the Marginal distribution of X:

For any bivariate distribution f (x,y), the marginal
distribution of X Is given by

fx(x):j f(xy)dy, —o<x<ow.
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Hence, In the case of the bivariate normal, the marginal
distribution of X will be given by

. | em)® ) 200 )Yy
1 2(1-p?) 0'3 o2 OyOy

fX(X):‘[ 2no,0 1—p2e | Y
bt y y«/




L_et us now do some algebraic manipulation
In the expression of the

exponent:
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The exponent Is given by:

1 (x—ux)2+(y—uy)2_2,0(><—|~1x )(y—uy)
2(1- p°) o 0'5 0.0,

Dividing and multiplying the above expression by oo, we have

o 1 6207 (X~ 1)’ +afcf§(y—uy)2 20,0, p(X-}, )(y-H,)
2(1- p*)o0; o o, 0.0,
1 —
T oM 2\ 22 _GS(X_ )" +og(y—H,)° —2p0,0, (X~ 1, )(y_ ”y)]
=T 79%Cy




2

Completing the square in the exponent by Adding and Subtracting (x- ux) 2

In the square brackets:
1

) 2(1- pz)axzaj

[Gi(x_ux)z+G§(y_uy)2_2p0x0y(x_“x )(y_“y)-l_(x_ux)z (X I”lx) 2 2:|

X



Combining (1) the second, third and fourth terms, and (i1) the first and fifth terms, we have
1 X
21-p*)olo

2
y

[[(x ux) p*-2po,0, (X~ ux)(y uy)+a (Y-K,) ] [0 X—H,) = (x- ux) ‘ 2]}

_ 1 Y (v 2, 20y 1\ A2
- 2(1_p2)0505|:[0x(y “‘y) (X p‘x)Gyp] +O_y(X I'J'x) [1 p]i|



which can be re-written as

1 2 1 2 2 2
- — —\ X— — X — 1—
2(1—P2)0X20§[0X(y 1)=(x o) 2(1—p2)05050y( sl
2
— _ l Gx(y_uy)_(x_ux)gyp _ (X_HX)2
21-p)\ o,0, 0,0, 267

1 ((y—uy)_(x—ux)pT_g(x—ux]z

__2(1—,02) o o 2\ o

. y X X



Coming back to the overall expression of the
marginal pdf:

1 [(XIJ.X)2+(y_|~1y)22p(X_ux )(y_p‘y)

(- S

*w 2700 \/1 —p°

y

dy
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Substituting the newly obtained expression of the exponent

In the above pdf, we have

. 1 ((y—uy)_(x—ux) j{_(@}
f 2(1—p2) oy o 2\ o, g
' (X) _'[o 2no,0 \/1 —p° g
o 1 ((y—uy)_(x—ux)pj2 _E(X—UX T
2(1—p2) oy % ) e A dy

“ 2710, 0 \/1 —p°



Now, let us shift our attention to the first part of the
expression inside the integral sign (the one that does NOT
Involve the exponent):

1
27m0,0 \/1 - p’ 210, 27{(0 «/1 -p )

1 _E(X_psz o0 1 B 1 ((y Uy)(X—UX)pJZ
f _ 2\ oy 2(l—p2) oy oy d
= Iy (X) «,,_2,72.'5)( € :[OV?/H ((7 M,_l pz)e
YN



Multiplying and dividing the exponent inside the integral sign by o,

we have
(x pxj B 0)2/ ((y_Uy)_(X—HX)PJZ
fo(x)= e 203(1—,02) Oy Ox d
X~ ) o 1 (e, (xw)eoy |
_ 1 e_%[ GEJ 1 o 205(1_/)2){ o, pr ] ]

y
\/ 272'0 J;C \‘/ZCTV 4\/1_ _102



Now, Iet&jza (1 —p ) GyZGy\/l —pz,

therefore




I
fL(X)=———¢ e

270,

can be re-written as

1)
«/%ax




Letting &, = u, -I-(X—,ux)(ﬁ]p,

GX
NTRY 1 2
1 _(X2;1>2<) 0 l _?(y_ﬂy)
we have f, (x)= e e dy
" 270, WN27o,

Hence, the integrand is the pdf of a normal density of the variable Y with:

E(Y)=4, :uy+(x—ux)[%jp, Var(Y) =4,

X
N T 7

(1—,02)05



Now, It Is obvious that, for any density function,
the total area under the curve is unity.

1

\2
1 EyaAta)
Hence, j —e dy =1
N27mo,
(X_p-x)2 (X_U'X)
1 T g2 1 T2
— e 20, (1) — e 20,

= f, (X)) =
<X)= oo TZeo,




Therefore, the marginal distribution of X Is

f (X)= e j,—oo<X<oo

I.e. the normal distribution with mean g,

and variance o~.



l.e.
X ~N (W, 02) with E(X)=u, Var(X)=o?,

Similarly,

Y ~ N(p,,02) with E(Y) =g, Var(Y)=0".




Important Note:

It is possible to have a joint p.d.f. which has marginal p.d.f.s
which are Normal, yet which is NOT bivariate normal.
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Topic N0.186

Conditional distributions
IN the case of
Bivariate Normal Distribution
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the Conditional Distributions
related to
the Bivariate Normal Distribution
and,
through

DERIVATION,

| will show that the Conditional Distributions
related to the bivariate normal distribution
are themseluesJNormal
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So, let us start with the pdf of the bivariate
normal distribution:




We know that the joint p.d.f. of Bivariate Normal distribution

(X, Y) s ! {[XUXTJ{YWT2p(xuxj[y“>/ﬂ
fre (X Y) = =TT
A ZﬂGXGy\/l—_,OZ

where —oo < X, ¥ < oo and the parameters are such that

—00 < [y, My < 0;
ax,0y>0;
-1 <p<1l.



et us now attempt to derive the pdf of the
conditional distributions

assoclated with the bivariate normal
distribution:




In general, we know that, in the case of any bivariate
distribution f(x,y), the conditional distribution of Y
given X = x Is expressed as follows:

Fyy (X
fix (VI X = X) = X]Z(E(X)y)

where f,, (X, y) is the joint pdf of X andY

_ _I AN

df, \x) Isthe marginai pdf of X.

N




Now, we know that, in the case of bivariate normal
distribution, the marginal distribution of X Is given by:

2
1 X—Hy
1
2\ o —00 < X <00

fx(x)zﬂa e ,

i.e. the normal distribution with mean x4, and variance o°.




Therefore, In the case of the bivariate normal distribution,

we will have: ) 2
1 [x—uxj s Y—Hy _Zp(x—uxj Y—Hy
] 2(1-p%)|\ oy o, o \ oy
e
fXY (X, y) Z”Gxo-y‘/l —,02
fy|x(Y|X:X): = >
fx (X) 1(X_|J'x]
GX




L_et us now do some algebraic manipulation
In the expression of the

exponent
INn the

numerator:
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The exponent Is given by:

L1 ) R 200 (V- )
2(1- p%) 2 2

o, o, 0,0,
Dividing and multiplying the above expression by o

co, we have

1 oo -k) oioy(y-w,)° 20705p(x— 1, ) (Y- 1)
2(1- p*)oyo, o’ o, 0.0,
1
- Jo2te w2 reily W) 2e0,0,(¢ 1w ) (y-1,)]

2(1—,02)0'fc7y



2 2

Completing the square in the exponent by Adding and Subtracting (x— ux)

in the square brackets:
~ 1
2(1- pz)axzaj

2= )+ 0y 1) ~2p0,0, (X ) (Y=, )+ (X -1, ) ol ~ (x= 1) o7p°
Combining (i) the second, third and fourth terms, and (ii) the first and fifth terms, we have

1
X
2(1 Yolo!

y

[(x-w) o1p*~2p0,0, 0= ) (y-1, )+ o2 (y =, T+ [o2 0= = (x-1.) 03]

L T —H ) —{—
2(1 ,O)GZJZLL ) A\

v 12, a2l 2]
H ’J /J TUy\/\ PX} LJ. -I_|




which can be re-written as

1 2 1 2 2 2
X— — X— 1-
2(1 ,0 ) 2 2[ (y p‘y ( Ux)UyP] 2(1_102)0305 Gy( ux) [ /0 ]
2
1 [(oy-K) (X=K)op)  (x-p)’
2(1- p%) 0,0, 0,0, 20

1 (Y-H) (x-K)p 2_1 X—H, :
C2(1-pP) o, o, 2\ o,



Multiplying and dividing the first part of the exponent by crj,

we have

2 2
o (W—uy)_(x—ux)p) _g(x—uxj
20'5(1— p°) o, o, 2\ o,

_ 1 [(y—uy)cry_(X—ux)payjz_g(x—usz
2

- 205(1—,02) o o

y X



Now, let us revert back to the expression of the conditional
distribution:

fy|x (Y| X =X)




This can be re-written as:

fy|x(Y|X:X) =

[ 270,

Gy«/]. —p2




Cancelling out the term e—%[x;‘:xj in the numerator
with the same term in the denominator, we have

1 1 o :
[27[0)(0'), /1 pzl - 252 (1_p2)£(y—uy)_(X—Ux)G_iP]
fypx (V1 X = %) = e
1
L\/ﬁgx ]




Now,

fY|X (y | X =Xx)

V270,

2
272'(7X(7y \/1 - p




NOW,Iet6§—02(1 pz) 6 =

and let 1, = p, + X ,Ux[ j

Then, equation (1) can be re-written as




1 \2
T (v-4,)

2
_ y
Now, f lx(y|X_x)_ e

JZ&y

Is the pdf of a normal distribution of the variable Y with:

E(Y)=ﬁy=ﬂy+(x—ﬂx)(6—ijp,

o}

/ y

Var(Y) =67 =(1- p*)o’.



The conditional distribution of Y given x can be expressed
as follows:

(102 0-1). 0 0-17) [N )



A S 3L Ome U3 2 Gla) g gl plad
(6 A Jﬁ.«a L’é&‘ A IR gl‘.h
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WUEF af thn Bhvariate Narmal Bistibufion
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MGF of the Blvariate Nodimal Metribution

For thi purposc, wo begm with the deflnltbon of tho
g of 8 Blverisis discvbotion (i pemeral ):




MGEF af the Bivariate Marmal Distribution
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MAF af the Rivarlate Natmal Distribatien

Ag S m im sy Smnrox of Bx brvenes permsl
Sl f b b it f pma b e Ol
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BGF of the Bivariate Mormal Dstributian

For this, RECALL:

Muomeuts and shiple Apientn oo B2 MOGF of
a renxdom voodor




MGF af the Harate Noomal Distibuton
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MGE of the fikariate Hormma! Dlstribation
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MOF af the Bivariate Nodmal Déskriliufon
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RMOF of tha Blwsrlpta Normal Blarsibaitien

e i L
g

) o 0 ] 3 g O i
et s0e8)e T w14 = el

Scanned with CamScanner



MOF af the Blvariate Harmal Distribution

Similerly, il van be proved thas
: .
-Illl'iill.ﬂ
e v &,
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BAGE af the vaddaie Normal Gt Bautiamn
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MGF of the Blvariste Normal Matribation
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